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UNIFORM ENERGY BOUND AND ASYMPTOTICS FOR THE
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HOLE EXTERIOR

LARS ANDERSSON AND PIETER BLUE

ABSTRACT. We consider the Maxwell equation in the exterior of a very slowly
rotating Kerr black hole. For this system, we prove the boundedness of a
positive definite energy on each hypersurface of constant t. We also prove
the convergence of each solution to a stationary Coulomb solution. We sep-
arate a general solution into the charged, Coulomb part and the uncharged
part. Convergence to the Coulomb solutions follows from the fact that the
uncharged part satisfies a Morawetz estimate, i.e. that a spatially localised
energy density is integrable in time. For the unchanged part, we study both
the full Maxwell equation and the Fackerell-Ipser equation for one component.
To treat the Fackerell-Ipser equation, we use a Fourier transform in ¢. For the
Fackerell-Ipser equation, we prove a refined Morawetz estimate that controls
3/2 derivatives with no loss near the orbiting null geodesics.
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1. INTRODUCTION

For the Maxwell equation in the exterior of a slowly rotating Kerr black hole,
this paper provides both a bound for a positive definite energy and a Morawetz
estimate. The Kerr family of solutions to Einstein’s equation is parameterised by
a mass parameter M and a rotation parameter a. For |a| < M, these solutions
describe black hole space-times [I8]. We consider the very slowly rotating case
la| < M, so that we can use |a|/M as a small parameter in a boot-strap argument.

The exterior region of the Kerr space-time in Boyer-Lindquist coordinates (¢, r, 0, ¢) =
(t,r,w) is the region M = R x (ry,00) x S? with the Lorentzian metric

2M7°) a2 daMr
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by
where
A =1%—2Mr+a?, Y =7r?+a’cos?0 = |p|?,
= (r*+a%? - a®Asin? 0,
V., = A p =1 —iacosf.

(T2 + CL2)2 ’

The Maxwell equation for a two-form (antisymmetric tensor) F € A?2(M) can be
expressed in terms of differential forms or tensors as

(2a) d«F =0, or V®Fqap =0,
(2b) dF =0, Vi, Fap = 0.

We consider real Maxwell fields. Although the exterior region of the Kerr black
hole can be analytically extended, it is globally hyperbolic and foliated by Cauchy
surfaces of constant ¢, which we denote by ¥;. The Maxwell equation is hyperbolic.
Thus, the Maxwell equation with initial data given at ¢ = 0 forms a well posed
initial value problem.

The electric and magnetic components of the Maxwell field strength tensor are
defined with respect to a unit, time-like vector. In section 2] we will consider many
different vectors, but at this point, it is sufficient to consider
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The vector field TPNV is not orthogonal to the surfaces of constant ¢. Instead, it is
chosen so that the vectors lpxy and npyny in equation () below are principle null
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vectors. From Tpyv, the electric and magnetic vectors are defined by

- T8
F E, = FaopThyys

1 6 al
B = «F Bo = 5éas” FosThxy -

The electric and magnetic components are both orthogonal to Trnv and, hence,
space-like. A complex combination of the radial components
T = Y[F] = pV2ig (E +iB) = (r —iacos§)V2(E, + iB,)R"
satisfies the Fackerell-Ipser equation [16]
(VOV4o = Vr)T =0,

where Vp; = —2Mp=3 = —2M/(r —ia cosf)3. The potential V; is complex, which
makes it significantly more difficult to treat than a real-valued potential.

To state the first of our main results in a simple way, we introduce a non-negative
energy for each of F, treated as a solution of the Maxwell equation, and T, treated
as a solution of a wave-like equation,

(3a)
BIFI) = [ (B +1BP) arde,
it
(3b)
Pt oyp s A o IFYP 10
EFI[T](t):/Et( A OTP + |0 TP + =+ T )r drdw,

where X is the differential operator mapping C* to C*° x C*° defined by ¥Y =
(097, (sinf)~194Y), and dw = sin #dfde.

Theorem 1.1 (Uniform energy bound and decay to Coulomb solution). There are
positive constants C and €, and, for each choice of M and a, a two parameter
family of t independent Coulomb solutions such that if M > 0, a € [—€,,€,], and F
is a regulmﬂ solution of the Mazwell equation ([2), then V¥t > 0

E[F(t) + EpY](t) < C(E[F](0) + Ep[Y](0)) -
Furthermore, for each F, there are parameters qg and qp determining a Coulomb
solution, Fsiationary, With electric and magnetic vectors Egiationary and Bgiationary,
such that
|E - Estationary|2 + |B - Bstationary|2
M r?

r?drdwdt < C (E[F](0) + Ep[Y](0)).

More detailed space-time integral estimates are given in the Morawetz estimate[L.3.

One can reasonably argue that the energies in theorem [[. 1] suffer from two flaws.
First, they are ad hoc, rather than geometrically defined using the vector-field
method. Second, the energies in theorem [[1] are degenerate with respect to the
naturally induced energies on each ¥;. Regarding the first point, we have chosen
to state the results in this form for simplicity, and, in fact, the proof of the the-
orem relies on showing that these energies are equivalent to geometrically defined
energies. The geometric energies that we use are constructed from a vector field
that vanishes as r — r; on surfaces of constant ¢. It is for this reason that the

1Rogular is defined in subsection
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energies are degenerate. The degeneracy of these energies is somewhat concealed
in equation (3]), since it might not be immediately obvious to the reader that the
1-form dr degenerates as r — 74 (cf. remark [.]), and hence so does the volume
integrals r2drdw. The coefficients of the terms in Eg[Y] are exactly such that they
compensate for the behaviour as r — r; of the corresponding vector fields, and
there is no further degeneracy, other than the one arising from the degeneracy of
the volume form. Finally, in response to the second point, we refer to a powerful
result in [I2], which explains how this type of degeneracy can be removed for a
very general class of matter models in general relativity, including solutions of the
Maxwell system.

To prove a uniform bound on the energy, it is important to simultaneously prove
some form of decay estimate. For many hyperbolic PDEs, there is a positive,
conserved energy arising from a time translation symmetry and Noether’s theorem.
Although the Kerr space-time admits a time translation symmetry generated by
d;, because the coefficient of dt? in the Kerr metric, —1 + 2Mr/¥, changes sign,
the vector field 0; is not globally time-like in the exterior region, and the energy it
generates is not necessarily positive. As in previous work for the wave equation on
the Kerr space-time [2] [14] [26], we prove a Morawetz estimate, or integrated local
energy decay estimate, for the Maxwell field. However, there is a major obstacle to
proving such estimates.

There are charged solutions of the Maxwell equation in the exterior of the Kerr
black hole that do not decay in time. The magnetic and electric charges of a
Maxwell field are (47)! [¢, F and (47)~! [, +F. From the Maxwell equations,
these are the same on any pair of 2-surfaces that can be deformed to each other.
In Minkowski space, R3t! any 2-surface can be deformed to a point, so that in the
absence of charged sources, all solutions of the Maxwell equation are uncharged.
However, this is not the case in the exterior of a Kerr black hole. These solutions
are independent of time, so they cannot decay. In treating charged solutions, we
decompose solutions into a stationary, charged part and an uncharged, dynamical
part. The charged part is also called the Coulomb part.

Proposition 1.2 (Decomposition into charged and uncharged parts). There are
positive constants C and €, such that if M > 0, a € [—€q, €], and Fiotal is a regular
solution of the Mazwell system (2)), then there are Fsiationary and F such that
(1) Ftotal - Fstationary + F;
(2) Fstationary and F are solutions of the Mazwell system (2)),
(3) the Lie derivative along Oy of Fsiationary vanishes: La, Fsiationary = 0,
(4) for any closed 2-surface, S?, the surface integrals of F and of xF vanish:
Js2 F=0= [5.*F, and
(5) there is a constant C' such that

CilE[Ftotal] S (E[Fstationary] + E[F]) S CE[Ftotal]u
C_lEFI[Ttotal] S (EFI[TstationaTy] + EFI[TD S OEFI[Ttotal]v

where Yiotal, Ystationary, and T denote the radial components of Fiotal,
Fstationary, and Fioq1 Tespectively.

For the remainder of this paper, we will typically use F to denote an uncharged
solution or the uncharged part of a solution Fita).
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To investigate the decay properties of solutions of the Maxwell system, it is useful
to perform a null or spinor decomposition. To do so, first we introduce the null
vectors

1. . 1 . .
4 Ipny = —(Tpnv + R), npxy = —(Tpav — R),
( ) PNV \/5( PNV ) PNV \/5( PNV )

and the unit vectors

N 1 - 1 1
0=— )] = — in 0 —_— .
\/Eae, PNV \/i <CL sin 00; + Sin98¢)

The vectors lpny and npny are each double solutions of the principal null vector
equation [29]. This allows us to consider the complex null tetrads

1 ~ ~
5 lenv, npNy, mpny = — (@ +id ) , PNy
( ) PNV PNV PNV \/5 PNV PNV

This is known as the Carter tetrad [3I]. The (complex) spinor components of the
Maxwell field are

1 = 2F[lpnv, mpny],
b0 = V2 (F[IPN\U npny] + F[O, ‘i’PNV]) , T = (r —iacosf)po

¢—1 = 2Fnpnv, mpny].

Here, the components are indexed by spin weight, following the convention of Price
[22] and used in [8]. This differs from the indexing convention used by almost the
entire rest of the physical literature, in which, ignoring powers of v/2, the quantities
@_1, ¢o, and ¢, are denoted —¢pnp2, dnp1, and ¢nypo. This also differs from the
notation used in the precursor to the proof of nonlinear stability of Minkowski
space [I0], where, after the appropriate vector bundles have been identified and
powers of v/2 have again be ignored, the quantities ¢_1, ¢, and ¢; are denoted a,
p+io, and a, and where spin weight is called signature [I1]. In subsection 2.4] the
null components ¢; are identitified with sections of vector bundles, so that if F is
smooth, then the corresponding sections will also be smooth. The unusual factors
of v/2 are chosen to obtain convenient factors in lemma

A Morawetz or integrated local energy decay estimate provides a bound on
weighted space-time integrals of the components of the Maxwell field. One ma-
jor obstacle to proving such estimates is the existence of orbiting null geodesics. In
the Schwarzschild a = 0 case, these occur at r = 3M. In the slowly rotating case
|a] < M, the orbiting null geodesics remain near r = 3M. To avoid these orbiting
null geodesics and the necessary degeneracy in the Morawetz estimate near them,
we introduce a distance 71 and a smooth cut-off x|, _3ps|>r,, which is identically
1 for |r — 3M| > 2rq, identically 0 for |r — 3M| < 71, monotone in between, and
is such that, for all k¥ € N : the derivative anh“fSM\Zrl is bounded by a constant
times 7, '. We introduce a time 7' > 0 at which we wish to estimate the energy.
For a charge-free Maxwell field with components ¢; and T = Y[F] = p¢g, we define
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the following bulk space—time integrals

(6a) B:I:—// P+ a2 |¢i1|dﬂ,

(6b) Bo = /T M|¢0|2d4 / / |T|2 244 g,
0 5 T
(6¢)

T 2 2 2 2
MA MZ2|0: Y] + | ¥
By = =0T + X d*
2,0 /0 /Et <(r2 a2)r2| | X|r—3M|>ry r HFI,

00 T
(Gd) Bl = / (1 - X‘T—3M|Z7‘1) / / Im(T@tT) sm@d@dgbdt dT,
0 S?

T+

where d*/ is the geometrically defined volume form ¥ sin #d@d¢drdt, and d*upr is
the coordinate volume form sin #dfd¢drdt. For T' < 0, we reverse the sign in these
bulk terms, so that they remain nonnegative. The indexing is chosen so that By
involves ¢1, By involves ¢g or, equivalently, T with no derivatives, B; involves T
with one derivative in the integral, and Bj ¢ involves T with two derivatives but
with a degeneracy near the orbiting null geodesics.

Theorem 1.3 (Space-time integrated local energy (Morawetz) estimate). There
are positive constants €,, C, such that if Lj\}‘ < €4, Fiota 1s a Teqular solution of the
Mazwell equation @) for which E[Fi1a](0) and Erf[Yi01a)(0) are finite, and the
quantities By, By, B1, and By are defined in terms of the uncharged part F, then
VI eR:

(7) By + Bo+ B1 + Bao < C(E[Fiotal] (0) + Ert[Y total] (0)) .

The results of theorem can be interpreted as a relatively weak form of decay,
since they show that, for fixed intervals in r the integral in ¢ and the angular
variables is finite. Thus, the average of the electric and magnetic components must
decay to zero over space-time regions with r bounded and ¢ — 4o0. Although this
type of decay estimate is relatively weak, it is sufficiently robust to have formed
the foundation for many further decay results in the study of fields outside black
holes.

The major obstacles in proving energy and Morawetz estimates for the Maxwell
field and their resolution in this paper are the following:

(1) There is no positive, conserved energy. Noether’s theorem associates a
conserved energy to symmetries of a PDE, and 0; generates a symmetry
of the Kerr space-time and hence the Maxwell equation on it. However,
because 0; fails to be time-like everywhere in the exterior, this energy fails
to be nonnegative. On the other hand, any time-like vector generates a
nonnegative energy, but these need not be conserved. To generate a positive
energy, we use the the vector field T\ = 8, + x(a/(ri + a*))ds which we
introduced in [2]. Here, x is a function that goes from 1 to 0 in a range
of r values of our choice. We will take this region to be [10M,11M] for
convenience. This vector field is time-like in the exterior, so it generates
a nonnegative energy. Furthermore, this vector field only fails to be a
symmetry in the region r € [10M,11M]. For a small, this means that we
can control the change in the energy by the bulk terms.
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There are orbiting null geodesics, and these null geodesics fill an open set.
Orbiting null geodesics are a major obstacle to decay estimates such as the
Morawetz estimate, since initial data can be chosen so that an arbitrarily
large proportion of the energy remains near the orbiting null geodesics for
an arbitrarily long period of time. In the Schwarzschild a = 0 case, these
occur only at r = 3M, but in the a # 0 Kerr case, these bifurcate from
this value. However, for a small, these orbiting null geodesics remain close
to 7 = 3M. Following our earlier work [2], we use a phase space function
R’ as a measure of distance from these orbiting null geodesics. In our
core estimates, we use X|r_sar|>r, t0 keep at least r1/2 away from these
orbiting null geodesics when integrating two time or angular derivatives in
expectation value (i.e. one derivative in L?). A more detailed description
of the null geodesics and out treatment of them appears in subsection
Fortunately, since 3M and the interval [10M, 11M] are far apart, there is
no danger that the degeneracy at the orbiting null geodesics will prevent us
from estimating the terms arising from the failure of T, to be a generator
of a symmetry.

There are stationary solutions. The existence of such solutions prevents a
Morawetz estimate from holding for general solutions. In fact, to the best
of our knowledge, there is no way to prove a Morawetz estimate for the
Maxwell field directly. Proving such an estimate would be an important
advance in the field, even in the Schwarzschild case. Instead, we use the fact
that T satisfies the Fackerell-Ipser equation, which is a wave-like equation
with a potential. Morawetz estimates are known for the wave equation.
The Fackerell-Ipser equation also has stationary solutions, which arise from
the stationary solutions to the Maxwell equation, because of the potential.
In the Schwarzschild case, the stationary solutions are the only spherically
symmetric solutions, so that, after projecting out the stationary solutions,
one can use an additional positivity arising from the angular derivatives
to counteract the influence of the potential in the Morawetz estimate [§].
Although, the stationary solutions are not exactly spherically symmetric in
the a # 0 case, there is still a lower bound for the charge-free solutions in
terms of their angular derivatives, which we state in lemma This is
sufficient to allow us to prove a Morawetz estimate for the Fackerell-Ipser
equation.

The Fackerell-Ipser equation has a complex potential. We consider energies
for both the Maxwell and Fackerell-Ipser equations. The Fackerell-Ipser
equation does not obviously arise as the Euler-Lagrange equation for any
real-valued Lagrangian, which means that we cannot use Noether’s theorem
to generate a conserved energy from a symmetry. However, when |a|/M is
small, the imaginary part of the potential is also small. Unfortunately,
unlike the terms arising from the failure of T, to be a generator of a
symmetry, the imaginary part of the potential is not supported away from
the orbiting null geodesics. This requires us to prove a bound on a term of
the form B;. The problems arising from complex potentials were already
discussed in [3]. The need for control of By is one of the reasons why we need
to use pseudodifferential operators, instead of just differential operators.
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1.1. Previous results. Fields outside of black holes have been studied for several
decades, and Morawetz estimates have been found to be a particularly powerful tool
in the last decade. Our earlier works [2], 8] provide a more complete description of
this. Here we briefly summarise some of the major results.

The wave equation outside black holes has been more extensively studied than
higher spin fields. In the a = 0, because 0, is both globally time-like and Killing,
there is a conserved energy [29]. The idea of trying to prove a Morawetz estimate
was first introduced in terms of a coordinate dependent Schrédinger equation [21].
This was then carried over to the wave equation [7, 9, [13]. For a # 0, the construc-
tion of a bounded energy is significantly more difficult. This was first proved in
conjunction with a Morawetz estimate for a range of frequencies [I4]. An energy
bound and a Morawetz estimate for all frequencies was proved shortly afterward
[26]. Shortly after that, we proved a similar result at a higher level of regularity,
using only classical differential operators instead of Fourier or spectral methods
[2]. We hope to apply similar results to the Maxwell field problem, but it seems
that there is not yet a theory of hidden symmetries for the Maxwell field that is as
advanced as the theory for the wave equation. As explained in our previous work
[2], from Morawetz estimates, many pointwise decay estimates have been proved.

For higher, integer spin fields outside a Schwarzschild black hole, energy and
pointwise decay estimates were first proved in the far exterior, roughly r» > ¢t + C
[20). Energy and Morawetz estimates have also been used to prove pointwise decay
in the full exterior region [§]. Energy and Morawetz estimates have also been proved
on arbitrary spherically symmetric black hole space-times, independently of whether
they satisfy the Einstein equation [25]. For linearised gravity, the curvature also has
a decomposition into components, and, in the a = 0 Schwarzschild case, the middle
component also satisfies a wave equation; energy and Morawetz estimates have also
been proved for this case [5]. On a space-time that is a solution of the Einstein
equation and for which the metric, connection coefficients, and curvature decay to
the Schwarzschildean values at a certain level of regularity, one finds that higher
derivatives of the connection coefficients and curvature satisfy certain equations.
The equations for the derivatives of the curvature are wave-like equations. Under
an assumption excluding the analogue of the stationary solutions to the Maxwell
equation, from energy and Morawetz estimates, pointwise decay for the connection
coefficients and the curvature have been proved [19].

For both the Maxwell and linearised Einstein equation, the middle component of
the null decomposition satisfies the Regge-Wheeler equation [24], which is a wave-
like equation with a real potential. In the a # 0 case, the middle component of the
Maxwell field, ¢q, satisfies the Fackerell-Ipser equation [16], and, the middle com-
ponent of the linearised curvature satisfies a very similar equation [I]. In addition,
the extreme components for both the Maxwell and linearised Einstein equations
also satisfy second-order PDEs, known as the Teukolsky equations [27]. One of the
few results about solutions to the Maxwell and linearised Einstein equation outside
rotating Kerr a # 0 black holes is that there are no exponentially growing solutions
to the Teukolsky equation [30].

For the Maxwell equation and linearised Einstein equation outside a Schwarzschild
black hole, other techniques have also been applied. Scattering has been proved
[]. Decay in L{2, has been proved without a rate [I7]. For solutions of the Regge-

loc
Wheeler equation, pointwise decay has been proved [15].
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1.2. Outline of the proof and the core estimates. The core estimates in this
paper are that if |a|/M is sufficiently small, then there is a choice of r1 /M > 0 and
constant C' > 0 such that for any charge-free solution

W B < (BFO) + 3 e+ 50).
m B. < C(EIFYT) + EIFI(0) + Bo).

()  Em(Y|(T)<C (EFI[T](O) + E[F](0) + % (B+ + Bo + B1 + Bz,o))

(IV) Byt Bap<C (E (Y)(T) + Eni[T](0) + E[F|(T) + E[F](0) + %Bi) |

(V) By < C(Em[Y|(T) + Er1[Y](0) + Bo + Ba2,o) -

Recall these energies and bulk terms were defined in equations [B) and (). In fact,
for any sufficiently small choice of r1 /M > 0, there is a choice of C' such that these
estimates hold, but this choice of C' is not uniform, so we choose a single value of
Tl/M.

Theorems [[.1] and follow from proposition [[L2 core estimates (I)-([V]), and
the following simple bootstrap argument. By substituting core estimate ([Y)) into
core estimates ([I)) and (V]), one finds that

lal

By + Bo+ B1 + By S EIF|(T) + E[F](0) + Ep1[Y](T) + Ep1[Y)(0) + 77 Bz

Thus, for |a|/M sufficiently small, one finds
Bi + By + B1 + Bz S E[F|(T) + E[F](0) + Epi[Y](T) + E:[Y](0).

Substituting this into core estimates () and ([II) and taking |a|/M sufficiently
small proves theorems [[.I] and [[.3]

The main method in this paper is to choose vector fields with which to generate
energies by contracting with an energy-momentum tensor and then integrating over
a hypersurface of constant ¢. Core estimates (]II)-(IIII) are proved using the energy-
momentum tensor for the Maxwell equation, using T, and a radial vector field A
respectively. Core estimate ([II)) is proved using an approximate energy-momentum
tensor for the Fackerell-Ipser equation and the vector field T,. To prove core
estimates ([V]) and (V]), we introduce a Fourier-spectral transform of the Fackerell-
Ipser equation. The variables of the Fourier-spectral transform correspond to time
and angular derivatives. Solutions to this also have an analogue of an energy-
momentum tensor. We use a radial vector field that points away from the orbiting
null geodesics to prove core estimate ([V)). We then rescale this vector field by
powers of the Fourier-spectral variables to obtain more control over the time and
angular derivatives. This rescaled vector field allows us to prove core estimate (V).

Core estimate (V) actually follows from an estimate on

JACEERR

where k refers to the spectral parameters corresponding to derivatives in the time
and angular directions, and T is the transform of Y. This is based on ideas in [7]
for the a = 0 wave equation, where the exponent can be increased from 3/2 to 2 —e
for any € > 0. A similar result, with only logarithmic losses was proved in [28].
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One useful technique when treating these estimates is to note that there is an
overall rescaling freedom in the Kerr metric (M, a;t,r,w) — (AM, Aa; X, Ar,w). Tt
is for this reason that it is possible to use quantities like |a|/M as a measure of slow
rotation. To preserve this scale invariance, we also wish to set 1 /M when defining
By and Bs, instead of setting M and then setting 7.

In section [2 we introduce some more notation, discuss the geometry of the
Kerr space, and consider the regularity of the components ¢11. In section Bl we
discuss the decomposition of solutions into stationary and charge-free components,
which allows us to prove proposition In section @ we prove core estimates
(M- D), which are proved using the Maxwell equations without reference to the
Fackerell-Ipser equation. In section [B] we treat the Fackerell-Ipser equation and
prove core estimate ([II). In section [l we treat the Fourier-spectral transform of
the Fackerell-Ipser equation and prove core estimates ([V)-(V)). Recall that when
we introduced core estimates (I)-(V]), we explained how they combine with the
charge decomposition in proposition to prove theorems [[L1] and

2. SOME FURTHER NOTATION AND THE GEOMETRY OF THE KERR SPACE-TIME

2.1. Some further notation. We say that two quantities A and B are a almost
equal iff there is a constant C' such that (1 — Cla|/M)A < B < (14 C|a|/M)A.

We use A < B to mean that there is a constant C, such that A < CB, and
that C' can be chosen independently of M, a, 7, ¢, 8, ¢, F, T, T and chosen to
be uniformly with respect to some small parameter. Typically this means that
for sufficiently small €, > 0, there is a constant C' uniform in % < €, such that
A < CB. However, it certain cases, we will also introduce other small parameters,
such as €2 /M, where €g2 is a parameter associated with coefficients of J; in section
6l The relevant cases are defined explicitly in subsection We use A ~ B to
mean A < B and B < A. If estimates of this form hold for one value of €,, they will
also hold for any smaller (positive) value of €,. Thus, if there is a finite collection
estimates of this form, then an €, can be found for which all of the estimates hold.
We are also free to choose smaller €, to obtain stronger estimates.

Frequently in this paper, we will deal with rational functions. When discussing
polynomials or rational functions, we will implicitly take this to mean a polynomial
or rational function in r, M, €92, @, and, in certain cases, acos 0. We define a
homogeneous rational function to be a ratio of homogeneous polynomials. We
define a homogeneous polynomial of degree m to be of maximal degree in r if the
coefficient of r is nonzero. We define a homogeneous rational function to be of
maximal degree if it is the ratio of two homogeneous polynomials of maximal degree
in r. A homogeneous rational function has both a degree and an asymptotic growth
rate in r; for homogeneous rational functions of maximal degree, these are equal.
The set of homogeneous rational functions is closed under the operations of taking
products and ratios. The set of homogeneous rational functions of maximal degree
is also closed under these operations. Similarly, the set of homogeneous polynomials
which have a positive lower and upper bound on compact subsets of the closure
of the exterior, r > r4, is also closed under these operations. Importantly, if a
homogeneous rational function of maximal degree has a positive lower and upper
bound on each compact subset of the closure of the exterior when a =0 = €92, then
it will still have such bounds for a and €,z sufficiently small. This is not true for
polynomials or rational functions that fail to be of maximal degree. Furthermore,
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if a homogeneous polynomial, p, is of maximal degree and has growth rate ™ for
a = 0 = €p2, then the influence of a and €y2 is lower order, in the sense that
|p(7‘, M,0,0) —p(r, M, €92, a)' = O(T‘imil)'

There are four situations in which we will encounter homogeneous rational func-
tions that fail to have positive lower and upper bounds in each compact subset of
the closure of the exterior. First, for a = 0 = €2, the function might be nonnega-
tive but vanish at r = 2M. Crucially, whenever this occurs in this paper, we have
been able to factor the rational function as a power of A times a rational function
with a positive lower and upper bound on each compact subset of the closure of
the exterior. Second, for a = 0, the function might vanish at some r € (2M, o).
This occurs only once in our argument, in the coefficient of the term denoted R’.
Third, for a homogeneous rational function of maximal degree, the derivative need
not have maximal degree if the original function is of degree zero. This situation
occurs in our argument twice; it occurs with the coefficient of 87 in R’ and with

all the coefficients in the term denoted R”. These second and third problems are
treated in lemma Fourthly, there can be a complicated sum of derivatives so
that even for a =0 = €92, the homogeneous rational function is not positive in the
exterior. This occurs in the term V in lemma [6.51

Recall that we defined

d*ppr = dr sin 0dfdpdt, 4y = 2d4ppr.

2.2. Foliations. Recall that we consider the exterior region of the Kerr space-time,

which is a manifold parameterised by (t,r,w) € R x (ry,00) x S? with the metric

given in equation (I]). As is well known [18], this can be uniquely extended to a

maximal analytic extension, which, in turn, has a C° conformal compactification.
Of particular value in our analysis will be subregions of the form

Qlty, ta] = {(t', 7", )|t € (t1,t2),7" € (ry,00),w € S%},

for t; < ta. The entire exterior region and each subregion Q[t1,t2] are foliated by
hypersurfaces

Y = {(t', v, =t € (ry,00),w €S?).

The exterior is also foliated by %, = {(t/,7,w)|t' € R, = r,w’ € S?}. When
dealing with Q[t1, ta], we will also use ¥, to denote 2, N Q[t1,t2]. We orient 3; and
¥, with normal 1-form pointing along —d¢ and —dr respectively. Along surfaces
of fixed t, inside the conformal compactification of the maximal analytic extension
of the exterior region, there is a well defined limit set as r — r4 and as r — oo,
and this limit is independent of ¢. We will denote these as ir , and ioo. These
are known as the bifurcation sphere and space-like infinity respectively. They are
each 2-dimensional surfaces, although each ¥; and ¥, (for r € (ry,00)) is a 3-
hypersurface. Thus, for any regular vector field, the flux through ¥, . and Yoo
is zero. In the conformal compactification of the maximal analytic extension, the
boundary of Q[t1,t2] is 3y, U =3, U _im UYeo.
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In a flux integral, one needs the normal to a hypersurface and the induced volume
form. For ¥, this is

at
a g
n d3MEt = - (W) \/grrgeegwd?”d@d(b

5\ 1/2
gtt9ee — G,
—Qat <Tt¢> \/grr9999¢¢d7”d9d¢

= —g'*\/— det gsin fdrdfde,

2aMr 10
= ((% + I 6¢) A sin 6drdfde.

Similarly,
n®d’pug = —07 Asin fdtdode.

2.3. Time-like vectors. In the exterior of the Schwarzschild space-time, there is
a unique globally time-like Killing vector, d;, which is orthogonal to hypersurfaces
of constant ¢. In the Kerr space-time, there is no such structure, so we are forced
to consider a variety of vectors. It is useful to consider

a

TX :8t+wxa¢, wX :Xm,
2aMr
T, =0 + w10y, WL ="
a
Tpnv = 0; + wpnvOy, WPNV = 5 g

where x is a smooth, decreasing function of r, that is identically 1 for » < 10M, is
0 for r > 11M, and satisfies Vk € N : 9Fy < M~*.

Each of these vectors has a length that approaches —1 as r — oo and which
vanishes at a rate of —(A/r?)Y/2 as r — r,. The difference between any two of
them is bounded by |a|Ar~%, in particular, this difference vanishes relative to the
length of any of these three vectors as r — ry, r — oo, and uniformly in r as
la] — 0.

2.4. Regularity of the null decomposition. Recall that we introduced
¢1 = 2F[lpxv, mpnv],
¢o = V2 (F[IPNV, npxy] + F[O, ‘i’PNV];)
¢-1 = 2F[npxv, mpny].

The vector fields lpny and npyy are globally smooth, but mpyy and mpyy fail
to be globally smooth, since they are constructed from

- 1 - 1 . 1
e = ﬁ(’?@, @PNV = E (asm 6‘(9t + mad;) y

which fail to be smooth at 6 € {0, 7}. However

1
Ympny A mpny = 0p A .—95¢ + asinf0y A 0,
Sin
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is the sum of the volume form on the round sphere plus the wedge product of the
smooth vector fields sin 69y and 9;, so mpnyv A mpny is smooth. Hence ¢q is a
smooth function if F is smooth. Similarly, T = (r — ta cos0)¢y is also smooth.

In contrast, ¢+1 are not typically smooth functions, even if F is smooth, since
mpyy is not smooth. To overcome this, we must reinterpret them as sections
of a vector bundle. At each point, consider the vector space spanned by © and
$pny. Since the wedge product of these vectors has already been shown to extend
to a globally smooth 2-form, their span can be extended to a globally defined 2-
dimensional vector bundle, V1. Since it is a sub-bundle of the tangent space, we can
use the same indices in both bundles. Since © and <i>pNv are each orthogonal unit
vectors, the vector bundle V1 has a Riemannian metric. For (6, ¢) € (0,7)x(0, 27),
the metric on this vector bundle is

OO+ ‘i>PNv ® ‘i)PN\/a

which we will denote by E’lQ This metric has a unique smooth extension, for
each (t,7) to w € S2. We will also denote this extension my X~1Q.

This E_lQ can be seen as a projection operator from the tangent space of the
space-time to V. Inspired by [I0], we define

o = Fyé(lPNV)V(E_lQ)aéa
a® = Fs5(npny)? (271Q)*.

The sections a and a are smooth if F is.

Finally, we return to the correct interpretation of ¢+1. The components of a with
respect to the @, ®pyy basis are the real and imaginary components of ¢;. The
components of a with respect to the e, —®pyy basis are the real and imaginary
components of ¢_;. Hence, ¢ and ¢_1 are isomorphic to o and a. Furthermore, the
modulus of the former complex numbers is equal to the length of the latter sections
of the bundle V1;. Since o and « are smooth, this lets us properly understand the
appropriate notion of regularity for ¢+1. From this perspective, it is clear that we
should really be working with « and ¢, instead of ¢+;. However, for compactness
of notation, we will use ¢41, and, if there is ever a concern about regularity at the
poles, we will interpret ¢ and ¢_; as o and « respectively.

2.5. Standard smallness assumptions. In this subsection, we introduce several
standard smallness assumptions on |a|/M and other parameters. In particular, we
will want to have quantifications on the choice of r; and the parameter €02, which
is introduced in section [6Gl

Definition 2.1. We say the estimates A S B, A < CB, or A < C1B; + C3Bs
holds for |a|/M sufficiently small if 3C, C1,Ca,€, > 0: VM > 0,a € [—€,M,E,M] :
the estimate A < CB or A < C1B1 4+ C3Bs holds respectively.

Definition 2.2. We say the estimates A < B, A < CB, or A < C1B; + C2Bs
holds for max(|a|/eyz, €52 /M) sufficiently small if 3C,C1,C2,€, > 0: VM > 0,a €
[—&aM, EaM]aﬁaf € [—€M,e,M] : the estimate A < CB or A < C1B1 + C3Bs
holds respectively.

Definition 2.3. We say the estimates A S B, A < CB, or A < C1B; + C3B>
holds for any projection away from the orbiting null geodesics and |a|/M sufficiently
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small if Ve, € (0,1]: 3C,C1,C2,€, > 0: VM > 0,a € [, M, €, M|, 71 = €M : the
estimate A < CB or A < C1By + CoBs holds respectively.

Definition 2.4. We say there is a projection away from the orbiting null geodesic
such that for max(|a|/eyz,€s2/M) one has the estimates A < B, A < CB, or
A < C1By + 5By if d¢; € (0,1] : 40, C,Cy, €4 > 07683 >0:VM > 0,a €
[—€.M, gaM],Gag € (O,EatzM],rl = &M : the estimate A < CB or A < C1B; +
C5Bs holds respectively.

Definition 2.5. We say the estimates A < B, A< CB, or A < C1B1+C2B3 holds
for any projection away from the orbiting null geodesics and max(|a|/eyz, €52 /M)
sufficiently small if V&, € (0,1] : 3C,C4,Ca,€, > 0,€2 > 0 : VM > 0,a €
[—€.M, EaM],Gag € (O,EatzM],Tl = &M : the estimate A < CB or A < C1B; +
C5Bs holds respectively.

3. CHARGE CONSERVATION

3.1. Charge, cohomology, and determination of the bound state. The elec-
tric and magnetic charges evaluated on any two surface S? are defined to be, re-
spectively,

1 1
e[S = i | B[S = —/ F.
i S2 47T S2

Note that there is no need to specify a volume form or measure, since these are
each the integrals of a two form over a two surface. We are particularly interested
in evaluating these on closed two surfaces of constant (¢,7) denoted by S?(t,r). For
r>ry, S%(t,r) is a topological sphere. (We will only consider the exterior region,
since some of these arguments fail in the interior, particularly at r = 0.)

Since any S2(t1,71) can be continuously deformed to any other S2(ta,73), from
Stokes’s theorem and the Maxwell equations, which state that both F and *F
are closed two forms, it follows that the electric and magnetic charges are equal
on all 8%(t,r). Thus, the charges are equal when evaluated on any closed two
surface that encloses the black hole. Note that, in contrast with the situation
in Minkowski space, R'*3, since the second homology class of the exterior region,
H?(Rx (ry,00) x S?) is nontrivial, and, in particular, the S%(¢,r) are in a nontrivial
equivalence class, the charge need not be zero.

For any ¢ € C, we define the Coulomb solutions to be given by

(®) do= "5 fa1 =0,
which is a solution of the Maxwell system. By taking the limit at fixed ¢ as r — oo,

one can easily verify that for the Coulomb solutions
q=4qr tigB.

Since H3(R x (r4,00) x §?) = H?(S?) = C, it follows that the cohomology class of
two forms is Ha(R X (74, 00) x S?) = Ho(S?) = C, so the Coulomb solutions provide
a representative for every equivalence class.

Since each charge on S2(t,7) is constant as a function of (¢,7), the charges can
be determined from the initial data. Since the charges and the Maxwell equations
are linear, given a solution, we can determine the charges ¢qg and ¢p, construct
the corresponding Coulomb solutions, and generate a new solution by subtracting
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this Coulomb solution from the original solution. This proves the first part of
proposition

3.2. Regularity conditions. To avoid repetition, we now introduce regularity
conditions which will be assumed through out this paper.

Definition 3.1. F € A? is a regular, charge-free solution of the Mazwell equation
@) if the charge is zero on every sphere, F is C? in the exterior of the Kerr space-
time, F has a C? extension to the closure of the exterior in the maximal analytic
extension, F vanishes on %o for sufficiently large v, and F is a solution of the
Mazwell equation (2)).

F € A? is a regular solution of the Mazwell equation () if it is the sum of a
Coulomb solution and a reqular solution.

Definition 3.2. T is reqular in the sense of solutions of the Fackerell-Ipser equation
if it is C2 in the exterior of the Kerr space-time, has a C? extension to the closure of
the exterior in the mazimal analytic extension, and vanishes on X for sufficiently
large r.

Remark 3.3. If F is regular, then T = Y[F] is reqular. It is for this reason that
we require F € C? instead of F € C'.

If F or Y is regqular, then they can be understood as classical solutions of the
Mazwell equation or the Fackerell-Ipser equation respectively. For simplicity, this
is the only type of solution we will consider. We expect that the set of regular
solutions is dense in the energy space, as is the case in Minkowski space. We will
ignore this issue, since the proof would require elliptic theory.

Definition 3.4. A vector field X € T is regular if it is C' in the exterior of the
Kerr space-time and has a continuous extension to the closure of the exterior in the
mazximal analytic extension.

A coefficient f is regular if it is C3 in the exterior of the Kerr space-time and
has a continuous extension to the closure of the exterior in the mazimal analytic
extension.

Remark 3.5. Regularity for a vector field is considerably weaker than the level of
reqularity that we assume for solutions of the Maxwell or Fackerell-Ipser equations.
It is sufficient to apply the divergence theorem. We wish coefficients to be more
regular so we can apply the d’Alembertian to the derivative of the coefficient.

3.3. An L? estimate on the spherical mean of the spin zero component.
In the Schwarzschild space-time, the Coulomb solutions are the only spherically
symmetric solutions. Furthermore, the spherically symmetric functions are the
only functions on the sphere with mean zero. That fact allows one to prove a lower
bound on the spherical L? norm of charge-free solutions in terms of the spherical
L2 norm of their angular derivatives. In particular, the spherical Laplacian can be
bounded below by ¢(¢ + 1) = 2. The purpose of this subsection is to provide a
similar estimate in the Kerr space-time. This estimate will be a crucial part of the
Morawetz estimate in subsection

Lemma 3.6 (Lower bound on angular derivatives of charge-free solution). For
la|/M sufficiently small as in definition[2.1], if F is a reqular solution of the Maxwell
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equation [2)), then fort € R and r > ry,

2 / |o|? sin 040
S2(t,r)

< / | ¥ ¢o|* sin 6d6d¢ — oV, / |p1 + ¢_1|? sin OdOd .
S2(t,r) S

2(tr)

Proof. The charge are given by

QE+iQB:/ *F 4+ iF
S2(t,r)

_ / (+F + iF)(9p, 0,)d0do
S2(t,r)

o g(aea 89)9(8¢5 8¢7) .
- /sm,r) <\/9(TLTL)g(arﬁr)F(TL’ar) ’ ZF((%’%)) e

- / (HSMF(TL,@) + iF(ag,a¢)> d9de.
S2(t,r) by

By introducing the transition matrix between the coordinate basis and the tetrad
(@), inverting the transition matrix, expanding the basis {T |, d;, g, 0y} in terms
of the Carter tetrad, we find

1
qE +iqp = = / (_(r2 + a?)¢o + iasin OV A(py + ¢,1)) sin #dfde.
2 Js2(,m)
If the two charges vanish, then
(9) / (r* 4+ a®)do sin #dAd¢ = iaVA (sin@(¢1 + ¢—1)) sin 6dOd .
S2(t,r) S2(t,r)

Given ¢ on a sphere, we can decompose it into the spherically symmetric com-
ponent and the remainder, us and w,. These components are orthogonal in L2,
SO

/ |u|? sin 0dOd¢ = |us|? sin 0dOd¢ + / |uy|? sin OdOdp.
S2(t,r) S2(t,r) S2(t,r)

Since 2 is the first nonzero eigenvalue of the spherical Laplacian, the non-spherically-
symmetric component satisfies

2 / |u,|? sin 0dfdep < / | Wu,|? sin 0dfdep = | ¥ o |? sin dOd .
S2(t,r) S2(t,r) S2(t,r)
From equation (@), the spherically-symmetric component satisfies
ia\/z 1

us(tvr) = r2 _’_agﬂ

/ (61 + ¢_1) sin dAdg.
S2(t,r)

From the Cauchy-Schwarz inequality,

a’A 1 .
) S G T i o, 1+ 9 s 000
a’A 1

_ 4= 5 .
= (TQ _|_a2)2 A7 /32(1&,7~) |¢1 +¢—1| Sln9d9d¢,
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Integrating this constant function over the sphere S2(¢,7) with respect to sin §dfd¢
eliminates the factor of (47)~! on the right. O

3.4. Almost orthogonality of the charged and uncharged parts. The pur-

pose of this subsection is to complete the proof of proposition Given two
possibly charged solutions, F and H with components ¢; and ; respectively, let

(H,F)y, = /Z (Z zﬁi@)r?drdw

n /E | (- O 0 (p0)) (e (p0)) +

A = (0: () 01 (p0))

(¥ () - (¥ (po))

+
r2

o
+ —21/)0¢0)T2d1"dw.
T

This defines a nondegenerate, nonnegative quadratic form, so (F,F)1/2 is a norm.
The sum of the energies for a stationary solution with Fgtationary, for which the
middle component is ¢/p? and the extreme components vanish, satisfies

la®
e

The sum of the energies F[F] + Ew[Y] is (F,F). Thus, if Fiota is decomposed
into stationary and charge-free components, Fgtationary and F, then

E[Fstationary] + EFI [Tstationary] ~

E[Fiotal] + Epi[Fiotal] = ElFstationary] + Er1[Tstationary] + E[F] + Epr[F]
+ 2R6<Fstationaryu F>

The inner product is

g ¢0r2drdw
b P2

= 0oL ) Oy (pyp _
+/ A (&2_) (Or(poo)) + M + > _%% r2drdw
o p

r2 + a? r2 r2 D

2
—q </ 2¢odrdw +/ (T E;E - 2) ¢0drdw)
I p p
A1 1
+q (/ —p (&%&—_) ¢odrdw —i—/ O (:) 89(p¢0)drdw> :
= re+a® ' p SN P

The first of these integrals can be estimated using the charge-free condition.

/2¢0drdw'§/ alps1]v/ Vidrdw
3 P

1/2 1/2
< lal ( |¢i1|2r2drdw) (/ VLT_erdw>
P b

< aM~3/2E[F)Y/2,

Since (7?2 + ¥)p~2 — 2 is a homogeneous rational function of degree zero in 7, M,

a, and acos@, and it vanishes at a = 0, this rational function is bounded by ar~2.
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Thus,

2.y 1/2 1/2
/ (7‘ :; — 2) gbodrdw‘ < lal < |¢0|2r2drdw> (/ T_4drdw)
P p P 3t

< aM™3/2E[F)].

The integral of —p(9,(r?A(r?+a?)~1)0,p~!)¢o can be treated similarly by breaking
the coefficient into a spherically symmetric part and a part which vanishes linearly
in a. The first part can be bounded using the charge-free condition, and the second
can be bounded by using the additional decay in r in the remainder. The integral
of (0gp~1)(9a(pgo)) can be bounded directly using the Cauchy-Schwarz inequality,
since |9pp~ | < |alr~2. Combining all these results, one finds

ol _lal
|(Fstationary: F)| < 3777175 BIF] + B[ X))/
o

1
<

(E[Fstationary] + EFI [Tstationary])1/2 (E[F] + EFI [T]>1/2
Thus,
E[Ftotal] + EFI [Ftotal] ~ E[Fstationary] + EFI[Tstationary] + E[F] + EFI[F]u

and, in fact, the two sides are a almost equivalent.
This completes the proof of proposition

4. ESTIMATES FOR THE MAXWELL FIELD

The purpose of this section is to prove core estimates (I)-(II), which involve
the Maxwell Field, F, and which can be proved without reference to the Fackerell-
Ipser equation. Subsection .l provides a brief review of the vector-field method;
subsection provides the proof of the almost conservation of energy result, core
estimate (l); and subsection 3] provides the Morawetz estimate for the Maxwell
field, core estimate ().

4.1. The stress-energy tensor for the Maxwell field. The material in this
subsection is well known, cf. e.g. [10].

Definition 4.1. Given F € A2, the Mazwell Lagrangian and energy-momentum
tensor are

1 1
L= 1 s FP, T[Flag = Fay Fg" — ZgaﬂFwéFV‘s.

Definition 4.2. Given a regular vector field X, t € R, t; < t2, and a regular
F € A%, the 4-momentum generated by X of F, the energy generated by X of F and
evaluated on ¥, and the associated bulk term are

P o) [F] = T[FlapX?,
Ex[F](t) = / P i) [Flan®d iz,

Bulkx [F](t1,t2) = / T[Flas VXA d*p.
Q[tl,tz]
Theorem 4.3 (Properties of the Maxwell energy-momentum). (1) [Dominant

energy condition] If X, Y are time-like, future-pointing vectors and F € N2,
then T[FlopX*Y? > 0.
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(2) [Symmetry] If F € A2, then T[Flag = T[Flga-

(3) [Trace free] If F € A2, then T[F]o® = 0.

(4) [Divergence free] If F € A? is a reqular solution of the Mazwell equation
@), then V*T[Flas = 0.

Corollary 4.4 (Energy generation properties). Let F € A? be a regular solution of
the Mazwell equation @) and X be a regular vector field.

(1) [Energy Generation 1] If X is time-like and future oriented, then ¥Vt € R :
Ex[F](t) = 0.
(2) [Energy Generation 2] If to > t1, then
Ex[F|(t2) — Ex[F|(t1) = Bulkx[F](t1, t2).

Proof. The first property follows from the normal to ¥; being time-like and future
oriented and from T satisfying the dominant energy condition. The second follows
from the divergence theorem, the divergence free property of T, and the vanishing
of the fluxes through ¥, . and Yoo, which follows from the regularity of F, X, and,
hence, P x)[F]. O

Because of the trace-free property of the energy-momentum tensor for the Maxwell
field, there is the following formula for the bulk term, which frequently simplifies
calculations.

Theorem 4.5. If F € A? is reqular, X is a reqular vector field, t1 < to, and Q is
a regular function that is positive in the exterior of the Kerr space-time, then

1 — «
Bulkx (t1,t2) = ——/ Q 2T[FlapLlx (Q%g*)d* .
Q[tl,tg]

Proof. Tt is well known that
VXA = —(1/2)Lxg*.

Since 02 is positive in the exterior of the Kerr space-time, one can write Lx¢*® =
(XQ™ %905 + Q72Lx(22g%F). Since T is trace free, one finds the contraction
with T of the first of these terms is TosLx g% = TasQ 2Lx (Q2g*P). O

Theorem 4.6 (Components of Maxwell T). If F € A%, then

T(env, leny) = 2|61 /%,
T(lpnv, npnv) = |dol?,
T(npnv,npyv) = 2|¢-1/%,
)

T(Tenv, Tenv) = Y 16l

TR,R) = (|p+1]* — |¢0]?)
Tap (éaéﬁ + é%NV(i)g’NV) = 2|¢o|*.

Proof. Direct computation. ([
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4.2. Almost energy conservation for the Maxwell equation. Recall the
crude Maxwell energy from the introduction

_ / S [y Pr2drde
PP

and the blended time-like vector field T, from subsection 2.3

Lemma 4.7 (Energy equivalence for the Maxwell field). There are positive con-
stants €,,C > 0 such that VM > 0,a € [—€,M,&,M] one has that if F € A? is
reqular and t € R, then

(1 _ c'j)) Er[F(t) < E[F(t) < <1 + c%) Exp. [F)(t).

That is, E[F] and Ex_ are a almost equivalent.
Proof. First, observe that for X, Y € {TPNV, R, O, épNv}, one has
ITX. V) <) |l

Now, consider the T, energy and how the vectors in its definition differ from Tpyv:

Br, [F(0) = | TRl T a’p,

¢

/ TopTOTY —dr sin #dAd¢

Tog TPNVTPNV dr sin #dfd¢
=, A

+/ Tap(wy _WPNV)a TPNVAdr51n9d6‘d¢
Bra
+ Tap(wr — WPNV)6¢ TpNVZdT sin #dfd¢
3t

II
+ / Tap(wy —wpny) (Wi — WPNV)agagsz sin AdAd¢.
b

The difference between the factor g(Tpxv, Tpxv)IIA™1772 and 1 is @ small. Thus,
since 7“_18¢ and Tpny can be expressed as bounded linear combinations of Tpnv,

f{, @, and ‘i’pNV and since wy, — wpny and wi — wpny vanish linearly in A and
quadratically in 7—! and are a small, one finds

Ex, [F](t) — E[F)(1)] < 4 / 3 6

< prry).
O

Remark 4.8. While the ¢; are defined with respect to a nondegenerate basis, the
energies E[F|(t) and Ex [F|(t) are both degenerate as r — r. In E[F], the volume
form dr is degenerate. In Ex [F|(t), the vector field T is degenerate. Both dr

and Ty, degenerate as (A/r?)Y/? as r — ., which allows for the equivalence of the
energies.
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Proposition 4.9 (Almost energy conservation for the Maxwell field, core estimate
@). For |a|/M sufficiently small as in definition 2], if F is a reqular solution of
the Mazwell equation [2)), then Yt < to

B[F(t) £ ) (81 + Bo) + ELF ().

Proof. From the second energy generation property,

Et (t2) — Er, (t1) = / TosV T d*p.
Q[tl,tg]

Since 9; and 9, are Killing, the symmetric derivative of Ty is (9 X)a(ri+a2)’18§a8£).
Since O,x is supported in [10M,11M] and has a bounded derivative, it can be
bounded by a multiple of any positive function. Since 8, and 779, can be ex-

pressed as bounded combinations of Tpxy, R, ©, and ®pyy for r € [10M,11M],
one finds

arps
TapveT)

|al A 2
N Mm Z|¢z| .

Integrating this and the equivalence of E[F] and Er, [F] provide the desired result.
(]

4.3. The Morawetz estimate for the Maxwell field.

Definition 4.10. Given M > 0, a € [-M, M], the oversimplified Morawetz vector
field is defined to be

A:fa’l‘7

A 3M
1= (%)

The purpose of this section is to prove core estimate ([I). To the best of our
knowledge, it is not possible to choose a vector field A for which Bulka > 0 when
F # 0 and for which Eo < Et . Instead, we choose one for which Bulka +By > B..
Because we are willing to accept By on the left, we can be quite naive in choosing
A.

Lemma 4.11 (Bound for the Maxwell bulk term). For |a|/M sufficiently small
as in definition 2], if F is a regular solution of the Mazwell equation ([2)), then
VT >0:

C1Bulkp + C2By > B+
Proof. Let

SA

0=
(r2+a2)2’
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so that
O~ 2 aﬁ
A . daMr (o qp) A—-ad® .5 o
() o ‘”f‘ﬁa %+ GErapleds +Vie”
- (i) oot
20 oep) agf c@f 1 pa. . p°
a0 - Y+ (0707 + By @y )
and
La(Q29)"”
A? A?
— a a@h
— <f8r ((r2+a2)2) 20t f) 0p0f + f0,V1 (©°0° + By @y )
2
(a 58) a agb
—for 2+ P L fa’“(r2+a2)2a¢a¢
(a
4dar )
+ 7(7‘2 ) (8,5 8¢> 8¢ .

The contraction with each of these terms with T can now be computed.

Since
3 2 2 3
9 A aTr +a £) = % A 7
rZ 4 a2 A r2 \r2 +a?

and 8, is a almost equal to (A/(r? + a2))'/2R, one finds

A N[, r2+a? 6M A N\ sos
_ aghB _ ap B
(+(=22) (ar £ Yoy S0 (5 Vore)
|a|M 2
NMT_2 r2—i—a2 Z|¢l|

Thus, there are positive constants C', D, such that

A 3 r? +a? o
(‘2 () (5" )) 070 T

M{ A N, o, M/ A \
203 (wra) a0 (i) o

The potential r=2(1 — 2M/r) has a unique maximum at r = 3M where the
second derivative is strictly negative. Thus, for a sufficiently small, the potential
A(r? +a?)72? = V[, also has a unique maximum not more than a constant multiple
of a (in fact of a®/M) from r = 3M. Thus, except between this root and 3M, the
coefficient f0,Vr is nonnegative and between the root and 3M, this coefficient is
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bounded below by |a|?M ~°. In particular, there are constants such that
A1 3M\?> ol { A 1 M\

10 — [0V, >C 1-—— ) - D—|— )= |— .

(10) forve a2r3< r) M <r2+a2>r3(r>

(The exponent 100 here has been chosen here for convenience. Away from r = 3M,
the first term on the right dominates, so that the behaviour of the second term on
the right can be freely adjusted by making small adjustments in the constant C.)

Thus, since Tas (@C@ﬁ + @ngq>§Nv) — 25|02,

fo:-VL (GQGB + (I)%NV(I)f’NV) Tap

A1 3sM\? ol { A N1 /M\'"" )
11 >le—=2_~(1-22) _pd(_=2 )2 (Z2 :
(11) _<Cr2—|—a2r( r) M(r2+a2)r<r> %ol

The remaining term in £a (Q2¢)*? is

dar (a 8)
T aptrwle:
The vector Jy4 is a bounded linear combination of ®pnv and asin fTpny. Because
of the degeneracy of Tpnv,
2
2 + CL2 Z |¢l|

In the contraction, TQBT%NV{)gNV = FMF,@VT%NV{)PNV, either = R, in which
case [Fp gl S A2~V ¢g| and Fa il S 7los1], or v = O, in which case
Frowol SAY2r ew | and [Fg ol S 7ldol. Thus,

T(Tpnv, Tenv) S

Tenv

A

1/2
T(Tosv. o) S (5 0s) IT(Towv, ©)

A 1/2
S (m) 7|dol|d+1]

ST (|¢0|2 2+ 2|¢:|:1| >

|a| A M, 5 A 2 v )
~ M r2+a2 r2 |¢0| + T2+a2 r2 |¢i1| .

Combining this estimate with estimates ([0)-(II) and applying the factor of Q=2,
one finds there are constants C; and Cs such that

M A M A
Bulka > cl/ |ps1)?dtp — Cz/

2 2 1 2 22 1 2
Q[tl tz] rere+a Q[tl tz] rere+a

so that

’f PNVaBTOt,@

|po|>d*pu.

O

Lemma 4.12. (Bound the Morawetz energy for the Maxwell field) For |a|/M suffi-
ciently small as in definition [2.1), if F is a reqular solution of the Mazwell equation
@), then Vt e R :

Ea <Er,,
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Proof. For a = 0, the vector fields (A/(r? 4 a2))d, and 8, degenerate relative to R
and Tpnvy at a rate of (A/(r2+a?))!/2. For a # 0, the additional difference between
these can be written as (|a|/M)(A/(r? 4+ a?)) times bounded linear combinations
of the normalised basis vectors. Since f = —(A/(r? + a?))(1 — 3M/r)0, and the
factor —(1 — 3M/r) is bounded, one finds one finds

IEal 5/ }T[F]aﬂAaTﬂ %drdw
3t
A LI
<[, e Sk gara

11
< i |2 ——drd
N/Etpmm(ﬁ rdw
SEr,.
O

Proposition 4.13. (Morawetz estimate for the Mazwell field, core estimate ()
For |a|/M sufficiently small as in definition [2), if F is a regular solution of the
Mazwell equation @), then VT > 0,

Bi S E[F|(T) + E[F)(0) + Bo.

Proof. This follows from the previous two lemmas and the energy generation for-
mula for the Maxwell field. O

5. THE ENERGY ESTIMATE FOR THE FACKERELL-IPSER EQUATION

5.1. The Fackerell-Ipser equation. The rescaled spin-weight zero component

T =pgo
satisfies the Fackerell-Ipser equation [16]
(12) 0=V*V,T -V T
where
2M
VF] - _p—3
This is equivalent to
R
(13) 0=0,A0,T + ZT — EVF]T,
where
R = R(r; M, a; 0, 04, Q)
(14) = —(r* 4+ a®)0} — 4aMrdydy + (A — a®)0; + AQ,
1 . cos?0 5 5 . 5.0
(15) Q= mag sin 00y + 20 04 + a”sin” 00; .

Because equation (3] is ¥ times equation (IZ), and ¥ sin 6 is the term /—det g
appearing in the volume form when expressed in Boyer-Lindquist coordinates, it is
convenient to work with the simplified volume form

d*pupr = dr sin 0dfdedt.
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5.2. Vector-field analysis and almost energy conservation. The purpose of
this subsection is to prove estimate ([II). The Fackerell-Ipser equation has a com-
plex potential, which invalidates the standard arguments from calculus of varia-
tions. Nonetheless, we can treat the Fackerell-Ipser equation as a wave equation
with potential plus an a small perturbation.

Definition 5.1. The partial derivative matrix is
Paﬁ = Re(aaTagT).

The pseudo-Lagrangian and pseudo-energy-momentum tensor for the Fackerell-
Ipser equation are

1 _
L = 5 (Paa + (RQVF])TT) s
TQB = Paﬂ — gaBL'

Given a regqular vector field X and t € R, the pseudo-momentum and pseudo-
energy of a reqular solution of the Fackerell-Ipser equation T are

Px)[Y]a = T[Y]asX”,

Ex[Y](?) Z/Z Px)[Y]an®d?ps, ,

Bulkx[T](tl,tQ) = —/

(Tas VXD +XPTT,s ) d'p.
Q[tl,tg]

Theorem 5.2 (Energy generation theorem for the Fackerell-Ipser equation). Let
X be a reqular vector field. If Y is a reqular solution of the Fackerell-Ipser equation,
m, then Vt, < to

VT as = (ImVe)Im(YVsT) — Re(VsVrr)|TI2/2,
Ex[Y](t2) — Ex[Y](t1) = Bulkx [Y](t1,t2).

Proof. Consider first,
V*(Pap — gapl) = Re ((VQV&T)(VBT) + (VQT)(VO‘V,@T))
—Re((VsV'T)(V,T))
1 _ _

- 5 (RQ(VFIVBTT) + RG(VF]TVﬂT))
—Re((VaVrr)|TI?/2)

- %Re (Ve T(VsT) — Vir(VsT)T — Ve TV5Y)
—Re(VsVrr)|TI?/2

= (ImVr)Im(YVsY) — Re(VsVer)|Y]?/2.

This gives the first of the desired results.

The second part follows from the divergence theorem. From our definition of T
being regular, the energy is a convergent integral. In addition, from our definition
of regular for a vector field, the fluxes through the bifurcation sphere and space-like
infinity are zero. O
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Recall T and T, from subsection and the artificial energy from the intro-
duction

1 r2 4+ g2
EFI[T](t):§/Z< N T, Y|*+

2 2
2 )

Lemma 5.3 (Fackerell-Ipser energy equivalence). For |a|/M sufficiently small as in
definition [2), if F is a regular solution of the Mazwell equation [2)) and T = Y[F],
then Vt € R :

Er, [T](t) S EplY](t) S B, [Y](t) + Ex, [F1(2)-

Proof. Recall n®d3uy, = T (II/A)drdw. Thus, since Ty = T + (wy —w )y and
g(T1,04) =0, one finds

1 1 oI
Er, = /E <Pa5 — §ga5P'y,y — 5gagReVF1|T|2) TféTJ_Zdrdw

1 I
= Pas — =gapP” )T“Tﬁ —drdw
/Et < B 2 B Y iR J_A
Brra 1
+ | Paplwy —wi)0,TT —drdw
DN A

1 I
+/ —=gapT? T ReVi | T2 —drdw.
s, 2 A

Since g(T1,T1) = —AY/I, ¥ ~ 72 + a2, g™ ~ A(r? + a?)7 L, g% ~ r=2, and
g%? ~ (r?sin® @), one finds

1 w11
/E t (Paﬂ - §ga5Pu) TLTﬁZdrdw

1 r? +a? A | WY|?
~ 5/2 ( A ITLY]? + r2+a2|8mf|2+— r2drdw.

r2

Since wy, — w, vanishes linearly in A, cubicly in r~1, and is @ small,

II 1
/ Pag(wy — wL)agTﬁKdrdw' < |a|/ (lTJ_T|2 + —2|8¢T|2) r2drdw.
= = "
The potential

% _ QMReZ():’ _ _2MT3 + 3Taz cos? 6
P Ip| Ip|

is negative, decays like Mr~3, and is bounded by 4|p|~2. Thus,

ReVF] = —Re

ReVer| T2
e+1||§0§|¢0|2-

2, [T
On the other hand, [¢o]* ~ —=-, so

T 2
|T—2| ~ |po|* < ReVrr|Y|* + 4|¢0 .

Thus, the desired result holds. [l
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Lemma 5.4 (Fackerell-Ipser energy growth). For any projection away from the
orbiting null geodesics and |a|/M sufficiently small as in definition [2.3, if F is a
regular solution of the Mazwell equation ([2) and T = Y[F], then for T > 0,

a
e, [X)(T) ~ Br, [X](0) £ 9 (8, 4 B, + Byo).
Proof. From the Fackerell-Ipser energy generation theorem [5.2]

Er, [Y](t2) = Ex, [Y](t1) = - / T VT d
Q[tl,tz]
- / T? (ImVp;)Im(Y9sY)d* 1
Q[tl,tQ]

1
+ / 5TQ(RevBVFI)|1f|2c14u.
Q[tl,tz]

Since V(@X#) = —%Exgo‘ﬁ and since 0; and Jy are Killing vectors, the Lie deriva-
tive
L Y B N r afB
Txg Ti +CL2 X8¢g
is @ small, smooth, and supported in the compact set suppVy C r € [10M, 11M],
which is far from the orbiting null geodesics. Since

a _ _
< o (T Y + 10,12 + M2 WXP + M)

Tas VT | S 3

one finds

/ TosV Ty
Q[tl,tQ]

Since |ImVpr| < 7, by dividing into the regions where |r — 3M| is smaller or
larger than r1, using the Cauchy-Schwarz inequality when it is larger and Fubini’s
theorem one it is smaller, one finds

/ T? (ImVp,)Im(Y9sY)d* | < / T? (ImVp)Im(TsY)d* 1
Q[tl,tz] Sl[tl,tz]m{"l"ng'ZTl}
+ / T (ImVi ;) Im (T 1) d* 4
Q[t1,t2]N{|r—3M|<ri}
|al |al
< (By+ B = B.
S M( o+ B2,0) + ot

Since Vg is independent of ¢ and ¢,
/ T? (ReV Vi) |Y|?d*u = 0.
Q[tl,tz]
O

Proposition 5.5 (Core estimate ([II))). For any projection away from the orbiting
null geodesics and |a|/M sufficiently small as in definition [2.3, if F is a regular
solution of the Mazwell equation (@) and Y = Y[F], then VT > 0,

la]

Ep{Y)(T) S Eri[T](0) + E[F)(0) + 7 (Bx + Bo + Bi + B2o).
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Proof. From the Fackerell-Ipser energy equivalence lemma [5.2] the crude energy
Ep1[Y](T) is estimated by Ex, [Y)(T)+Er, [F](T). From the Maxwell and Fackerell-
Ipser energy growth proposition and lemma [5.4] these energies are bounded
by their initial values, Et, [F](0) 4+ Ex, [Y](0), plus |a|/M times the bulk terms,
By + By + B1 + Byo. Finally, from Maxwell and Fackerell-Ipser energy equivalence
lemmas [L7] and [5.3] the initial T, energies can be estimated by the crude ones,
Bt[)(0) + E[F](0). O

Corollary 5.6. For any projection away from the orbiting null geodesics and |a|/M
sufficiently small as in definition [2.3, if F is a regular solution of the Mazwell
equation 2l) and T = Y[F], then Vt; < to,

E[F(ts) + Ep[Y](t2) < Cre= i =) (B[F)(t1) + B Y](t1)) -

Proof. Core estimates () and ([II) remain valid with the initial and final times
changed from 0 and T to t; and t5 respectively. Bi[t1, ta] etc. will denote the bulk
terms with these limits for the integration in ¢. There is the trivial bound

1"
B:t [tl, t2] —|— Bo[tl, tQ] —|— Bl [tl, t2] —|— Bgyo[tl, t2] S M / E[F](S) —|— EFI[T](S)C{S
t1
This estimate, the analogues of core estimates ({l) and (III)), and Gronwall’s inequal-
ity combine to prove the main result of this corollary. O

6. FOURIER-SPECTRAL ANALYSIS OF THE FACKERELL-IPSER EQUATION

6.1. Fourier-spectral analysis and the Morawetz estimate: an overview.
The goal of the remainder of this section is to prove core estimates ([V))-(V]), which
we refer to as Morawetz estimates. The main idea is to construct a vector field that
points away from the orbiting null geodesics.

The location of the orbiting null geodesics are determined by the double roots
of the potential appearing in an ODE for the radial components. The potential
is R(r; M,a;e,l,,Q), where e, £., and @ are constant of the geodesic motion,
but R remains defined by the function given in equation ([IH). With respect to
a convenient, non-affine parameterisation, A, of the null geodesics, the ODE is
(dr/d)\)? = R. Standard ODE analysis, as in a Newtonian potential problem,
dictates that there are orbiting null geodesics when R = 0 and 9,R = 0. For any
nonnegative, differentiable weight f1, these conditions are equivalent to

f1 fi

R =0 o =R)=0.

A ’ "\ A

With our sign conventions, the instability of the orbiting null geodesics is 9*R <
0. This instability condition can also be rewritten with rescaling functions when
convenient. To discuss the location of the orbiting null geodesics and their stability,
we find it useful to introduce positive weights f1 and f2 and to use the quantities

we introduced in [2]

R —o (Lr R' =8 " R
— Up z ) — Up A1/2f2 .

In this paper, we use a Fourier-spectral multiplier to prove the Morawetz esti-
mate. Given a self-adjoint operator or collection of commuting self-adjoint oper-
ators, the spectral theorem defines a spectral transform on L?. The transformed
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function is a function on the spectral space, which is the spectrum of the operators.
A Fourier-spectral variable is a variable that takes values in this spectral space. In
this paper, we use the phrase Fourier-spectral multiplier to refer to a function of
the Fourier-spectral variables. For iJ;, the spectral transform is just the standard
Fourier transform. While an analogue of the basic Morawetz, core estimate ([V),
can be proved using only differential operators [2], the refined Morawetz estimate,
core estimate (V]) appears to require Fourier-spectral refinements. Thus, the con-
struction in this paper is closer in spirit to [14} [26], although the details follow those
in [2].

In subsection [6.2] we justify taking a spectral transform. We denote the spectral
variables by k = (e,¢.,Q). The functions R, R’, and R can be interpreted as
functions of r and the spectral variables, by replacing the conserved quantities for
null geodesics by associated differential operators acting on functions.

The central idea is to construct a spectral analogue of a vector field and an
auxiliary function

A:]'—ar, q:f1ar(f2]'—3)
F = [i(n) () Farie, (2., Q).

For the basic Morawetz estimate in subsection[6.3] we introduce a parameter €52 >0
and an associated norm on the spectral parameters, |k ,, and choose

a2’
A A
1 = e — =1—€,— =
(17a) fi=hahfe, fia 2+ a2)2’ Ji.2 €52 2+ a2)2’
2 | 42)4 1

(17b) J2 = f21f2,2, faa = %, J2,2= o
(17¢c) F3 = XmidF3,1 + (1 — Xmid) f3,2,
1) Fulne @) = -0 (BROM w00 ) 2
(17e) f32=-0,Vp,

and Ymia to be a smooth function that is identically 1 for r € [2.7M, 5M], identically
0 for < 2.4M or r > 6M, monotone on each interval in between, and such that
Vk e N: 87lfxmid 5 M1

We have chosen these functions so that the following properties hold:

e F31 is a measure of distance from the orbiting null geodesics but remains
bounded as ||, 2 00 In particular, F3 is a rescaling of R’. This gives a
perfect square in the U term defined below.

e F3 is independent of the spectral parameters near » = r4 and r = oo. This
helps us control the interaction with the error terms arising from the cut-off
)2[0 7] in lemma [6.6

° 62 is the coefficient in F3, ’R and R” of €2, associated with 82

° f1 1 is such that, if f; o had been 1, which corresponds to €92 = 0, then the
coefficient of €2 in F3 would be zero.

e fi2issuch that, if €gz > 0, then the coefficient of €o2 e? in F3 is nonnegative
and equal to the coefficient of Q.
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o fa 7 is such that, if fi 2 and f22 had been 1, then the coefficient of ef, in

R” would vanish.  _

e foo is such that (i) R” is positive everywhere and (ii) Ea (Y] < Er [Y].
Once the form Cr~! was chosen, the factor of C' = 1/2 was chosen so that
the coefficient in A, defined below, is 1.

The factors fi,1, fi,2, f2,1, and F3 are uniquely defined by the above properties. In
contrast, the factor fs 2 is both over determined, since we have chosen it to satisfy
two conditions that are not a priori obviously compatible, and under determined,
since it so happens that there are many functions that allow these two conditions
to be satisfied.

For the refined estimate, we take f; as above so that R is unchanged. This has
a unique root, which we denote o0t We take fo = 1, since we did not find a more
useful choice. We take

(18) Fy = M? arctan(|k|¥t22M_1(r — Troot) ) X|r—3M|<2r 5

so that it vanishes linearly at the root of R’ and each successive derivative introduces
an increasing power of |kl ,. The factor x|, _suj<2r, is chosen to be smooth,
t

identically one for M ~1(r — ryo01) < 271, zero for M~ (r — 7r001) > 371, monotone
on the intervals between, and satisfying for all £ € N 3fX\r_3M|<3r1 S Tfk; it
localises to the region near ryot, where we wish to prove the refined Morawetz
estimate.

6.2. The Fourier-spectral transform. In this subsection, we introduce a spec-
tral transform of Y, derive energy-generation formulae for it, and prove a lower
bound for the spectral parameters for charge-free solutions.

The spectral transform will define a function T in terms of the spectral parame-
ters e, ¢, () corresponding to the operators i0;, i0s, Q. Without a bounded energy
estimate, it is not obvious that Y is even a tempered distribution on M. Thus, we
introduce a cut-off in time, to obtain a function that is in L?(dt). Let T > 0. This
will be the time at which we want to estimate the energy and the upper end point
of the interval on which we wish to prove the Morawetz estimate. Let xjo,7) be a
smooth cut-off function that is identically 1 on [0, 7], identically 0 for ¢t < —M and
for t > T+ M, monotone on the intervals in between, and such that for each k € N,
there is a bound on the kth derivative by |8} X0, 7| < M "

We let

Ty =TX [0,17-
Since T is regular and X[o,7) is smooth as a function of ¢, and since 0,7} is com-
pactly supported in ¢, it follows that T is L? in t. Hence it has a Fourier transform

in t. Let e by the Fourier variable conjugate to ¢ and T be the Fourier transform
of T in the ¢ variable alone, i.e.

T(e,r,9,¢) z/T(t,r,H,qS)e*ietdt.
R

Since 40y is self-adjoint, we can perform a standard Fourier transform in ¢. We
use ¢, to denote the harmonic parameter associated with Jg. Finally, we note
that for fixed e and /., the operator Q = sin™ ' 9y sin§9y — cot? 6£2 — a? sin” He>
is symmetric and a bounded perturbation (as an operator on L?) of the standard
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spherical Laplacian, which is self-adjoint. Since bounded perturbations of self-
adjoint operators are themselves self-adjoint [23], the operator Q is self-adjoint and
admits a spectral decomposition. Since for fixed e and £, , the operator Q is strictly
negative, the spectral decomposition is supported on the nonpositive real line. For
convenience, we use ( to denote the spectral parameter associated with —Q, so
that @ is always nonnegative. We use

Y(r e l.,Q)
to denote the spectral transform in id;, i0y, and —Q. Let k = (e, £,, Q), dk denote
the spectral measure, and KC denote the support of the spectral measure. Note that
because i0y4 has discrete spectrum, dk is a discrete measure with respect to £,. The
same occurs for ). The spectral theorem states that the spectral transform is an
isomorphism with respect to L2 norms. Thus, with djip; = dkdr,

/ 1T [Pd* porr = / Y% dipr.
M (r4,00) XK

The transform satisfies

1 - - -
(19) (6TA6T — K'R,(T‘; M, a; e,fz, Q) — VF1)0> T = JX + JIm,
where Vpro = —2M/r is an approximation of ¥Vpy at a = 0, jx is the transform
of B(Y(V*VaX,1) + 2(VaT)(V¥X(0,77)) and Juy is the transform of (Vi —
YVrr)YTy. The sign in front of R is opposite that appearing in the Fackerell-Ipser
equation, since e, £, and @) correspond to i0;, 10y, and —Q, instead of 9;, 04, and

Q.

Theorem 6.1 (Energy generation for the spectral transform). Let M > 0, a €
(=M, M). Let (F,q) be a pair of of smooth, real-valued functions on (ry,00) x K
such that they and all their partial derivatives have bounded limits on {ri} x K and
{0} x K.

If Y is a solution of the Fackerell-Ipser equation ([[2) with spectral transform T,
then

E(r.q) = Bulkunain + Bulky,

where
E(r.q = Re / Re((F(0,T) + q1).J,)djig1,
(r4,00) XK
Bulkpain = / (A|a,ﬁf|2 +TUT + V|Y|2) dfigr,
(r4,00) XK
Bulky, = — / Re(F(0,T)Jim)djir1,
(r4,00) XK
and
1 1
(20) A= (~30.87 + 380.7) +4a)
1 1
(20b) U= (—5(8T(A1R))]-' - 5&%(&}) + A1Rq>
1 1
(20c) V= <—§(3rVF1,0)]: - §VF170(67"7:) + qVFI,O)
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Proof. For a given T, let
T, = 50.)(0.T) - FTAZRY - SAWerol TP,
Py = Ty F -+ qRe(Y0, 1) = 5(0,0)| TP

By direct computation

8, (AT,.) = Re((8,T)(8,A8,T) — %(@A)wﬁm
+ Re(— (0, T)AT'RY — %i(ar(A—ln)?)

- _ 1 3
+ Re(—(@TT)VFLOT — —(8TVF]10)|T|2)

[\)

= Re((8, ) (Jy + Jim))

1 - - -
+ 5Re (—(8TA)|8TT|2 “T(B.(AR)T — (8TVF170)|T|2) .
Thus,

0,(AP,) = (0, (AT,))F + AT, (8,F)
+ A0, T + qRe(1(9,40,T))

1 .
- 5(8rAarq)|T|2
By substituting for T,.., 9,.(AT,.,), and 9,Ad, Y, one finds
1 1 -
0r(AP,) = <—§(8TA)]C+ §A(8Tf) + qA) |0, |2
+T (-
" (—
1
2
R

(O-(ATIR))F — %A*R(arf) + A1Rq> T

N =

1 ~
(0r-VEr,0)F — EVFI,O(ar]:) + qVFI,O) T2

N | =

— (0, A0,q)|T|?
+Re ((fa,ﬁr +qD)(Jy + jlm)) .
From the definition of ¢, A, U, V, one finds
0.(AP,) = A|0, T|> + TUT + V|T|?
+Re ((FO,T +qT)(Jy + Jim))

Integrating this over (r, 00) X K, one obtains the desired result, since AP, — 0 as
r— ry and r — 0. O

Lemma 6.2 (Simplified energy generation coefficients for factored F and q). If

F = f1faF3, q= %flar(f2]:3)7
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then the quantities A, U, and V from the previous theorem reduce to

1/2
A= S8, ( f2f3>

Al/2

U= ) <3 flR) faFs,

—(0r f1VF1,0) f2F3 — 5(3TA3TQ)-

Proof. Direct computation. O

The lower bound by the angular derivatives for charge-free solutions, lemma B.a
will be applied in lemma to the spectral transform T, instead of the original
solution T. The following lemma provides the spectral version of this lower bound.

Lemma 6.3 (Spectral lower bound for Q). For |a|/M sufficiently small as in

definition[2, T > 0, if F is a solution of the Mazwell equation @), Y = T[F], and
T is the T-spectral transform of Y, then for all r € (r4,00)

(2—0@)/ |T|2dk§/(Q+€§)|T|2dk
M K
v 2
+Ca* // T2+a2X 77l¢+1|" sin fdOdedt

Proof. To begin, multiply the result of lemma [B.6 by (r)Z[O)T])2, observe that this
factor commutes with angular derivatives, observe that the difference between
J |(r —iacos@)py|? sinfdod¢ and [ |r¢o|?sinfdfd¢ is bounded by |a|M ~! times
either of these, and that the difference between [ | ¥ ((r — ia cos8)p)|? sin 0d6de
and [ |r Weo|? sin #dfd¢ is bounded by |a|M ! [(|r¢o|*+|r ¥ ¢o|) sin0dfd¢. From
these observations, one concludes

( |a|)/|T |2sm9d9d¢</| YT, |? sin 0d6d¢

A v .
+O@2m><f@,¢p] / |¢1|? sin 6dOd .

The inequality remains valid if, to the right hand side, one adds the positive term
[ a®sin® 0]0; Yy |? sin 0dfde. Since Y, is compactly supported in the time and an-
gular variables, one can integrate in ¢ and then apply integration by parts in the
time and angular variables to obtain

( |a|>/|’f |2s1n9d9d¢dt</T -0 - 6¢)T sin #dfdedt

+ Oaz2m / |¢):|:1 |2>2[20,T] Sin 9d9d¢dt

Applying the spectral transform to the term on the left and the first term on the
right gives the desired result. (|

6.3. The basic Morawetz estimate for the Fackerel-Ipser equation. In this

section, take A, F, fi, f1 1 f1,2, fi2, fou fo, f2,2, F3, Xmids J1, f3,2, and g as
defined in subsection Gl For €52 > 0, we define

|k|€2 —ea 02+ 02+ Q.
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Lemma 6.4 (Properties of R’ and R”). For max(|al/epz, €92 /M) sufficiently small
as in definition [23, for each set of the spectral parameters k = (e,{.,Q), the
function R’ has a unique 100t, Troot, in the exterior, and

€592
[7root — 3M| < max <M, i) M,
68? M

|CL| €2 |T_Troot
>2(1-C 191700 ) ) L Treot]
2 < maX(é@fv M 4 )
S0 |a| 68? M 2
—R 2 <1—OH13X <%,—r>>r_2|k|eat2

Proof. Recall R' = 0,(fiA~'R) from subsection The coefficient of e? in
AATIRis -1+ 622 VL. Because the derivative of a constant vanishes,

=

R = (0:Vi)(egae® + £2+ Q)
daMr a?
+ 0 (_ (r2 + a2)2 el: — (r2 + a2)2(

1= V)R + SV + @) .

It is convenient to rewrite this as a quadratic expression in eyze, £, and Q2
namely

R = (@ Vi)lkE2,

a Mr a? 2 2 2 Y2002
+ (—%m(eatﬂf)ﬂz - m(l — VL) +epVE(E+Q) )

At a =0, one has 8,V;, = —2r=%(r — 3M). Since V, is of maximal degree and not
of order 0, the derivative is of maximal degree. Hence

—2(r —3M) la| €92\ M,
74 §max <%7ﬁ /r_4|k|56t2

(21) ‘7@’ - .

2
|k|€6t2

Now consider

. 1/2
oI 1 D/
)
At a = 0, the term to compare this with is

(3o 20)-

Here one is differentiating a homogeneous rational function of maximal degree, but
of degree 0, so that the resulting function is no longer of maximal. Nonetheless,
one can still estimate the difference between the true value and the approximation,

by
=z M la| €52\ M
" 2 t 2
‘R - <_r_2) [kle,s | S max <682’ M) 7z Kl
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lal €z
R" > — (1—0111&)( (%7ﬁ>> T‘2| |652

Since R’ at a = 0 is —2r—4(r — 3M)(€2 626 + (1 = 2€92VL)(£2 + Q)) has a simple

root at » = 3M, by continuity, the function R’ continues to have a root near

Thus,

7 =3M when a and €y are small. For sufficiently small a and €52, because R is

strictly positive, the root of R’ remains simple and unique. Let 7,404 denote this
root. From estimate (2II), one finds

|rmot—3M|<max<| al M)M

Since R’ vanishes at r = Troot, 1tS derivative there is only a small deviation from
the value at a = 0, and from estimate (21I), one finds

|a| €2 |T - rroot'
>2(1-C _
( max (fa,? M 4

Lemma 6.5 (Bound for the main bulk term in the basic Morawetz estimate). Let
F and q be defined as in equations ([16])-({I1).

For max(|al/epz, €92 /M) sufficiently small as in definition 22, if F is a regular,
charge-free solution of the Mazwell equation &), Y = Y[F|, T > 0, and T is the
T-spectral transform of Y, then

%

O

MA? - roo - M -
Bulkinain zcl/ 0, T + uuﬂl TP + 51T dji
(ro,00)xk T (T +a ) 7 r
MA
2 2.2 4
—Cza /M (2 +a2)2r2|¢i1| Xjo.md" perr-

Proof. At first, arbitrary, small values of r; will be permitted. For each such 7y,
there will be €, and €2 for which estimates will hold uniformly in a and €g:.
Towards the end of the proof, a particular value of r; will be chosen. Since the
estimates prior to that point in the proof will have been proven uniformly in a and
€92, the values of €, and €p2 can be shrunk further, if necessary.
Step 1: The A, U, and V terms: First, observe that for a = 0 = €2,

!

F31

1= ——m— =0,V = f32=F3,
ZEm

and that, uniformly in a/eatz and €2 /M, in the support of 9, Xmid,

la| €a2 | 1
Fa1— fzol S —.
| 3,1 f32| max (6837 ARE

Thus, F3 satisfies an estimate like R/, namely,

|CL| |T_Troot
F3l>(2-Cm i) ) Lreotl
|3|—< Ca(eazM 4
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Similarly, the dominant parts of 713”|/€|€_622 and 0, (fll/zA—l/Qfgf;;) coincide, so

1/2 |a| 682 M
8 <A1/2f2]:3> = <1—Cmax <632 M T_2
From the formula for A4 in lemma [6.2] one finds

A3/2 1/2 f11/2
A= f1 Al/zfzfs

1 A2 M la|
>-_— (i ).
(22) — 272 42 92 (1 ¢ max (662’ M

Similarly,
1~
U= —57%’ foFs

|a| 68? 1 ( Troot)
> <1_CmaX <%7ﬁ g | |€82

A lower bound for the expectation value of this can be obtained by using the fact
that 2M/r is bounded above by 1-minus a small constant and using lemma

The estimate is

/ YUY djipy
(r4,00) XK

2 (r = root)? -
> (1—Cmax (l“' 62>>M —wlkﬁa?mzdﬁm

07 M (r4,00) XK 3 r

|a| j?; / ( TOOt)2 A2 g~
>11-C -t —~ " IT]*d
( max (6 t27 (4 s00) XK 1 | | HUF1

MA
2 2:2 0 g4
—Ca /M mkf’iﬂ Xjo,r1d" pFr-

Since |rroot — 3M| < max ( ‘az‘ Efj) M, it follows that (1 — 7re0t)? > (1 —3M)? —
6t

2
62
C max < lal | o ) M?,. Hence,
o}

la| €2 / 4 (r — Troot)? g 4~
23 1-C —, =L M ——|T]“d
(23) < s <€83 "M (r4,00)xK 3 r T dier

€ Mr? — 48M?r + T2M3 -
> (1= Cmax (19 2 / SMr~ — 48 4T+7 T 2djipr
€z M (r4,00)xK 6r

2
al €92
— C'max u,ﬁ / 2|T| dpgr.
€92 (ry,o0)xic T

From the formula for V in lemma [6.2] one finds

V= —(0rf1Vr1,0)faFs — %(87‘A6r(flar(f2]:3)))-
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Each of these two terms can be approximated by its value at a = 0. First, the
—1(0-A8,q) term was already computed in [2] when a =0 = €92, SO we know

al €2\ M
< max u, - | =
68? M T

Note that there are no spectral parameters on the right, since g is, when viewed as
a function of the spectral parameters, a ratio with a quadratic function of eyze, £z,

9Mr? — 46 M?r + 54 M3

(87“ Aar Q) - 67‘4

1
2

and Q'/? in the numerator and |k[? , in the denominator. Thus, in terms of the

t
spectral parameters, there is a uniform bound by a constant depending on r, M,
€gz, and a.
The treatment of (0r f1Vrr,0) f2Fs3 is similar. When a = 0, one finds this expres-
sion is

<—a 1 (1 - y) y) 8 (=2)(r —3M) _ 2M(3—8Mr—)(1 - 3Mr~")
"2 r r 6 ré 672
6Mr2 — 34M>r 4 48M3
- 674 ’

Thus, combining these estimates, one finds

3Mr? —12M3?r + 6 M3
674

(24) ‘V -

al €2\ M
< max u, - | =
66? M T

Step 2: Review of Hardy estimate and ODE techniques: In [2], we extended
the method from [6] to prove nonnegativity of expressions of the form

(25) / Al0. T + Vigaray | T dz
0

by relating this to the existence of positive solutions of an associated ODE. We refer
to nonnegativity of the integral [25)) as a Hardy estimate, since we allow Viardy to
be negative in some regions. This is related to the problems in this paper and [2]
by taking
T=r—"T4, d=2vVM?2—a?,
A2
- (r2 +a?)r?’
and Vhardy is r~* times a quadratic expression in r, M, and a with coefficients

specified below. }
The substitution ¢ = A'/2T transforms the integral 28] to

/ 0,0 + Wo2de
0

where W and the coefficients X, Y, and Z are defined by
X2+ Yo+ Z ~ Vharay l@gA 1 (0,A)?
622(x +d)2 A 2 A 4 A2

To prove that the integral [ |0,1|*+ W |¢|?dx is nonnegative, it is sufficient to show
that the following ODE has a nonnegative solution

0=—0%v+ W,

W =
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As explained in [2], a solution of this equation is given by
v=2x%=z+d)’F(a,b,c;—(r —d)/r),

where F' = 5F; is the Gauss hypergeometric function, and «, 3, a, b, and c are
parametersﬁ satisfying

(26a) ala—1)d* - Z/6 = 0,

(26b)  d((X/6) — afa — 1) — (8 — 1)) = —2da(a — 1) — Y/6,

(26¢) c = 2a,

(26d) —a—b—1=-2(a+p),

(26¢) —ab=—ala—1)—2a8 - (5 —1) + X/6.

To show that v is nonnegative, it is sufficient to choose the parameters so that « is
non-integer and

(27) a<0<b<ec.

Step 3: Apply Hardy estimate to the main bulk term using the spectral
lower bound on charge-free solutions: In the analysis of the wave equation
in [2], we were able to show there are A, U, V terms, corresponding to coefficients
of (9,1)2, of |8, Y|? + | XY[?, and of |Y|2. For both the wave equation and the
Fackerell-Ipser equation, there are regions where the potential V is negative. For the
wave equation, we showed that [ A]0,T|>+ V|Y|?dr > 0 using the Hardy estimate
reviewed in the previous step.

Unfortunately, for the Fackerel-Ipser equation, V is so negative that the integral
(25) can fail to be positive with A = M~1A and VHardy = M~1V. This can be
seen by substituting the transform of the charged solution for Y. In this step, we
achieve positivity by taking advantage of the U term and the spectral lower bound
on |I€|?82 for charge-free solutions.

t

By summing the contributions from A, U, and V in equations ([22)), ([23), and
©4)), one finds

/ A0, T2 + TUT + V|T2djier
(r4,00) XK

A* sz 1r? —60Mr + 78M? o
>M — 10,7 2 T12di
- (r4,00) XK (r2 + a2)r2| "+ 61 | |"djirr
€ 1 ~
~ CMmax (M’%> / — [T dfier
o7 (ry,00)xkc T
MA _
o OCL2 /M m|¢il|2x[20,T]d4ﬂFI-
Taking
A= AQ(TQ + aﬁ)—lr—?7 Vitardy = (117,2 — 60M7 + 78M2)/(6T4)7

21t is unfortunate that a is is almost universally used to denote both the first parameter of the
hypergeometric and the rotation parameter for a Kerr black hole. We have attempted to reduce
the confusion by using different fonts. It should be clear from context, which is which.
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one can apply the analysis from the previous step. For a = 0, one finds the following
values for the coefficients in the transformed potential W,

X =11, Y =—-60M +2Xry =—16M, Z=78M*+Y(ry)+ Xri =2M>

Taking convenient choices of roots in the equation « and 3, one finds the hyperge-
ometric parameters

11
— 21 2V3

@ 2+3\/—’
11

— . _ V2

B 5 3 ,

1 11

e V24— — =B~ 27

a=—gveity 2\/— ’
1

1 7
b=—-v22+ =+ -V3~.1
5 +2+6\/§ 8,

2
c:1+§\/§:2.2.

These satisfy conditions (27)). The conditions ([27]) are open conditions, and the
parameters «, (3, a, b, ¢ depend continuously on the rotation parameter a and
the coefficients X, Y, Z, which depend continuously on the original coefficients in
VHardy. From this freedom to slightly adjust the coefficient, one can obtain strict
positivity instead of mere nonnegativity. Similarly, one can perturb to absorb the

contributions involving max %, e 6%?, %7 |- Thus, there is are constants such
that
/ A0 T + YUY + V|T|*djirr
(r4,00) XK
MA?
ZCl/ 2(,2 2
(ry,00)xkc T (’f‘ +a )

MA -
— Caa® /M m@tﬂ%ﬁ)ﬂd‘lum-

¥ (T_'rroot)2 ¥ M " ~
10,7 + TW@@? 1%+ 5 TP djim

O

Lemma 6.6 (Bound on the contribution from the remainder of the Fackerell-Ipser
potential in the basic Morawetz estimate). For max(|a|/eaz,€g2/M) sufficiently
small as in definition 23, if F is a reqular, charge-free solution of the Mazwell
equation @), T = Y[F], T >0, and T is the T-spectral transform of Y,

2

(e ampal0 TP + 51T die.
(r4,00) XK (T +a )T r
Proof. The functions Vpr and Vrr ¢ can be viewed as homogeneous polynomials in
r, M, a, acosf. Because of the inclusion of a cosf terms, the previous analysis of
rational functions is not entirely valid, although the same ideas apply. Since Vg
and Vo are rational functions of maximal degree in r, coincide when a = 0, and
have order r—1, it follows that

|Bulkyy,| < M
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Thus, by inverting the spectral transform,
/ | Jim |2 dfier < / \Ver — Verol?| Ty ?d purr
(r4,00) XK M

a? M?
N / — 1T Pd*
M T

a? M? .
< — —|T?dipr.
NV /(WOO)X/C [T d e

From the asymptotics of f1, f2, and F3, one finds

|F| S [frallfzllf21ll f2.2l| Fsl

A 11
< - 6yZ
~ (T2 ¥ CL2)2 (1)(7‘ )’I” 73
A
~ p2 + a2 '
Similarly
1
lal < -
r
Thus,

Bulkyy, = / (F(8,7) + qT) Jimdjirr
(r4,00) XK

lal

. . M -
Bulki| < (B17PI0.TP + MYPITE + 55 i) i

|a| MA2 2 M ]\43 A2 ~
S 7 S m@fﬂ tlzto7 IT|" ) dfipr.
4,00

Since M <7 and r? ~ 72 + a2, the result follows. O

(r4,00) XK

Lemma 6.7 (Energy bound for the basic spectral estimate). For max(|a|/eaz, €2 /M)
sufficiently small as in definition [2.2, if F is a regular, charge-free solution of the
Mazwell equation @), T = Y[F], T > 0, and Y is the T-spectral transform of Y,
then

IEr.ql S ErfYI(T) + Er[Y](0)

lal <oz / MA* co M <o\ .
197 _MAT % Moo\ g
+ max <683= M (rs100) XK (r2 + a2)r2| |“ + 2 |T] AP

Proof. Because .J, is supported in ¢ € [—M, 0] U [T, T 4+ M], one might expect that
Eral S Xie-moumrrian Eri[Y](t). However, because A depends on k, one
cannot localise in ¢. For this reason, we approximate A by a k-independent vector
field. This allows us to localise one part in ¢ and to gain a factor of |a|/M in the
remainder.
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Later in this argument, it will be useful to have the estimate

M3 OOA N L,
/( yx (7“2+a2> g
T4,00

:/M a? (i)2|2(8tT)(3t>2[0T)—i—T(atX[o )I? (%)2014#171

T4 T2 + CL2
s (10002 + ZITP ) e
M supp9:X[o, 1] r
,S sup EFI[T] (t)

te[—M,0)U[T, T+ M)]
S Em[Y|(T) + Err[Y](0).

The last estimate follows from the trivial energy estimate corollary
Let

A r°
(0,

F. approx —

LA s (e
GQapprox — 2 (7‘2 +a2)2 T 6 r VL .

Outside the support of Xmid, the approximators (Fapprox, dapprox) are exactly equal
to (F,q). Inside the support of xmid, the differences between the coefficients of

B¢ Ikl elalkl2, C21KI2 , and QIKCY all have a coefficient of max ( ':l, Jf;)
Thus,

2 ar2
la] €52 A M
|7 — Fapprox| S max (%7ﬁ r2ya2) 27

2
|q — Gapprox| S max M,Eif A %
PPIOXE ~ €2 M | r*+a® 13

627 62’ 62

From this, one can estimate the error from using (Fapprox, Gapprox) t0 approximate
(F,q) in Jy. The estimate is

E(]:,q) - /( )X/C(]:oxppmx(a T) + deproxT)deﬂFI
T4+,00

lal oz MAZ2 2 Mg M3|.J |2 A N\
< 2. T djigr.
max <€32 ) T+) T2 ¥ CL2 | | 2 | | + T4 T2 + a2 HMFI1

The term involving |Jx|2 is bounded by Ew[Y](T) + Er1[Y](0).
One can estimate the integral of the approximation by inverting the spectral
transform

/( | ’C(‘Fapprox(ari‘) + Qapproxf)jxdﬂFI
T4,00)X

_ _ I . . II _
N /M (fapprOX(aTTX) + Qapproxrx) (2(TLT)Z(81€X[O,T]) + TK@?X[O,T])) d4MFI .

All of these have a factor where at least one derivative is applied to X0 7], so that
they are supported near t = 0 and ¢ = T. The integrand is the product of two
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factors, each of which is the sum of two terms. The terms arising from the first
term in the second factor are

II
\f@mm«ar><TLr><axmﬂ><w81ﬂTLT|2 (O%om)

A

rZ 4+ g2 A R
( LT+ |axw)r%axmﬂx

- 11
‘Japprox(Txﬂ(TLT)Z(atX[o )| S

QTLTF grﬁ)r%@xmﬂ»

Thus,
= = 11 ~ 4
(‘Fapproxar’r + QapproxT)2((TLT)Z(8tX[O,T]) d HFI
M
FEpr|[T](t
<2M sup 7“[ It
te[—M,0|U[T, T+ M) M

S Em[YI(T) + Err[T](0).

The remaining two terms must be treated together

_ _ II B
Re ((-Fapprox(arrx) + Qapproxrx)zr(a152X[0,T])>

o = r’
= R (5 @@ + 30, (500 ) TP @)

o (Zevr) o

- (r2 + a2)2 T (E( V)| Y| ) ( tX[O,T])-

Since I1(r2 4+ a?) 2 is a homogeneous rational function of order 0 in r, its derivative
is a homogeneous rational function of order at most —1, which decays at worst like
Mr—2. We now integrate this, in a purely coordinate based formalism, over the
region (t,7,0,¢) € R x (ry,00) x S? and apply integration by parts in 7 to find

_ _ II B
/MRe ((‘Fapprox(ar’rx) + qapproXTX)ZT((??X[O,T])) d4/LFI

II r? .
= /M 9 (m) (T(arVL)ITIZ) (07 Xjo,r)d" prrr

v Q?igﬁp)( 5 OVITI ) (00,

T4

The first of these integrals is bounded in absolute value by Epi[Y|(T) + Ept[Y](0)
because 97 X[ [o,7] is supported in [-M,0]U [T, T 4+ M]. One should expect that the
integral over 3, . is identically zero, since, in the closure of the Kerr spacetime, E

is a 2-surface, not a 3- hypersurface However, the function x[o 7] does not extend
even continuously to the closure of the Kerr space-time. In particular, it has no
limit on 32, - Thus, some care must be taken in evaluating this integral. Since T is,
by assumption, continuous on the closure of the exterior of the Kerr space-time, it
follows that lim, ., Y(t,r,60,$) is independent of ¢. Thus, the only ¢ dependence
in the integral of f]” is through the function 83)2[0;”. Since fR 83)2[07T}dt =0,
it follows that the integral over 3, , is indeed zero as the naive intuition would
suggest. This completes the lemma. (Il
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Lemma 6.8 (Basic spectral Morawetz estimate). For max(|a|/esz,€p2/M) suf-
ficiently small as in definition [22 if F is a regular, charge-free solution of the
Mazwell equation @), T = Y[F], T > 0, and T is the T-spectral transform of T,
then

MA? . (1 — Troot)? - M - .
[ (G s C=me e 112« S0 ai
T4,00) X t

MA
2 22 4
S Eril(Y)(T) + EpY](0) + Ca /M mw’iﬂ Xjo, 714" prr.
Proof. This follows from combining the estimates in this subsection with the energy

€
lal i?) sufficiently

generation formula for the spectral transform and taking max (:, I
at

small.

Proposition 6.9 (Basic Morawetz estimate, core estimate (IV])). There is a pro-
jection away from the orbiting null geodesic such that for max(|a|/eyz, €52 /M) suf-
ficiently small as in definition if F is a regular, charge-free solution of the
Mazwell equation @), Y = Y[F|, T >0, and Y is the T-spectral transform of Y,
then

la|

By + B210 5 EF][T] (T) + EF][T](O) + CMBi

Proof. The essential strategy is to invert the spectral transform in the previous

€,2
lemma. To start, observe that since |ryoot — 3M| < max (%, %) M, for any
t

€
choice of 71, there is a constant C' such that for sufficiently small max <£, %ﬁz) ,
at

T — Troot

> CXjr—3M|>r, -

From the previous lemma and the lower bound involving X|._3as|>r,, one has
MA? s 1 . M 5
[ (o TP + S b, (TP + (TP i
(r4,00) XK ( r t T

r2 +a?)
< Ept[Y)(T) + Eri[Y](0) + Ca® / =

22 4
™ mkﬁtﬂ Xjo,md" KFr1-

Inverting the spectral transform, one finds
MA? . ) o
/M ((72““"'2 + ?Xl’“*BM\zﬁTx(—%z@f - 05— QY + T—2|T|2> djirr

r2 + a?)
< Em[Y)(T) + Epi[Y](0) + Ca® / =

2.2 4
" (2 +a2)r2|¢il| Xjomd” perr-

Applying integration by parts in the time and angular variables and using the
compact support of T, in these variables, one finds

MA2 1 TR a
/M <(72|3ffx|2 n ;X|r73M\ZT1(€%§|atTX| + | XY ) + ﬁmz) dprr

,r.2 —|—£L2)
< Epp[Y(T) + Epr[Y](0) + Caz/ M7A|¢il|25<2 A .
N ™ (r2 + a2)2r2 [0,7]
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Since the integrand on the left is nonnegative, it is only reduced by restricting
to the interval [0,T]. The values of egz M~ and 1 M~" can now be treated as
fixed constants. With these fixed, |a|65t21 can be given an upper bound in terms of
la|M~1.

Finally, the integral involving |¢+1]? can be estimated by |a|M !By for t €
[0,7], and by |a|M ~E[F](0) and |a|M ~*E[F|(T) for t € [-M,0] and [T, T + M]
respectively. ([l

6.4. The refined Morawetz estimate for the Fackerell-Ipser equation. The
purpose of this subsection is to prove core estimate (V) following the ideas in [7, [3].
Refined Morawetz estimates also appear in [26]. In this section, it is convenient to
imagine €2 /M is as in proposition [6.9] but €o2 /M can be chosen independently.
Furthermore, we take f1 = V(1 — fggVL) as in the previous subsection, fo = 1,
and

F3 = M2|k|i£§ arctan(|k|¥22M71(T — Troot) ) X|r—3M|<2r;
t t

X|r—3M|<2r, i a smooth function with support in [r — 3M| < 3r;, identically
one in |r — 3M| < 27y, monotone in the intervals between, and for all k € N :
8§X‘T_3 Ml<2r ST k¥ The estimates in this subsection are proved independently
of those in the previous subsection.

Lemma 6.10 (Bound the main bulk term for the refined Morawetz estimate).
For any projection away from the orbiting null geodesics and max(|al/eaz2, g2 /M)
sufficiently small as in definition [2.8, if F is a reqular, charge-free solution of the
Mazwell equation @), Y = Y[F], T >0, and Y is the T-spectral transform of Y,
then

Bulkyain > / M7HE2T 2 dfiey
(r4,00) XK %
— C(ErY)(T) 4+ Er[Y](0) + By + Bay) .

Proof. The integral in Bulkyy i, consists of three terms, involving A, U, and V. The
U term is dominant for |I€|¥22M’1|7° — Troot| > 1, and the V term is dominant for
t

|k|i£22 M7Yr —r00t| < 1. The exponent 1/2 is chosen as in [7]. Although it will not

be useful in this paper, further refinements can estimate [ M~ [k[Z €|T|2d,up1 for

any € > 0 by using a technical argument that also uses a Fourier transform in the
r variable [7].

Because of the localising factor x|,_3as|<2,, it is not necessary to track asymp-
totic behaviour near r = r or r = oo. Similarly, since all the factors are bounded,

/2, r

and all the factors except arctan(|kle,, M~ (r — rroor)) have bounded derivatives,

the only terms that might fail to be bounded by |T|? or X|r—3M|>rs |k|f62 |T|? arise
t

in A when the arctangent is differentiated, in U, and in V when ¢ is differentiated
twice. By inverting the spectral transform, the integral of X\r73M|<3r1M_1|T|2
can be decomposed into the intervals [—M,0], [0,7T], and [T, T + M|, where it
is bounded by Eri[Y](0), By, and Epi[Y](T) respectively. Similarly, the inte-
gral of XIr—3M\2r1X\r—3M|<3r1|k|§53|T|2 can be bounded by Eri[Y](0), Ba2g, and

Ept[Y](T).
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The relevant term from A is
1 B i
§M2Af1x|r,3M‘<2h (O arctan(|k|¥t22M 1(r — rmot)))|6TT|2.

This is nonnegative, since the arctangent function is increasing and all the other
functions are nonnegative.
The U term is

1

UT)? = _§X‘T‘73M|<2T17§’I arctan(|k|¥t22M_l(r — Troot))| T2

Both —R’ and arctan(|k|1/2

from negative to positive. Thus7 from the approximation of R’ in lemma [6.4] one
finds

L(r — rr00t)) have a unique root at 7 = 740t and go

- 1
U|T|2 = §M2X\r—3M|<2r1

2 M st <o B2 BLEEM T (r = ruoon) arctan (k|22 M (= Troot)):

7%" arctan(|k|¥22M71(T — Troot))|| T2

Since z arctanx > 1, for |z| > 1, this estimate is quite strong in that it dominates
2-1/2 ¢ /2, ,—

k12! for [K[e)3 M r = rroot] = 1.

Because q 1nvolves the derivative of F3, and the V term involves two derivatives

1/2

of ¢, there are up to three derivatives of arctan(|k[c’; M =1 (r — rroot)). (Regardless

of whether the derivative is applied to arctan(|l<:|56t2 “L(r — ryoot)) or some other
term, all the terms in V have a factor of M~1.) The kth derivative is of the
form M~ 1|1<;|’“/2(1 + (|1<;|1/2 L(r = 7r00t))2)~*+D/2 In the remainder of this
paragraph, we use A dominates B to mean that for any constant C; there is a Co
such that |A| < Cy + B/C;. Using this terminology, for |k|¥t22M_l|r — Troot] < 1,
the third derivative dominates the zeroth, first, and second derivatives, and for
|l<:|1/2 “Lr — reeot| > 1, all the terms are dominated by |I€|3/2 |I€|2 /2 which is

the factor arising in . Thus, for 1(7‘ — Troot) small; the thlrd derivative

term dominates, and for |k|1/ 2 (r - rmot) large, all terms are dominated by the
t
term arising from Y. Thus,

X|r—3m|<2r U +V +CM™ HIT)? 2 X|r— 3M|<2r1|k|3/2|T|2M_

The CM =YX, 30| <2, | T|? term can be estimated by Epi[Y](0) + Epi[Y](T) + Bo,
as explained earlier in this proof.
Combining these, one obtains the desired result. O

Lemma 6.11 (Bound on the Bulky, and E(F,q) terms for the refined Morawetz esti-
mate). For any projection away from the orbiting null geodesics and max(|a|/eyz, €52 /M)
sufficiently small as in definition [2.8], if F is a reqular, charge-free solution of the
Mazwell equation @), Y = Y[F], T >0, and Y is the T-spectral transform of Y,
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then

|Bulkim| + [E(F )l
S Erf[YI(T) + Er[Y](0) + Bo + B2,

s [ suan M, g TP
(r4,00) XK t

Proof. Since F and g are both supported on |r — 700t < 371, we can introduce an
additional cut-off x|, _sns|<3r, that is identically one for |r—ro0t| < 371, identically
0 for |r—rpoot| > 471, monotone in between, and having for k € N : 85X|r—3M\<3r1 <
ri . Thus,

|Bulky, | = / (F(0,Y) + qT)X|r—3M\<3r1 Jimd it
(r4,00) XK

N / M7YF20, Y2 + M| T + MX|r—3m|<3r | Jim | dfipr.
(r4,00) XK
Similarly,

|E(.7".,q)| = / (-F((?TT) + qT)X\r73M|<3rljxdﬂFI
(r4,00) XK
S MTUFRIOAE MR 4 Mg o Ve
T4,00)X

The terms involving | F|?[0,T|?, |Jim|?, and |J|? can be estimated using the com-
pact support of x|,_3ar|<3r, and the boundedness of F:

/ MIFP10, T Pdier < Bt Y)(T) + Ext[Y](0) + Ba,
(r4,00) XK
| Jim |?djipr < [ M7! 1T, |?d*
X|r—3M|<3ry [JIm| AUFT S X|r—3M|<3r |1 x HFT
(r4,00) XK M

5/ MﬁlX\r—3M|<3r1|T|2d/~LFI
(r4,00)xK
S En[Y)(T) + Er[Y](0) + Bo,
/ MﬁlX\r73M|<3r1|jx|2d/jFI < / M3Xr—anr)<3m (106X (0,1 P T LY P
(r4,00) XK M

+ / M8 R0 11 PR d
S Ept[Y)(T) + Ert[Y](0).
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The term involving |¢|?|T|? can be estimated using the bound |g| < M~ |k|:.£22X\r—3M|<3r1
t
and

[ P
(r4,00)xK

S / M_l|k|662X|r—3M\<3r1|Y|2dﬂFI
(r4,00) XK t

S / M71|k|652 X|r—3M|<2m X|r—3M| <3 | T dfipr
(r4,00) XK t

+ / M*1|k|562 (1- X\r—3M|<2n)X|r—3M\<3r1 |T|2dﬂFI
(r4,00) XK t

Because (1 — X|r—3n|<2r ) X|r—3M|<3r 77 S (T — Troot)?, from the Cauchy-Schwarz
inequality, one finds

/M71(1 — X|r—3M|<2r1 ) X|r—3M|<3r, |/€|eat2 |T|2dfirr

< /Mfl(l = X|r—3M|<2r1 )X|r—3M|<3r, (|T|2 + |k|g@? |T|2) dfirr
S EFI[T](T) + Epr [T](O) + By + Bay.
O

Lemma 6.12 (Refined spectral Morawetz estimate). For any projection away from
the orbiting null geodesics and |a|/M sufficiently small as in definition [2.3, if F is
a reqular, charge-free solution of the Maxwell equation @), Y = Y[F], T > 0, and
Y is the T-spectral transform of Y, then

/( : X|r—3M|<2r |kl Y12 djirt S Epi[Y)(T) + EpfX](0) + Bo + Bayo.
r1,00)xK t

Proof. From the previous lemmas and the energy generation formula for the spectral
transform, one finds

/ Mﬁlx\r—3M|<2n|k|§£§|T|2dﬂF1
(r4,00) XK i
S Eri[Y(T) + Er1[Y](0) + Bo + B2,

+/ MﬁlX\T73M|<2r1|k|eag|T|2d/~LFI.
(r4,00)x € t

~

Since there is a Cp such that [k, < C2 + |k|§a/§/(20), where C' is the implicit
constant in the previous equation, one finds
/ M_1X|r—3M\<2r1|k|zéf|’f|2dﬂFI
(r4,00) XK t
< C(Em[Y|(T) + Er1[Y](0) + By + Ba,o)

+ 20 / M~ X -3 <2r | TP dfipr
(r4,00) XK

1

by [ M KT,
(r4,00) XK t

from which the desired estimate follows. O
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Proposition 6.13 (Refined Morawetz estimate, core estimate [V]). For any pro-
jection away from the orbiting null geodesics and |a|/M sufficiently small as in
definition 223, if F is a regular, charge-free solution of the Mazwell equation (2),
Y =Y[F, T >0, and Y is the T-spectral transform of Y, then

B, S Epf[Y|(T) + Erf[Y](0) + By + Ba,o.
Proof. Recall

o0
By =/ X|r—3M|>r

T+

T
/ / Im (Y9, Y) sin §dOd¢dt | dr.
0o Js2

In the time interval [0, 7], the function T can be replaced by T,. The integrals
of this integrand over the time intervals [—-M,0] and [T, T + M| are bounded by
Er1[Y](0) and Ewr[Y](0) respectively, so that

o0
B, 5/ X|r—3M|>r

T+

/ / Im(T,0;T, ) sin 9d9d¢dt’ dr + Epi[Y](T) + Eri[Y](0).
R JS2

Applying the spectral transform and observing that |klc,, <1+ |k|3/ 2, one finds

~ €52
%%

B, < / T saton, dr + Ext[X)(T) + Ert[T)(0)

T+

o0
S / X|r—3M|>r1
T+

+ Epp [T](T) + Fpr [T](O)
S FErr [T] (T) + EFI[T](O) + By + 3270.

/ Mk, |Y|*dk
’C t

/M—1(1+ |k|§£§)|f|2dk‘dr
’C t

O

Now that core estimates ([)-(V]) have been proved, this completes the proof of
theorems [[.T] and
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