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Abst rac t  

When two incompressible homogeneous f l u i d s  i n  r e l a t i v e  motion a r e  

superimposed i n  a  g r a v i t a t i o n a l l y  s t a b l e  con£ i g u r a t i o n  and a r e  sub- 

j ec t ed  t o  r o t a t i o n  about a  v e r t i c a l  a x i s ,  t h e  i n t e r f a c e  and t h e  f r e e  

s u r f a c e  s l o p e  away from t h e  ho r i zon ta l .  Such a system possesses  

r o t a t i o n a l  modes of o s c i l l a t i o n  i n  a d d i t i o n  t o  t h e  e x t e r n a l  and in- 

t e r n a l  g r a v i t a t i o n a l  modes. The dynamic s t a b i l i t y  of s m a l l  amplitude 

motions superimposed on t h i s  system is s tud ied .  For uns t ab le  modes, 

t h e  va lues  f o r  t h e  phase speed and t h e  growth rates are presented a s  a 

func t ion  of wavelength of t h e  pe r tu rba t ions  and shea r  of t h e  b a s i c  flow. 

I n  p a r t i c u l a r ,  i t  was shown t h a t  t h e  i n s t a b i l i t y  occurs  i n  t h i s  model 

as a r e s u l t  of an  i n t e r a c t i o n  between a n  i n t e r n a l  g r a v i t a t i o n a l  mode 

and a  r o t a t i o n a l  mode. 

iii 





I. 1ntl:oduction - 
We a r e  concerned he re  with the  dynamic s t a b i l i t y  of t h e  equ i l -  

ibrium c:onfiguration shown i n  Figure 1 wi th  r e spec t  t o  smal l  amplitude 

pe r tu rba t ions .  This con£ i g u r a t i o n  c o n s i s t s  of two incompressible  

homogeneous f l u i d s  of d e n s i t i e s  (11 and (12 superimposed one on top of 

another  w i th  the  heavier  f l u i d  ( p l )  a t  t h e  bottom t o  i n s u r e  gravi-  

t a t i o n a l  s t a b i l i t y  of t h e  system. These f l u i d s  a r e  l a t e r a l l y  bounded 

by r i g i d  wa l l s  a t  y = 0 and y = W and each f l u i d  is  moving i n  t h e  

p o s i t i v e  x-d i rec t ion  wi th  a cons tan t  t r a n s l a t i o n a l  v e l o c i t y  ul and u;! 
- 

( u l  # ;& i n  genera l ) .  I n  t he  absence of r o t a t i o n ,  t h e  f l u i d s  w i l l  

have uniform depths (Dl and 52 as  shown by t h e  do t t ed  l i n e s  i n  

Figure :L). I n  t h i s  case ,  t h e  system is  only cap,able of exh ib i t i ng  

g r a v i t a t i o n a l  ( e x t e r n a l  and i n t e r n a l )  modes of o s c i l l a t i o n  and any 

dynamic i n s t a b i l i t y  t h a t  is  r e a l i z e d  is pure ly  a mani fes ta t ion  of t h e  

Kelvin-Helmholtz i n s t a b i l i t y .  A s  is w e l l  known, t h i s  i n s t a b i l i t y  i s  

usua l ly  r e s t r i c t e d  t o  r a t h e r  smal l  wavelengths of t h e  pe r tu rba t ions .  

I f ,  however, we now assume t h a t  t h e  system is  r o t a t i n g  about a v e r t -  

i c a l  a x i s  wi th  angular  speed Q., t he  depths of t h e  f l u i d s  can no longer  

be uniform. The t r ans l a t ion i l l  ve loc i f  i e s  ul and u2 br ing  i n t o  play t h e  ' 

Cor io l i s  fo rces  which would then r e q u i r e  balancing p re s su re  g rad ien t s .  

These a r e  generated by t h e  i n t e r f a c e  and f r e e  s u r f a c e  s lop ing  away from 

t h e  h o r i z o n t a l  as shown i n  Figure 1. Under t hese  condi t ions ,  t h e  sys-  

tem e x h i b i t s  an a d d i t i o n a l  mode of o sc i l l a t i on - - the  r o t a t i o n a l  mode 

which i s  normally r e f e r r e d  t o  as t h e  Rossby mode i n  meteorology--in 

a d d i t i o n  t o  t h e  g r a v i t y  modes. The f e a t u r e s  of t hese  r o t a t i o n a l  midis 

norna l ly  resemble t h e  c h a r a c t e r i s t i c s  of me~teorological ly  important 



Figure  1. Equi l ibr ium con f igu ra t i on  of the phys i ca l  model. 



wave motions t h a t  a r e  observed on synopt ic  weather maps. Our primary 

concern he re  is  t o  i n v e s t i g a t e  t h e  s t a b i l i t y  of t h e  b a s i c  s t a t e  which 

possesses  both the  g r a v i t a t i o n a l  and r o t a t i o n a l  modes. 

The s tudy of t h e  above s t a b i l i t y  problem has an approximate 

a p p l i c a b i l i t y  t o  t h e  problem of f r o n t a l  i n s t a b i l i t y  i n  meteorology. 

The Bergen school  of Norway has demonstrated t h a t  i n s t a b i l i t y  asso- 

c i a t e d  wi th  narrow t r a n s i t i o n  zones between warm and cold a i r  masses 

i s  a poss ib l e  f a c t o r  i n  determining t h e  i n i t i a l  growth of a  per tur -  

b a t i o n  i n  t h e  middle l a t i t u d e s .  I n  an  idea l i zed  s i t u a t i o n ,  one can 

r ep resen t  each of t hese  air  masses by a homogeneous incompressible 

f l u i d  and t h e  t r a n s i t i o n  zone by a  su r f ace  of zero-order d i scon t inu i ty  

-ca l led  t h e  front-with r e s p e c t  t o  dens i ty  and t a n g e n t i a l  v e l o c i t i e s .  

The dominant c h a r a c t e r i s t i c s  of t h e  f r o n t a l  model a r e  t h a t  t he  f r o n t a i  

su r f ace  i s  inc l ined  a t  an  angle  t o  t h e  h o r i z o n t a l  and i n t e r s e c t s  t h e  

ground a t  some poin t .  These two f e a t u r e s  toge ther  complicate t he  

necessary mathematical a n a l y s i s  t o  determine t h e  s t a b i l i t y  charac te r -  

i s t i c s  of t h e  model. One of t h e  e a r l i e s t  a t tempts  a t  a mathematical 

a n a l y s i s  of t h i s  model is  t h a t  of Solberg (1928). H i s  model cons is ted  

of a r i g i d  top and bottom both of which a r e  i nc l ined  a t  t h e  same angle  

t o  t h e  ho r i zon ta l  as t h e  f r o n t a l  su r f ace .  I n  s p i t e  of t h i s  s i m p l i c i t y ,  

Solberg 's  r e s u l t s  showed t h a t  i t  is indeed poss ib l e  t o  have uns t ab le  

waves whose wavelengths a r e  approximately i n  t h e  range of i n c i p i e n t  

cyclones when t h e  f r o n t a l  su r f ace  is no longer  ho r i zon ta l .  It may be  

r e c a l l e d  t h a t  without  t h e  s loping  f r o n t ,  t h e  only i n s t a b i l i t y  t h e  two- 

f l u i d  system can g ive  is the  Kelvin-Helmholtz i n s t a b i l i t y ,  which is  

usua l ly  confined t o  wavelengths much sma l l e r  than t h e  s c a l e  of t he  

- 
i n c i p i e n t  cyclones f o r  reasonable values o f '  shea r  ( & - u l )  . 



Subsequent t o  Solberg, t h e  mathematical a n a l y s i s  of t h e  f r o n t , a l  problem 

was done by Kotschin (1932) and El iasen  (1960) with r i g i d  top models 

i n  which t h e  f r o n t a l  su r f ace  i n t e r s e c t s  t h e  ground. Recently Orlanski  

(1968) made a more e l abo ra t e  a n a l y s i s  of t h e  Kotschin model. 

Most of t h e  t r a d i t i o n a l  s t a b i l i t y  analyses  i n  meteorology a r e  made 

f o r  t h e  long p lane tary  waves f o r  which t h e  so-cal led quasi-geostrophic 

approximation is introduced. This  approximation, f i r s t  introduced by 

Charney (1947), e f f e c t i v e l y  f i l t e r s  ou t  t h e  g rav i ty  waves leaving  only 

t h e  r o t a t i o n a l  waves i n  t h e  system. Use of t h i s  approximation g r e a t l y  

s i m p l i f i e s  t h e  necessary mathematical a n a l y s i s .  However, when one i s  

concerned wi th  t h e  s t a b i l i t y  of pe r tu rba t ions  of a sma l l e r  scale--as 

those  on a f r o n t a l  sur face- - th i s  approximation can no longer  be  j u s t i -  

f i e d .  Consequently, one has  t o  d e a l  wi th  a non-geostrophic system 

containing both g r a v i t a t i o n a l  and r o t a t i o n a l  modes. There have been 

some s t u d i e s  of t h i s  ageostrophic s t a b i l i t y  problem (Arnason 1963, 

Derome and Wiin-Nielsen 1966, Stone 1966, Se l a  and Jacobs 1968) b u t  t h e  

p r e c i s e  na tu re  of t h e  s t a b i l i t y  cha rac t e r  and t h e  i n t e r a c t i o n  between 

t h e  g r a v i t a t i o n a l  and r o t a t i o n a l  modes, i f  any, i s  no t  prope1:ly brought 

ou t .  I n  t h e  previously mentioned s t u d i e s  on f r o n t a l  s t a b i l i t y ,  t h e  

a n a l y s i s  of t h e  problem was q u i t e  complicated i n  view of the f r o n t a l  

i n t e r s e c t i o n  wi th  t h e  ground and t h e  r o l e  of t h e  ageostrophic e f f e c t s  

introduced by t h e  presence of t h e  g rav i ty  waves i s  no t  c l e a r . 1 ~  brought 

ou t  e i t h e r .  It is  wi th  a view t o  i n v e s t i g a t e  t h i s  a spec t  while  t r y i n g  

t o  keep the  necessary a n a l y s i s  simple, t h a t  we s e l e c t e d  t h e  model des- 

c r ibed  e a r l i e r .  Since t h e  c h a r a c t e r i s t i c  f e a t u r e  of t h e  f r o n t a l  theory 

i s  t h e  i n c l i n a t i o n  of t h e  f r o n t ,  r a t h e r  than i t s  i n t e r s e c t i o n  wi th  t h e  

ground, t h e  r e s u l t s  obtained h e r e  may s t i l l . b e  app l i cab le  i n  an 



approxiniate sense  t o  a f r o n t a l  s i t u a t i o n .  

2. W a m i c a l  Equations 

The pfiysical model is descr ibed  i n  t h e  preceding s e c t i o n .  A s  

mentioned t h e r e ,  we a r e  dea l ing  wi th  motions whose s c a l e s  a r e  much 

smal le r  than t h e  r ad ius  of t h e  e a r t h .  Consequently, t hese  motions may 

be  descr ibed  us ing  a Ca r t e s i an  x,y-plane wi th  a cons tan t  C o r i o l i s  par- 

ameter f' = 2S2 s i n  $, S2 being t h e  angular  speed of r o t a t i o n  and $ is t h e  

goegraphical  l a t i t u d e .  We f u r t h e r  assume t h a t  t h e  s c a l e  of t h e  motions 

i s  such t h a t  t h e  hydros ta t ic -or  t h e  long wave-approximation i s  v a l i d .  

Then t h e  motion i n  each l a y e r  can be  descr ibed by t h e  shal low water  

equat ions:  

- f[iv,I = -g(cVh2 + Vh,) dt: 

3-+ h l  V.Wl = 0 
dt: 

I n  t hese  equat ions,  t h e  s u b s c r i p t  1 r e f e r s  t o  t h e  q u a n t i t i e s  i n  t h e  

lower l a y e r  and s u b s c r i p t  2 t o  those  i n  t h e  upper l a y e r .  LV = (u,v) is 

t h e  ho r i zon ta l  v e l o c i t y  vec to r ,  h is t h e  depth of a l a y e r .  The vec to r  

[w]  denotes a r o t a t i o n  of\V through n ine ty  degrees i n  t h e  negat ive  

sense  of t he  x,y-plane. E E p2/p1  is  t h e  dens i ty  r a t i o  and f o r  a 

grav i ta t . iona l ly  s t a b l e  conf igura t ion  0 < E < 1. The system of equa- 

t i o n s  (2.1) t o  ( 2 . 4 )  has an exac t  s o l u t i o n  corresponding t o  t he  b a s i c  

s t a t e  



where we have def ined  

We now assume t h a t  t h e  t r a n s l a t i o n a l  v e l o c i t i e s  & and c2 i n  t he  

b a s i c  s t a t e  a r e  cons tan t  (G # &) and t h a t  t h e  domain of i n t e r e s t  is  

bounded by r i g i d  boundaries a t  y = 0 and y = W. The depths of t h e  

lower and upper f l u i d  l a y e r s  a r e  then given by ( f o r  y>O): 

where s1 and D2 a r e  t h e  l a y e r  depths a t  y = W/2. They a r e  a l s o  t h e  

uniform depths t h a t  t h e  f l u i d  l a y e r s  w i l l  have i n  t h e  absense of ro- 

t a t i o n .  

The dynamical equat ions (2.1-4) a r e  now l i n e a r i z e d  about t h e  state 

of equi l ibr ium expressed through equat ions (2.5,2.7) f o r  t h e  examina- 

t i o n  of t h e  s t a b i l i t y  problem. The l i n e a r i z e d  equat ions a r e  

L u - f v .  + g(? 
j j J + y j $ )  = o 

L.v. + f u .  + g(  ahl = 0 
J J  J a~ + Y j  a~ 

-- a~ a v 
~ . h ,  + f v .  + h.( j + ) = 0 

J J  O L j ~  a* ay 

where j = 1 or  2 and u .  , v . ,  h .  a r e  pe r tu rba t ion  q u a n t i t i e s .  
J J J  

We have def ined  

The equat ions (2.8-10) r ep re sen t  a coupled s e t  of s i x  homogeneous 



equat ions i n  as many unknowns. The necessary boundary condi t ions  t o  be 

adjoined i n  order  t o  complete t h e  s p e c i f i c a t i o n  of t h e  problem a r e :  

u j  , v j  , h j  a r e  pe r iod ic  i n  x  

and v = 0 a t  y  = 0 and W 
j 

I n  t h e  next  s e c t i o n  we o u t l i n e  t h e  method of s o l u t i o n  f o r  t h e  boundary 

va lue  problem (2.8-12) . 
Method of Solut ion:  

The c o e f f i c i e n t s  i n  t h e  dynamical equat ions (2.7-10) a r e  cons tan ts  

i n  x  s o  t h a t  a  s o l u t i o n  of t h e  form 

ikx  ikx  u  = ~ . ( y , t )  e  , v = V.(y , t )  e  
j~ j~ 

i k x  
h .  = H.(y , t )  e  

J  J  

au tomat ica l ly  s a t i s f i e s  t he  equat ions and t h e  boundary condi t ion  i n  x.  

S u b s t i t u t i o n  of t h i s  i n t o  t h e  equat ions yiekds 

with boundary condi t ions  V = 0 a t  y  = 0 and W 
j 

This system of equat ions has been solved by s p e c t r a l  and by f i n i t e  

d i f f e r e n c e  methods. Considering f i r s t  t h e  s p e c t r a l  s o l u t i o n ,  we seek  

s o l u t i o n s  of t h e  form 

i n  order  t o  s a t i s f y  t h e  l a t e r a l  boundary condi t ions .  Since now V is 
j 

an  odd func t ion  of y ,  i t  follows from t h e  equat ions t h a t  U and H .  a r e  
j J 



even functions of y,  thus 

R 
uj ( t ,p )  = E v ( t )  cos 

R-0 j 

and f u r t h e r  f is  an odd function and is an even function of y t o  
3 

s a t i s f y  t h e  appropriate p a r i t i e s  of a l l  quan t i t i e s  i n  a mathematical 

sense. Again on a mathematical plane, i f  a l l  in tegra t ions  a r e  per- 

formed over an i n t e r v a l  -W < y < W, then s i n e s  and cosines a r e  ortho- 

gonal and a l l  odd functions i n t e g r a t e  out .  

Subst i tu t ing t h e  expansions (3.6,3.7) i n t o  t h e  dynamical equations 

(3.2, 3.3, 3.4), multiplying t h e  U 3 ,  
- equations by cos and the  

V - equation by s i n  =, and in tegra t ing  over the  i n t e r v a l  0 < y < W, 
j W 

we obtain t h e  s p e c t r a l  equations 

where n = 0,1,2, ....., 6n = l f o r  n + 0 and 6 = % f o r  n = 0, and the  
n 

coef f i c ien t s  are defined a s  follows:. 

fRn 5 rw f s i n  9 cos 9 dy 
Wo W 

-Gn 2 W -  h = - 1 h cos 9 cos EY dy 
3 w o  3 W 

which can be computed once f and have been speci f ied  a s  functions 
3 

of y. 

For computational purposes the  series must be  truncated, say a t  

n = N. W e  have then a system of 6 (N+1) predic t ion equations, but  



s i n c e  (3.9) can b e  discarded f o r  n  = o ,  we have only 6 N + 4 coupled 

equatiorls . The s y s  t e m  can be c a s t  i n t o  t h e  form 

4- 
where a  is t h e  column vec tor  c o n s i s t i n g  of t h e  6N + 4 time-dependent 

v a r i a b l e s  and/A is a matrix of order  ( 6 N  + 4) x (6N + 4) w i th  time- 

independent elements.  The s o l u t i o n  of (3.12) i s  of t h e  form 

-f - i kc t  
a  nu e 

S u b s t i t u t i o n  of (3.13) i n t o  (3.12) y i e l d s  t h e  equation: 

-f 
( /A - cE  ) a = 0 

which sllows t h a t  t h e  c ' s  a r e  t h e  c h a r a c t e r i s t i c  va lues  of t h e  mat r ix  

/A. Combining t h i s  time-dependent p a r t  of t h e  s o l u t i o n  wi th  t h e  x- 

dependent p a r t  given by (3.1) we s e e  t h a t  t h e  pe r tu rba t ion  q u a n t i t i e s  

h .  a r e  p ropor t iona l  t o  exp[ik(x-ct)]. Thus a p o s i t i v e  r e a l  u j ,  Vj' 

value  f o r  c  r ep re sen t s  waves progress ing  i n  t h e  p o s i t i v e  x-d i rec t ion .  

I f  c  i s  complex then a  p o s i t i v e  imaginary p a r t  w i l l  g ive  an  exponen- 

t i a l  growth i n  t ime f o r  t h e  pe r tu rba t ions ,  which a r e  then considered 

uns tab le .  I n  t h e  present  problem complex r o o t s  occur i n  conjugate  

p a i r s ,  thus  any growing r o o t  is  accompanied by a  decaying r o o t .  

However i n  t h e  Four ie r  i n t e g r a l  r ep re sen ta t ion  of an a r b i t r a r y  

d is turbance ,  t h i s  decaying wave would no t  make any s i g n i f i c a n t  con- 

t r i b u t i o n .  

For an  independent t e s t  of t h e  s p e c t r a l  s o l u t i o n  we have a l s o  

obtained t h e  s o l u t i o n s  t o  t h e  system (3.2) through (3.5) by f i n i t e  

d i f f e r e n c e  methods. The boundary condi t ions  (3.5) suggest  t h e  use of 

a  s taggered g r i d  system. The channel width W is subdivided i n t o  

( N  + 1 )  s t r i p s ,  t he  v a r i a b l e s  U .  and H.  a r e  def ined a t  t h e  c e n t e r s  of 
J J . 



t h e  s t r i p s ,  t h e  v a r i a b l e s  V. a r e  def ined  a t  t h e  boundaries (where they 
J 

a r e  zero)  and between t h e  s t r i p s .  Der iva t ives  wi th  r e spec t  t o  y a r e  

replaced by c e n t r a l  d i f f e r ences .  Again we o b t a i n  a system of 6N + 4 

v a r i a b l e s  which a r e  only time-dependent and t h e  system can be  w r i t t e n  

i n  t h e  form (3.12) . 
The s t a b i l i t y  c a l c u l a t i o n s  discussed i n  t h e  fol lowing s e c t i o n  have 

been computed by both methods. The r e s u l t s  were e s s e n t i a l l y  t h e  same, 

bu t  t h e  s p e c t r a l  method showed somewhat b e t t e r  convergence and there-  

f o r e  only t h e  s p e c t r a l  r e s u l t s  a r e  presented i n  t h e  fol lowing.  Table 

1 shows a t y p i c a l  convergence p a t t e r n  f o r  bo th  methods. The occurr- 

ence of t h e  two p a i r s  of complex r o o t s  w i l l  be  explained i n  t he  follow- 

ing  sec t ion .  

4. Resul t s  

I n  determining t h e  c h a r a c t e r i s t i c  va lues  c of equat ion  (3.14),  i t  

- 
is necessary t o  p r e s c r i b e  t h e  va lues  of t h e  fol lowing parameters:  D l ,  
- - - 
D ~ , E , u I , u ~ , W , ~ .  I n  most of t h e  ca ses ,  t h e  numerical va lues  assigned t o  

t h e  var ious  parameters are:  

- 
u1 = 10 m/sec 

E = 0.98 

W = 500 km 

- - 
Dl = D2 = 5 km 

Then t h e  va lues  of t he  wave number k and speed of t h e  upper l aye r  u2 
were va r i ed  whi le  determining t h e  c h a r a c t e r i s t i c  va lues  c .  The numeri- 

c a l  va lues  f o r  complex c ' s  a r e  presented i n  Table 2 f o r  a t runca t ion  of 

t h e  s p e c t r a l  s e r i e s  a t  N = 9 i n  terms of t h e  phase speed c and t h e  e- r 

fo ld ing  time l / kc i  02 the  pe r tu rba t ions .  This then gives a mat r ix  of 



Table 1. Convergence t e s t  f o r  complex e igen  va lues :  Wave speeds cr 

and e-folding times l / k c  a s  a  func t ion  of t runca t ion ,  N. k = wave 
i 

number, FD = f i n i t e  d i f f e r e n c e  method, SP = s p e c t r a l  s o l u t i o n .  In t h i s  

-1 - - 1 - 
t a b l e  = 10 m s e c ,  u2 = 40 m s e c ,  E = .98, W = 500 km, = D-7 = 5 km 



t h e  s i z e  58 x 58 f o r  A. The va lues  of c  and c  shown i n  t h i s  t a b l e  r i 

have converged q u i t e  we l l .  This  can b e  seen by an  examination of 

Table 1, i n  which c  and e-folding time a r e  presented a s  a  fi lnction 
r 

of t h e  s i z e  of t h e  mat r ix  A .  The b a r s  i n  t a b l e  2 r ep re sen t  computa- 

t i o n s  which gave s t a b l e  r o o t s  only. 

A r a t h e r  curious f e a t u r e  of t h e  r e s u l t s  presented i n  Table 2 is 

t h a t  when i n s t a b i l i t y  occurs ,  we seem t o  o b t a i n  two p a i r s  of complex 

r o o t s  c  = + i c  and c' = c' + i c i  and they a r e  loca ted  symmetrically 
'r - i r - 

about t h e  mean speed $ (K1 + G )  a s  f a r  a s  t h e  phase speeds a r e  con- 
1 

cerned. This s i t u a t i o n  holds  f o r  < 45 m.seg. Then we o b t a i n  a  smal l  

s t a b l e  r eg ion  be fo re  passing on i n t o  another  reg ion  of i n s t a b i l i t y  

- - 1 
around u2 = 47.5 m.sec. Fur ther ,  t h e  i n s t a b i l i t y  seems t o  b e  bounded 

on t h e  long-wave and short-wave s i d e  of t h e  spectrum. 

The symmetry of t h e  c  's of t h e  two p a i r s  of r o o t s  w i th  r e spec t  t o  r 

t h e  mean speed-as w e l l  as t h e  occurrence of two p a i r s  of complex roots -  

is r a t h e r  an  acc iden t  and i s  due t o  t h e  choice & = &. If Dl $ & 
t h i s  symmetry is no longer  r e a l i z e d  a s  w i l l  b e  shown l a t e r  ~ m d  one of 

t h e  two s e t s  of complex r o o t s  may sometimes disappear  as a consequence. 

The imp l i ca t ions  of t h e  ex i s t ence  of two uns t ab le  r o o t s  when they occur 

toge ther  a r e  important  i n  t h e  cons idera t ions  of t h e  r ep re sen ta t ion  of 

an a r b i t r a r y  dis turbance.  I n  t h e  convent ional  s t a b i l i t y  a n a l y s i s ,  t h e  

ex i s t ence  of an uns t ab le  normal mode implies  t h a t  any a r b i t r a r y  d i s -  

turbance w i l l  s t a r t  growing a t  a r a t e  e s s e n t i a l l y  determined by t h i s  

mode. However, i f  two uns t ab le  normal modes a r e  p re sen t  with approxi- 

mately t h e  same growth r a t e s ,  whether an  a r b i t r a r y  d is turbance  starts 

t o  grow in i t ia l ly- -and  i f  so ,  a t  what rate--depends very much on t h e  

phase of t hese  two normal modes r e l a t i v e  to one another .  
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Let  us now examine t h e  mechanism t h a t  is  respons ib le  for pro- 

ducing t h e  i n s t a b i l i t y .  Information on t h e  mechanism can be  obtained 

by t r a c i n g  t h e  change i n  t h e  va lue  of t h e  r o o t s  a s  u2 is increased .  

A s  mentioned e a r l i e r ,  t h e r e  a r e  b a s i c a l l y  t h r e e  types of modes i n  

t h e  model. 

(I) e x t e r n a l  g r a v i t a t i o n a l  modes 

(11) i n t e r n a l  g r a v i t a t i o n a l  modes 

(111) r o t a t i o n a l  modes 

When t h e  s e c u l a r  determinant /A i s  trundated a t  a s i z e  M x M y  we g e t  

M r o o t s  which can then be  assigned i n t o  each one of t h e  above ca te -  

go r i e s .  Tracing t h e  changes i n  t h e  va lues  of t hese  r o o t s  a s  t h e  shear  

- 
is increased--or what is  t h e  same, u2 is increased--helps us  i d e n t i f y  

t h e  mechanism i n i t i a t i n g  t h e  i n s t a b i l i t y .  To keep t h e  ma t t e r s  s imple,  

i n s t ead  of t r a c i n g  t h e  changes i n  a l l  t h e  M r o o t s ,  we w i l l  r e s t r i c t  

our  a t t e n t i o n  t o  only those  roo t s  which even tua l ly  cause i n s t a b i l i t y  

when t h e  shea r  has  become s u f f i c i e n t l y  high.  It tu rns  ou t  t h a t  t hese  

r o o t s  a r e  p a r t l y  r o t a t i o n a l  and p a r t l y  g r a v i t a t i o n a l  ( i n t e r n a l ) .  The 

n a t u r e  of t hese  r o o t s  can be  a sce r t a ined  by comparison wi th  exac t  

s o l u t i o n s  f o r  s imple cases .  Tables 3 shows these  p o t e n t i a l l y  uns t ab le  

r o o t s  a s  a  func t ion  of f o r  a s p e c i f i c  wave number kW = 1.5. I n  

t h i s  t a b l e ,  we have a l s o  included f o r  comparison t h e  quasi-geostrophic 

r o t a t i o n a l  modes, and t h e  i n t e r n a l  g r a v i t a t i o n a l  modes f o r  f  = 0 

( " f i l t e r e d  so lu t ions" ) .  These r e s u l t s  show t h a t  each p a i r  of roo t s  

- - 
i s  symmetrically l oca t ed  with r e spec t  t o  t h e  mean speed = % (ul+u2). 

We n o t i c e  from Table 3 t h a t  t h e  c  's f o r  t h e  r o t a t i o n a l  modes a r e  i n  r 
- 

t h e  range u l  < c  < i2 and t h e  c r l s  f o r  t h e  g r a v i t a t i o n a l  mpdes a r e  i n  r 

t h e  range c  < ul and c > < when t h e  shea r  is small . As  t h e  shear-  
r r 



Table 3 : The Mechanism of mixed-mode i n s t a b i l i t y  
- 

k = 1.51500 km., W = 500 km, E = .98, Dl = D2 = 5km, = 10 m/sec, 

upper t a b l e  : ~1 and c2 quasi-geostrophic r o t a t i o n a l  modes. c3 

and CL, b a s i c  i n t e r n a l  g r a v i t y  modes f o r  f  = 0. Lower t a b l e :  Basic  

r o t a t i o n a l  and i n t e r n a l  g r a v i t a t i o n a l  modes of t h e  s p e c t r a l  s o l u t i o n .  
- 

e-folding time i n  parentheses .  U = +(ul + G2) 



Figure 2. I l l u s t r a t i o n  of the  confluence of g r a v i t a t i o n a l  and r o t a t i o n a l  modes t o  i n i t i a t e  
i n s t a b i l i t y .  Curves l a b e l l e d  cs-; and c2-; a r e  t h e  f i l t e r e d  g r a v i t a t i o n a l  and r o t a t i o n a l  modes. The 
unlabelled curves correspond t o  the  non-fi l tered s i t u a t i o n .  The dashed curves represent  c  i ' whose magnitude 
i s  given by the  v e r t i c a l  d i s t ance  between t h e  s o l i d  l i n e  and the  dashed l i n e .  



-or &-increases  one member of t h e  i n t e r n a l  g r a v i t a t i o n a l  mode p a i r  

appr0acht.s one of t h e  members of t h e  r o t a t i o n a l  mode p a i r  while  t h e  

o t h e r  member of t h e  g r a v i t a t i o n a l  mode p a i r  approaches the  second 

member of t h e  r o t a t i o n a l  mode p a i r .  This process  i s  i l l u s t r a t e d  i n  

F igure  2. I n  t h i s  f i g u r e ,  t h e  dash-dot-line shows t h e  behaviour of 

t he  " f i l t e r e d "  s o l u t i o n  l a b e l l e d  c2 and CL, i n  Table 3 - t h a t  i s ,  t he  

Dure i n t e r n a l  g r a v i t y  wave s o l u t i o n  wi th  f  = 0 and t h e  quasi-geos- 

t roph ic  r o t a t i o n a l  wave-individually a s  a  func t ion  of G.  The o t h e r  

two f i l t e r e d  r o o t s  c l ,  c3 a r e  i n  t h e  lower h a l f  of t h e  diagram form- 

ing a  mir ror  r e f l e c t i o n  and consequently a r e  not  shown i n  F igure  2 .  

When f i l t e r i n g  is no t  used and t h e  r o t a t i o n a l  and g r a v i t a t i o n a l  modes 

e x i s t  t oge the r ,  t he  behaviour of t h e  r o o t s  is shown by t h e  s o l i d  l i n e s .  

It i s  seen t h a t  t h e  modified r o o t s  c2 and c4 come toge the r  a t  a  c r i t i -  

c a l  va lue  of < and i n s t a b i l i t y  is then i n i t i a t e d .  The magnitude of 

c is  then given by t h e  v e r t i c a l  d i s t a n c e  between t h e  s o l i d  and dashed 
i 

l i n e s .  The i n s t a b i l i t y  p e r s i s t s  u n t i l  another  c r i t i c a l  va lue  of 

is  reached and r ep resen t s  t h e  primary r eg ion  of i n s t a b i l i t y  shown i n  

Table 2 .  A t  t h e  second c r i t i c a l  va lue  of u2 th-e modes s e p a r a t e  and 

we g e t  a  s t a b l e  region.  By a comparison wi th  t h e  f i l t e r e d  s o l u t i o n s ,  

we s e e  t h a t  f o r  f u r t h e r  i nc rease  i n  < t h e  va lue  of c-c  decreases  f o r  

t h e  g r a v i t a t i o n a l  mode c4 and inc reases  f o r  t h e  r o t a t i o n a l  mode c2. 

This s i t u a t i o n  cont inues u n t i l  another  c r i t i c a l  va lue  of u;! i s  reached 

when t h e  g r a v i t a t i o n a l  mode CI, meets i ts  counter  p a r t  cg coming from 

below the  a x i s  c  - = 0. A t  t h i s  p o i n t ,  t h e  i n s t a b i l i t y  occurr ing  

f o r  h igher  va lues  of u2 i n  Table 2 is obta ined .  The i n s t a b i l i t y  now 

is  generated by g r a v i t a t i o n a l  modes a lone  and hence is  of t he  Kelvin- 

Helmholtz type modified by e f f e c t s  of r o t a t i o n .  The Kelvin-Helmholtz 



i n s t a b i l i t y  i n  t h e  presence of r o t a t i o n  occurs f o r  a lower shear  (or  

- 
u2) than i n  t h e  case  of f  = 0, a s  shown i n  Figure 3 where t h e  f i l t e r e d  

g r a v i t a t i o n a l  modes c3, c4  come toge ther  a t  a much l a r g e r  va lue  of 

- 
u2 t o  genera te  i n s t a b i l i t y .  Thus r o t a t i o n ,  i n  a d d i t i o n  t o  in t roducing  

t h e  primary i n s t a b i l i t y  reg ion ,  a l s o  seems t o  i nc rease  t h e  Kelvin- 

Helmholtz i n s t a b i l i t y .  I n  any case,  t h e  primary i n s t a b i l i t y  i s  t h e  

r e s u l t  of an  i n t e r a c t i o n  between a wave of t h e  i n t e r n a l  g r a v i t a t i o n a l  

- 
type  and a wave of t h e  r o t a t i o n a l  type. The choice = D2 i n  t h e  

p re sen t  example produces t h e  r e s u l t  t h a t  when c;l and c4 merge toge the r ,  

s o  do t h e  r o o t s  c l  and c3 y i e l d i n g  t h e  second complex mode. When 

- 
D l  f &, one of t h e  two s e t s  of complex modes may be e l imina ted .  This  

i s  due t o  t h e  f a c t  t h a t  t h e  c r l s  of t h e  g r a v i t a t i o n a l  and r o t a t i o n a l  

modes a r e  no longer  symmetric w i th  r e spec t  t o  tlie mean speed and when 

a confluence of t h e  above type occurs  between say c2 and c4 t h e  o t h e r  

members c l  and c3 a r e  s t i l l  f a r  a p a r t .  This  w i l l  b e  discussed i n  more 

d e t a i l  i n  connection wi th  Table 4. 

The i n s t a b i l i t y  mechanism generated by an  i n t e r a c t i o n  between a 

g r a v i t y  mode and a r o t a t i o n a l  mode is  a r a t h e r  unique one. This 

mechanism s t r a d d l e s  t h e  fence--so t o  say--between t h e  i n s t a b i l i t y  

mechanisms f o r  t h e  l a r g e  s c a l e  motions and t h e  s m a l l  s c a l e  motion. I n  

t h e  case  of t h e  l a r g e  s c a l e  motions, one can s tudy t h e  dynamics of 

i n s t a b i l i t y  i n  t h e  framework of a f i l t e r e d  system of equat ions i n  which 

t h e  g r a v i t y  waves a r e  no longer  present .  Hence t h e  i n s t a b i l i t y ,  when 

obta ined ,  must be  brought about purely by t h e  r o t a t i o n a l  modes. On 

t h e  o t h e r  hand, e a r t h ' s  r o t a t i o n  is r e l a t i v e l y  unimportant f o r  small  

s c a l e  motions and t h e i r  i n s t a b i l i t y ,  l i k e  t h e  Helmholtz i n s t a b i l i t y  

f o r  example, i s  purely governed by t h e  spectrum of t h e  g rav i ty  modes. 



For medium s c a l e  motions, a s  t h e  ones considered he re ,  t h e  spectrum 

of t h e  g r a v i t a t i o n a l  and r o t a t i o n a l  modes a r e  equa l ly  important and 

e l imina t ion  of e i t h e r  one of t hese  c l a s s e s  of modes would e l imina te  

any poss ib l e  i n s t a b i l i t y  t h a t  t h e  system is  capable of exh ib i t i ng .  

Even though i n  t h e  model considered so  f a r ,  t h e  f r e e  su r f ace  is  

supposed t o  r ep re sen t  t h e  tropopause, i n  r e a l i t y  t h e  atmosphere ex- 

tends f a r  above t h e  tropopause. To s imu la t e  t h i s ,  we have superim- 

posed a  t h i r d  l a y e r  of i n f i n i t e  depth on top  of t h e  second l a y e r .  I n  

order  t o  keep t h e  s l o p e  of t h e  second su r f ace  unchanged, t h e  t h i r d  

l aye r  is  assumed t o  have t h e  same cons tan t  t r a n s l a t i o n a l  speed a s  t h e  
- - 

second l a y e r  under equi l ibr ium condi t ions ;  t h a t  is ,  ug = u2. The 

dynarnical equat ions formally look t h e  same as those  given by (2.8-10) 

except f o r  a  s l i g h t  r e -de f in i t i on  of t h e  p re s su re  g rad ien t  terms and 

t h e  method of a n a l y s i s  of t h e  preceding s e c t i o n  goes through wi thout  

any modi f ica t ions .  The r e s u l t s  f o r  c  and t h e  growth r a t e  f o r  t h e  r 

case  wi th  i n f i n i t e l y  deep t h i r d  l a y e r  a r e  shown i n  Table 4 as a func- 

- 
t i o n  of E'= p 3 / p 2  f o r  a wave number kW = 1.5 and u2 = 40 mlsec. It 

i s  seen from t h i s  t h a t  when E *  is  l e s s  than about 0 .9,  t h e r e  does no t  

appear t o  be  much e f f e c t  of t h e  t h i r d  l a y e r  on t h e  s t a b i l i t y  cha rac t e r .  

However, when E' = 0.98, one of t h e  two uns t ab le  p a i r s  has disappeared 

and we now have only one uns t ab le  normal mode. This mode propagates 

with a phase speed c l o s e r  t o  t he  speed of t h e  upper l a y e r .  The 

mechanism of i n s t a b i l i t y  may b e  shown t o  be  s t i l l  t h e  same as before .  

The presence of t he  upper l a y e r  has  a  s l i g h t  tendency t o  reduce t h e  

s t a b i l i t y .  

Continuing wi th  the  e f f e c t s  of upper l a y e r s  on t h e  s t a b i l i t y ,  l e t  

us now consider  t he  e f f e c t  of i nc reas ing  t h e  depth of t h e  upper l a y e r  



Table 4. E f f e c t  of i nc r ea s ing  depth of second l a y e r  o r  adding a t h i r d  

- - 
l a y e r  of i n f i n i t e  depth.  u3  = u2 ,  E '  5 ~ 3 1 ~ ~ .  Values of t h e  para- 

- -- 
meters k = 1.5/500km, W = 500 km, E = .98, u l  = 10 m/sec, u2 = 

40 m/sec, Dl = 5 kin 

0 

E = O  
- 
D2 = 5 

l / k c i  

- 4- 1.42 

- + 1.40 

- + 1.56 

- + 4.37 

- + 2.40 

- + 43. 

D2 

5 

6 

10  

1 5  

20 

l / k c i  

- + 1.42 

- + 1.40 

- + 1.44 

- + 1.56 

- + 1.58 

- + 1.77 

0 

E 

0 

.9 

.98 

.99 

1 .0  

c 3: 

35.2 

14.8 

35.6 

11.9 

36.2 

36.5 

s t a b l e  

c r 

35.2 

14.8 

35.3 

16.3 

35.5 

35.7 

s t a b l e  



Figure  3 .  S t r u c t u r e s  of t h e  two uns t ab l e  modes i n  terms of hl i n  
t h e  primary i n s t a b i l i t y  reg ion .  



Figure 4 .  S t r u c t u r e  of t h e  uns t ab le  mode i n  t h e  secondary reg ion  
of i n s t a b i l i t y .  



while  k.eeping t h e  lower l a y e r  depth t h e  same a s  before .  The r e s u l t s  

of t h i s  a r e  a l s o  given i n  Table 4. A s  one would expect from elemen- 

t a r y  reasoning,  t h e  inc rease  i n  t h e  depth of t h e  upper l a y e r  tends t o  

s t a b i l i z e  t h e  conf igura t ion .  It may a l s o  be  not iced  t h a t  once t h e  

uniform depths Dl and D2 a r e  q u i t e  d i f f e r e n t ,  one of t h e  uns t ab le  

modes is e l imina ted .  

We next  consider  t h e  e f f e c t  of d i f f e r e n t  depths on t h e  

s t a b i l i t y .  Table 5 shows these  r e s u l t s .  It is  c l e a r  from t h i s  t a b l e  

t h a t  i n s t a b i l i t y  is i n i t i a t e d  a t  a sma l l e r  va lue  of t h e  shea r  (G - 
- 
u l )  i f  Dl is small .  Fur ther ,  t h e  reg ion  of s t a b i l i t y  t h a t  is ob- 

t a ined  i n  Table 2 f o r  h igher  va lues  of shea r  is decreased f o r  Dl = 4 km 

and a l t o g e t h e r  disappeares  f o r  Dl = 3 km. A s  be fo re ,  t h e  presence of 

- - 
a t h i r d  l a y e r  of d i f f e r e n t  dens i ty  o r  making D 1 j ~ 2  f 1, e l imina te s  one 

of t h e  two uns t ab le  p a i r s .  

The s t r u c t u r e s  of t he  uns t ab le  modes a r e  shown i n  F igures  3 and 

4. The top p i c t u r e  i n  Figure 3 corresponds t o  t h e  mode which is  

e l imina ted  by having e i t h e r  a t h i r d  l a y e r  o r  a n  unequal Dl and 52. 

The bottom p i c t u r e  i n  Figure 3 shows t h e  he igh t  d i s t r i b u t i o n  f o r  t h e  

mode wi th  i t s  phase speed c l o s e r  t o  t h e  upper l a y e r  speed. It shows 

t h a t  development takes p l ace  c l o s e r  t o  t h e  y = 0 boundary o r  t h e  low 

l e v e l s .  Figure 4 shows t h e  s t r u c t u r e  of t h e  uns t ab le  normal mode a t  

5. Other cases  of mixed-mode i n s t a b i l i t y  . 
I n  t h i s  s e c t i o n  we w i l l  compare t h e  two-fluid system wi th  

l a t e r a l  boundaries with s impler  systems f o r  which exac t  s o l u t i o n s  

e x i s t .  For t h a t  purpose we w r i t e  f i r s t  t h e  l i n e a r i z e d  equat ions (3.2)- 

(3.4) i n  terms of a stream-function and flow p o t e n t i a l  (\v = Qy, - [VJI]) 



Table  5 .  E f f e c t  of d i f f e r e n t  uniform d e p t h s  f o r  t h e  c a s e  of kW = 1.5,  

- 
ul = 10  m/sec,  E = 0.98. Given i n  t h e  t a b l e  are c r and l / k c i .  

17 .5  s t a b l e  

s t a b l e  

22.5 s t a b l e  

s t a b l e  

3 5  s t a b l e  

35.5 27.9(+ - 3.09) 

36.5 28.4(+ - 0.72) 

37.5 28.9(+ - 0.53) 

s t a b l e  

s t a b l e  

s t a b l e  

s t a b l e  

16.1(+ 1.37) - 
26.5(+ - 1.44) 

- - 
Max u 2 - ~ ~ ' 2 3 . 5  

- - 
Max. (u2-ul) = 39.2 m/sec 



and form t h e  divergence and v o r t i c i t y  equat ions 

2 2 
a ~ G ) v Y  v - 0  

( a t  + j j j 

2 - ax. a i k i . ) ~ .  + i k J . fY .  + K. v X + a . f  d= 0 
( a t  + J J  J J  J j J a y  

where we have assumed p e r i o d i c i t y  i n  x as i n  (3.1) and t h e r e f o r e  
2 2 2 2 

Y = ~ . ( y , t ) ,  x j  = x . ( y , t ) ,  and V = -k + a l a y .  
j~ J 

Let us f i r s t  consider  t h e  s i m p l i f i e d  system where h = 5 = con- 

s t a n t  and t h e  non-geostrophic advec t ion  ( t h e  las t  term) i n  t h e  las t  

equat ion is  n e g l i g i b l e .  

The system al lows f o r  t r igonometr ic  o r  pe r iod ic  s o l u t i o n s  i n  y ,  such 
2 2 2 

t h a t  t h e  opera tor  V becomes simply -(k + R ) where R is  t h e  y-wave 

number. Except f o r  t h e  f i r s t  term of (5.1) t h e  equat ions a r e  those  of 

t > 
t h e  f a m i l i a r  quasi-geostrophic system. However, t h e  equat ions al low 

f o r  i n t e r n a l  and e x t e r n a l  g r a v i t a t i o n a l  modes i n  a d d i t i o n  t o  t h e  ro- 

t a t i o n a l  modes, and t h e r e f o r e  we have he re  a p o s s i b i l i t y  f o r  t h e  mixed 

mode i n s t a b i l i t y  t o  occur.  Indeed t h i s  type of i n s t a b i l i t y  is  found 

a t  t h e  sh.ort  end of t h e  wavelength spectrum (Simons and Rao,1970) .  I f  

the  gravi . ty  modes a r e  f i l t e r e d  ou t ,  eg., by t h e  quasi-geostrophic 

approximation, then s h o r t  waves a r e  always s table-- the equiva len t  of 

t h e  s h o r t  wave c u t  o f f  i n  t h e  Eady (1949) model. This cut-off takes  

p l ace  a t  wavelengths of t h e  order  of 1000-2000 km, depending on t h e  

y-wave number R. On t h e  o t h e r  hand, i f '  t he  r o t a t i o n a l  modes a r e  

f i l t e r e d  out  by s e t t i n g  f = 0 we can only have t h e  Kelvin-Helmholtz 

type i n s t a b i l i t y  which occurs  only a t  very s h o r t  wavelengths,  a t  l e a s t  



* 
f o r  t h e  shea r s  h e r e  considered.  The non f i l t e r e d  system (5.1) ,  (5.2), 

and (5.3b),  however, o f t e n  produces two p a i r s  of complex root:; i n  t h e  

reg ion  between t h e  Helmholtz-and t h e  geos t rophic  i n s t a b i l i t y .  The 

wave speed of t h e  f i r s t  p a i r  is  c l o s e  t o  t h e  mean zonal  v e l o c i t y  of t h e  

lower l a y e r  and t h e  second p a i r  moves wi th  nea r ly  t h e  upper l a y e r  mean 

speed. Their  growth r a t e s  tend t o  b e  almost equal ,  and t h e  e-folding 

times a r e  i n  many cases  l e s s  than one day. The mixed mode i n s t a b i l i t i e s  

occur i n  patches i n  a shear-wavelength diagram and d isappear  i f  we go 

t o  h igher  o r  lower wave number o r  h igher  o r  lower shea r .  The y-wave 

number has  only a s l i g h t  i n f luence  on t h e s e  s h o r t  waves (below 1000km) 

but  t h e  requi red  shea r  is  of t h e  o r d e r  of 30 m/sec which can only be  

reached f o r  channel widths less than about 650 km i f  t h e  i n t e r f a c e  is 
- 

no t  t o  touch t h e  ground o r  t h e  f r e e  s u r f a c e  (assuming = DE: = 5km.). 

It has  been suggested i n  t h e  meteoro logica l  l i t e r a t u r e  ( :Phi l l ips ,  

1964) t h a t  t h e  non-geostrophic e f f e c t  represented  by t h e  r a t e  of change 

of divergence i n  (5.1) may n o t  b e  t h e  most important one, and t h a t  

y-dependent terms such a s  t h e  l a s t  term of (5.3) should a l s o  b e  re -  

t a ined .  Although the  s imp l i f i ed  system (5.1), (5.2),  (5.3b),  does 

indeed produce the  above discussed mixed-mode i n s t a b i l i t y  f o r  t h e  

geos t rophica l ly-s tab le  s h o r t e r  wavelengths, t h e  system seems t o  al low 

f o r  only one p a i r  of uns t ab le  r o o t s  f o r  longer  wave l eng ths ,  and t h i s  

i n s t a b i l i t y  i s  q u i t e  similar t o  t h a t  obtained from t h e  geos t rophic  

* 
It t u r n s  ou t  t h a t  t h e  Kelvin-Helmholtz i n s t a b i l i t y  f o r  a two-fluid 

system with a f r e e  s u r f a c e  is q u i t e  d i f f e r e n t  from what one obta ins  
i n  t h e  case  of t h e  c l a s s i c a l  two- inf in i te  f l u i d  system o r  i n  t h e  case  
of a two f l u i d  system bounded a t  top  and bottom by r i g i d  boundaries.  
This is  descr ibed  elsewhere (Simons and Rao 1970). 



equat ions.  We have t h e r e f o r e  i nves t iga t ed  t h e  e f f e c t s  of t h e  non- 

geos t rophic  terms i n  (5.3) i n  some more d e t a i l ,  i n  p a r t i c u l a r  a t  t h e  

s h o r t  wave end of t h e  quasi-geostrophic i n s t a b i l i t y  reg ion .  
- 

Choosing as be fo re  E = .98, Dl = D2 = 5 km, we f i n d  t h a t  quasi- 

geos t rophic  i n s t a b i l i t y  can only occur f o r  d' k + R < 5 x 10m: -" Consid- 

e r i n g  now a wavelength of 2100 km (k = 1.51500 km) we s e e  t h a t  t h i s  

wave is  geos t roph ica l ly  s t a b l e  i n  t h e  500 km channel ( a s  are a l l  wave- 

l eng ths )  whi le  t h e  wave becomes j u s t  uns t ab le  i n  a 1000-km channel and 

is w e l l  i n  t h e  uns t ab le  p a r t  of t h e  spectrum f o r  a 2000 km channel.  

The condition t h a t  t h e  i n t e r f a c e  should no t  touch t h e  ground nor t h e  
1 

f r e e  su r f ace  r e q u i r e s  t h a t  t h e  shea r  be  l e s s  than 3920 E/w m.sec. 

- 1 1 
Assuming aga in  ul = 10 m. s e c  we have t h e  condi t ions  < 49.2 m. s e c  

- 1 
f o r  w = 500 km, c2 < 29.6 m . s e b  f o r  w = 1000km and C2 < 19.8 m.sec 

f o r  W = 2000 km. The f i r s t  column of t a b l e  6 shows t h e  quasi-geostro- 

ph ic  i n s t a b i l i t i e s  f o r  t hese  channel widths and f o r  a few v e r t i c a l  

shea r s .  The second column shows t h e  s o l u t i o n  of t h e  s i m p l i f i e d  system 

with (5.3) replaced by (5.3b). No mixed-mode i n s t a b i l i t y  occurs  f o r  

t hese  va lues  of t h e  b a s i c  parameters.  

A t  f i r s t  g lance  i t  would seem as i f  t h e  approximation (5.3b) is 

no t  necessary t o  ob ta in  an  exac t  s o l u t i o n .  I f  we only t r e a t  'i; a s  

a cons tan t  i n  (5.3) ,  t h e  system allows f o r  an  exac t  pe r iod ic  s o l u t i o n  

i n  y. I n  t h e  meteorological  l i t e r a t u r e  a similar approach has been 

followed i n  so lv ing  t h e  non-geostrophic Eady problem. It fol lows 

immediately from t h e  cha rac t e r  of t h e  c o e f f i c i e n t  mat r ix  t h a t  such a n  

approach can only produce complex wave speeds. Actual  computations 

show t h a t  gene ra l ly  t h e  e x t e r n a l  g r a v i t y  modes (with wave speeds over  

300 mlsec) show t h e  l a r g e s t  growth r a t e s .  From phys ica l  cons idera t ions  



Table  6 Comparison of channe l  s o l u t i o n s  w i t h  e x a c t  s o l u t i o n s  
- - 

L = 2095 km (k = 1.51500 km), E = .98, 6 = D2 = 5 km, u l  = 10 m/sec.  

A: e x a c t  quas i -geos t roph ic  s o l u t i o n  f o r  the channe l  

B: e x a c t  s o l u t i o n  of sys tem (5 .1 ) ,  (5 .2) ,  and (5.3b) p e r i o d i c  i n  y ,  
7l f o r  R=- 
W 

C: Channel s o l u t i o n  f o r  sys tem (5 .l-3) f o r  = D = c o n s t a n t  

D: Channel s o l u t i o n  f o r  sys tem (5.1-3) (C and D are s p e c t r a l  s o l u t i o n s )  

c g i v e n  w i t h o u t  p a r e n t h e s e s  and e - fo ld ing  t i m e  i l k c .  g iven  w i t h i n  
r 1 

p a r e n t h e s e s .  

* e x a c t  s o l u t i o n s  f o r  second harmonic,  ie . ,  f o r  W = lOOOkm 

D 

14 .8  (+1.40) - 

35.2 (+1.42) - 

29.6 (+ - .41) 

14.9 (54.69) 

13.9 (+2.19) - 
25.7 (+2.59) - 

12.4 (+6.37) - 
12.4 (+3.20) - 

15.5 (52.27) 

13.6 (+2.37) - 

C 

s t a b l e  

16.8  (5.87) 

42.1 (+.87) - 

14.9 (26.85) 

s t a b l e  

12.4 (+11.66) - 
12.4 (+ - 2.97) 

14.7 (+7.05) - 
14.6 (+1.54) - 

B 

s t a b l e  

s t a b l e  

14.9 (+4.70) - 

19.4 (+2.32) - 

12.4 (+2.97) - 
12.4 (+10.53f - 

14.6 (+1.54) - 

14.7 (+4.98f - 

A 

s t a b l e  

s t a b l e  

14.9 (+4.74) - 

19.4 (+2.41) - 

12.4 (+2.98) - 
12.4 (+10.58f - 

14.6 (+1.56) - 
14.7 (+4.53f - 

W 

500km 

lOOOkm 

2OOOkm 

- 
137 

40.0 

49 .O 

20 .O 

29 .O 

1 5  .O 

19.5 



we may d i sca rd  t h i s  i n s t a b i l i t y  as spur ious .  We have, t h e r e f o r e ,  

solved t h e  p a r t i c u l a r  system (5 .l-3) wi th  h_ = 5 = cons tan t  f o r  t h e  

channel,  using t h e  s p e c t r a l  technique. The r e s u l t s  a r e  shown i n  

column C of t a b l e  6. Comparison wi th  column B i n d i c a t e s  t h a t  t h e  last 

term of (5.3) could b e  important  f o r  h igher  s h e a r s  and s m a l l  channel 

widths.  T h e  two p a i r s  of uns t ab le  r o o t s  f o r  W = 2000km simply r e f l e c t  

t h e  f a c t  that t h e  s p e c t r a l  s o l u t i o n  a l s o  inc ludes  t h e  geos t roph ica l ly  

uns t ab le  wave corresponding t o  W = 1000km. 

The last  column of t a b l e  6 p re sen t s  t h e  s p e c t r a l  s o l u t i o n  of t h e  

complete system (5.1-3) which is equiva len t  t o  system (3.2-5). It i s  

seen t h a t  t h e  mixed-mode i n s t a b i l i t y  s lowly changes t o  t h e  quasi-  

geos t rophic  i n s t a b i l i t y  as t h e  channel width inc reases .  Nevertheless  

another  type of mixing seem t o  occur between t h e  two p a i r s  of uns t ab le  

-1 geos t rophic  modes f o r  W = 2000, = 19.5 m.sec. This  is  suggested by 

comparison of t hese  r o o t s  with t h e  corresponding ones i n  column C .  It 

can be  v e r i f i e d  t h a t  no g r a v i t a t i o n a l  modes a r e  involved he re ,  s i n c e  

t h e  g r a v i t y  waves can be  t r aced  t o  b e  s t a b l e .  I n  gene ra l  comparing 

t h e  two l a s t  columns of t a b l e  6, which only d i f f e r  i n  t h a t  h is  t r e a t -  

ed a s  a cons tan t  o r  a func t ion  of y ,  we must conclude t h a t  t h e  va r i a -  

t i o n  of i n  (5.3) tends t o  favor  t h e  occurrence of mixed mode 

i n s t a b i l i t y .  

6. Summary and Conclusions 

The problem of non-geostrophic i n s t a b i l i t y  of a two-fluid system 

i n  a channel has  been considered. It w a s  shown t h a t  t h e  primary in- 

s t a b i l i t y  i n  t h i s  model is  r e a l i s e d  a s  a r e s u l t  of an  i n t e r a c t i o n  be- 

tween a g r a v i t a t i o n a l  and r o t a t i o n a l  mode. It is poss ib l e  t o  ob ta in  



Ref ererices 

. . 

Arnason, G., 1963: The s t a b i l i t y  of nongeostrophic pe r tu rba t ions  i n  

a b a r o c l i n i c  zonal  flow. Te l lu s ,  15, 205-229. 

Charney , J. G.  1947: The dynamics of long waves i n  a b a r o c l i n i c  

Westerly cu r r en t .  Journa l  of Meteorology, 4, 135-162. 

Derome, J. F. and A. Wiin-Nielsen 1966: On t h e  b a r o c l i n i c  s t a b i l i t y  

of zonal  flow i n  s imple model atmospheres. Technical  Report.  

College of Engineering, Univ.of Michigan, Ann Arbor, Mich., 93pp. 

Eady, E. 1949: Long waves and cyclone waves. Te l lu s ,  - 1, 33-52. 

Kotschin, N.  1932: Ueber d i e  S t a b i l i t s t  von Margulesschen diskon- 

t i n u i t l t s  Feschen. Bei t rage  zur  Physik d e r  f r e i e n  Atmosphare, 

18,  129-164. - 

Orlanki ,  I. 1968: I n s t a b i l i t y  of f r o n t a l  waves. Jou rna l  of t h e  

Atmospheric Sciences,  - 25, 178-200. 

P h i l l i p s ,  N. A. 1964: An overlooked a spec t  of t h e  b a r o c l i n i c   stab^ :y 

problem. Te l lu s ,  - 16,  268-270. 

Se l a ,  J. and S .  J. Jacobs 1968: On b a r o c l i n i c  and b a r o t r o p i c  ageos- 

t roph ic  s t a b i l i t y .  Technical  Report. College of Engineering, 

Univ.of Michigan, Ann Arbor, Michigan, 98pp. 

Simons, T.  J. and D. B. Rao 1970: I n s t a b i l i t y  of r o t a t i o n a l  and 

g r a v i t a t i o n a l  modes of o s c i l l a t i o n .  (To b e  publ ished) .  

Solberg,  H. 1928: In t eg ra t ionen  d e r  atmosphtirischen St6rungsgldich- 

ungen. Geofysiske Publ ikas joner ,  5, No. 9,  120 pp. 

Stone, P. 1966: On non-geostrophic b a r o c l i n i c  s t a b i l i t y .  Journa l  of 

Atmospheric Sciences,  23, 390-400. 


