NEGATIVE ENERGY WAVES IN A MAGNETICALLY CONFINED
GUIDING CENTER PLASMA

GEORGE N.THROUMOULOPOULOS AND DIETER PFIRSCH

IPP 6/311 January 1993

IRA

MAX-PLANCK-INSTITUT FUR PLASMAPHYSIK
8046 GARCHING BEI MUNCHEN




MAX-PLANCK-INSTITUT FUR PLASMAPHYSIK

GARCHING BEI MUNCHEN

NEGATIVE ENERGY WAVES IN A MAGNETICALLY CONFINED
GUIDING CENTER PLASMA

GEORGE N.THROUMOULOPOULOS AND DIETER PFIRSCH

IPP 6/311 January 1993

Die nachstehende Arbeit wurde im Rahmen des Vertrages zwischen dem
Maz-Planck-Institut fir Plasmaphysik und der Europdischen Atomgemeinschaft uber
die Zusammenarbeit auf dem Gebiete der Plasmaphysik durchgefihrt.




Negatlve Energy Waves in a Magnetically Confined
Guiding Center Plasma

G.N. Throumoulopoulos ! and D. Pfirsch
Max-Planck-Institut fiir Plasmaphysik
EURATOM Association, D-8046 Garching, Germany

Abstract

The general expression for the second-order wave energy of a Maxwell-
drift kinetic system derived by Pfirsch and Morrison is evaluated for the
case of a magnetically confined plasma for which the equilibrium quanti-
ties depend on a Cartesian coordinate y. The conditions for the existence
of negative-energy waves for electrostatic initial perturbations a.re a.lso ob-
tained. If the equilibrium guiding center distribution function f of any

afss) : :

> 0, where g4 is essentially the
velocity parallel to the magnetic field, and if this holds in a frame of refer-
ence in which the center-of-mass velocity parallel to B(®) vanishes, negative-
energy waves exist with no restriction on either the orientation or the mag-

(0)
nitude of the wave vector, while if q‘;—%:q"f- < 0 the possible negative-energy
waves are nearly perpendicular. The condition for purely perpendicular

species v has locally the property g4

0

negative-energy waves reads d—‘:;(i)%%l < 0, where P(© is the plasma
pressure. For the cases of tokamak-like and shearless stellarator-like equi-
libria, which are derived on the basis of, respectively, a slightly modified
Maxwellian and a Maxwellian distribution function, the existence of per-
pendicular negative-energy waves is related to the threshold value 2/3 of
the quantity 7, = 81nT,/d1n N, where T, is the temperature and N, the
density of some species. This is lower than the critical 7,-value for the
trigger of linear temperature-gradient driven modes.

1Permanent address: University of Ioannina, Department of Physics, Division of Theoretical
Physics, GR 451 10 Ioannina, Greece.




The conditions for the existence of negative-energy waves for electrostatic initial
perturbations (which could be nonlinearly unstable and cause anomalous trans-
port) are investigated for an equilibrium with space dependent, sheared magnetic
field. The method of investigation consists in evaluating the general expression for
the second-order wave energy derived by Pfirsch and Morrison [1] for the case of
the Maxwell-drift kinetic theory, based on the Lagrangian formulation of the quid-
ing center theory given by Littlejohn [2] and later regularized by Correa-Restrepo
and Wimmel [3]. In Cartesian coordinates, the equilibrium magnetic field is given
by B = BO)(y)e, + B (y)e.,, and the mean Lorentz force, which balances the
force due to the pressure gradient, acts along the y-axis. The guiding center drift
velocity 'vg‘f) of any species v possesses, in addition to the component U.«S?J)It = q4/9,
parallel to the magnetic field, a perpendicular component due to the grad-B drift
(g4 is a velocity variable, the function g,(z) regularizes the theory, and the rest
of the symbols are illustrated in Table 1). The equilibrium guiding center distri-
bution function fég’ = fég)(y,q.,,p) (with g the magnetic moment), which must
be spatially dependent for at least one species, is weakly constrained because of
the equilibrium condition P 4 (B(®)2/87 = constant. That is, it belongs to a
specific class of functions such that its potential spatial dependence through the
magnetic field involves the magnetic field modulus only (the function fg(B) is free to
depend on y either explicitly or implicitly through any other quantity not related
to B9).

After a lengthy calculation, the second-order wave energy for the equilibria con-
sidered and for purely electrostatic initial perturbations can eventually be cast in
the neat form

B*0) aflo q -af(ﬂ)
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where G()(y, g4, 1) is a first order function which is connected with the perturba-
tions around the equilibrium state, and k., k) and k, are, respectively, the wave
vector lying on the z-z plane and its components parallel and perpendicular to
B, The following conditions for the existence of negative-energy waves, which
need only be satisfied locally in y, g4 and g, obtain if the reference frame is one of
minimum energy, i.e. if in it the center-of-mass velocity parallel to B vanishes.
The conditions for oblique propagation (kj # 0) are substantially different from
those for perpendicular propagation (kj = 0). The former case is thus discussed
separately from the latter as follows.

o1 :
1. Oblique waves If any fég)(y,qhu) has the property %%&f‘ > 0, negative-

energy waves exist with no restriction on either the orientation or the magnitude
of the wave vector k. (other than kj # 0). This condition also obtains for an



Symbol Meaning or Definition
m, mass of particles of species v
ep charge of particles of species v
c speed of light
S normalization surface
K Boltzmann’s constant
Vo constant velocity
z g4/vo
9, dg,/dz
B magnetic field modulus
p© B / BO©
B BY 4 (m,c/e,)vog(z) curl b
B*(o) modulus of B*®
:(0) e, B:(O) [em,

Table 1: Notation

inhomogeneous force-free equilibrium with sheared magnetic field of constant mod-
ulus, which can be described by taking B{® = B sin(az), B®) = B® cos(az)
[@~! is the shear length, and f{7 (0) — (0)(q4 #)]. The last result agrees with that
obtained by Correa-Restrepo a,nd Pfirsch [4], in the context of Maxwell-Vlasov the-
ory. In addition, the same condition is valid for a homogeneous magnetized plasma
(B® = constant), a result which was first derived by Pfirsch and Morrison [1].

aflo ;
If g—“-ﬂgg— < 0, a condition which is more frequently satisfied, only waves for

which the quantity «klﬂl (kL # 0), is restricted within the interval [min(A,, M,),

_4nglpudPYO /dy afs |9y
maz(A, M,)|(A, = 3 B0 and M, = *(D)af(o Toa ) can possess neg-

ative energy For particles with thermal velocities this condltlon implies that the

ratio fl must take values of the order of the quantity Lzéf)t—h < 1, with (rp,)wm

the Larmor radius at thermal velocities and L the macroscopic scale length. The
possible waves are therefore nearly perpendicular.

(0)
i 48 o Qgﬂ— < 0, negative-energy waves exist for

(0)
any wave number k,, irrespective of the sign of the quantity 1—59— Since the

2. Perpendicular waves

most important negative-energy perturbations concern perpendlcular waves, the
last condition is further examined for tokamak-like and stellarator-like equilibria.




To simplify the notation, the superscript (0) will be suppressed in the following,
on the understanding that all the quantities pertain to equilibrium.

2.1 Tokamak-like equilibria To describe an equilibrium of this kind, the space-
dependent, shifted Maxwellian distribution function

_#B(y) +1/2m, (ve = Vi (y))?
&T,(y)

fi- ocexp

is used. The small parallel shift velocity V,(y) | (UVI)’th R (r‘[’i) th <« 1, where (v,)u

stands for a thermal velocity | produces a net “toroidal current” (the coordinates
r and z represent the poloidal and toroidal directions, respectively). In the case
n, > 0 for all v, if 5, > 2/3 for at least one v, negative-energy waves exist for any
perpendicular wave number k, except k; = 0. The existence of negative-energy
waves is therefore related to the threshold value 2/3 of the quantity 7,, a quantity
which usually expresses the trigger for the temperature-gradient driven modes.
This is lower than the critical value 7S, which is determined in the framework
of a linear stability analysis (for example, performing a linear kinetic stability
analysis of the ion temperature-gradient mode, Dominguez and Rosenbluth [5]
obtained a critical value nf > 1). Accordingly, the value 7 = 2/3 is subcritical
and the possible existence of negative-energy waves below the instability threshold
implies that self-sustained turbulence may be present in a linearly stable tokamak
regime. This result agrees with numerical results obtained by Scott [6] as well
as by Nordman, Pavlenko and Weiland 7] within the framework of a nonlinear
collisional and a nonlinear collisionless fluid model, respectively.

Furthermore, the part of the phase space and, consequently, the fraction of the
particles which are associated with negative-energy waves are determined. (Hence-
forth particles of this kind will be called active particles.) This is accomplished
by using analytic tokamak-like solutions of the drift kinetic equilibrium equation
for cold ions, which have the following characteristics: constant toroidal magnetic
field, poloidal magnetic field of the form B, « tanh p ( p = y/L) and peaked pres-
sure as well as current density profiles (P, j, « 1/ cosh? p). With the electron shift
velocity profile appropriately chosen, the following three equilibria with typical
1.-values, compared with the subcritical value, are considered:

e 7. = 1 for any p. In this case both the density profile and the temperature
profile are peaked (N, T. ox 1/ coshp). Although the value of 7. is equal
to the critical value for linear stability or probably a little lower, nearly
one-third of the electrons that possess thermal velocities are active.

e 7). — oo for any p. In this case the density profile is flat and the temperature
profile is peaked (7. o 1/cosh?p). All the electrons are now active, as
expected, because 7, approaches an extremely large value.
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e 7. = 0 for any p. Conversely, this equilibrium exhibits a flat temperature and
a peaked density profile (N, o< 1/ cosh? p). In this case it is shown that the
plasma has no negative-energy waves, as again expected, because 7. takes
its lowest non-negative value well below the subcritical one.

Two equilibria with negative values of 7., for which the above criterion does
not obtain, are also examined. In the one, the density profile is peaked (N, o
1/B cosh? p) and the temperature profile is hollow (7, oc B), while the other pos-
sesses inverse characteristics (N, « B, T, « 1/Bcosh®p). For both equilibria

negative-energy waves exist for any p without restriction on the fraction of the
active thermal electrons.

For the majority of the equilibria considered (either 7, > 0 or 7, < 0) the fraction
of the active particles increases as one proceeds from the center (p = 0) to the
edge (p = 1) This indicates that self-sustained turbulence exists to a higher degree
in the edge region.

2.2 Stellarator-like shearless equilibria The distinguishing feature of these
equilibria in comparison with the tokamak-like ones is that the net plasma current
vanishes. The single toroidal component of the magnetic field exhibits a hollow
profile (B, = (B? + B?tanh? p)!/?, where B, and B, are constants) and the as-
sociated poloidal current density is an odd function of p (j, o tanh p/cosh? p).
Thus, the current in the one half-space (p > 0) flows in the opposite direction
to that in the other (p < 0). To derive equilibria of this kind, an appropriate
distribution function is a y-dependent Maxwellian (V, = 0). By treating this dis-

tribution function, the condition %;—)%ff < 0 furnishes the same subcritical value

ns¢ = 2/3. Equilibria which exhibit electron density and temperature profiles iden-
tical to those of the tokamak-like ones discussed above are also examined. It is
shown that the results of the tokamak-like equilibria that concern the fraction of
the active particles are also valid in the stellarator-like regime. It therefore turns
out that, as far as the existence of negative-energy waves is concerned, within the
approximation considered in the present work the two confinement systems are
equivalent.
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