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Abstract

We develop a superfield approach to compute chiral anomalies in general N = (1, 0)
supersymmetric gauge theories in six dimensions. Within the harmonic-superspace
formulation for these gauge theories, the anomalous contributions to the effective action
only come from matter and ghost hypermultiplets. By studying the short-distance
behaviour of the propagator for the hypermultiplet coupled to a background vector
multiplet, we compute the covariant and consistent chiral anomalies. We also provide
a superform formulation for the non-abelian anomalous current multiplet in general
N = (1,0) supersymmetric gauge theories.
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1 Introduction

The general structure of chiral and gravitational anomalies in gauge theories in diverse
dimensions was fully understood as long ago as the mid-1980s [1 2] [3 4. 5] [6] [7, 8] (more

complete lists of references can be found, e.g., in [9, [10]). In supersymmetric gauge theories,
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both chiral and gravitational anomalies (if present) should be embedded into supermultiplets.
It is somewhat surprising that not much explicit information is available about the anomal

supermultiplets in six and higher spacetime dimensions, in contrast to four dimensions (4D)E,
As is well known, the latter case is characterised by the absence of gravitational anomalies,
while chiral gauge anomalies cannot occur in extended supersymmetry (N > 1). We recall
that the fermions in general 4D N = 2 supersymmetric gauge theories transform in non-chiral

representations of the gauge group.

The chiral anomalies in 4D N = 1 supersymmetric gauge theories have been thoroughly
studied in numerous works, see [15] [16} (17, 18] 19 20, 21} 22} 23| 24], 25], 26] and references
therein. These studies include both the formal aspects of supersymmetric gauge anomalies
as well as the powerful superfield techniques to compute such anomalies. In particular, it was
realised that the (abelian) chiral anomaly can be viewed as a consistent deformation of the
N =1 linear multiplet L = L. In the anomaly-free case, L obeys the constraint D?L = 0,
which implies that the component field [D,, D4]L|g—o is a conserved current [27]. If a chiral

anomaly is present, the conservation equation is deformed to take the form
DsD*L x WoW,, , (1.1)

where W, is the chiral gauge-invariant field strength of a vector multiplet.

In the case of 6D N = (1,0) supersymmetry, a conserved current belongs to the linear
multiplet L7 which is a real SU(2) iso-triplet constrained by DL = 0 [28]. In the presence
of a chiral anomaly, this conservation equation turns into a deformed one. It was shown in
our recent paper [29] (see also [30]) that the abelian chiral anomaly amounts to the following

deformation
Aidk = DELID o e s WOWITIWHR (1.2)

where W is the gauge-invariant field strength of a vector multipletB In [29] we also provided
a nonlocal effective action which generates the anomaly ([2]). So far, however, even the
abelian chiral anomaly (L2) has never been computed directly in superspace in spite of the
recent progress in applying the background covariant supergraphs to compute low-energy
effective actions for 6D N = (1,0) supersymmetric gauge theories [35] 136, 37, 138, 39, 40].
The present paper aims to fill this gap by providing an explicit supergraph derivation of the
non-abelian chiral anomaly using the 6D A" = (1, 0) harmonic-superspace setting [41] [42] [43].

LChiral anomalies for general supersymmetric gauge theories in dimensions D = 6,8 and 10 were com-
puted in [I1], and can be read off from the results in [B] [6, 12| 13} 14], however no discussion of anomaly

supermultiplets was given in these publications.
2The modern superfield formulation for 6D A = (1,0) supersymmetric Yang-Mills theory was developed

in [3T), B2] as a reformulation of the earlier SU(2) non-covariant approach [33], 34].



In 6D N = (1,0) harmonic superspace, the non-abelian vector multiplet can be described
either in terms of the analytic prepotential V** [41] 42] [43] (which is introduced in complete
analogy with the 4D N = 2 case [44]) or by means of an unconstrained harmonic super-
field M~ defined by VT = (DT)*M~~ [45]. We will refer to M~ as the “generalised
Mezincescu prepotential” due to the fact that M~~ contains the 6D analogue [31], 32] of
Mezincescu’s prepotential MY [46]@ In order to compute the chiral anomalies using su-
pergraphs, one may analyse the effective action I' = T'[M~"] in a general 6D N = (1,0)
supersymmetric gauge theory. Such a theory describes the pure supersymmetric Yang-Mills
(SYM) theory coupled to a hypermultiplet transforming in some representation of the gauge
group. In this paper we argue that the non-abelian extension of (L2) naturally originates
as a covariant chiral anomaly. We also generalise Leutwyler’s ideas [§] to the 6D A = (1,0)
harmonic-superspace setting in order to construct a consistent chiral anomaly from the co-

variant one.

This paper is organised as follows. We first present a superform formulation of the
non-abelian anomalous current multiplet in general 6D AN = (1,0) supersymmetric gauge
theories in section 2l This construction allows for two possible forms of the non-abelian chiral
anomaly, which reduce to the same expression in the abelian case. Explicit supergraph
computation presented in subsequent sections shows that only one of these structures is

realised as a part of effective action in (1,0) gauge theories.

To compute chiral anomalies in general 6D N = (1,0) supersymmetric gauge theories,
it suffices to consider the hypermultiplet model in the presence of a background vector
multiplet. Indeed, in pure SYM theory the anomalous contributions can come only from
ghost superfields which are described by hypermultiplets according to [47, 48] [49]. Therefore,
following the discussion of general aspects of covariant and consistent anomalies in superspace
given in section 3], in section dl we examine the short-distance behaviour of the hypermultiplet
propagator in the presence of a background vector multiplet and argue that the non-abelian
extension of ([.2)) naturally arises from those terms in the propagator which involve harmonic
singularities. In the 4D N = 2 and 5D N = 1 cases, similar terms in the hypermultiplet
propagator give no contributions to the effective action [50} 51], in agreement with the fact
that all 4D N = 2 supersymmetric gauge theories have no chiral anomaly (which is also
obviously true for the 5D A/ = 1 theories). This uncovers the role of harmonic singularities

in the context of chiral anomalies.

In the main body of the paper, we mostly study the form of the chiral anomaly in the

formulation of the (1,0) gauge theory based on the generalised Mezincescu prepotential M~ .

3The prepotential M ~~ contains the conventional Mezincescu prepotential M as a leading Fourier
coefficient in its harmonic expansion, M~ (z,u) = M% (2)u; uj +... As explained in [45], a gauge condition

may be chosen in which M~ (z,u) = Mij(z)u;u;.



However, the concluding section Bl discusses the issues of describing the chiral anomaly in the
formulation of gauge theory with the analytic prepotential V**. In particular, we propose

a consistent expression for this anomaly in the abelian case.

In this paper, we follow the 6D superspace notation and conventions given in [52] and
employed in our recent paper [29]. In Appendix A we review the basic aspects of the 6D

supersymmetric gauge theories in A/ = (1,0) harmonic superspace.

2 Superform formulation of the covariant chiral anomaly

In our recent paper [29], we presented a superform formulation of the anomalous current
multiplet for the abelian chiral anomaly. In this section, we generalise those results to
the case of the non-abelian chiral anomaly. In particular, a superform formulation of the
covariant anomalous current multiplet will be developed. For the reader’s convenience, we
start this section with a short review of the superform descriptions of the 6D Yang-Mills and

linear multiplets.

2.1 The Yang-Mills multiplet

In this subsection we review the superspace formulation for the 6D N = (1,0) Yang-
Mills supermultiplet. To describe a non-abelian vector multiplet, the covariant derivative of

Minkowski superspace D4 = (9,, D’,) has to be replaced with a gauge-covariant one,
Dy:=Dy+1iVy . (21)

Here the gauge connection one-form V = dz4V, takes its values in the Lie algebra of the

Yang-Mills gauge group. The covariant derivative algebra is
[Da, Dp} = Tap“De +iFap (2.2)
where the only non-vanishing torsion is
T = =217 (1)ap (23)

and Fap are the components of the gauge covariant field strength two-form F = dz® A
dz4F45. The covariant derivatives and field strength may be written in a coordinate-free

way as follows
D=d+iV, F=dV —-iV AV, (2.4)



where we have introduced D := dz*Dy4. The field strength F satisfies the Bianchi identity
DF =dF +iVAF—iFAV =0 <= DuFpcy — Tlag” Fpjcy =0 . (2.5)
The Yang-Mills gauge transformation acts on the gauge covariant derivatives D4 and a
matter superfield U (transforming in some representation of the gauge group) as
Dy — ™ Dye ", U — U =¢e"U, =7, (2.6)

where the Hermitian gauge parameter 7(z) takes its values in the Lie algebra of the gauge

group. This implies that the gauge connection and field strength transform as follows

Ve Ve ™ —iede™, F—eTFe . (2.7)

Some components of the field strength two-form have to be constrained in order to de-
scribe an irreducible multiplet. Upon constraining the lowest mass dimension component of
the field strength two-form as

Fii=0, FJ= )W, (2.8)
the remaining component is determined from the Bianchi identity (2.5]) to be

1
Fop = —g(%b)ﬁaDQWf , (2.9)

and the superfield W is required to obey the differential constraints

o 1 . .
DEW) =0, DW= —sEDiWw (2.10)

o _4a'y

2.2 The superform formulation for the linear multiplet

It is instructive to first describe the conserved current multiplet in the abelian case which
invariably is described by a linear multiplet (or O(2) multiplet). The linear multiplet can be
described using a four-form gauge potential B = %dzD AdzC AdzP A dzABapep possessing

the gauge transformation
§B=dp, (2.11)

where the gauge parameter p is an arbitrary three-form. The corresponding field strength is
1
H=dB = gdzE AdzP AdzC Ad2P Az Hapepr | (2.12)

where
Hagepr = 5DaBpepry — 10T145" Biricpry - (2.13)
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The field strength must satisfy the Bianchi identity
D
dH =0 <«— D[AHBCDE'F} — §T[ABGH‘G|CDEF} =0. (214)

In order to describe the linear multiplet we need to impose some covariant constraints
on the field strength H. We choose the constraint

Habcfxé = _2i(7abc)a6Lij ; Lij = Lji ) (215)

and require all lower dimension components to vanish. We can now solve for the remaining

components of H in terms of LY. The solution is

) 1 -
Habcdla = _ggabcdef(’yef>aﬁDﬁjLU ) (216)
1 ~ f\a
Habcde - _ﬂgabcdef(’yf) BD(];DlBLkl 5 (217)

where LY is required to satisfy the constraint for the linear multiplet

DULI® =0 . (2.18)

2.3 The superform formulation for the non-abelian current mul-

tiplet

A non-abelian current multiplet described by a superfield L¥ = L(9) must take values in

the Lie algebra of the gauge group and satisfy the constraint
DU =0 . (2.19)

To find a superform formulation we need to introduce a five-form #H built out of LY such
that its superform equation is satisfied as a result of the conservation equation above. To

do this we write down the superform equation
DH-YX=0, (2.20)

where Y is some covariant six-form taking values in the Lie algebra of the gauge group.

Consistency of the above equation requires
D> — [F, H] =0 = D[A12A2~~A7} — 3T[A1AQBZ|B|A3...A7} = 3[F[A1A2>HA3~~A7}] . (2.21)

The equation (Z2]]) does not have a bosonic analogue since a seven-form in six dimensions

vanishes, but it becomes an important requirement in the supersymmetric case where it
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demands that there exists a covariant solution to equation (I?ZIDH One can check that there

exists a covariant solution to (Z21]) and its non-vanishing components are:

Zabcdefx = _5abcdef(7f)aﬁ[WjB, LZ]] s (222&)

1 ) . 8 .
Z:abcdef = 1_65abcdef<[,DéWJaa LZ]] - g{WiavpajLU}) . (222b)

The superform H possesses the following non-vanishing components:

Habcfxé = _Qi(fYabc)aﬁLij 3 (223&)
) 1 »
Habcd; = _agabcdef(vef)aﬁpﬁj[/] 5 (223b)
i ~ f\a
Habcde = _ﬂgabcdef(fyf) BDI;DIQLM . (223C)

The superform equations (2.20) and (2.21]) are satisfied as a consequence of the constraint

2.19).

2.4 The superform formulation for the anomalous non-abelian

current multiplet

To describe the covariant anomaly one only needs to modify the superform equation

(2:20) as follows
DH — Y = kstr(TAFANFANF)Ty =k dPPEANFs A FeTp (2.24)

where x is some constant and ‘str’ is the symmetrised trace. The two-form field strength F

takes its values in the Lie algebra of the gauge group with generators 74
F=F,T". (2.25)
and d“5CP is the gauge-invariant tensor
dABCP — tr(TATBTCTP)) | (2.26)
The solution to the superform equation (2.24)) is just a deformation of the solution in the
previous subsection. It turns out that only two components of H must be modified and they

are given by
1

Habcdi[ = _ggabcdef(76f>aBDBjLij
i Eapees (1) (1 g st (TAWS WO T (2.27a)
Habcde = 8(11)cclef7:zf ) (227b)

4This requirement is known in the literature as Weil triviality [53].
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where

7a 1 a\o a
o= —(5 )BDkDﬁLkngstr( A(D W) (Whey W))
3
+%str<TAFbc(Wk7“bCWk)>TA . (2.28)

The superform equation (2:24) requires that L satisfy the differential equation
DEL = iz str(WEOWITWTA) T,
— Kicagys ' EPWIEWIWE T (2.29)

The value of the constant x will be fixed by the explicit calculation in the next section.

In particular, for the model of a hypermultiplet interacting with a background Yang-Mills

1

multiplet this constant is kK = —g5—.

The highest dimension component of (2.24]) implies the following

D, Hfl _ 1_6 ([DZ Wja ] {Wa ang}> 8 adeefStr(TAFachdFef)T (2‘30)

Thus the component projection of H® should be understood as the current whose conserva-

tion condition is now deformed.

2.5 Another deformation of the non-abelian current multiplet

It is worth mentioning that besides the deformation just considered, there exists another

deformation of the current multiplet. To describe it, one modifies the superform equation

([2:20) as follows
DH—-YX=ptr(FAF)NF (2.31)

where p is some constant. The superform equation (2.37]) is solved by

%abcgé - _2i(7abc)aBLij P (232&)
R oD L7 + i Vs (Y )ystr(WOWIOYWE - (2.32b
abede g Cavedes (V7)o" Do LY + pi €avedes (1 )ap (77 )st1( Wi, (2.32Db)
Habcde = 8abcclef;,:[f > (2320)
where
~ 1 3
H = 214( WS DEDL L, + gtr(Wk VWHD W) + %t (Why Ty, B, (2.33)

and all lower dimension components of H vanish. The superfield L¥ is now required to

satisfy the differential equation
DU = i qpystr(WEWI)WEI (2.34)
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The highest dimension component of eq. (231]) implies

i

D,H* —
H 16

o ] ~
([DQWJ“, Lij] - g{Wf,DajL”}> - ggabcdeftrwabnd)p’ef . (2.35)

The component projection of H corresponds to the current with a deformed conservation

equation as described above.

3 Chiral anomaly in N = (1,0) harmonic superspace

In this section we discuss the general aspects of covariant and consistent anomalies in 6D

N = (1,0) supersymmetric gauge theories.

3.1 Effective action in non-anomalous gauge theories

Let us consider an anomaly-free gauge theory in N' = (1,0) harmonic superspace. The
effective action I' of such a theory may always be chosen to be a gauge-invariant functional,
I = I'[V**], of the analytic gauge prepotential V*++ = VT taking its values in the Lie
algebra of the gauge group. The generators of the gauge group, 7%, will be normalised so
that treg) (TATP) = 5§45 in the fundamental representation. If the prepotential is perturbed,

VTt — VT 4+ §V*+, the variation of the effective action can be represented in the form

_ (—4) sy ++7++A _ (—4) sy/++ 7+
- - F ) :
or /dC OV, L tr )/dg oVTTL (3.1a)
DIL'H_ =0, (3.1b)

for some effective current Lt+ = LITTA = LT+ (V++). The effective action is invariant

under infinitesimal gauge transformations
HVTT =D\, (3.2)

where the gauge parameter A\ = A\ 4T is analytic, D\ = 0.

The invariance condition d,I" = 0 implies that the effective current obeys the harmonic

shortness constraint
DL T =0. (3.3)

The general solution to this constraint reads

LTt =e®LiTe™ LIt (z,u) = LY (z)uful (3.4)



where L¥(z) obeys, as a consequence of (3.1D)), the conservation equation
DULM =0 . (3.5)
Here b = b(z, u) is the bridge superfield, see Appendix A for the technical details.
The analyticity constraint DIV +*T = 0 can always be solved as
Vit =(DY)'M (3.6)

where M~ is an unconstrained superfield (subject to a certain reality condition) on the full

harmonic superspace. It is defined modulo gauge transformations
b M = D (3.7)

which do not change V*+ for any unconstrained gauge parameter £(-3%. We emphasise that
B2) and [B.1) are two different gauge symmetries. The gauge transformation ([B.7) is absent
when one works solely with V7.

The vector multiplet can be described either in terms of V™' or in terms of M~~. We
will refer to these descriptions as V-formulation and M-formulation, respectively. The gauge
freedom in the V-formulation is given by (B.2)). Let us now discuss, in some more detail, the

gauge freedom in the M-formulation.

When dealing with M ~~ it is natural to express the analytic gauge parameter A in (3.2))
via an unconstrained one to be denoted p(=%,

A= (D), (3.8)
Then the A-transformation (B3.2)) results in the following variation of M~—
HM™—~ = Dt p=Y | (3.9)
modulo a &-transformation (3.7). The complete gauge freedom in the M-formulation is

SM~—— = =Dt p=4 1 D=3 (3.10)
The prepotential M~ has the following harmonic expansion:

M~ (z,u) = MY (2)u; u; + Z MUisdtdee2) ()t ot g, - (311)
k=1

A similar series can be introduced for the gauge parameter p(~%

i1 Vi g ka4

PV (z,u) = Zp("l"""“jl"'j’”‘l)(z)uJr R VR VN (3.12)
k=0

10



Then the transformation law (3.9) tells us that all the superfields M (1-#31-Jk+2) | > 1, in
the Fourier series (B.I1)) can be gauged away algebraically. In the resulting gauge

M~ (z,u) = MY (2)u; u; | (3.13)

the local symmetry (B.9) is completely fixed. However, we still have the freedom to perform &-
transformations (B.7) generated by a single harmonic-independent parameter £9%%(z), which
originates as €79 (z,u) = 2£9%(2)u; uj u;, . The gauge superfield M*(z) may be recognised
as Mezincescu’s prepotential [31, B2, 46]. We will refer to the unconstrained superfield

M~ (z,u) defined by (B.6]) as the generalised Mezincescu prepotential.

The above discussion shows that all the superfields M (1-#71Jk+2) | > 1, in the Fourier
series (B.I1I)) may be interpreted as compensators, for all of them can be gauged away al-
gebraically by applying local transformations (3.9) Thus in the M-formulation, the local
&-invariance ([B37) plays the role of genuine gauge transformations while the p-gauge freedom
(39) becomes purely compensating. The significance of this observation is that, in general,
the compensating gauge symmetries are known to be non-anomalous [54]. This means that
in the M-formulation the presence of chiral anomalies is equivalent to the fact that the local

¢-invariance (B.7) becomes anomalous.

For our subsequent discussion, it is instructive to look at the gauge transformations of
M~ in the 7-frame. By construction, the relation (3.0) is defined in the A-frame, where
the gauge-covariant spinor derivative D} has no gauge connection, D} = DZ. If the ana-
lytic prepotential is subject to a perturbation, V*+ — V*+ 4 §V/ T+ then the generalised
Mezincescu prepotential also changes, M=~ — M~~~ + M~ such that

SVt = (DY)'sM . (3.14)
This relation in the 7-frame becomes
SVt = (DY M -, (3.15)

where
SVIT = e b5V TTel | SM;7~ =e oM e . (3.16)
For 0 M~ the gauge transformations (3.7) and (3.9) read, respectively,

0¢M;~ = Drel ™, (3.17a)
M-~ = —DF Y (3.17b)

T

50ne of the most familiar examples of compensators is the scalar field of the Stueckelberg formulation,

which is used to introduce a local gauge invariance in the theory with a massive vector field.

11



where

£ _ gibe(-Hagh P = 71Dt (3.18)

Unlike the original gauge transformations (3.7) and (3.9) in the A-frame, the spinor deriva-
tive in ([B.I7a)) is gauge covariant, while the harmonic derivative in ([3.I70) has no gauge
connection.

In the 7-frame, the superfields d M~ ~, 5&‘3)" and p§_4) have the following harmonic ex-

pansions:
OM;(z,u) = SMY (2)uyug + Y SMU-mr-9k2) 2yl b o owg, o, (3.19)
k=1
4 ..
§59(2yu) = & T 4 (3.20)
Zp et (ud ot U (3.21)

It is clear that the gauge freedom (3.I7Dh) may be used to impose a gauge condition

IM-"(z,u) = 5Mij(z)ui_u; : (3.22)
The residual gauge transformations, which preserve the gauge, are generated by
—3)x 4i'a — == — 1i'a————
§50(z,u) = gf R (2)u; Uj Uy s P (z,u) = gDafjkl Uy Wy Up Uy (3.23)

In accordance with (B.I7al), the Mezincescu prepotential transforms as

6¢M;; = D¢ (3.24)

ijk -

One can use the operator (D™)* in (814 to restore the full superspace measure in (3.1a))

and to represent the variation of the effective action in two equivalent forms
O = trp) /dﬁgzdu SM™" LY = tr(p /dﬁgzdu SM-~LI*. (3.25)

where the effective current LI is given by eq. (3.4). In the 7-frame, the harmonic integral

can be easily computed to result with
1 g
0T =5 /d6|8z SMALY . (3.26)

The invariance of the effective action under the ¢-transformations (3.24)), 6" = 0, is equiv-

alent to the analyticity constraint on the effective current L%,
DU =0 . (3.27)

The A (or p) gauge freedom is completely gone once the gauge condition ([B:22]) has been
chosen.

12



3.2 Chiral anomaly and deformed conservation laws

As was pointed out in the previous subsection, in non-anomalous gauge theories the
effective current L™ obeys the constraints of Grassmann analyticity (8.1D]) and harmonic
shortness ([B.3]). Either of these constraints may, in principle, be violated in theories which
suffer from chiral anomalies depending on which of the gauge transformations, (8.2) or (B.7),
becomes broken. We recall that eq. ([B:2]) describes the gauge freedom in the V-formulation
while in the M-formulation the gauge freedom is larger and is given by (B.10). In the latter
case the p-transformation is compensating and, therefore, non-anomalous [54]. It is the

&-transformations which are anomalous in the M-formulation.

In those supersymmetric gauge theories which suffer from chiral anomalies at the quantum

level, the V-formulation and the M-formualtion become non-equivalent as they are described

by two different effective currents which we denote by LI and Ly, , respectively.

In the V-formulation, the effective current LT remains analytic while the harmonic

shortness constraint (3.3]) may be broken
DiLIt =0, DLt =AY (3.28)

In contrast, in the M-formulation the effective current L35 must obey the harmonic short-

ness condition (B3]) while the Grassmann analyticity constraint may be deformed

DL =0,  DILYEL =AY (3.29)

(07

Here AGY and AS™ are some composite operators of the vector multiplet which, in the non-

abelian case, must obey the Wess-Zumino consistency condition [I] (see the next subsection).

Let us denote the difference between L and Lj;. by L*+,
Lt =1 - L. (3.30)
By construction, this superfield obeys
DHIFE Z A DR AGY) (3.31)
Thus, given the superfield L*+, one could transfer the chiral anomaly from one formulation

to the other.

According to the results of the previous section, see eq. ([2:29]), the admissible deformation

of analyticity of the effective current reads

AL =ik eap s WHW T (3.32)

a

One of the aims of this work is to derive this expression for the chiral anomaly by analysing
the short distance behaviour of the hypermultiplet propagator. The explicit form of A%

will be be discussed in section
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3.3 Consistent chiral anomaly in harmonic superspace

In this subsection we make use of the M-formulation in which the variation of the effective
action is given by the full-superspace integral (3.23]), and the chiral anomaly appears as a
deformation of the Grassmann analyticity constraint for the effective current (3.:29). Since
the V-formulation will not be discussed in this subsection, we omit the subscript ‘Mez’

assuming that we always work with the M-formulation, Ly;5 = L.

Let us consider the variation of the effective action (B.25]), where 0M ™~ is the &-gauge

transformation (B.7)). The Wess-Zumino consistency condition [1] for this variation implies
(0¢,0¢, — 0,06, )T = Oj, eI (3.33)

where & and & are two gauge parameters taking values in the Lie algebra of the gauge
group. In the non-abelian case the Wess-Zumino consistency condition (3.33) becomes a
non-trivial constraint for the effective action which may, in principle, be solved using the
descent equation approach [6]. In this section, however, to construct the consistent chiral
anomaly we will follow the ideas of Leutwyler [§] generalised to the superfield formalism.
Note that Leutwyler’s approach has proved to be very efficient for obtaining the consistent

anomalies of 4D N = 1 supersymmetric gauge theories in superspace [23] 24].
Let T be the generators of the gauge group. The prepotential M~~~ may be written as
a linear combination of the generators,
M~ (z,u) = My~ (2,u)TH . (3.34)
Then, the variation (3.25]) can be cast in the form
STIM ] = / A zdu oM~ LTA(M) (3.35)
where
LT = oy (TALTT) (3.36)

Here the effective current L™ is treated as a function of the prepotential M~~ (possibly,
with superspace derivatives). The variation (3.30]) is integrable provided that the effective

current obeys
5L++B(Zg, Ug) 5L++A(Zl, Ul)

5M;_(Zl, ul) B 5Mg_(22, UQ)

For such an effective current the variation (3.35) may be formally integrated

=0. (3.37)

I[M~—] = / A8 zdu M~ /O 1 dy LT A(yM~7) . (3.38)
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For anomalous gauge theories, however, direct quantum computations usually result in
an effective current which fails to satisfy (8.37) in the non-abelian case. We denote such

+ = A{™ is a gauge-covariant superfield. The

cov

a current by LTt emphasising that D L

cov )

corresponding part of the variation of effective action with this current reads

cov

Ol oy [M 7] = / dBzdu oMy~ LEA M) . (3.39)

Given the effective current LIF, one can still construct a functional I'[A/~~] by the rule

cov ?
B.33),

cov

M) = / d%Bzdu M~ /0 1 dy LA (yM—) . (3.40)

The general variation of this functional differs from (3.39) by the consistency terms which
we denote here by 01 ¢ops,

ST[M ] = 6Teoy [M~"] + 0Tcons| M) | (3.41)

where

1
Ol cons[M ™| :/ dy X (y) , (3.42a)
0
X(y) = y/d6|821du1d6822du2 OM ™ (21, u1) M~ (22, uz)

O(y My~ (21, u1)) 0(yMp ™ (22, uz))
Obviously, the variation (3.41]) is integrable as it is derived from the functional ([3.40). Thus,

given an effective current LI which does not satisfy the consistency condition [B.37), it

LLHB(yM——(zQ,uz)) LG M (21, ) (3.42b)

is always possible to construct the consistency terms (8.42) such that the variation (B3.41))

becomes integrable.

The relation between the analytic and Mezincescu’s prepotentials (B.0) may be used to

prove the useful identity
5L++B(22, Ug) . 5L++B(22, Ug)

5Mj_(z1,u1) N 5VI+(21,U1) '

This identity allows us to represent the consistency terms (8.42h) in the equivalent form

(3.43)

X(y) = Z//dﬁgzlduld6|822duz OM 4~ (21, u1) M~ (22, uz)
{5L++B(yv++(22, us)) SLETA (VT (21,u1))

COoV COoV

S(yViT (21, u)) S(yVg * (22, u2))

Here we consider the effective current as a function of the analytic prepotential V' ** rather

(3.44)

than the generalised Mezincescu prepotential M~~.
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In this subsection, we have so far been considering the general variation 0M~~. The
consistent chiral anomaly appears when the ¢-gauge variation (B.7) is substituted in (34T]).
In particular, eq. (3.:39) turns into

5T o = / 4 2du £ I AGIA (3.45)

where
AT = prpt+ (3.46)

cov )

and £ = §J(4_3MTA. The consistency terms 0¢l'cons have the form (3.42a)) with

SASFIA YVt (21, uy))
5(ng+(22> u2))

The relation ([3.47) follows from (3.44]) upon substituting the {-gauge variation (3.7]), inte-
grating by parts the derivative D} and taking into account that only the last term in brackets

(3.47)

X(y) = —y/d6|821duld6822duz &(4—3)@(21’ u ) Mg~ (22, uz)

in (3.44) may contribute since the other term is analytic in (zy,u;) by construction. The

equation (346) has also been applied.

We emphasise that in this section we discussed the properties of chiral anomaly for general
N = (1,0) supersymmetric gauge theories in harmonic superspace. In the next section we
will explicitly compute the covariant anomaly A and the corresponding consistency terms

for the model of a hypermultiplet interacting with an external vector multiplet.

4 Chiral anomaly for the hypermultiplet effective ac-

tion

In this section we analyse the short-distance behaviour of the propagator for the hy-
permultiplet coupled to a background vector multiplet, and then apply the results of this
analysis to compute the covariant and consistent chiral anomalies.

4.1 Hypermultiplet effective action

In harmonic superspace, the hypermultiplet is described by an analytic superfield ¢,
Dfq™ =0, and its tilde-conjugate ¢*. The classical action of the hypermultiplet interacting
with the gauge superfield V** has the standard form [44] [41]

S=— / dcY gtpttgt . DYt =DHt iVt (4.1)

16



This action is invariant under infinitesimal gauge transformations (3.2)) with hypermultiplets

transforming as
dgt =ilg, 3Gt = —igt\, (4.2)

where A is analytic gauge parameter. The hypermultiplet is assumed to transform in some

representation of the gauge group.

The effective action in the hypermultiplet model (4.1]) is given by
F=iTrlnD* = —iTrIn G | (4.3)

where the functional trace ‘Tr’ corresponds to the space of analytic superfields of U(1) charge

+1, and GV is the hypermultiplet propagator obeying the equation
DTG (1)2) = 68V (1)2)1 (4.4)

Here 1 is the unit matrix, and 51(5”1)(1\2) is the analytic delta-function which is related to

the full superspace delta-function §°%(z; — z;) as

5/(;;,4—[1)(1‘2) — (Df-)456\8(21 _ 22)5(q—4,4—q) (uy, us) | (D) = _9_16501575D$D§D'¢D; _
(4.5)
The solution to (£4) is derived in complete analogy with the 4D N' =2 and 5D N = 1 cases
[477, 51]. The solution [35] is

ol8 21 T 22
Lppy oyt )

G(112) = ,
O (UTU;)‘%

(4.6)

where [ is the gauge covariant d’Alembertian operator which maps the space of covariantly

analytic superfields into itself,

~ 1
O= 5(D+)4D"D" : (4.7)
Acting on an analytic superfield ®5, DI ®, = 0, it can equivalently be written as [35]
~ 1 1
O ds = <D“Da — WD, 4 (D W) — Z(D;WM)D") Dy . (4.8)

It is instructive to compare this expression for the 6D N = (1,0) analytic d’Alembertian 0
with its 4D N = 2 and 5D N = 1 cousins [47, 55].

The definition of the effective action ([&3]) is purely formal, since the operator D™ maps
the space of covariantly analytic superfields of U(1) charge +1 into the space of covariantly

analytic superfields of U(1) charge +3. However, the variation of the effective action

o0 = —Tr {5V++G(1’1)} (4.9)
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makes sense. Explicitly, it can be written in the form

6T = tr(p) / d¢EVsy it (4.10a)
L= =GMD(1)2))1=s - (4.10D)

The definition ([£9) is completely analogous to those in the 4D N = 2 [50] and 5D N =1
cases [51]. The specific feature of the 6D case is that the variation (A9) is not integrable

due to chiral anomalies.

We point out that the effective current (4.10D]) is analytic owing to the analyticity of
Green’s function (4.6]) with respect to both arguments. Starting from this expression for the
propagator, it is possible to construct the effective current Ly which is not analytic but
satisfies the harmonic shortness constraint ([3.29). For this purpose we revisit the form of

the propagator in harmonic superspace developed in [50].

Recall that in the 7-frame the covariant spinor derivative D is linear in harmonic vari-

ables, DF = D! u;. For this derivative one can prove a simple identity
D3, 0% (21 = 22) = [~ (uf uf)Diy + (ug u) DI, 0% (21 — 22) - (4.11)

This identity, together with the algebra of gauge covariant derivatives ([A.3), allows one to

derive the useful property

S (2) — 2) 1 (uyug)
4 (4 _ (P4 —\4 1 U —
(Dl ) (D2 ) (ufu;)q 1= (Dl ) (uii-u;—>q_4 (Dl ) + (ui—u;-)q_g A1 (412)
=~ (uud)®  3—q (uu3)’ o
+ Oy () 1 (uzru;r)q_l(D;rv[ﬂr )88 (21 — 2)1
h

where B o - S P

AT = —1(7 )" DD, Dy — W™D, + E(DO‘W ) . (4.13)

Setting ¢ = 3 in ([AI2]), we get the following equivalent form for the hypermultiplet propa-

gator (.6
GMI(1)2) = - /Ooo d(is)(is) €™ (D} )* [@f ) (ufuz) + AT (uyug)

(2
+ %} 558 (21 — 2)1 . (4.14)
Here we have applied Schwinger’s proper-time representation for the inverse d’Alembertian
operator with € being the ultraviolet regularisation parameter which should be set to zero
at the end of computations. The expression (4.I4)) is manifestly covariantly analytic with
respect to the first argument but the analyticity with respect to the other argument is
implicit. It is an instructive exercise to check that (ZI4) obeys Dy, G1V(1]2) = 0.
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It is natural to represent (4.I4)) as a sum of two terms

G (1)2) = GE(112) + Gl (1]2) (4.15a)
Gl (1)2) = —/0 d(iS)(iS)Eeisml(Df)4[(D ) (ufuz) + A7 (up i) |69 (21 — 2)1 ,(4.15b)

(1,1) _ > 1) (is)ee* 01 (PH)E O (uyug)? 618, _ c
GL(112) = = [ alis)s)re S (D) Oy LN — )1 (4150

The idea of this splitting is that, at coincident superspace points, G g ) can have UV quantum
divergences, but has no singularity in the harmonic distribution. In contrast, Gsmg contains
a harmonic singularity at coincident superspace points which is potentially dangerous, since
there is no unambiguous procedure for regularising such divergencies. For the 4D A/ = 2 and
5D N = 1 hypermultiplet models, it was shown in [50, [5I] that these harmonic singularities
are not dangerous because all contributions to the effective action from the term like (Z.I5d)
are vanishing owing to properties of the analytic delta-function at coincident superspace
points. However, we will show below that the 6D distribution (A.I5d) does give non-vanishing
contributions to the effective action which are non-analytic and which correspond to the

chiral anomaly.

The two parts of the hypermultiplet propagator (AI5D) and (£I5d) obey the following
differential equations for e =0

DIt GED(112) = —2(urud ) (D) 0% (21 — 2) | (4.16a)
Dy GV (1]2) = (4.16b)
DGl (12) = 5@1 (1]2) + 2(uyud ) (D} )16% (21 — z2) | (4.16¢)
DitGL (112) = =00 P (1]2) . (4.16d)

The expression in the right-hand side of (£.I6al) contains no harmonic singularity and, thus,
(4164l vanishes at coincident superspace points because of insufficient number of Grassmann
derivatives acting on the superspace delta-function. The expressions ([LI6d) and (416d), in
contrast, contain harmonic singularities due to the harmonic delta-functions, see (4.5]). These
harmonic singularities require a regularisation which may make the expressions (4.16d) and
(4.16d) non-trivial at coincident points. Such singular terms should be removed from the
propagator in order to properly define the effective current L;;" which has to obey the
harmonic shortness constraint ([3:29). Therefore, comparing (#I6) with (328)) and (329,
we conclude that at coincident superspace points Gmg is responsible for the effective current

++
LMez’

Li\i_/I—gz = reg (1|2)|1 2 (417&)
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while Ggmg generates L1+,

Lt =G0V )2)],, . (4.17b)

sing
While (d.I7a) can be seen to contain no harmonic singularities, a harmonic regularisation is
still required to give meaning to (LI7h)).

According to eqs. (328) and (329), the anomalies A4 and AL corresponding to the

V- and M-formulations of the theory are defined by the following formal expressions

AD = D [E AR = D (G 1] (4.183)
ALY = ~DF[GED(112))1-s] = [Gsn; (112)]1=2] (4.18b)

Below, we compute the chiral anomaly ALY by analysing the short distance behaviour of
the hypermultiplet propagator. The structure of A% in the abelian case will be discussed

in section

4.2 Covariant chiral anomaly

According to (4I8D), the chiral anomaly in Mezincescu’s formulation of the gauge the-
ory is defined by the part of the hypermultiplet propagator (£I5d). Using the identity
(D) O=0 (D")* the latter may be represented in the equivalent form

—

Smg V(12) = /0 h ol(is)(is)é—leisﬂl%(Df)‘laﬁif‘(z1 — )1 . (4.19)

Note that this expression is analytic only in the first argument. Hence, eq. (£.I8D]) implies

AL = Df Gl (12)1

sing

= —¢ /000 d(is)(is)ﬁ_leisml(u1 ud) (D) D1, 0% (2 — )11 (4.20)

where we applied the identity (ZI1]) to achieve the last line.

In (4.20)), one has to expand the exponent of the operator (4.8)) in a series and accumulate

eight Grassmann derivatives to apply the identity
(D+)4(D_)4(58(¢91 - 92)‘1:2 == 1 . (421)
It is sufficient to consider a covariantly constant on-shell vector multiplet

DV =0, DIWT =D Wt =0. (4.22)
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For such a background, the form of the operator (@8] simplifies:

O= DD, — WD} . (4.23)

Taking this into account, from (£.20) we find

2 [~ ispe
A((I—I—ZS) _ _ge/ d(is)(is)e+2€a575w+5w+7w+5618D Da56(x1 - 1’2)]].|1:2
0

_ _ﬁgaﬁ’ﬁw—ww—ww—we/o d(is)(is)' . (4.24)

Here, in the last line, we applied the identity
T L C TR b | / ﬁeis(puika)(?}ﬁika)l = __ L +O0(e7?) (4.25)

where the terms O(e~2) are irrelevant for small e.

The integration over the proper time always assumes the exponent e=**, a > 0, in the

integrand which makes the integral convergent. In the limit of small €, the identity

lim e / d(is)(is) e ™ =1 (4.26)
e—0 0
yields .
ALY = — 6;3aaﬁﬁ,5w+ﬁw+’yw+5 . (4.27)

The Lie-algebra valued field strength W** and gauge parameter ¢(=* may be written

as linear combinations of the generators 7% of the gauge group,

wre = wierA | e = grPapd (4.28)
In terms of the superfields W3, the anomaly (£.27) reads
AGIA = str(TAALY) = — g a5 P W W W' (4.29)

where d*5CP is the gauge-invariant tensor (2.26). Comparing ([#.29) with (Z.29) we find the
value of the coefficient x for the model of hypermultiplet in external gauge superfield
1

The covariant chiral anomaly manifests itself as a deformation of the analyticity of the
effective current (3.29]) which is expressed through the part of the hypermultiplet propagator
(4.16d) with harmonic singularities at coincident points. In the four-dimensional case, it was
proved in [50] that all contributions to the hypermultiplet effective action from such a term
are vanishing, and the analyticity of the effective current is preserved. In this paper, we
demonstrate that in the six-dimensional case this term in the hypermultiplet propagator
plays an important role since it generates the anomalous part of the hypermultiplet effective

action.
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4.3 Consistency terms

The procedure for constructing the consistent chiral anomaly in harmonic superspace is
described in sect. B3l The consistency terms are given by the non-local functional (B.47).
Substituting the covariant chiral anomaly in the form (£29]) into this functional we get

i

X(y) = —dABCDy/d6l821duld6|822duz 5}4_3)06(21,Ul)%ﬁwsMg_—(Zz,Uz)

3273
5W+6(Zl Ul)
X WA (2, u)) W (21, uy) —2 217 ) 4.31
(eRCROL R ERAREEE — (431)
Note that the harmonic zero-curvature equation (A12]) implies the relation
5V__(Zl Ul) ib(z1,u1) s 56|8(Zl — 2’2)
) — obGLu) (pF 4 ib(z2,u2) 4.32
5V++(ZQ, u2) € ( 2 ) € (uf-u;-)z ) ( )

where b(z,u) = b (z,u)T# is the Lie-algebra-valued bridge superfield (see eq. (A.7)). Taking
advantage of (£.32)) and ([A.13]), the variational derivative of the superfield strength W% may
be brought to the form

W5 (21, u1) _ aﬁw5D+ Df, D}, (D) {1 Zl’“”e‘ib('z?’“”w] : (4.33)
DE

OV (22, u9) 24 (uf ud)?

Substituting this variation into (4.31]) and integrating over z, we get the final expression for

the consistency terms
dABCD 5 V++(Z u/)
= 8 1 \= 7))
X(y) = 1287r3y/d zdudu (a2

A prpr eIyt (ib(z,u) —ib(z,u’)> }
{ a g ’y[g.A B C ] € € DE

(4.34)

VA gVt

At the end of this section we give the resulting expression for the consistent chiral anomaly

in the A/ = (1, 0) superspace, which is a sum of the covariant anomaly (345) with AS™ as

in (4.29), and the consistency term (3.42al) with X (y) given by (£.34])

0l = — 3dABCD / Ao zdu Y 5a575W36WJ”W+5
e

dABCD 63 ( )
128 3/ dyy/d zdudu u*u*’)

X {D;FDED;FK W W ( Peen lb(zvul))pg}

(4.35)

VAt osyVHt

An interesting feature of this expression is that it is local in the superspace coordinates
24 = (2,0%), but is non-local in the harmonics u. This resembles the SYM classical action

in the harmonic superspace which is also non-local in the harmonic variables [42].
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4.4 Abelian limit

The field strength W depends linearly on the harmonic connection V=~ in accordance
with ([A.I5), while V=~ is a non-linear function of the analytic prepotential V** in the non-
abelian case. The explicit expression for V=~ in terms of V" was given in [43]. Modulo
a T-gauge transformation, the bridge superfield b(z,u) is also a non-linear function of V*++
which was presented in [56]. The formula (434]) suggests that in all these non-linear functions
the analytic prepotential V** should be replaced with yV ", making X (y) a highly non-
trivial function of y. However, in the abelian case this dependence on y simplifies such
that the integration over y may be easily done in (3.42al). Indeed, in the abelian case the
variational derivative (£33]) reduces to

oWt (z1,uq) i

— 51" DL, DE DD’

56‘8(2’1 — 2’2)
5V++(ZQ, Ug) 24

(ufuz)?

(4.36)

so that the consistency term (3T reads

1
12873

X(y) = y?’/dﬁgzlduld6lszzdu2 D (2w )W (20, u )W (21, us)

456|8(Z1 - 22)

(i uz)?

xM™~ (ZQ, u2)DiﬁDf:yDB(D;)

— ﬁgﬁ / A8 2du €% g s W AW YV (4.37)

After integrating (4.37)) over dy and adding the abelian version of ([4.29), we get

i

38473

50 = / d%B2du €% g s W HPW TV HO (4.38)
It shows that the consistent anomaly differs from the covariant anomaly (.27 in the abelian
limit by the factor i. This interplay between the coefficients in the covariant and consis-
tent anomalies is the same as in the non-supersymmetric case [0, [7]. This is a non-trivial
check that the result (4.33]) is the correct expression for consistent chiral anomaly in (1,0)

superspace.

5 Concluding comments

In this paper, the chiral anomalies in general 6D A = (1,0) supersymmetric gauge the-
ories realised in harmonic superspace have been computed. We started by recalling that
there exist two different (but related) approaches to formulate such gauge theories which are

based on the use of either the analytic gauge connection V** or the generalised Mezincescu
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prepotential M~ ~. Since the gauge prepotentials V1 and M~ are different off-shell super-
multiplets, the gauge transformations in the V- and M-formulations are also different. They
are described by eqs. (3.2) and (3.10), respectively. This difference implies that the chiral
anomaly manifests itself quite differently in the two formulations: either as a deformation
of the harmonic shortness constraint of the effective current (3.28)) in the V-formulation or
as a deformation of the Grassmann analyticity of the effective current, eq. (B29), in the
M-formulation. In the M-formulation, the covariant anomaly is given by eq. (£27). We
constructed consistency terms such that the full chiral anomaly obeys the Wess-Zumino con-
sistency condition. The procedure of constructing these consistency terms is a generalisation

of Leutwyler’s ideas [§] to gauge theories in 6D A = (1,0) harmonic superspace.

Our results remain valid for the higher-derivative N' = (1,0) supersymmetric gauge
theory constructed in [57]. At the component level, the chiral anomalies in this theory were
discussed in [5§].

In this section, we will discus in some detail the issue of constructing the chiral anomaly
in the V-formulation of gauge theory. In particular, we deduce an expression for the chiral
anomaly A% in the abelian case. To construct this anomaly, we will follow the procedure
proposed in our recent work [29] which allows one to restore A% when the expression for

A,(;r?’) is known.

In the M-formulation, the gauge theory is described by the effective current L{;F (2,u) =
ufulf LY, () obeying
DLy =ikeapsWHPWHWH (5.1)

where k is given by (4.30)) for the model of hypermultiplet interacting with background vector

multiplet. Let us introduce a superfield F™1(z,u) as a solution of the equation
DIFT =ikeap,sWHPWHWT (5.2)
and defined modulo arbitrary shift of the form
F™ 5 Pt 4+ HY DIH™ =0. (5.3)

A particular solution of (5.2)) is

i

F++ —
2

K VoW HeW+8 — 61—4 K £POV Vs DY (5.4)

where V5 is the connection defined in (A.14D). This solution has the following important
property ‘
D — —%KG++°‘58(15V++ ’ (5.5)
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where

1
G_H.aﬁ _ W+aw+ﬁ + Egaﬁ’wvﬁ{éD—kw—F ’ Dj{-G—H-aﬁ =0. (56)

The property (5.5) shows that DT F* is analytic and, thus, may appear as a part of the
anomaly superfield A% in the V-formulation of the gauge theory.

Let us now introduce the following superfield
Lt = L+ — F+ (5.7)
which is analytic due to the properties (5.1]) and (5.2)),
DIL* =0. (5.8)
However, unlike Ly} | this superfield is no longer holomorphic on CP!,
DHLT = AHY - DIAGY =0 (5.9)

Thus, the chiral anomaly is completely encoded in the analytic superfield A% which is
defined modulo shifts
A 5 AGY _ pH gt (5.10)

which follow from the freedom in the definition of F**  see (B.3)).

For the choice of F*7 as in eq. (5.4)), the superfield A% reads
AGD — %HGJFMB&IBVJ”F ' (5.11)

However, this superfield is not yet the anomaly A% which corresponds to the V-formulation
of the gauge theory with effective current L} obeying ([3.28). The problem is that (51T
does not satisfy the Wess-Zumino consistency condition. Indeed, it varies under the gauge

transofrmation (3.2]) as .
S AT — —%n DY (GH89,5)) (5.12)

This implies that A% cannot appear as the gauge variation of an effective action, 5,I" =
fdg(_4))\A(+4), since (5)\15)\2F # 5)\2(5)\1F.

To resolve this problem, the arbitrariness (5.10) should be employed. Indeed, we propose

the following non-local expression for H++

H(() = - / d¢THGEEO(¢ OB () (5.13a)

B(+Y) — %Haag(vHGH“ﬁ) , (5.13b)
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where G239 (¢, (") is Green’s function

(uwu)

GEI(C.C) = DD [ =) (514
with the property
DGR, () = 50 ) (5.15)
The expression (5.13) is chosen such that the superfield
A — A _ pr et A | g
=ik GTTP0,, VT + %ff V0GP (5.16)

is analytic, DT A% = 0, and obeys the Wess-Zumino consistency condition. Indeed, we can

consistently associate with (5.10]) an effective action I, since the variation defined by
o\ = / d¢EH A (5.17)

is integrable,
(05,00, — Oxy0x,) =10 . (5.18)

We stress that the integrability condition (5.I8)) is nontrivial already in the abelian case since
the function (B.16]) is not gauge invariant. This confirms that this function can consistently

describe the chiral anomaly in the V-formulation of the gauge theory.

It is very tempting to derive A% by direct supergraph computations in the harmonic
superspacely Another important issue is to construct a generalisation of (5.16) to the case

of non-abelian chiral anomaly. We leave these issues for future studies.
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6Tt would be also very interesting to study the problem of computing the chiral anomalies in N = (1,0)
supersymmetric gauge theories using the supergraph technique in projective superspace developed in [59]
and references therein.

26



A Vector multiplet in harmonic superspace

Supersymmetric Yang-Mills theory in 6D N = (1, 0) harmonic superspace was formulated
in [41, 42, 43]. Here we briefly review this formulation following the harmonic superspace
notation of [45].

Let u; and u; be standard SU(2) harmonic variables, (u; ,u;) € SU(2),

7

utt =u; | utu; =1, (A.1)

with u = g;;ut?. Let D™, D™~ and D° be the associated harmonic derivatives defined
as in [45]. Using the harmonics we introduce a new basis for the gauge-covariant spinor
derivatives

Dy =ufD,=D;+iV;, Vi=uV]. (A.2)

a —

In accordance with (2.2)) the operators ([A.2)) obey the following (anti)commutation relations

(D), D5} =0, (A.3a)
{D. D5} =2i(7")apDa (A.3D)
Do, D3] = i (Va)asW ™", (A.3¢)
[Daa Db] = iEzb 3 (A3d)
where W% are the irreducible U(1) components of the field strength W,
W = yFWwe, (A4)

In the harmonic superspace setting, it is useful to combine the superspace gauge-covariant

derivatives with the harmonic ones,
D;= (D, D, D', D", D") .= (D,, DL, D", D", D) =D, +iVj . (A.5)
The gauge transformation of D is analogous to (2.6]),
D; — D) =e¢"Dge . (A.6)
Since the gauge superfield parameter 7 is harmonic independent, the harmonic derivatives

(D**, D) are gauge covariant.

The equation (A.3al) is the integrability condition for covariantly analytic superfields to
exist. This equation can be solved in terms of a bridge superfield b = b(z, u) defined by the
rule

DI =eDFel . (A7)

«
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The introduction of the bridge superfield leads to a new gauge freedom, in addition to the

T-gauge transformations (Z.0). The complete gauge transformation law of b is

o — PelbeiT (A8)

where A is a U(1) neutral analytic superfield, DI\ = 0.

The representation ([A.5) for the gauge-covariant derivatives is called the 7-frame. When
it is important, we will attach a label ‘(7)’ to the covariant derivatives in this representa-
tion, D(T) 4- Using the bridge superfield one can introduce another representation for these

derivatives, which is usually referred to as the A-frame,

Below, we will consider all relations in the A-frame, and we will omit the label ‘(A)’. In the

A-frame, the derivative D is short, DI = D}, and hence V7 = 0. However, two of the

o)

three harmonic derivatives acquire gauge connections:

Dt =D iVttt D~ =D " +iV . (A.10)

As follows from the commutation relation [Df, D*+] = 0, the gauge connection V*t* is
analytic,

DIVt =0, (A.11)

The connection V=~ can be expressed via V't as a unique solution of the zero-curvature
condition

DT, D7 ]=D" < D"V T -D VT 4Hi[VtTt VvV ]=0. (A.12)

The explicit expression for V=~ in terms of V1 was originally found by Zupnik [43]. In the
A-frame, no 7-gauge freedom remains. Under the A-gauge group, the connections V*+ and

V'~ transform as

Vit = AN A DTN (A.13)

The M-frame counterparts of the (anti-)commutation relations (A.3D) and (A3d), in con-
junction with the identity [D~—, D] = D, , allow one to express the gauge connections
V- and V, and the field strength W** in terms of VV~~. The explicit expressions for the

connections are

Va_ = _D;—V__ ) (A14a)
v, = %(%)aﬁD;ng—— = Vg = (1%)aVi = %D;’D;V“ . (A.14D)
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The expression for the field strength is

i

W =
21

e DEDIDIV T (A.15)

As mentioned above, V™7 is uniquely expressed in terms of the analytic connection V',
Thus, the superfield V1 is a single prepotential in terms of which all the connections are
determined, in complete analogy with the 4D case [44, [43]. This prepotential is analytic,

but otherwise unconstrained.
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