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ABSTRACT

The design of regulations for integrated management of
surface and ground waters is a complex and crucial problem in
the state of Colorado and in other regions of the United States
with a dry climate and a paucity of water resources. The diffi-
culty arises from the multitude of conflicts between the desires
of the various water users, the existing body of laws, the elu-
sive character of a dynamic free economy, the hidden nature of
the groundwater resource and the whims of the weather.

The investigation was pursued simultaneously in three direc-
tions covering the three major aspects of the problem, involving
respectively the disciplines of hydrology, economics and law.

For this reason the body of the report is made up of three major
parts.

Analysis of the problem indicated the need to develop a new
approach to hydrologic modeling of the interactions between a
stream and an alluvial aquifer. A new approach which conveniently
provides the aquifer response to pumping from wells, the aquifer
response to seepage flow from the river and the river response to
pumping from wells is briefly presented. Following this approach,
several computer programs, operating sequentially, have been de-
veloped. Tests of the programs reported here, show that the de-
veloped technique provides comparable accuracy to more standard
approaches. The benefits of the new approach are realized when

the hydrologic model is coupled with an economic objective and



with legal constraints.

Several computer programs were developed. One of these com-
puter programs (the most important and complex one) is fully docu-
mented in this report. Illustrative applications of these programs
to solution of management problems involving legal constraints and
economic considerations are provided. A more detailed manual for
use of the 'DELTA' and other programs is planned in the future
under a new contract with O,W.R.T. which started July 1, 1975.

The legal analysis pursued in this project has been along
two lines. The first, during Phase I of the program, was a general
overview of the legal problems and solutions to surface and ground
water management, examining the Colorado situation and contrasting
the approach taken in Colorado with that of New Mexico and Cali-
fornia.

During the second phase, a concentrated effort has been placed
upon an analysis of the legal and administrative approaches and
problems of integrated surface and ground water management called
for under the 1969 Water Administration and Adjudication Act and
study of organizational and operational conditions relevant to
the problem of conjunctive use on the South Platte River.

The components of the analysis of the law include a discussion
on the constitutional and legislative setting of the prior appro-
priation doctrine in Colorado, up to the current statutory enact-
ments. It is essential to understand the concept of property
rights in water to appreciate the complexity of the conjunctive

use problem. The protection of water rights permeates all solutions --

ii



physical and economic -- and thus is at both the heart of the
problem and the apex of the considerations for alternative
solutions.

The legal and administrative framework for implementation
of Colorado water laws is unique and critical to an understanding
of the conjunctive use problem. Among the offices and personnel
are the State Engineer's Office, water court, water judge, re-
feree and clerk. The private and quasi-public entities for water
distribution and control are examined for their roles in inte-
grated water management. Very important to Colorado users are
the alternative organizational approaches, i.e. river basin
authorities, conservancy districts and the newly emerging, pri-
vate water user entities dedicated to flow augmentation and use
of alternative sources of supply. For example, Ground Water
Appropriators -- the South Platte, Inc. (GASP), has become a vi-
able entity instrumental in attempting to optimize the ground
water resources in that region.

Major attention is focused upon the specific legislative
enactments concerning integrated ground and surface water use,
the judicial decisions on the rights and obligations of the
state and the water users, and the attempts of the State Engi-
neer's Office to resolve the dilemma through rules and regu-
lations.

Presently, the problem of administering the conjunctive
use of ground and surface waters in the South Platte River has

been resolved by stipulation of facts and regulating procedures
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between the state authorities and water users. See Appendix
IITA. In addition to this form of solution, water users of
both water supply sources have found the '"augmentation plan"

approach adopted by the Colorado General Assembly to be

workable and relatively satisfactory.
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RESEARCH OBJECTIVES

In this second phase of research on the "Systematic Design
of Legal Regulations for Optimal Surface-Groundwater Usage' the
original objectives, as stated in the Summary of Proposed Work
(Notice of Research Project, September 1972), were the following:

"The overall objective of the research is to design
rules for the conjunctive use of surface and groundwater
which satisfy the law and which maximize the beneficial
use of the waters, To achieve this overall objective, a
major objective is a realistic analysis of the simultane-
ous behavior of river flow and groundwater movement. An
important specification for this analysis is that it be
immediately and without modification compatible and usable
in any economic regional analysis. The maximization of the
human regional economic objective will determine a worthy
set of rules for management within present law. Another
objective is to find out if limited changes in the law
might not result in large beneficial gains.

The need for an objective design of rules of operations
in surface-groundwater management is pressing in the state
of Colorado. The state engineer is the legal authority for
enforcement of the water laws for the state. In a recent
(October 12, 1971) Supreme Court decision his rules and regu-
lations for the summer of 1969 have been declared valid
within the confines of Colorado Water Law doctrines, but the
Court explicitly recognized that these rules and regulations
were designed with limited physical data and only under then
known conditions. Justice Groves anticipates that techno-
logical advances will warrant and lead to modifications in
the existing rules."”

Thus for the time being the Court's acceptance of the pro-
posed rules and regulations eliminates the immediate need for de-
sign of new regulations for optimal beneficial use of the waters.
On the other hand it created a new problem for the State Engi-
neer - that of evaluation of the so-called augmentation plans.
For this reason major attention of the project has been devoted

to the development of the tools, rather than on particular (and



belated) applications of them, leaving this task naturally to
the mission~oriented agencies.

With this purpose in mind it becomes even more imperative
to demonstrate to the concerned agencies the usefulness of the
tools and to provide them with self-sufficient manuals on how
to use them. These two new objectives of demonstration and
documentation became major objectives during the second year of
the project.

This report provides or summarizes the physical, economic
and legal tools and parameters of operation in the conjunctive
use of ground and surface waters within a specified area of

the South Platte,



ACHIEVEMENTS OF CONTRACT

It is not desirable to repeat in this completion report all
the results obtained over the past two years and the detailed pro-
cedures by which they were obtained. These results and procedures
can (or will) be found in two dissertations (Johnson, 1975; Rod-
riguez, 1976), two theses (Conklin, 1974; Boudreaux, 1976), one
book (Radosevich, Hamburg and Swick, 1975), three chapters in
two books (Morel-Seytoux, 1975a,b; Radosevich, Allardice, Nobe
and Kirkwood, 1976), several published papers (Morel-Seytoux and
Daly, 1975; Morel-Seytoux, 1975 c,d,e; Radosevich and Daines,
1975), several published Bulletins (Conklin, 1975; Johnson, 1975)
and several submitted papers (Morel-Seytoux, 1976).

Rather a brief review of the methods of attack and a sample
of results will be given. On the other hand, a variety of illus-
trative examples of the type of problems the tools can solve are
given. In addition a fairly complete guide to the use of the
tools is provided. In short, material suitable for publication
in the scientific literature is presented here to a minimum. The
report deals with the nuts and bolts of the computer user's
trade which are not generally considered suitable for publication
in the scientific literature but are nevertheless the key to
broad and successful use of the techniques. It also describes in
detail the legal conditions and issues of ground and surface

water integration in Colorado.



PART I
HYDROLOGIC ASPECTS OF CONJUNCTIVE SURFACE-GROUNDWATER MANAGEMENT

A. INTRODUCTION

In this part of the report the basic terminology and con-
cepts behind hydrologic modeling of a stream-aquifer system are
reviewed. The method of solution is also presented briefly.

A conceptual system of computer programs was devised to
solve a variety of problems, stage by stage. This conceptual
system, more complete than required by the project, is discussed,
though only a few stages were actually implemented. The devel-
oped programs have been tested fairly thoroughly for accuracy,
limitations and cost. As a result some approaches have been modi-
fied and the resulting improvements are documented. For the most
basic stage of the system the detailed input data format is pro-
vided. A complete example of the data preparation for an illus-
trative case is discussed for the convenience of the eventual
user. The use of the programs for solution of typical management

problems is illustrated con small size problems.



B. NEED FOR STUDY

A brief statement of the need for this study is included
in the Notice of Research Project of September 1972 quoted in
the previous section on RESEARCH OBJECTIVES. More complete dis-
cussions were presented in the proposals to OWRT dated October,
1971 and September, 1972 and in the Phase I Final Report (Morel-
Seytoux et al., 1973). In one section of its 1973 Report, en-
titled "Improving Ground Water Management', the National Water
Commission has formulated twenty recommendations for future ac-
tion in the area of ground-water use. These recommendations
provide a framework for future ground-water use practices based
upon sound principles of economics, conservation and land de-
velopment. The section 'considers the principal problems of
ground-water law, management and administration. They are (1)
integrating management of surface water and ground water; (2)
depletion of ground-water aquifers at rates exceeding recharge
(often referred to as the mining of ground water); and (3) im-
pairment of ground-water quality'. The current project was con-
cerned with these very problems of law, management and administra-
tion particularly with regard to item (1): integrating management
of surface and ground waters.

The recent ASCE Manual on Ground Water Management (1972) in-
cludes two interesting statements, namely on one hand: '"The mana-
ger of a groundwater supply need be warned that adversary liti-
gation in this field of law has proved to be among the most pro-

tracted, costly, and unproductive of any of the many fruitless



endeavors known to civilized gamesmanship.' (ASCE, (1972), p. 57)
but also the apparently contrary statement: 'It is almost instinc-
tive to assume that lawyers, water rights, and litigation are
troublesome constraints to be overcome in the formulation of a
rational water management plan. This initial response may well
obscure the potential utility and flexibility of litigation as a
tool for water management.' (ASCE (1972), p. 61). What these two
statements emphasize is the basic need to reconcile the engineer-
ing logic with that of law. More rigor is required in the engi-
neering, or planning, or management studies so that what is ob-

vious to the technologists becomes evidence to the courts, and

the social/economic needs and state responsibility to the public

is interfaced with design of technological innovations.

In a letter to Professor Morel-Seytoux (see Appendix IA) Dr.
Danielson, Deputy State Engineer of Colorado, lists ftwelve manage-
ment problems of interest to his office on which the programs de-
veloped by this project could be used! Most of these twelve
management problems can indeed be solved with the programs. In
Appendix C answers to problems 8 and 9 listed by Dr. Danielson are

provided for an illustrative situation.



C. BASIC GROUND WATER TERMINOLOGY

The basic saturated flow equation (using the Dupuit assump-
tion and a few other traditional assumptions) describing the evo-
lution of an isotropic water-table aquifer is the Boussinesq equa-
tion:

oh ) oh 3

oh
¢ 37 - 3% (Ke 59 - 3y (Ke 5;9 =-0Q, 8 -Q 3, (1

where ¢ is the drainable (or effective) porosity, K 1is the
saturated hydraulic conductivity, e 1is the saturated thickness,
h 1is the water-table level measured positive upward from a (low)
horizontal datum, Qw is the instantaneous pumping volume of well
w (chosen algebraically positive if it is an actual withdrawal
rate}, Gw is a Dirac delta function singular at the point of
coordinates Ew, N, and Tt (where Ew and n, are the x,y
coordinates of well w , T is time), Qr is the aquifer instan-
taneous discharge volume to the river reach and 6r is a delta
function singular along the rth reach of the river. Let s be
the drawdown measured positive downward from a (high) horizontal
datum located at distance H above the datum for the water-table
elevation, and z be the elevation of the impervious bottom of
the aquifer above the water-table elevation (or head) datum (see
Figure 1).

Eq. (1) can be rewritten in terms of s as:

s 9 as
¢35 - 57 (T 590

3 9s
- 3;'(T =) = Q

= +Q, ¢ (2)

§
W W T T
where it has been assumed that the drawdowns are too small to cause

a significant change on the transmissivity T. At first Eq.(2) will
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be studied for the case when there is no stream intersecting the
aquifer.

1. Solution for an Undeveloped Infinite Homogeneous Aquifer

(without stream)

a. The Traditional Simulation Approach

Assuming a homogeneous aquifer of infinite extent and no
previous development then it is well known (Carslaw and Jae-
ger (1959), pp. 258-261) that the drawdown at point w at
time t due to pumping at well p at a rate Q(1) (LST'I)

is:

T
Swp(t) - J 4nT t-t (3)

where pr is the distance between point w and well p
(see Figure 2). If the pumping rates are constant within
the basic time period (say the week) but vary from week to

week, Eq.(3) can be written in the form:

R
n U )
™ 7L B0 | e @
\)—

Eq.(4) having been programmed for the digital computer,
given numerical values of the pumping rates the computer
calculates numerical values of drawdowns at point w via
Eq.(4). 1If the effect of different pumping patterns, say
50 of them, on the drawdowns is to be investigated the

operation is repeated 50 times. Note that, each time, the
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integrals appearing in Eq.(4) are evaluated again.

b. The Discrete Kermel Approach

Let the pumping kernel be defined as:

-oR 2
P
e4Tu
kwp(u) = T4rTu (5)
then Eq.(4) can be rewritten in the form:
t
swp(t) = J Qp(r) kwp(t-T) dt (6)
0
or in discrete form:
n
swp(n) =vzl Gwp(n-v+1) Qp(v) (7

where the discrete kermel coefficients are defined as:

1
6wp(v) = J kwp(v-r) dt (8)
o)

Once the Swp(v) coefficients have been calculated and
saved, then the generation of 50 sets of drawdowns corres-
ponding to 50 different pumping patterns is easily ob-
tained numerically from Eq. (7). Essentially 50 answers
will be obtained practically for the price of one as
compared with the traditional simulation approach.

Thus the response of the water table to any stra-

tegy of pumping at well p for any week is easily ob-
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tained by a simple algebraic relation. For a battery of
P wells the solution (method of superposition) for *he

resulting drawdown is:

n

1 vzl 8p (1V*1) Q (V) (9)

~31'T

s, () = ]
p

The advantage of Eq.{9) over the repeated solution of:

QP(T) 6p (10)

by a finite difference solution for all possible patterns
of values for pumping, is obvious. 1In the case discussed
above, the advantage is compounded by the fact that the
Green function (another name for the kernel) was known
analytically with little effort.

2. Solution for a General Aquifer (still without stream)

Since most aquifers are neither homogeneous nor of in-
finite extent, the analytical expression for the pumping
kernel given by Eq.(5) is of no great value. What is impor-
tant, however, is the fact that the classical theory of par-
tial differential equations (Garabedian, 1964) has proven
the existence of the kernel (Green) functions for heterogeneous
aquifers of limited extent. That is in general the solution
for the drawdown swp is still given by Eq.(6). Naturally
kwp( ) is no longer given by Eq.(5), cannot be obtained ana-

lytically but must be secured by some numerical procedure. With
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the proper kernel Egs.(6), (7) (8) and (9) remain valid. A
computer program was developed to secure directly the discrete
kernel coefficients defined by Eq.(7). Appendix IB (published
in a scientific journal) provides a fairly complete descrip-
tion of the theory behind the calculation of the discrete ker-
nels. The reader (eventual user) need not study Appendix IB

or the paper (Morel-Seytoux and Daly, 1975). For the eventual
user it is important to know that: (1) a computer program to
calculate the '8' ("'deltas') was developed, (2) the program
is operational, (3) the program was tested and found accurate,
(4) deficiencies in the finite-difference scheme to calculate
the deltas were found, (5) a method to correct for these de-
ficiencies was developed and was successful, (6) the program
does have limitations, (7) a detailed input description for
use of the DELTA program is provided in this report and it de-
scribes the limitations of the program and (8) a complete exam-
ple of preparation of input data for a sample situation is also
provided.

The advantage of the methodology developed by the project
over other approaches results from the following two facts:

(a) A finite difference model is used only to generate
basic response functions to specialized excitations (e.g.
pumping from a single well at a unit rate for the first period
of time and no pumping thereafter) in an aquifer without any
stream interaction. Once these basic response functions have
been calculated for a particular aquifer and saved, simulation

of the aquifer behavior to any pumping pattern is obtained



14

without ever making use any longer of the (costly) numerical
(e.g. finite difference) model, and

(b) Because the finite difference model is used only to
generate the response functions (or influence coefficients)
smaller grid sizes and time increments can‘be used to calcu-
late accurately the influence coefficients than is usually
feasible when performing a large number of simulation runs
under many varied pumping patterns. Also with this procedure
the accuracy of the calculations for an actual simulation
remains that with which the influence coefficients were ob- ///’
tained. In typical simulation approaches the accuracy of the /
finite—differénce model is usually tested against an analy-
tical solution using small time and space increments. When
the simulator is used on an actual aquifer, vastly different
time and space increments are used and the accuracy of the

results is to a large degree unknown.

3. Solution for a General Aquifer With One Reach

When a stream intersects the aquifer (see Figure 2)
Eq. (2) still characterize$ the evolution of the aquifer if it
is understood that the sink terms (on the right-hand side) do
not solely represent pumping wells but also discharge from the
aquifer to the river in reach r (or recharge if Qr is nega-
tive, i.e., a loss of surface water) or even recharge (nega-
tive QP) from an irrigation plot. In other words a reach
can be viewed (at least mathematically) as a special well

(pumping or injecting). It follows that the solution for draw-
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down due to a battery of P pumping wells and of a reach is

of the form:

t t
. J QP(T) kwp(t—T)dT + j Qr(r)kwr(t—T)dT (11)

0 0

[ fa ]

s, (t) =)
P

Equation (11) involves two kernel functions, the pumping well
kernel function (which is analytically known for the homoge-
neous aquifer of infinite extent and given by Eq.(5)) and

the pervious reach kernel kwr( ). For a homogeneous aquifer

of infinite extent this kernel can also be obtained analyti-
cally (Morel-Seytoux, 1975) with the result that kwr( ) has the
same form as kwp( } given by Eq.{(5) for .w # r and the special

form for w = r: 1/2 1/2

! {
R Rt B HE
‘ (12)

where a is the length of the reach, b its width and erf( )
is the error functicn. Again since most aquifers are neither
homogeneous nor of infinit= extent, the analytical expression
itself is of no great value. What is important, however, is
the fact that the classical theory of pzriial differential
equations (Garabedian. 1364) has proven the existence of the
kernel functions for hetercgeazous aguifers of limited extent.
That is, Eq.(13) is still valid under Ltheee monz vegiietic
conditions.

Ignoring for th= time being the fact that the kernel func-
tions are not know: (in the general case of heterogeneous aqui-

fer of finite extent) it is still not possible to exploit
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Eq.(11) because unlike the pumping rates Qp(T), the Qr(T)
are not susceptible to man's control. In the‘case of pumping
wells, the Qp are decision variables, possibly limited by
pumping capacities, but essentially controllable. 1In the case
of discharge to the river (or recharge from the river) Qr
is a response to a decision. This response is related to the

aquifer drawdown in reach r, sr(t) and to the water depth

in reach r, D_(t). Explicitly, one can write:

Q) = [ -t - s @ - (0] (13)

where Fr is a coefficient of transmissivity characteristic
of the reach, H is the distance between the two datum (see
Fig. (1), C, is the riverbed elevation above the (low) datum,
and Dr is the river depth. It is convenient to define the

drawdown to the river surface, namely (see Fig.(1):

o () =H -t -D_(t) (14)

In the design of regulations on pumping rates or in the
evaluation of augmentation plans it is of great interest to the
State Engineer (or planning authority, etc..) to know how
much the return flow from the aquifer to the river will be re-
duced (or even how much water will be diverted by seepage from
the river into the aquifer) due to the action of pumping from
wells during the irrigation season. On the other hand the

knowledge of drawdowns in the aquifer is of no special interest.
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One therefore would like to predict return flow to the river with-
out having to calculate drawdowns throughout the aquifer. This

is possible. One can utilize Eq.(11) to calculate sr(t) and
eliminate Sr(t) from Eq.(13) with the result that Qr(t) is
given as the solution of the equation:

t t

p
Q(t) + T, f Q. (D)k, (t-T)dr = T_ 1o (t) - z f Q, (Dk, (t-0)dr| (15)

T é p=1
It is an integral equation. The exact analytical solution of
this integral equation (which is linear of the Volterra type
of the 2nd kind) is not feasible but its numerical solution

is straightforward. Due tc the linear character of the equa-
tion the solution for Qr(t} can be ohtained by superposition
of the solutions for the two situations o £0., Q =0 and

P
g =0, Qp # 0. For example the State Engineer wants {(pri-

T
marily} to know the seepage from the river induced by pumping
and not caused by other factors such as propagation of a flood.
He is thus mostly interested in the sclution of Eq.(15) when
o_(t) = 0.
(1)

If for accurazy’s sake the river is divided into several

reaches, Eq.(l5) generalizes to a system of R Ilinear integral

equations:

!
{
H

| (M, (e-d| (16)
1 v n
0

where R 1is the number of reaches. Eguation (16) is a system
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of R integral equations to be solved simultaneously. Because
the system is linear the solution of the discretized form of
Eq. (16) (for cr(t) = 0 ), namely:

R n p

n
Q) +T y y s “(n-v+1)Q_(v) +T y S (n-v+1)Q (v) =0
T r pél v%1 rp T iy pzl vzl rp QP (17)

has necessarily a solution for Qr(n) of the form:

P n
Q) = ) L e (n-v+1)Q () (18)

p=1 v=1
where Qr(n) is the return volume to the reach r during
the nth week, Qp(v) is the volume pumped at well p during
the vth week, P is the total number of pumping wells, the
6wr are defined in the same way the Gwp were (see Eq.(8)) and
the € are coefficients. It is a tedious (see Appendix IB for
details) but straightforward matter to substitute Eq.(18) into
Eq. (17) to obtain a system of equations for the 'e'
("epsilon'") coefficients. The erp coefficients are calcu-
lated recurrently as solutions of the system of equations:

R n

erp(n-\)+1) + T pél mév 6rp(n—m+l)epp (m-v+1)= —I‘rsrp(n—wl) (19)
Given the reach transmissivities, Fr , and the Grp coef-
ficients (obtained from the 'delta' program) it is numerically
a simple matter to calculate the 'epsilons’. A computer

program f(the 'epsilon' program) was developed to calculate

these - coefficients. Once the § , 6 and ¢ co-
Tp TY Trp
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efficients have been calculated it is a simple task to pre-
dict thereafter very simply from Eq. (18) the return flows to
the river for any pumping pattern, i.e. for arbitrary
values of the Qp(v) rates.

As was stated earlier a computer program to calculate
the 'deltas' was developed. The meaning of these coeffi.
cients & should be clear. If swp(n) represents the
drawdown at point w (anywhere in the aquifer) due to pumping
at well p (anywhere in the aquifer) with pumped volumes

Qp(l), Qp(Z)...,Qp(v) etc. during weeks 1, 2, .... v, etc.

and with no stream interaction then:

I ~53

S,p) = I8, m-vl) Q(v) (20)

v=1

and 5wp(n) represents the drawdown at the end of the nth

week (or time period) if a unit volume Of water was withdrawn
during the first week from well p and the well shut down
indefinitely thereafter.

An additional advantage of the discrete kernel approach
over the more traditional approaches is due to the fact that
the interaction between the river and the aquifer at their
interface is described explicitly by a finite difference form
of Darcy's law. In most simulators these difference equa-
tions are imbedded within the set of difference equations
which describe the aquifer. Here these equations are given a
special treatment. They are separated from the aquifer dif-

ference equations. As a result the response of the stream-
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aquifer system is obtained from the knowledge of aquifer
responses without stream and from the solution of a =vstem
of linear equations of smaller dimension (one order of mag-
nitude smaller). For a river this advantage is not signi-
ficant. However when a location of a canal (or recharge
area) is considered in design stage, with the usual simula-
tion approaches the response functions must be regenerated
for each new location. With the kernel generation approach
for the aquifer without stream, the basic influence coeffi-
cients are unchanged. It is only necessary to solve a new
system of equations, again of smaller dimension (roughly N
instead of N2 in an N x N grid) for the composite stream-

aquifer influence coefficients.
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D. THE 'DELTA' PROGRAM

A computer program was developed to generate the "digerete
kernels" Gwp(n) and Gwr(n). The subscript w refers to an
(observation) point, which is any point in the grid system. The
subscript p refers to a pumping well. The subscript r refers
to a reach. The prccedures to calculate the drawdown 6wp(n) at
the end of the nth week (or time period) at point w due to
pumping at well p and to calculate Gwr(n) due to pumping at
reach r are the same. In fact if both the pth pumping well
and the rth reach are located in the same grid square only
Gwp is calculated since the 6wp and Gwr are then iden-
tical. Another distinction is made for observation wells. The
discrete kernels Gwn(n) are also calculated where the sub-
script m refers to an observation well. Some observation

and pumping wells (or reaches) may coincide.

1. Accuracy and Cost of Program

After a computer program has been developed it is neces-
sary to test that it is free of programming errors. One pro-
cedure (which is not full proof) is to compare the solution of
the program with an analytical solution when such is available.
For a homogeneous aquifer of infinite extent an analytical
solution for drawdown due to pumping at a given well is known
(see Eq.(3)). The computer program.cannot model exactly this
situation because the grid size must be of finite extent. How-
ever with a relatively extensive aquifer, the effect of the

boundaries should not be felt for an observation well rela-
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tively close to the pumping well (located in the center of the
grid) especially for early times following the impulse pumping
at the central well.

Figure 3 displays the grid system used to perform the
calculations. It is a grid with 45 columns and 31 rows (approxi-
mately one thousand grid points). For this grid the space inter-
val Ax between grid points in the finer part of the grid sys-
tem was 350m. The value of transmissivity used in the calcu-
lations was T = 10,000 m2/week and the specific yield value
was 0.2. Comparison of results of drawdowns at five observa-
tion points shown on Figure 3 and located at distances of 350,
1050, 1400, 2100 and 3150 meters respectively from the pumping
well are shown on Figures 4 through 8. The agreement between
the analytical and the finite difference results is satisfac-
tory.

The agreement can be improved by reducing the grid size
by a factor of 2 as is clear from Figures 4 through 8. The
improvement however is minor but the cost of generating the
dwp(n) for a single well for all the w points increased
from $3 to $22. If one were interested only in a single well
problem the change in cost is not significant. However if,
as is more likely in actual problems of interest, there is a
well at every grid point, the cost of generating the responses
at all grid points from all wells jumps from $3,000 (an already
sizable number) to $88,000! In practice it is unlikely that

a grid size smaller than 350 meters will be used. Before pro-



23

¢ 2andt4

Shev b 6 LE GE €E 1€ 62 L2 G2 €2 12 61 41 Sl €1 11 6 L G ¢ |
I
U0140207
11oM . &
buidwng - LM.NM +
4 y’
o -
&“\
\t\L\I\\
SUO1}D207-
Ssjul0d
UOI}DAL3Sq O

1
Gl
L1
61
12

€

Ge

le

62




24
I0%8 (m/ m3 -week)

44

T

.42

L

.40}

L]

.38

.36

L4

Distance Between Observation
and Pumping Wells is 350 m.

] 1 1 | J | 1 1 1 L 1 1 1 | 1 ]
0] | 2 3 4 5 6 7 8 9 0O 1t 12 13 14 15 16
Time (week)

Figure 4



52t
S50

VR SR VR VR S S
® O N H O ® O N » O
L | A ] L 4 v ) § L L L] L { 1§

Analytic \7

25
108 8 (m/m™week)

/ S— Computed

Computed
Ax=350.m

Distance Between Observation
and Pumping Wells is 1050 m.

1 1 1 1 i 1 A | 1 1 1

1 1 1 I
| 2 3 4 5 6 7 8 9 I0 Il 12 13 14 15 16
Time (week)

Figure 5



26

r 10 8 (m/m® — week)

36}
34}
.32¢ Analytic
30} /Z\

.28

\
/
/

.26

N\

Computed

24} Ax = 350.m

22}

L2

.20
18
16k //

Computed

Ax=175m
14
12
10 Distance Between Observation
. aond Pumping Wells is 1400m.
.08
.06
.04
.02
e 1 1 1 L e _l 1 ) 1 L i i {
O I 2 3 4 5 6 7?7 8 9 10 1t 12 13 4 15 1|6
Time (week)

Figure 6



16

A5

a4t

A3

d2

10
.09
.08
07
06
05

.04
03

02
Ol

A

v

¥

|

1

T

L |

¥

|

27

10 8 (m/m®—week)

Distance Between Observation
and Pumping Wells is 2100 m.

Ax=175.m

1 | 1 i

Analytic

L

.

-

Computed
Ax =350.m

L

/

ke

| 2 3 4 5 6 7 8 9
Time (week)

Figure 7

10

12

13

4

15

i6



' 107 8 (m/m3- week)
2}t

49

L3

ola

L

.16

L4

. | 5F
44

¥

Distance Between Observation
A 3F and Pumping Wells is 3150 m.

A2

A

T

A
.10

T
o

.09

/
Computed /
o8}
Ax = 350.:\\\\,!

O7¢

Analytic

.06}
.05}
.04}
.03

) 4

.

.02
.0l

L §

I L A A | I L

4 5 6 7 8 9 10 1 12 13 14 1% 1|6
Time (week)

i

Figure 8



29

ceeding with the calculations of all the Gwp(n) for a complex
aquifer system the user should probably perform this same

check of accuracy for a representative value of transmissivity
and a practical choice of grid size. The user can then decide
on his trade-off point between accuracy and cost.

To check further the computer program a comparison of the
results by the 'delta' program with an analytical solution was
performed for a heterogeneous case. The analytical solution
corresponds to an indefinite continuous line sink of uniform
strength located along the boundary of two homogeneous semi-
infinite media;with a sharp change of transmissivity at the
interface. The geometry of the system is shown on Figure 9
with the selected grid for the computer finite difference
solution. The oveféll network is 15,400 meters long and 10,500
meters wide. The analytical solution for the continuous and

steady sink line is:

Il T2 t (
2Q |4, ¢
Sl(x,t) = 1 2 — ierfc | X (21)
lTZ T1 lTl t
T — + T _— 2\ —_
2 T1T2 t .
J¢ ¢
172 . . -
S,(x,t) = - = ierfc 4———;7—:; (22)
T \[-2 + T \|L 2\l_2___
1 ¢2 2 ¢1 { ¢2

where Si(x,t) is drawdown at abscissa x, shortest distance

between fhe observation point and the sink line and at time t
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in region i (i = 1,2), Q is the pumping strength of the

line of sinks i.e. pumping rate per unit length, and ierfc( )

is the integral complementary error function (Carslaw and Jaeger,
1959), which is tabulated (Jahnke and Emde, 1945). Egs.(21)

and (22) provide a continuous solution for a steady pumping.

The drawdowns si(x,n) due to a unit pumping volume during the
first week (period) and no pumping thereafter are obtained

(from the principle of superposition) by the relation:

si(x,n) = Si(x,n) - Si(x,n—l) i= (23)

—

with the choice for Q = 1—-= —_— = ms/m, so that the

volume withdrawn by the sink line within a cell in the analy-
tical solution and the volume withdrawn by the pumping well
in the finite-difference solution are the same.

In the finite difference model a transmissivity value must
be chosen for the grid points which are exactly on the inter-
face between the two regions. How should that value, denoted
Tc’ be related to T1 and T2? Figure 10 shows that the re-
sults of the finite difference calculations for drawdown in
the high transmissivity region depend very much on the choice
of that central transmissivity value, Tc' Even with the
better choices (TC = 30,000 or TC = 40,000) the fit is not good
compared to the very good fit presented earlier for the case

of a homogeneous medium. Figure 11 shows the results for the

drawdowns in the low transmissivity region. In this case, the
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disagreement is striking and is not affected by the choice of
value for Tc' Figures 12 and 13 display similar results for
observation points located on either side of the sink line, 700
meters away from it.

Since the discrete set of wells and the continuous sink
line are not exactly equivalent, the solutions for the homo-
geneous case were also compared. Figures 14, 15, 16 and 17
display a good agreement. It was concluded that the lack of
fit in Figures 10, 11, 12 and 13 could not be blamed on the
discrete representation in the finite difference model of the
continuous sink line in the analytical solution.

In the original finite difference equations used in the
Delta program, the flux (see Figure 18) across the boundary

between two grid points was estimated as:

(T,+T,) (h,-h)) T, +T
1 72 172 1 "2\ Ah
- 2 Ax - ( 2 >'—— (24)

If a sharp change in transmissivity occurred right at the inter-
face between cell 1 and cell 2 then the application of Darcy's

law yields the relations:

h,-h
q = T1<———lé_b > (25)

X
2

h
b 2
TZC__AX > (26)
2

Elimination of hb between these two equations yields:

Kol
1}
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q =2T1T2 (hl-hz)= 2T1T2 éﬁ.
T1+T2 Ax ‘ T1+T2 Ax

(27

Since this equation is exact, it shows that the flow across
the interface between two media of different transmissivities
for a given drop in head (Ah) is the same as the one that

would take place in a homogeneous medium of transmissivity ,

2T1T2
T = or in other words:
c T,+T
1 2
2 1 1
— T v — (28)
Tc Tl T2

In other words the mean transmissivity at the boundary should
be the harmonic mean rather than the arithmetic mean of the
transmissivities on the two sides of the boundary. Once this
modification of the finite difference equations was incorpora-
ted in the Delta program, the difficulty to a large degree
disappears as is shown on Figures 19 and 20. The improvement
in accuracy is clear. The relative error is still larger than
the relative error displayed on Figures 14 and 15. The larger
error is probably due to the fact that in the heterogeneous
situation it is not possible to model the abrupt interface be-
tween the two regions of transmissivities T, and T, exactly.

1 2

2. Selection of a Grid

If the reader (eventual user) is satisfied that the exis-
ting 'DulTA' program is computing the Gwp(n) coefficient with

adequate accuracy and at a reasonable cost, he will now want to
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know how to use the 'DELTA' program. The first step is the
selection of a grid to superimpose on the actual aquifer or
stream-aquifer system.

Figure 21 shows an alluvial aquifer and its boundary as
well as a meandering stream. On Figure 21 the aquifer boun-
dary is shown. Also shown is the grid network. The inter-
sects of horizontal and vertical grid lines are calculation
points in the computer program. The calculated values repre-
sent average values for the square (or rectangle if the grid
size changes) of influence of the grid point. Thus the grid
influence boundary extends away in the horizontal and vertical
direction one half grid space. As much as possible the actual
aquifer boundary should be within the grid influence boundary

as shown on Figure 21. The square of influence of grid point
A is shown on Figure 21. Both an observation point and a
well fall within this square of influence. Consequently the I,
J coordinates of the observation point and of the well are
exactly those of grid point A,

The river reaches, which are in fact continuous line
sinks, are treated as discrete sinks (or sources). Every curvi-
linear segment of the river within a square (or rectangle) of
influence of a grid point is treated as a separate reach, given
a number and assumed to behave like a discrete sink (or source)
located at the grid point. Thus the coordinates of reach 2 in
Figure 22 are the same as those of grid point B. In Figure 22
all observation and well points have already been relocated at

the proper grid points.
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The current DELTA program has a limitation for location
of observation, reach or well points. None can be located
nearer than 4 grid points away from the right boundary of the
grid network. If wells are located close to the boundary (see
Figure 23) then it is necessary to extend the grid network to
the right with artificial grid points (the 2 points on Figure

23). At the Z points the transmissivity values are zero.

Thus on Figure 23 grid point A is a permissible well point.
However grid point B is not, which is alright in this case
since there is no well at point B. Point C is a permis-

sible well point.

3. Capability of the DELTA Program (Stage 1)

Currently the program can be used as a 'generator' of the
discrete kernels, the 6wp’ 6wr, Gw". In addition it can be
used, once the & have been calculated, as a 'simulator', that
is drawdowns at various points and various times can be calcu-
lated for given pumping patterns. These two separate functions
of 'generator' and 'simulator' can be utilized within the same
run. It must be emphasized that the drawdowns thus calculated
are the drawdowns that would take place if there were no reaches
within the system. If indeed there is no river in the system
or no hydraulic connection between the stream and the aquifer,
the drawdowns are the real ones. Incidentally the DELTA pro-
gram can be used to study a confined aquifer. It suffices to

enter values of storage coefficient in place of effective poro-

sity « .:ific yield). The resulting drawdowns are hydraulic
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head drawdowns rather than water table drawdowns.

If a stream does intersect the aquifer, the calculated
drawdowns are not ‘real'. They only provide a reference level
to assess later the relative effect of the stream-aquifer inter-
action on drawdowns in the aquifer. The real drawdowns are cal-
culated in a following program (the second stage) called the
'EPSILON' program. Clearly for a true stream-aguifer system it
is not meaningful to run the first stage without running the
second stage later.

Much of the theory discussed previously was applicable to
an undeveloped aquifer (i.e. zero initial drawdown). Few aqui-
fers are left undeveloped and it is necessary to calculate the
effect of initial drawdowns on the drawdown responses. Without
proof we shall state that such drawdown at point w at time =n
(weeks)} due to pumping at P wells given that initial drawdowns

were known at 1T observation wells (real or fictitious) is:

P n I
=) v -V + °
sw(n) —pél vil Swp(n v+1) Qp(v) TTélewﬁ(n) s (29)

where s; is the observed initial drawdown at observation (well)
point w and the ewﬂ(n) are coefficients, functions of the
Sw“(v) coefficients, calculated by the DELTA program.
Basically the DELTA program performs the following steps:
1. It calculates ({generates) the 6wp(n)§ the dwr(n) (1f

there are reaches in the system), and the GWW(n) (if

1. -re are drawdown observation wells in the system).
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2. 1t calculates the Swn(n) coefficients.

3. It calculates the drawdowns due to either the influence
of pumping wells (given a pumping pattern) or the influence
of initial drawdowns ({given initial drawdowns) or the combi-
nation of both effects.

4. Input Description for the DELTA Program

The Delta Program can medel s grid system of varying grid
sizes (distance between two grid points) and thus has a great
deal of flexibility. Figure 24 shows how a grid network can be
used to simulate a stream-aquifer systenm.

There are 12 types of input cards used by this program;

however some are optional and may not be needed in all modeling

situations. These cards .elow, in seguence of usage:

{1) Card A. Grid parvameters,

(2) Card B. ©&rid parvameisrs,
(3) Card J. Gricd size change locations,

(4) Card 0. Observation (w) points coordinates.
(5) Card C. Drawdown or elevation parameters.
(6} Card S. 1Initial drawiowns at V7' points.

(7) Card W. Well (v}

(8) Card N. ux

(9) Card Q. Pumping vates for wells

(10) Card R. Rezch {v" poonte soovdinates.
(11) Card P. o ities (= vields) of grid

(12) Card 7. T-:

points.

The following is & wetaiied &

tion of the program input and

its limitations. Fig

boi

ve 25 il.iusirates a typical grid network

and the values of some «f i%s navansrors
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5. Illustrative Data Preparation Case

For the sake of illustration of how to prepare data for
use with the 'DELTA' program a portion of the alluvial aquifer
of the South Platte River in Colorado was studied. The general
geographical location of the area, which was suggested by Dr.
Qazi, Head, Planning and Investigations, is shown on Figure 26.
Figures 27, 28 and 29 are larger scale maps of the Sedgwick-Ovid
reach, providing respectively location of weils, aquifer trans-
missivities and saturated thicknesses.

Figure 30 shows the selected grid (drawn on tracing paper
so that it can be superimposed on any of the Figures 27, 28 and
29 to read transmissivity, saturated thickness values, etc...)
superimposed on the map of saturated thickness.

The values of the input data for the system are shown on
FORTRAN coding sheets (Table 1). Punched cards in their proper
order in the data deck are shown on Figure 31. Tables 2 to 5

display some of the computer printed output.
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E. THE 'EPSILON' PROGRAM

Once the various §( ) (and 6( ) coefficients) have been
calculated and saved on cards or tape, one can proceed to calcu-
late the ¢ coefficients defined in Eq. (18) from the system of
Eqs.(19). A computer program was developed to calculate these
erp(n) coefficients. There are altogether R x P x N of these.
The calculation of the erp(n) coefficients is straightforward
but many other coefficients and quantities are also calculated
as a result of interest expressed by the staff of the Sate Engi-

neer's office. As a consequence the program is not ready for

documentation as it is still in a state of flux.
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F. ILLUSTRATIVE SIMPLE MANAGEMENT PROBLEMS

Once the epsilon coefficients have been calculated many
management problems which involve interaction between stream and
aquifer can be studied. Several papers have been written on the
subject (Morel-Seytoux, 1975a; Morel-Seytoux, 1975c; Morel-
Seytoux, 1975d; Morel-Seytoux, 1975e). Appendix C is a repro-
duction of one of these papers. In this paper a (fictitious)
regulatory agency tries to develop a strategy of pumping quota to
maintain quality standards in the river, protect the downstream
senior water rights while minimizing the detrimental effects for
a new residential development depending on the alluvial aquifer

for water supply.
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APPENDIX IA

Letter from Dr. Jeris A. Danielson

dated October 31, 1974




JOHN D. VANDERHOOF
Governor

DIVISION OF WATER RESOURCES
Department of Natural Resources
300 Columbine Building
1845 Sherman Street
Denver, Colorado 80203

October 31, 1974

Dr. Hubert Morel-Seytoux
Department of Civil Engineering
Colorado State University

Fort Collins, Colorado 80521

Dear Dr. Morel-Seytoux:

C. ]J. KUIPER
State Engineer

In accordance with our discussion on October 29, 1974 concerning
management problems and objectives which this office might have that are
susceptible to solution through model techniques, the following objectives
are presented for your consideration:

1)

2)

3)

5)

6)

Determine optimal drawdown in an unconfined aquifer
or optimal head decline in an artesian aquifer to
maximize economic return from agricultural use.

Determine those areas adjacent to a stream where _
a given percentage of water recharged to the alluvium
is available for pumping at a given time.

Determine the best conjunctive use of surface flows,
surface storage, and groundwater for a given set of
conditions to maximize the effective use of all waters
available in a stream-aquifer system.

Determine maximum allowable head decline that can
be permitted in a river reach without suffering a
long-term degradation of groundwater yields.

Determine those areas where a given amount of re~
charge will result in drainage problems or damaging
high water-table levels.

Determine the optimal area in a stream reach where
recharge can be applied such that the maximum amount



Dr. Hubert Morel~Seytoux Page 2
October 31, 1974

of recharged water is available to a given grouping of
wells in the following irrigation season.

7) Determine the expected losses of a reservoir run of a
given amount and duration in a stream reach and identify
what losses are recoverable and at what time assuming
given river conditions.

8) Determine what amount of groundwater pumping can be
permitted so as to not cause a depletion of stream
flows above a given percentage during a given period
of time.

9) Determine the amount of stream depletion that is re-
paired if all wells made a given percentage of their
extractions available from surface water sources to
meet senior surface right demands.

10) Develop a method for accurately estimating ground-
water withdrawal by wells on a seasonal basis by using
manageable samples.

11) Determine the impact on groundwater availability by
ceasing historic winter irrigation practices and storing
that water previously used in upstream reservoirs for
release and use during the irrigation period.

12) Determine the impact on a stream hydrograph with res-
pect to volume and time of changing a historic flood
irrigation practice on a seasonal basis to a year-round
industrial use assuming consumptive use is held constant.

I find your work most interesting and applicable to the problems that
the Division of Water Resources faces, and would encourage you and your
group to continue evaluation and development of your present model.

Very truly yours,

. Jeris A. Danielson
puty State Engineer
JAD:mvg
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ABSTRACT

A finite difference model of an aquifer behavior without stream
interaction was developed as a first stage component of a management
model of a stream-aquifer system. The model is not built as a usual
simulator but as a discrete impulse response generator. Once the basic
response coefficients have been generated the finite difference model is
no longer necessary to simulate the behavior of the aquifer. Any aqui-
fer response (e.g. return flow to a given reach for a given week) is
expressed as an explicit function of the pumping rates. A complete
description of the "discrete kernel generator' is provided including
the basic equations, truncation error propagation, accuracy and run

costs.

ii
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A DISCRETE KERNEL GENERATOR FOR 3TREAM-AQUIFER STUDIES

INTRODUCTION

Some progress toward the solution of problems of management of
groundwater and surface waters resources can be achieved through the use
of mathematical models. Many hydrologic models of a stream-aquifer
system have been developed in the past (e.g. Glover, 1960, Eshett and
Bittinger, 1965). These were pioneering efforts and are very commendable.
However as the titles of the following studies imply (Bittinger, 1967), the
models were designed to predict the hydrologic behavior of the system in
response to a particular set of numerical values of the excitations (e.g.
pumping rates at a given well over several time periods) rather than
provide a functional relation between the response and the excitation
(or forcing funcii.aj. In addition the responses to alternative strategies
of management were evaluated in physical terms {e.g. volumes of water
shortages) rather than in economic ones (e.g. losses in economic
benefits). Today most hydrologists {or wster resources engineers)
would agree with the argument made by the economists (e.g. Young, 1970)

/E%gtranking of project alternatives cannot and should not be made solely
on the basis of volumes or flow rates of water.

Bredehoeft and Young (in 1$70 an¢ 1572) in s significant departure
from previous works have combined in a single study a physically realistic
hydrologic model of the stream-agquifer system with a realistic dscription
of the economic behavior of the water useys. Though they utilized
Mathematical Programming tc obtain the water user's optimal reaction
to the hydrologic behavior of the system, their overall management plan
remainec suboptimal. It was adequate nevertheless to pass judgment on

the relative values of several discrete alternative plans.



A definite evolution in the modeling of stream-aquifer system is
apparent. At first the hydrologic model was viewed as an end in itself.
Now it is viewed primarily as a necessary intermediate component of a
more complex system. Since the role of the hydrologic model has changed,

should not its design also be modified?

DESIGN OF THE HYDROLOGIC MODEL

First, we must ask the question: what information is the model
expected to provide? For any pattern of well pumping the hydrologic
model to be useful to the water user (e.g. a typical farmer) in the
planning and operating stages must provide the drawdown in all the
pumping wells for costs are related to the lifting heights. To be
useful to the regulatory agency (e.g., the State Engineer of Colorado)
in defining his strategy, to satisfy the senior legal rights while
minimizing the detrimental effects to the junior water rights holders,
the model must provide the stream losses to the aquifer as a response
of pumping of wells and the drawdowns in the observation wells.

Immdiately it is apparent that the usual numerical (e.g. finite
difference) models are somewhat inefficient for this type of dual
service. For accuracy's sake, drawdowns must be calculated at many
grid points where the information has no economic interest (e.g., no
wells). In addition it is even impossible at such points to verify
that the calculated value is correct. If it is necessary, nevertheless,
to use a finite-difference model the calculations of these intermediate
values must be reduced to a minimum.

Maddock (1972) points out that an efficient method to obtain the
information only where needed is to use the Green function (Garabedian,

1964) of the boundary value problem. When the boundary conditions
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change (i.e., pumping rates) the dvi.duwus in the weils can be calculated
from the knowledge of the Green functisn. Before pre d1ng further with
the analysis, the basic definitacns needsd for aguifer modeling are

reviewed.

1. Basic Definitions and Equations

The basic saturated flow squatizn {using the Tupuit assumption

and a few other traditionai assumgiions; describing the evolution of

an isotropic water table aquifer is the Boussinesq eguation:

as

<2

5.

9 ., 9 ,n 95 .
—_— . — (T _._.; B T _:__‘1 = {} g + & 1
¢ 9 ax ' ax’ Iy T 8y Y W Qr T (1)

where ¢ is the drainable (or effsctiiz) porosity, s is the drawdown
horizontsl datum located at
distance H abovs the datun for =hs watsr table glevation, t is time,

~n

. conrdinates. T is the transmissivity,

x and y are the horizental cartges:

Qw is the instantaneous pumping volume of well w {-hosen algebraically

positive if it is an actual withdrzwal vate), & i5 a Dirac delta

i
B

function singular at the point of ¢ yn, and 1 (where

Ew and n, are the x,v coordinatess of well w, ¢ is time), Qr is
the aquifer instantanecus discharge veiure to the wiver per unit reach

. s th
singular aicng the r~ reach of

of river and Sr is s delts fu

the river. The varisus defini

ave praphically illustrated on

Figure 1. At first, Eg. {i; wili be su
is no stream intersecting the zjuifer.
Assuming a homogersous sguifer of iafinite swrent and no previous
development then it is well known (Carsiaw and Jaeger, 1969, pp. 258-261)
that ti - drawdown at well w at time t due to pumping at well p at

a rate Q{t) (LST_I) is:
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where pr is the distance hetween weil w  and well p. If the
pumping rates are constant within the basic time pericd (say the week)
but vary from week to wesk, it is easy to derive {think of the unit

hydrograph theory; Dooge, 1873} the =sguation (Morel-Seytoux et al., 1973):

Pmn
s {n) = ) ) ) G (nevel) (3)
w. < o wi i
p=1l w=1 : :

. ) , o . th
where Sy (n) is the drawdown a: welli w at the =2nd of the n™ week

with P wells puriing, and wiere:

1
{ F dr
5 (V) = e | € SO 4
wp(J) 477 J oo (4)

When the aquifer iz intevsacted by » stream the solution is of the
same form because a reach can be viewed [(at least mzthematically) as a
special well {pumping or intecting), namel

)} =
Sw@(n’

4~

[

€ Py

<

ref
~~
,_‘
N
-
-
F
’G/
>
}

funcuions, the pumpine well kernel function

Eq. (5) involves two kernel

(which is analytically krowr for the homogeneou: 2. fer of infinite

extent, i.e. the integrand in EZg. {21}

ricus reach kernel,

T ( 3. “or a homogeneous aquifer of infinite extent this kernel

can also .z obtained analytically {Morel-Seytoux, 1874). Since most



aquifers are neither homogeneous nor of infinite extent, the analytical
expression itself is of no great value. What is important however is
the fact that the classical theory of partial differential equations
(Garabedian, 1964), the modern theory of Linear Systems (Dooge, 1973)
and the derivation of Maddock (1972) have proven the existence of the
kernel functions for heterogeneous aquifers of limited extent. That is
Eq. (5) is still valid under these more realistic conditions.

Ignoring for the time being the fact that the kernel functions are
not known, it is still not possible to exploit Eq. (5) because to the
contrary of the pumping rates, QP(T), the Qr(T) are not susceptible
to man's control. The rate of seepage to or recharge from the aquifer
depends on the state of the aquifer. It is necessary to relate Qr( )
to drawdowns in the aquifer.

Bouwer (1969) has shown that Qr is proportional to a difference
in the drawdowns to the stream surface level and to the aquifer water
table a few stream widths away from the stream. The coefficient of
proportionality depends on the streambed characteristics and shape of
the stream cross-section (Morel-Seytoux, 1964; Bouwer, 1969).

Symbolically:
Q.=T_ (o, ~-s) (6)

If, as in the case of the State Engineer, one is interested in the

flows at the stream-aquifer interface as affected by pumping from wells,
and not in drawdowns in the aquifer, one can utilize Eq. (5) to calculate
S, and eliminate S.. from Eq. (5) by using Eq. (6) with the result:

t
P
Q.(t) + T l Q.(1) k (t-1) dr = T [cr(t) - pzl l Qp('r)krp(t-'r) dT]
(7N



Eq. (7) is an integral equation foyr ¢ unknown functvion of time Qr(t)'

In the case of several pervious reathss, Eq. {7 ralizes in

the form:
R ¢ P E
t) + T Q (1) k_ {t-t)ydtr = T - 3 k_ (t-1) d ]
Q. (t) + T pgl J G B A LA L] k(e dr
o s o

(8)

where R is the number of reaches. ¥gs. (8) is a system of R integral

1,
¥

equations to be solved simultanecusly. Due to the linear character of

the system the sclution for the Q){t) {r = 1...r...R} can be obtained
by superposition of the soluticns for the two situations 0. = 0 but

K

Qp # 0 and oL #0 but Q_ = 0. For szample the Ztste Engineer wants

to know the seep from the river inducsd by pumping and not caused by

other factors suci: as propagation of = flood. he i: thus directly
interested in the solution of Ea. {8} wnpen oriﬁ} = 7. The system of

R mn P =n
Qm + T} ) 8 ()2 (0o T Yooy o L (n-ve)Q (V) = 0
p=1 v=1 77 " ©op=l el ¥

(9

Because the system of Eas. {8} i3 is

known a priori to be of the form:

Q) = | T QW) (10)

. s s th

where Qr(n) is the return velume to the reach r “uring the n
A i e " : , th

week, Q@ ~ ¥ is the volume pumped at well p during the v~ week, P

is the to:al number of pumping weils and the = are rnoefficients.



Eq. (10) does not include the return flow due to other causes than
pumping from wells, such as for example the natural fluctuations of the
river stage. Eq. (10) thus provides precisely the information needed
by the regulatory agency which has the responsibility of managing the
stream-aquifer system.

To determine the unknown coefficients ezp(v) it suffices to substi-
tute the solution (Eq. 10) in Egs. (9) and equate to zero the coefficients
of the Qp(v). This calculation is straightforward and is given in
Appendix B. (More general results are given in Morel-Seytoux, 1974 for
the case o # 0).

Thus the coefficients e:p(v) can be obtained recurrently by simple
linear equations once the ‘Srp( ) and Gri( ) coefficients are known.
The meaning of these latter coefficients is fairly straightforward. If
swp(n) represents the drawdown at point w (anywhere in the aquifer)
due to pumping at well p (anywhere in the aquifer) with pumped volumes
Qp(l), Qp(w)..., Qp(v) etc. during weeks 1, 2, ..., V, €tc., then:

m-v+1) Qp(v) (1)

n
swp(n) = vzl Gwp

th week (or time

and Gwp represents the drawdown at the end of the n
period) if a unit volume of water was withdrawn during the first week
from well p and the well shut down indefinitely thereafter.

Speaking like the mathemetician we can say that the problem of
conjunctive surface-groundwater management is solved once the §
coefficients have been obtained! Unfortunately this is the costly
part. It is the main purpose of this paper to document the cost, accuracy

and feasibility of the Discrete Kernel Generator approach to solve actual

groundwater management problems.
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2. Numerical Determination of the & Influence Coefficients

Many computer hydrologic models have already been developed to
describe a stream-aquifer interaction {(Pinder and Bredehoeft, 1968;

Jenkins, 1968; Moulder and Jenkins, 1969; Bredehoeft and Young, 1970;
Prickett and Lonnquist, 1971; Maddock, 1974).

The majority of these models, however, were designed to simﬁlate
repeatedly the response of the aquifer or thé\river to given patterns of
pumping rather than generate once for all the e coefficients. The
model of Méddock (1974) is the exception. However in his model the ¢
influence coefficients are calculated by a finite difference model and
they would have to be recalculated if for example a different location of
;é canal or of a recharge pond is considered. The approach proposed here,>
though not vastly different, is somewhat more flexible. A finite
difference model %is used to calculate the & influence coefficients,
that is, the coefficients characterizing the response to pumping

without any stream interaction. Once the & coefficients are obtained

‘the e coefficients are calculated from a simple linear algebraic
system of equations. If the pesition of the canals or recharge ponds
is modified, only the & need be recaliculated, nct the &6 coefficients.
The & coefficients are generated by a.finite difference model
based on the well-known alternating directions implicit method (Douglas
and Rachford, 1956; Pinder and Bredehoeft, 1968). For this reason the
finite difference forms of the 1inear Boussinesq equation are given in
Appendix A. The grid network consists of square meshes but the mesh
size can change by a factor of 2 only. A1l grids are uniform in the x
direction A typical'possible grid layout is‘illustrated on Figure 2.

With this grid flexibility it is possible to have a fine mesh generally
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parallel and close to the river, where many wells are located, and 4 coarse

grid far from it.

3, Propagation of Errors in the Finite Difference Model

At a given time step the soluticn for drawdéwn depends on the
previous-solﬁtions. As a result errorsfiﬁ the solution tend to propagate
in time and grow. The solution of a system Qf linear equations by the
Gaussian elimination procedure will reflect the errors in the estimation
of the matrix of coefficients A, and the errors'in the right-hand side
vector. With a time-invariant linear system the errors in the
coefficients of A are negligible. However errors in thé_éstimation of
- ..the time-variant right-hand side vector, b, tend to grow. Assuming
negligible error in A it has been shown (Forsythe and Moller, 1967,

P- 20) that an upper bound for the relative error in the solution of

VAE = b (where the under bar indicates a vector) is given by:

llsxll lieb 1} | g

. <C, = | | | (12)

TRl <% JE | |
where || || indicates a norm and ¢, is the condition number of A
defined as I!All'llAmllia The condition number depends on the chosen

norm. With the infinity norm then by definition:

||Al], = maximum of Egaiji over all rows i (13)
b .
and: ’
Ilqillw = maximum element éf'ség _ (14)

The exrror in X is denoted Bxi and the error in bi is denoted
ébi. Re- -3se the alternating directions implacit (A.D.I.) method

requires .1 intermediate solution at the half time step and starting
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pumping from one well at a unit rate at t = At/2 with the error e

(CDC 6400 precision = 10-14), the relative error at the end of the nth
week is:
lell & y
”"}Sn;- - A eo ‘!/' . : . . -I( )
\ Al .

The condition number depends on the matrix cqQefficients and therefore
depends on Ax, At and the aquifer characteristics. Ideally CA
should be as close to 1 as possible and Ax and At chosen accordingly.

If A is diagonaliy dominant and symmetric, one obtains:
max(}|a

c, =1 131 ' (16)
A" w1510 e
i 41

For a homogeneous aquifer, a uniform grid and time-step size, using A.D.I.

Eq. (16) yields

Cy = 1+ ﬁIAE__ | | . oan
¢(AX) o

where T is the aquifer transmissivity and ¢ Lis the drainable

porosity. Correlatively the relative error on x at the end of the

nth week is:

2n
TA At ;
Ty (18)

¢(ax)

e(n) = eo(l +

It is interesting to note that for a fixed Ax, reducing At reduces
CA but increzses the exponent in Eq. (8). In the limit when At

tends to 2ero we obtain:|

- 8Tn
e(n) = e, e¢{Ax)

(19)
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For accuracy sake Ax should be as small as possible. However Eq. (9)
shows clearly that when Ax becomes too small the propagated error will
grow at a fast exponential rate. Table 1 illustrates the error growth

as a function of the week index and for different time-step and grid
sizes. Table 1 shows that for a fixed (relatively large Ax, Ax = 500 m)
a reduction in At makes the error worse. Eq. (9) therefore provides

an upper bound for the maximum error for all At as a function of n and
Ax. Eq. (9) is especially useful if the time-step is varied during the
computations. For example, if the relative error at the end of 16 weeks
is to be less than 1 percent regardless of how small the time step may
be, then Ax must be greater than 480 meters. However this estimate is
much too conservative. In the actual computations an initial time step |
of 0.001 week is used and increased by the factor r = 3/2 dﬁring the
first week when the well is pumping at a unit rate until At reaches
the value 0.1. Then it is kept at that value for the rest of the first.
week. Starting at the beginning of the second week (when the well is
perm;nently shut down) roughly the same pattern is followed until the
time step reaches the value of 1 week. Thereafter the time step is 1
week. Under these conditions a better estimate for e(n) 1is given

approximately by the relation:

12 . 18 .
em =e 7 [1+10%@W.5 % ¢ 1+ 10%a.5 12
0. : .
i=1 : i=13
- 1 _A
(1 + 10 %a) 4 (1+a) 2009 gorns g (20)
where a -—ﬁz;é-. For ¢ = 0.2, T = 10,000 and Ax = 350 a

$(Ax)
takes tne value 1.83. For this value of a Eq. (20) gives for



14

At = 1 week At = 0.1 week

week index n Ax = 50 m Ax = 500 m Ax = 50 m Ax = 500 m
1 6.56 x 1071 | 324 x 10 | 1.22x10° |4.66 x 1071
2 4.30 x 1077 1.05 x 10717 1.48 x 1094 [2.17 x 10713
3 2.82 x 107 3.40 x 10713 1.80 x 10%° 1.01 x 10712
5 1.22 x 10° 3.57 x 10012 | 2.66 x 1080 |2.20 x 1071}
8 3.43 x 100 | 1.21 x 1010 | 4.77 x 10138 | 2.23 x 107°
10 1.48 x 10% 1.27 x 107° 7.06 x 10179 | 4.84 x 1078
16 1.18 x 1047 1.47 x 10°° 2.28 x 1021 |4.96 x 1074

Table 1. Table of relative errors at the end of n weeks as a function

of time-step and grid sizes.

¢ = 0.2

T:

10,000 m2/week and
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e(11), e(12), e(13) and e(i4) the values 0.0002, 0.0016, 0.011 and 0.08

respectively.

4. Accuracy of the Finite Differencé Model

A good finite difference operator is one that converges to the
partial differential operator of the orjginal equation és Ax and At
tend to zero, at least in theory. With:such operator the solution of
the finite difference approximation approach:s the solution of the
original equation in the limit. Thus in theory the solution gets better
and bet;ei as Ax and At tend to be zero. However as discussed in
the preceding section this result is only valid if the solution of the
‘»linear system of equations can be obtained with perfect accuracy. In
' practice perfect accuracy is not possible and even with machine accuracy-
of the order of 10_14, errors will grow very rapidly if Ax or At
‘are too small (see Table 1). To test the accuracy of the finite
diffefence model as a function of Ax and At, the results of the
finite difference model are compared with the known anélytic solution
for the single pumping well in a homogeneous aquifer of finite extent

and no initial drawdown. The grid used for the genefation of the

influence coefficients & is shown on Figure 2. The infinite aqui fer
is modeled by a finite rectangular aquifer of length 15,400 meters and
width 16,800 meters. The grid size around the pumping well is 350 m.
The number of grid points is 999. Figures 3 and 4 show a comparison of
the & coefficients as a function of the week index as calculated

by the &-generator and the analytical solution, for points located at
distances from the pumping well equal to 350 and 1400 meters
respecti;..ly. The relative error is small. The values of the §

coefficients are also given in Table 2.
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5. Cost of the Finite Difference Model

As discussed in the preceding sections the error growth fesulting
from the solution of the linear system of equations puts a limit on how
small the grid size may be. For a grid size of 356 meters according to
Eq. (12) the error due to this cause could be large, especially for the

last time period (the 16th period). However for the 12th week the

N
relative truncation error should be only about 0.1 éercent. It is clear
from Figure 4, for example, that the relative deviation from the analytic
solution is in excess of 0.1 percent, in fact of the order of five percent.
Thus this deviation cannot be blamed on the truncation error but rather
on the coarseness of the grid size. Indeed with a finer mesh (Ax = 175 m)
the accuracy improved. The results are also shown on Figures 3 and 4.

‘The improvement in accuracy is clear but minor. On the other hand
the computer costs increased by a factor of 7.5. It appears therefore
that fhe major practical limitation to a small grid size will bte cost.
Indeed this is not a new discovery as Bredehoeft énd Young repeatedly i
warned the eventual user. Said they: "Owing to limitations on
computing resources, formal search procedures for determining the optimum .
were not employed, nor were the increments in pumping capacity beﬁween
the various runs as small as might be desirable," (Young and Bredehoeft,
1972, p. 549); ""Since computational resources did not permit a systematic
sampling of the response surface..., no global maximum can be claimed,"
(Bredehoeft and Young, 1970, p. 7); "The limited resources available to
the project precluded any detailed field studies of the hydrologic, legal
and econsmic relationships necessary to represent a specific area

accuratealy." (Bredehdeft and Young, 1970, p. 12.) '"Therefore it was

decided that the additional precision was not worth the extra costs, and-
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all subsequent studies were made employing the S-year interval' (Bredehoeft
and Young, 1970, p. 15) and "Because of limitations of time and financial
resources, it is infeasible to examine the sensitivity of the solutions
to variables other than those already described." (Bredehoeft and Young,

1970, p. 19). The warning'is clear. The hydrologic model must be very

efficient computer-wise. N
More precisely the breakdown of computer times and costs for the
two grid sizes considered (Ax = 350 or 175 meters) is shown on Table 3.

The principal computer costs are incurred for core storage at $60/hour

and centrél processor time at $290/hour. -

. 6, Cost Estimate for the Study of an Actual Reach. Conclusion

For a 50 mile long, 20 mile wide reach using a one mile by one mile

grid a thousand grid points would be necessary. .

Service ’ Grid Size = 350 m Grid Size = 175 m
o (999 grid points) (3801 grid points) .
Core Storags 42,600 byte58 122,500 bytes8
Compilation Time 18.8 sec | : 18.8 sec
Central Processor Time 30.0 sec ' 113.1 sec

Cost Adjustment Factor
(A function of Core
Storage) .7 , 1.4

TOTAL COST $2.90 $21.83

TOTAL COST COMPARISON
FACTOR 1, 7.5

Table 3. Cost distribution of runs as a function of grid size using a
CDC 6400 ' :
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If at least one well is present in every mesh then 16,000 §
values must be generated at a cost (see Table 3) of approximately
$3,000.00. After these costs have been incurred the ¢ coefficients
must be éalculated: 320,000 of them.. The cost.of determining these
e coefficients is not known precisely yet but.preliminary studies indi-
cate that it is less than that of calculagéng the 6 coefficients. Ulti-
mately the determination of optimal weekly pumpiné quota will require the
solution of a Linear Programming problem with 16,000 variables and
many legal constraints (16 times as many as there are surface diveision
points). Since the optimization must be repeated every week in an
~irrigation season and every year, thé initial fixed cost of determining
the § and e coefficients distributed over every week of a 50 year
horizon amounts to approximately $4,00. Clearly the major cost
involved-in designing optimal rules of operation for conjunctive
sufface—groundwater management protecting the sénibr legal rights will

come from the L.P. solution costs..
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Appendix A

Finite Difference Form of the Boussinesq equation using the A.D.I. method.

Following Douglas and Rachford (1955) the finite difference form

of the equation:

p 25 2 (85 2 (g s
ot

3x ax’ 3y - 3y’ Q (AL)

for a point A (see Figure 8) of coordinates (i,j) located in a

region where the mesh size is uniform, is:

b 0Ty oo Aay Ty s
[ + 2 ] s, .- + ] s, .
At (Ax)2 ij 24x (Ax)z i+1,j
AT .. T.. A
) .4 ] sf = [ - ——El—i S,
2Ax (Ax)z i-1,3 At (Ay)2 ijn
yij |, Tij Myij T
=5t (Ay)z] Si jel,n - L 28y - (Ay)z] $i,j-1,n
+Q Gijn (A2)

The solution of Eq. (A2) along lines j = constant yields values of
s* at time index n + %n The index n refers to the old time and
n+ 1 refers to the new time. The values of s* are calculated at

all grid points from Eqs. (A2) and substituted in the equation:

by , i i, Dy
[ze + (Ay)zl 5i,i,n¢1 7 [(Ay)z * Iny 1 Si,j-1,n+1

T AT 4 035 » My

- [ + 1 s, . =3 s .+ S... +
2 2A i,j+1,n+1 At i 2 “ijn
(ay) y ri.n N (5’ il
Tij ATyij Tij ATyij
[- )2 * ey ) SiLi-1n [(Ay)z * 28y 1 Si,5+1,n

(A3)
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Eqs. (A2) and (A3) apply for a rectangular grid (AXx # Ay). However
in the developed computer program it is assumed that Ax = Ay.
The solution of Eqs. (A3) along the lines i = constant for the

unknowns s

i,i,n+1 yield the drawdowns at the grid points of coordinates

i,j at time index n+l. In the above equations At represents the
time step. It may vary from time step to time step. Q is the
pumping rate at point (i,j) during the period interval At. Sijn equals

1 if i,j are the coordinates of a pumping well, pumping during the

time interval (tn, tn+1) and is zero otherwise. By definition

KRN

ATxij - 2Ax (A4)

and

_liy5e " Tiy5e

AT 43 Zhy

(A5)

Equation (A4) applies even at the interface between two different mesh
sizes regions with Ax equal to the smaller mesh size. Equation (A4)

does not apply on the edges of the domain (i = 1 and i = maximum value

of index i = iM). At the edges we have:
T,. - T,.
- 2] 1j
ATx,l,j - AX (A6)
and
Ti j - Ti j
MT L o= M . M-1 (A7)
s M’J X )
Likewise in the vertical direction we have:
T - T
_ 'i,2 i,1
BTy 1,1 iy (A8)
and
Tikj Ti’j -1
- M
AT, ., s = (A9)
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In a region of changing grid size Eq. (A3) does not apply and the
solution of Eq. (A2) requires modification. Consider the point B of
coordinate (i,j) on Figure 8 located on the interface between two regions
of different grid size. Eq. (A2) will apply with the interpretation
that the subscript j-1 refers to an ordinate yj - max(Ax). In the
case of point B shown on Figure 8 the s* values in the finite
difference equation are the ones evaluated at the points shown by (:).

*
In the case of point C no Eq. (A2) is used but rather s _ 1is

c
evaluated as the average of the two neighboring values of s* on the
j line.

When proceeding with the vertical direction Eq. (A3) does not
apply at all if the point (i,j) is at the interface of a changing mesh.

If as shown on Figure 8 the mesh size increases as j increases the

proper finite difference equation is:

$.. T.. AT . . T..
Ak R RS2 | R R
At (Ay) Ay i,j,n+1 3(Ay)2 i,j+1,n+l
AT .. . .
¢ 2 A yij *ij &
(Ay)2 Ay i,j-1,n+1 t Tij
ij ATyij -2 _ij ATYlJ
+ [ ] .+ [ = + ] s. .
2 A 2 ) 3 2 A > "l,n
(ay) vy bia (Ay) o)
ij
- — 5, (Al10)
S(Ay)z i,j+1,n

where Ay (= Ax) 1is the smaller of the two grid sizes. In this case

the definition of AT .. is:
¥y1i]

Ti,500 = 14,522
DT 45 = 5 (A1)
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where Ay(= Ax) 1is the smaller of the two mesh sizes, for a point suc

as B. For points such as C, ATyij is calculated as the average of
ATyij at its nearest two neighbors along the line j = constant. A

similar equation is obtained if the mesh size decreases as j increases

namely:
6.. T.. AT .. T..
AES A R <5 I S
At (Ay) Ay i,j,n+l 3(Ay) i,j-1,n+1
T.. AT .. S, . & T.. AT . .
- 3 ot ) sy e TR Syt Rt s
i,j+1,n+ At Tij
(ay) y J N (5 Y
Ti5 2 Tij AT 45
- S, . - [ + ] s. . (A12)
2 7i,j-1,n 3 2 A i,j+1,n
3(a)” ) (8y) Y )

Equations (A10) or (Al2) apply only on vertical lines such as EBD
which extend from boundary to boundary. In the case of line FCH which
terminates at point C Eq. (Al10) can be used only after solutions along
the lines such as EBD have been obtained. Then s. . (value of

1,j+1,n+l
s at point G) is estimated as the average of the four neighboring
points (shown as (J on Figure 8). This establishes the necessary

boundary condition to be met along lines such as FCH.

h

s

i,j,n



30

Appendix B

Derivation of the e:p(v) coefficients

The discrete form of the system of Eqs. (9) is:

R n P n
n) +T §_ (n-m+1) Q (m) + T § (m-v+1)Q (V) = 0
Qr ¥ pzl mzl P e * pzl vzl P Qp

(B1)
The solution is given by Eq. (10) which can be rewritten, playing on

indices, as

P m
Qm = ] ] e_’g‘p ORNO (B2)

Substitution of Eq. (10) and (B2) in (Bl) yields:

AR 1103 d "
e (MQ () +T §_ (n-m+1) ) @ (v)
P=1 v=1 bl % r p=1 p=l m=1 v=1 Ip " €PP v Qp

P n
+T_ ) § (n-v+¢1) Q (v) = 0 (B3)
T p=1 vzl P Qp

The coefficient of a particular Qp(v) i.e. where p and v are
fixed values (not summation indices from 1 to P and 1 to n) in the
first term is simply egp(v). In the third term similarly it is
simply Pr Srp(n—v+l). The second tzfm requires a little more

attention. The variable Qp(v) for /particular v value will not
m

appear in the summation Z , where v 1is a running index unless
v=1

m is > the particular v value. Thus the coefficient of Qp(v)

R n
in the second term is T Z Z §_ (n-m+l) el v).
r p=1 m=v PP

Finally the equations determining e:p(v) are:

R n
n m _
erp(v) + T, pzl mzv Grp(n-m+1) epp(\)) + T Grp(n-v+1) =0 (B4)
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forr=1, .R; n=1, 2...N; p=1..., P; v=1,2...n leading
apparently to RPN(N-1) equations to solve simultaneously. N is
the total number of weeks of interest. In fact what is required is
the successive solution of P independent systems of R unknowns
to be repeated N times. The procedure is to solve Eqs. (B4) for
n=1, v=1, p =1 for all possible values of r(r =1, ...R). One
then obtains all the coefficients gil(l) for r =1, 2...R. One
repeats for p = 2, etc... and then obtains all the eip(l) for r =1,
..R; p=1, ...P.

Then one repeats the procedure for n =2, v=1, p=1 for all

r (r=1, ...R) etc... One then obtains all the Eip(l) for all r and

p- There is no need to calculate the sip(Z) because the system is a

time-invariant one and consequently it follows that generally:

n-v+m

p (m) with 1 <m; v <n (B5)

n —
srp(v) = g

Thus €2 (2) = el (1) and all the 52 (2) for all r and p values
rp rp p

are known without calculation.

For the case n = 3 it is only necessary to calcualte the eip(l)

because from (B5) it follows that eip(Z) = Eip(l) and the latter are

already known, and eip(s) = sip(Z) = Eip(l) and the latter are
already known. In short all elements of the (NxN) egp(v) matrix for
fixed r and p on any diagonal are equal.

These results become obvious if one wrote the e coefficients as
erp(n—v+1) instead of a:p(v). This alternative notation has the

disadvantage of making the already long equations such as (B3) or

(B4) evern ionger.
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Synopsis

The applicability of a new approach to hydrologic modeling is demon-
strated on a highly simplified case, for the purpose of illustration. 1In
this highly simplified illustration the Environmental Quality regulatory
agency is faced with the decision of imposing weekly quota on volume of
water withdrawn from a well serving a new subdivision, in order to preserve
both the downstream water quality standards and the senior water rights of
a farmer. Decisions are made at the beginning of the irrigation season
and then updated every week. The minimum needed storage capacity to supply
the subdivision while satisfying the downstream legal and quality constraints
is calculated each week. From the distribution of these various minimum
capacities a design capacity is then selected.

" Reésume”

On démontre sur un cas simple 1a valeur d'un modele hydro]og1que
de type nouveau pour des problémes de gestion. Dans le cas etudie le
Directeur de 1 Agence de Bassin doit imposer des quota hebdomadaires
aux débits prélevés sur la nappe aquifere pour des besoins domestiques
afin de satisfaire des droits d'eau prioritaires et maintenir une qual-
ité adequate en aval. La valeur des quotas est décidée au début de la
saison, puis reeva]uee d'une semaine a 1'autre. Chaque semaine on
ca]cu]e la capac1te minimum de la reserve nécessaire pour 1' alimentation
domestique qui satisfait 1 'ensemble des contraintes du probleme. Cette
" distribution de capac1tes minimales permet de choisir rationellement
une valeur donnée pour la reserve.



INTRODUCTILON

Though sometimes discredited, in-stream treatment and stream dilution of
pollution remain the cheapest means of achieving minimum environmental quality
standards. In areas which are both water-short-(such as the South-Western part
of the United States) and yet utilizing intensively their meager water resources,
maintaining minimum flows for environmental quality is a difficult management
problem. The problem is particularly difficult in period of droughts and is
further complicated by the body of laws within which the regulatory agency must
operate. A realistic management model of a stream-aquifer system cannot ignore
the legal constraints any more than the physical constraints. Nor can such a
model ignore the economic factors and the hydrologic uncertainties.

Whereas in principle the existing hydrologic models reported in the liter-
ature describing quantitatively the stream-aquifer interactions, could be linked
to an operational decision-making model, the required number of simulation runs
and their cost may discourage the regulatory agencies from using them. It is
imperative that efficient hydrologic models be developed. One such model has been
developed and described in the literature (Morel-Seytoux, 1975; Morel-Seytoux and
Daly, 1975). Briefly the model combines the classical finite-difference method
with the efficient systematic generation of solutions by the Green's function
approach. The optimal rules of operation are deduced from a well structured

Mathematical Programming formulation for which efficient solution algorithms
exist.

The applicability of this new approach to hydrologic modeling is demonstra-
ted on a highly simplified case, for which an analytical solution exists, for
the purpose of illustration. In the highly simplified illustration the Environ-
mental Quality regulatory agency is faced with the decision of imposing weekly
quota on volume of water withdrawn from a well serving a new subdivision, in
order to preserve both the downstream water quality standards and the senior
water rights of a farmer. Whereas the legal and physical constraints on the
problem are easily formulated and unchanging, it is not clear a priori what ob-
jective function should be optimized.

ILLUSTRATIVE (FICTITIOUS) EXAMPLE

Downstream from a reach in hydraulic connection with a (former river bed)
aquifer a farmer is entitled since 1865 to divert a flow of 300 m3/week to
jrrigate his fields. In 1974 a new residential area has just been finished
and in December 1974 the Developer has petitioned for the right to drill a well
to supply the residential area. In January 1975 a decree is granted. The
Director of the Water Quality Control Agency is concerned with the impact of
the withdrawals from the aquifer on the stream runoff and particularly on the
B.0.D. (biochemical oxygen demand) load just below the municipal discharge
(Figure 1). Engineering studies performed for the State Agency have shown that
B.0.D. loads in excess of 1.5 ppm will produce environmental hazards further
downstream, in violation of the recent State Water Quality Act of 1972. In
view of the proximity of the well to the stream (100 meters) the Director de-
cides to investigate further the situation.

From the State Enginesr's office he is told that the aquifer is remarkably
homogeneous and extensive of known transmissivity, T=10,000 m2/week (courtesy
U.S. Geological Survey) and that the seepage transmissivity of the reach is
r = 4,000 me/week. "What would be the effect of pumpina from the well on the
runoff just above the municipal discharge point?" asks the Director. Utilizing
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the Water Resources Division's new computer program to solve stream-aquifer
problems, the answer 1is quickly given. The runoff just above the municipal
outlet during week n, Ry (n), is:

Rg (n) = Rg () -ty - Z¢ (n-v+1) Q (9) )

for n = 1,2... 16, there being 16 weeks in the irrigation season. In Eq. (1)
Re (n) is the expected flow for week n (shown in column 3 in Table 1) at the
U.S.G.S. gauge, W, is the farmer's water right (300 m3/week in this case),

B (n) is the municipal discharge (given in Table 1), the ¢ are positive coeffi-
cients (tabulated in Morel-Seytoux, 1975) and Q (n) is the pumping rate.

The recommended B.0.D. maximum concentration, Cg (=1.5 ppm in this case),
will not be exceeded provided the inequality

Cp Rd (n) Cb B(n)
%&)+mmscs (2)

is satisfied, where Cp is the upstream B.0.D. concentration (in this case
essentially zero) and C,, is the municipal discharge B.0.D. concentration (in
this case 20 ppm). Eq. (2) takes the final form, after substitution of the
expression of Ry (n) from Eq. (1) into Eq. (2) and rearranging:

: e(n-v+1) Q(v) s Ry (n) - 12.33 B(n) - W, (3)

<
ne-13

1. Director's minimum storage strategy

Taking his cue from the State Engineer's experience (Morel-Seytoux, 1975)
the Director decides to select the weekly pumping rates, Q(n), by solving a
Linear Programming (L.P.) problem, namely:

Min {s} (4)

with respect to the Q (v), v = 1,2... 16 and S (storage), subject to the non-
negativity conditions:

Q (v) 30, v=1,2...16; S3»o0 (5)

the quality constraints, defined by Eq. (3), the farmer's rights constraint,
namely:

Eoeln-vi) Q () < Re () - Wy n=1,2..16 (6)
v:

the demand constraint:

Q (v) > 200n n=1,2... 16 (7)

M=
—

v



Conditional Expected Runoffs (m3)

B(») [eeks ~ 16 | 15 | |13 |1z fno | e o
(m3) | v

30 1 | vo00 | -- - -- -- -- -- -
32 2 | 1100 | 1025 | -- -- - -- -- -
34 3 | 1200 | 1120 | 1400 | -- - -- -- -
36 4 | 5o | 1080 | 1380 | 1100 | -- — | 100 | --
38 5 | 1000 | 955 | 1180 | 970 | 1025 | -- %0 | --
40 6 900 | 860 | 1020 | 880 | 925 | 950 | 840 | 840
40 7 850 | 823 | 950 | 840 | 870 | 880 | 810 | 810
38 8 820 | 800 | 910 | 815 | 835 | sa0 | 785 | 785
37 | 9 800 | 785 | 875 | 785 | 805 | 810 | 765 | 765
36 10 780 | 780 | 850 | 770 | 785 | 790 | 750 | 750
35 1 765 | 755 | 825 | 755 | 770 | 775 | 735 | 735
34 12 750 | 740 | 800 | 740 | 755 | 755 | 725 | 725
33 13 740 | 735 | 785 | 735 | 745 | 745 | 720 | 720
32 14 730 | 726 | 770 | 725 | 735 | 735 | 7m5 | 715
31 15 725 | 723 | 755 | 720 | 725 | 725 | 710 | 710
30 16 720 | 715 | 740 | 715 | 720 | 720 | 707 | 707
Li“eagozgoggagming 0.66 | 0.58 | 0.51 | 0.44 | 0.43 | 0.34 | 0.30
$$32”?16E2232351”9 5.4 | 4.7 | 4.0 | 3.4 |33 |28 |2.3
%Qggtzggggﬁgs) 11 (11 |10 L1o |10 |10 |1.0

Table 1. Conditional Expectéd~River Flows and Municipal Discharge.
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(the subdivision weekly demand is 200 m3) and the feasibility constraint:

n
Z]Q(v) -200nsS n=1,2--16 (8)
V= '

The solution to this problem leads to the pumping schedule shown as line
1 of Table 2. A1l constraints are satisfied and no storage is required on the

part of the Developer. Everybody is happy: Apparently the Director's fears
were not justified.

2. Director's stochastic storage strategy

Reporting the happy ending of his investigation to the State Engineer, the
Director (a political appointee, but learning quickly) is startled by the some-
what ironical remark, “Yes, if flows turn out as expected," he hears at the
other end of the line. He quickly has sequences of runoffs generated for future
flows given the flow realizations for the first week, then for the first two
weeks, etc... by an expert on stochastic processes and data generation. He
then repeats all the calculations for the pumping schedule for the remaining
15, then 14, 13, etc... weeks. The results are displayed in Table 2.

The Director discovers that storage will be needed and that the extent
of storage needed will depend on §he variations in the runoff. Based on the
mean minimum needed storage (37 m®) and the standard deviation (18.m3) he
recommends to the Developer that he build a storage of capacity at least
66 m3 if he does not want to fail to supply the subdivision demand more
than 5% of the time or 78 m3 if he wants to reduce this risk to 1%.

3. Director's Augmentation Strategy

It dawns on the Director that at times it may not be possible to sat-
isfy the constraints even if the well was shut down. For example, the L.P.
problem associated with a different sequence of (iower) runoffs generated
for the remaining 13 or 11 weeks (given in Table 1 in columns 13' and 11')
has no solution. The demand constraints cannot be satisfied. Even though
the Developer may have a large storage capacity,he is not allowed to pump
enough to fill it for subsequent needs of the subdivision. Instead of
imposing low quota on pumping in anticipation of possible (but not certain)
quality violations,would it not be better on the contrary to allow the
Developer to keep its reserve full but require from him immediate release
back to the river of the exact amount of water needed to maintain the
stream quality standards? "

The L.P. problem takes the new form:
Min [s] (9)

subject to the usual non-negativity constraints, the new demand constraints:

n
z]Q(v) - r{v) > 200n n=1,2,... 16 (10)
v:
the new feasibility constraints:
n
5 [Q(v) - (v)] - 200n € S n=1,2,... 16 (11)
\):
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the new quality constraints:

cs[ £ slom) € () - rm)] < €5 (kg (n) - W) - (G = ) Bln (12)

\)‘:

for n = 1,2... 16

and the additional non-negativity conditions:
r (n) >o0 n=1,2... 16 (13)

where r (n) 1is a release back to the river from the Developer's storage

to meet the downstream quality standards. The solution to this problem

always exists and the required storage capacity is zero, because it is always
feasible to pump the required release at the time it is needed. The reason

for this happy solution results from the fact that e (1) is less than one (in
this case e (1) = 0.06) and significantly more water is drawn from the aqui-
fer by pumping than is lost by interception of return flow or by seepage from
the river. The maximum needed release was 21 m3, during the 11th week, slight-
1y more than 10% of the water demand. Instead of storage, the Developer needs
to install a greater pumping capacity. « '

ACKNOWLEDGMENTS

The work upon which this paper is based was supported in part by funds
provided by the U.S. Department of Interior, Office of Water Research and
Technology, as authorized under the Water Resources Research Act of 1964; and
pursuant to Grant Agreement No. 14-31-0001-4067, contract B-109 Colorado.

The OWRT support is gratefully acknowledged. Mr. Carlos Rodriguez, Graduate

Student, provided able assistance in the numerical calculations and in the
analysis.

REFERENCES

Morel-Seytoux, H. J. 1975. "A Simple Case of Conjunctive Surface-Groundwater
Management". Paper accepted fcr publication in Ground Water Journal. To
appear in November 1975 issue.

Morel-Seytoux, H. J. and C. J. Daly, 1975. "A Discrete Kernel Generator for
Stream Aquifer Studies". Paper accepted for publication in Water Resources
Research Journal. To appear in April 1975 issue.



156

PART 11

ECONOMIC ASPECTS OF CONJUNCTIVE SURFACE-GROUNDWATER MANAGEMENT
A. Introduction

The distinctive properties of the water resource and the conditions
of its availability, distribution and consumption call for special insti-
tutions (organizational, administrative and property) to control its al-
location [Gaffney, 1969; Castle and Stoevener, 1970]. The most significant
of these is the mobile, flowing nature of water, which makes it particu-
larly difficult to establish and maintain the property rights which are
the basis for allocation and exchange in a market economy.

Groundwater, in particular, presents a well-recognized example of a
natural resource which the unregulated market economy fails to allocate so
as to achieve the maximum net value of production [Ciriacy-Wantrup, 1963].
In the next section, the following theses are developed. First, many of
the significant problems arising in connection with groundwater are what
economists call resource allocation problems and can be properly explained
and understood within theoretical economic framework. Second, these prob-
lems can be characterized as a failure of the institutions to keep pace
with the growing utilization of the resources, such that the allocative
institutions have become obsolete under present demands on the resource.
Given these two propositions, an examination of the conceptual bases for
institutional inadequacy is therefore an appropriate place to begin in

formulation and evaluation of alternative allocative mechanisms.
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Market Failure and Groundwater Allccation

Groundwater resources are typically utilized by a number of indepen-
dent pumpers withdrawing from a common pool. Since water in unconfined
aquifers ordinarly moves in response to withdrawals, the actions of any
one pumper affects the conditions of production experienced by other
users. Users are thus interdependent, and "external' or spillover effects
may occur. The existence of substantial external effects violates at
least one of the conditidns required to justify the market mechanism as
an optimal solution to the problem of resource allocation. In the pres-
ence of substantial external effects, the costs and gains as calculated
by each of the many individual units fail to reflect their total impact
on society. When '"private' costs are not as large as ''social' costs,
the individual's incentive is to engage in more of the productive activity
than is socially desirable, and a misallocation of resources is said to
exist.

The type of external effect of interest here is called a '"techno-
logical diseconomy"; technological because the impact is registered
through a technological or physical link between production processes
and "diseconomy" because the effect imposes a cost rather than a bene-
fit upon recipient units. Thus, under conditions of heavy exploitation
aquifer management becomes an issue of community concern because of
technical conditions which prevent the market mechanism from properly
functioning in the allocation of groundwater. In the case under study,
in the South Platte Valley in Colorado, the problem takes the form of
the groundwater pumpers utilizing, in effect, water to which surface

water users downstream claim a right. [Other examples of such detrimental
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external effects include salt water intrusion, subsidence of over-
lying land surface and increasing pumping costs due to lowered water
tables (Young, 1970).] The case at interest here is characteristic
of river basins in arid or semi-arid regions, where surface water
supplies are fully appropriated. Withdrawal of water from aquifers
intimately associated with the stream may disrupt patterns of ground-
water flow to and from the river, thus jeopardizing the water sipply
of holders of junior surface water rights.

Problems of this sort arise largely because groundwater is treated
in practice as an unrestricted open access resource; that is, a re-
source which any overlying land owner can use for whatever purpose he
might chose, without charge or hindrance. Fugitive resources, such
as air and water, were traditionally managed in this fashion due to
physical characteristics which make their administration relatively
costly [See Haveman, 1972]. However, changing economic and techﬁo-
logical conditions are making such institutions obsolete, a point which
applies particularly to groundwater management. Groundwater has been
administered as an open access resource by the public (its nominal
owner) because the cost of enforcing property rights in fugitive re-
sources under conditions of low utilization relative to supply easily
may be greater than the benefits of such a policy. By its nature,
groundwater flows are difficult and expensive to observe and measure.
As long as withdrawals in a basin are so small that negligible effects
are imposed on the group of groundwater users as a whole, it made little
sense to develop elaborate systems for groundwater regulation. However,

the technological changes and economic growth factors have encouraged
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rapid use of groundwater in the past two decades. It is becoming clear
that the century-old tradition of ignoring the external consequences of
groundwater withdrawal cannot persit indefinitely. Benefits from regu-
lation have risen, in the sense that there are external costs which can
be mitigated by more elaborate control mechanisms. Similarly, techno-
logical advances in fields relating to administration of groundwater
resources, including monitoring and measuring devices, mathematical
modeling and digital computers, suggest that costs of management may be
declining. These shifts in cost and benefit suggest the possibility
that some system of community management is not only feasible but
optimal.

Groundwater regulation has followed a classical historical pat-
tern consistent with the hypotheses outlined above. As detailed in
the legal section of this report, groundwater use was ignored in early
water statutes in Colorado. As interdependency effects became apparent,
the State adopted regulations defining beneficial use and eventually
placing limitations on individual use. However, there remains a strong
resistance (based both on economic pressures and ideological convictions)
to regulation when free access has become an established tradition.

A number of alternative solutions to market failure are suggested
by economic theory (Hirshleifer, et al., 1960). These include taxation
of withdrawals (to equate private and social costs), firming up property
rights in water (Ciriacy-Wantrup, 1963) and centralized control. Tax-
ation, in spite of its appeal to economists, has been adopted only as
a vehicle for collecting revenue, not as a resource allocation tool.

The second approach, firming up property rights is the approach followed
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by the present legislative trend in Colorado, in that groundwater is
being brought under the appropriative doctrine, with modifications for
the special characteristics of groundwater (i.e., the ''doctrine of
futile call"). It is further proposed that this approach be supple-
mented by a quasi-market system, in which the junior groundwater right-
holder be able to purchase surface rights so as to permit him to use

the well as an alternative source of diversion. The last general
method, centralized control, also has not been tested in practice, al-
though a variation has been shown to be desirable on narrow economic
efficiency grounds in a highly simplified setting (Young and Bredehoeft,

1972).

Economic Analysis and the South Platte Optimization Model

The conceptual economic basis for selecting alternative approaches
to solving conjunctive management problems has been described above.
In addition to that contribution, potential additional economic aspects
of the study include (a) specification of an objective function, and
(b) predicting resource allocation behavior of water users in response
to alternative regulatory practices. The latter task, in turn, requires
detailed knowledge of the scale and technology of water user production
activities and resource constraints which influence their production
responses. During this study, work has been undertaken mainly on the
latter of these tasks, predicting irrigator behavior.

Three specific issues have been addressed. First, empirical data
regarding water users in the study area was collected, in order to

properly specify parameters of the water allocation model. Secondly,
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an effort was made to provide theoretical and empirical refinements

to existing knowledge of crop response to various quantities and timing
of irrigation water. Finally, since uncertainty in both 'natural" and
economic factors is thought to modify profit maximizing behavior by
private water users, an effort was made to formulate an allocation model
which hypothesizes behavior other than pure profit maximization by water
users. Each of these three facets of the research is summarized briefly

below.
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B. Economics of Irrigation Water Use in the
Lower South Platte Valleyl/

In order to provide data for an irrigation water allocation model,
a study of costs and returns to irrigated farms was conducted in a
selected reach of the Lower South Platte in Northeastern Colorado. The
study area extended from Fort Morgan to the Nebraska border,; a distance
of some sixty miles. Farm descriptions and estimates of costs and re-
turns were based on a survey of 89 farm operators, approximately 10 per-
cent of those farming over the valley fill aquifer. Principal crops
presently grown include corn grain, corn silage, alfalfa, sugar beets
and edible dry beans.

Irrigation was developed in this area in the 1870's and 1880's
with the construction of ditches to distribute water out of the river.
Reservoir construction in the ear}y 1900's provided storage capacity
so that irrigation water supply became less dependent on river flow
during dry summer months. With an extended drought in the early 1950's,
farmers began to install wells for the purpose of supplementing surface
water supplies. Well development continued as more farmers realized
the advantages of the "water insurance' provided by wells.

Among the 89 sample farms, 78 had wells to supplement ditch water
while eight farms were entirely dependent on well water. Only three of
the sample farms had no well. The sample farms were divided into three
size groups based on irrigated acreage: Group I, 50-200 acres; Group II,
201-400 acres; and Group III, over 400 acres. Average farm size was
about 160 acres in Group I, about 300 acres in Group II and about 525

acres in Group III.

1/ Summarized from L. R. Conklin "Farm and Irrigation Management, South
Platte Valley, Colorado," Thesis for M.S. degree, Colorado State Univer-
sity, 1974, '
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Two "farm types' were identified in each size group, one a ''feed
crop farm" producing corn grain, corn silage and alfalfa, and the other
a '"'cash crop farm" producing corn grain, alfalfa, sugar beets and pinto
beans. Costs and returns were computed for each farm type on the basis
of their typical machinery inventory and the price conditions in effect
during the 1973 growing season. (While many farms had livestock enter-
prises in addition to their crop production operations, the costs and
returns to livestock were not examined in this study.)

Farm business investment is shown by type of assets in Table 1.
For both types of representative farms, equipment investment per acre
declines markedly as farm size increases.

TABLE 1: Average Value of Investment by Farm Size and Type, 1973,
South Platte Valley, Colorado

FEED CROP FARMS CASH CROP FARMS

Size I Size I1 Size III Size 1 Size II Size III
(160 Ac.) (300 Ac.) (525 Ac.) (160 Ac.) (300 Ac.) (525 Ac.)

Tractors $16,000 §$14,375 $24,810 $14,210 $19,375 $24,810
Field

Equipment 12,787 13,970 22,990 19,882 21,752 30,965
Irrigation

Equipment 4,236 5,133 10,268 6,220 7,047 12,323
Trucks 7,475 7,475 9,200 7,475 7,475 12,075
Misc.

Equipment 2,805 2,805 2,805 2,805 2,805 2,805
Land&/ 128,000 240,000 420,000 128,000 240,000 420,000
Total 171,303 283,758 490,073 178,592 298,454 502,978
Irrigation

Equipment

($/Ac.) 26 17 20 39 23 23
Other

Equipment

(§/Ac.) 244 129 114 277 171 136
Total

Equipment

($/Ac.) 270 146 134 316 194 159
a/

~ Land is valued at $800 per acre.
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Table 2 shows the costs and returns for each farm type. Gross
sales include crop sales and the market value of crops fed to livestock.
Gross expenses include operating costs (seed, fertilizer, labor, water,
etc.) and cash overhead costs (depreciation, taxes, insurance, building
maintenance). The difference between gross sales and gross expenses is
the return to management and investment. All of the required annual pay-
ments on borrowed money must be paid out of this amount before any re-
mainder is available for family income. All labor is charged as a cash
operating expense at the prevailing wage rate. For labor performed by
the operator and his family (rather than hired workers), the labor
charge is not an out-of-pocket expense and can be considered an addition
to family income.

TABLE 2. Costs and Returns by Farm Size and Type, 1973, South Platte
Valley, Colorado

FEED CRCP FARMS CASH CROP FARMS

Size 1 Size II Size III Size I Size II Size III

Gross Sales $47,661  $89,382  $146,200 $55,178 §$97,415 $173,700
Gross Expenses

Operating

Costs 10,469 20,396 38,814 13,473 23,749 42,921
Cash Over-

head Costs 7,736 9,717 16,613 8,796 11,887 18,855
Total Costs 18,205 30,113 55,427 22,269 35,636 61,776

Return to

Management §
Investment 29,456 59,269 90,773 32,909 61,779 111,924

Management Charge
(10% of gross

sales) 4,766 8,938 14,620 5,518 9,742 17,370
Return to
Investment 24,690 50,331 76,153 27,391 52,037 94,554

Percent Return
on Average
Investment 14.4 17.7 15.5 15.3 17.4 18.8
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The returns to management and investment must have a charge for
management deducted out in order to show the returns to investment.
This management charge was computed at 10 percent of gross sales.

Part of the purpose of the analysis of farm size and types was
to determine if such factors would have a significant influence on
productivity of (and ability to pay for) irrigation water. Most farm
management studies in Colorado and elsewhere have shown that larger
farms commonly achieve higher returns on investment for two reasons.
The fixed or overhead costs rise less than proportionately as farm
size and volume of output are increased (also referred to as the
spreading of overhead costs). Furthermore, farm operations can be
performed more efficiently on larger farms due to the specialization
of labor and management and the use of higher capacity machinery.

In this study, returns to investment do increase somewhat with
farm size among the cash crop farms. However, among the feed crop
farms, returns peak with the middle sized operation. This peak is
explained by the combination of lower corn yields on the largest
farms (about 10 bushels per acre lower) and the predominance of corn
on the feed crop farms. The lower yields are probably due to a loss of
timeliness in tillage and planting (in order to get the work done,
it is necessary to begin earlier and finish later than would be op-
timal) and a greater dependence on hired labor. The relationship be-
tween corn yields and farm size may change as more of the larger
farmers replace their present equipment with wider tillage machinery

and more efficient corn planters.



146

For crops other than corn, yields were found to be roughly the
same for all size groups.

Thus, while there are some differences in returns to investment
by both farm size and type, these differences are not judged to be
significant enough to warrant a water allocation model disaggregated

into several size and/or type categories.
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1/

C. Modeling Irrigation Water Allocation Under Uncertainty-—
Decision making is the central coordinating concept of any organi-
zation, whether it is a family farm business, a giant industrial com-
plex or a public agency. The small farmer may be the least prepared
to make effective decisions, yet in the agricultural sector, prices,
productivity, human relations, and other factors out of his control
are constantly changing yet mustbe dealt with.

The model of the firm in classic economic theory rests on the
assumption that the decision maker knows the relevant production func-
tions, demand functions and factor costs with complete certainty.
However, many decisions must be made in the absence of complete know-
ledge of the relation between alternative courses of action and out-
comes.

Many hypotheses have been offered to explain decision making
under "risk', where probabilities are known. Beginning with Bernoulli,
there have been many variations on the approach of maximizing expected
value. However, in spite of the voluminous literature, no real con-
census has emerged.

For the purpose of modeling decision making in‘agriculture, it
appears necessary to drop the assumption of known probabilities and
turn to the theory of decision making under uncertainty. The von
Neuman-Morgenstern game theoretic approach spurred a considerable
literature. However, applied research has uncovered a number of

weaknesses and new approaches continue to be developed. Modern

l/ Summarized from Johnson and Young, 1975.
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decision models for planning under uncertainty can be divided into
three main types. The most common approach utilizes some form of
Bayesian model together with a hypothesis of risk aversion and posits
an expected utility maximization approach. A second approach is based
on a lexicographic utility function which ranks a hierarchy of objec-
tives. This model assumes the entrepreneur has a number of goals and
a multi-dimensional utility function is required té reflect these goals.
A lexicographic function is one which ranks goals in an array of most
preferred to least preferred. The objective is to maximize the most
preferred goal subject to the other goal(s) being at '"satisfactory"
levels.

A third approach uses the '"focus loss-focus gain'" concepts of
Shackle. The essence of the concept is the assumption that the de-
cision maker wishes to maximize expected gain so long as the possibility
of attaining a ruinous level of income is so small it can be ignored.
This approach has been formalized by Boussard and Petit (1967). This
decision criterion requires that a '"megligible possibility of ruin' be
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