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ABSTRACT: We calculate various quantities that characterize the dissimilarity of reduced
density matrices for a short interval of length ¢ in a two-dimensional (2D) large central
charge conformal field theory (CFT). These quantities include the Rényi entropy, entangle-
ment entropy, relative entropy, Jensen-Shannon divergence, as well as the Schatten 2-norm
and 4-norm. We adopt the method of operator product expansion of twist operators, and
calculate the short interval expansion of these quantities up to order of 2 for the contribu-
tions from the vacuum conformal family. The formal forms of these dissimilarity measures
and the derived Fisher information metric from contributions of general operators are also
given. As an application of the results, we use these dissimilarity measures to compare the
excited and thermal states, and examine the eigenstate thermalization hypothesis (ETH)
by showing how they behave in high temperature limit. This would help to understand how
ETH in 2D CFT can be defined more precisely. We discuss the possibility that all the dis-
similarity measures considered here vanish when comparing the reduced density matrices
of an excited state and a generalized Gibbs ensemble thermal state. We also discuss ETH
for a microcanonical ensemble thermal state in a 2D large central charge CFT, and find
that it is approximately satisfied for a small subsystem and violated for a large subsystem.
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1 Introduction

Motivated by the eigenstate thermalization hypothesis (ETH) [1, 2] or its generalization,
the subsystem ETH [3, 4], it is important to characterize quantitatively the difference
between the excited state and the thermal state. One such characterization is to quantify
the difference between reduced density matrices over a local regions of these two states. This
is also an interesting question by itself in quantum information theory. For two-dimensional
(2D) conformal field theory (CFT), many other quantities of examining ETH have been
adopted, such as correlation functions [5, 6], entanglement entropy, Rényi entropy, relative
entropy [3, 4, 7-10], trace square [11], etc. Due to the infinite number of degrees of freedom
in CFT, not every quantity is good for the use of examining the ETH [3, 4], unless its
behaviors for both excited and thermal states are known precisely.



It was proposed in [12] to use correlation functions of twist operators to calculate the
Rényi entropy in a 2D CFT, i.e., the partition function of the Riemann surface resulting
from the replica trick. When there is no compact form for these twist-operator correlation
functions, one can use operator product expansion (OPE) of twist operators to calculate
the short interval expansion of Rényi entropy [13-17]. Following this method, in this paper
we will calculate various quantities which are just the sums of some partition functions,
and moreover can be used to characterize the dissimilarity of the reduced density matrices
of thermal and excited states, and other states on various Riemann surfaces.

Our results can be used to examine ETH. The ETH and subsystem ETH are originally
defined by comparing the highly excited state with the microcanonical ensemble thermal
state [1-4]. Motivated by [18, 19], as well as [5-8], we compare in [10] the excited state
with the canonical ensemble thermal state, and adopt the so-called weak ETH [18, 19].
In [10] the short-interval ¢ expansions of the entanglement entropies for the excited state
and canonical ensemble thermal state are calculated to order ¢8, and it was found that
their difference, which is just the relative entropy, is only suppressed by the powers of
large central charge ¢, instead of exponential suppression. In this paper we show that
there are similar behaviors for the Jensen-Shannon divergence and Schatten 2-norm. For
the more refined consideration, one should compare the excited state with the generalized
Gibbs ensemble (GGE) thermal state [20-25]. We will discuss the possibility that all the
dissimilarities considered in this paper vanish when comparing the reduced density matrices
of an excited state and a suitably defined GGE thermal state. As a by-product, we also
check ETH for the microcanonical ensemble thermal state with the dissimilarity measures
of comparing with the energy eigenstate.

The rest of this paper is arranged as follows. In section 2 we give prescriptions of the
method and show how to get the partition functions from OPE of twist operators. More-
over, in subsection 2.5 we apply the prescriptions to evaluate the Rényi and entanglement
entropies. In section 3 we calculate the various dissimilarity measures between reduced
density matrices. In section 4 we apply our results to examine ETH for the canonical
ensemble thermal state. In section 5 we discuss the possible scenarios ETH for the GGE
thermal state. In section 6 we discuss ETH for a microcanonical ensemble thermal state
in a 2D large central charge CFT, and find that it is approximately satisfied for a small
subsystem and violated for a large subsystem. We conclude with discussion in section 7.
In appendix A we calculate the relative entropy from modular Hamiltonian as a consistent
check. In appendix B we consider the contributions from general operators, and get the
formal forms of the various dissimilarity measures and the Fisher information metric. Some
lengthy and not so enlightening results in section 3 are collected in appendix C.

2 Prescriptions of the method

In this section we first give the useful basics of the vacuum conformal family in two-
dimensional large central charge CFT and then show how we calculate the partition func-
tions on various Riemann surfaces using OPE of the twist operators.



level 02|14 6 8 9
operator | 1 | T | A | B,D|EH,T|T

Table 1. The holomorphic quasiprimary operators to level 9 in vacuum conformal family of a
two-dimensional large central charge CFT.

2.1 CFT basics

In this paper we only consider the contributions from the holomorphic sector of the vacuum
conformal family in a two-dimensional large central charge CFT, and the generalization to
antiholomorphic sector can be figured out easily. We need the quasiprimary operators to
level 9, ie., T, A, B, D, £, H, T and J as shown in table 1. The definitions, normalization
factors, and conformal transformations of the quasiprimary operators up to level 8, as well
as some useful structure constants, can be found in [10, 16, 17, 26].

In this paper, we need the additional structure constants
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with (X)) denoting normal ordering of two operators X and ). Under a general conformal
transformation z — f(z) it transforms as
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where s denotes the Schwarzian derivative
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and --- represents the omitted terms that are proportional to T, A, B, D and their

derivatives.

2.2 OPE of twist operators

For one short interval A = [0,¢] on a Riemann surface R, replica trick leads to a CFT on
an n-fold Riemann surface R™. The partition function on R™ can be written as a two-point



level | operator level | operator level | operator level | operator
2 T B, D E,H, T g TTA
4 A 6 TA 8 TB, TD TrrTr
T TTT AA 9 J

Table 2. The holomorphic nonidentity quasiprimary operators to be considered in this paper for
CFT" and up to level 9. We have omitted the replica indices and their constraints, which can be
easily figured out and can also be found in [26].

function of twist operators 7 and 7 in an n-fold CFT on R [12]

c(n®—1)
24n
and the n folds of the CFT, which we call CFT"”, are independent except the connection

trapl = (T(OTO)r, hr=hs= (2.5)

by the twist operators. In this paper we only consider Riemann surface R with trans-
lation symmetry, and so the one-point functions are all constants. Using OPE of twist
operators [13-17], we may get

Cn
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K

and in the summation we only need to consider the quasiprimary operators ® g in CFT"™
that are the direct products of the quasiprimary operators in different replicas of the
CFT. Only considering the contributions from the vacuum conformal family, we list the
quasiprimary operators in CFT" to level 9 in table 2. To level 8, the coefficients dx can
be found in [16, 26], and using the method in [15] and (2.2), (2.3) we can easily get

ds =0. (2.7)

Interestingly, there is no contribution from level 9 operators, which consist of J only.
Each of the CFT™ quasiprimary operator ®x in (2.6) has the form

QLI = pI g xle (2.8)
with A7, Xs, - -+, A% being nonidentity quasiprimary operators in table 1 and there are also
some constraints for the &k replica indices ji,jo,-- ,jkx. We have the one-point functions

that are independent of the replica indices

(@3 7R = (X)R(Xo)R - (Xe)r, (2.9)
and so we can define byx from the OPE coefficient dﬁjr'j’“ by summing over the replica
indices [17]

b = Z dj[}j?"j’“ with some constraints for 0 < jq, jo, -+ ,jx <n — 1. (2.10)
Ju.J2y sk

To level 8 the form of bk can be found in [10, 17], and from (2.7) we know

by = 0. (2.11)



Then we write (2.5) explicitly as

trapl = gg% [1 +or(T)RE + (ba(A)r + brr(T)%) 0" + (bs(B)r + bp (D)=
+ bra(T)R(AYR + brrr(T)R) ° + (be(E)r + b (H)w + br(T)
+brs(T)R(B)R + brp(T)R(D)R + baa(A)% + brra(T)R (AR
+ brrrr (TR ) 5 + 0(510)} : (2.12)

Due to the absence of level 9 contribution, in the above the unknown terms start from O(¢°).

In this paper we consider several different Riemann surfaces that are environments of

a short interval A = [0,¢], and they are shown in figure 1. Note that the complex plane

case figure la can be got as limits of other six cases.

In figure 1a, the interval is on an infinite straight line in ground state of the CFT. It
is just a complex plane R(()), and we denote the total system density matrix as p(()
and reduced density matrix as pa(0).

In figure 1b, the interval is on a length L circle in ground state, and it is a vertical
cylinder R(L). We have the density matrix p(L) and reduced density matrix pa(L).

In figure lc, the interval is on a circle in excited state |¢) of a primary operator
¢ with conformal weight hg and normalization «y = 1. The manifold is a vertical
cylinder capped with an operator inserted at each of the two ends, and we denote it
as R(L, ¢). We have the density matrix p(L, ¢) and reduced density matrix pa(L, ¢).

In figure 1d, the interval is on an infinite straight line in thermal state with inverse
temperature . The manifold is a horizontal cylinder R(3), and it is the modu-
lar transformation of R(L). We have the density matrix p(8) and reduced density

matrix pa(5).

Figure le is the modular transformation of figure 1c. The interval is on an infinite
straight line in thermal state with inverse temperature 8, and also there are boundary
conditions imposed on both ends of the horizontal cylinder. Each boundary condition
is effectively represented by insertion of a primary operator ¢. We have the Riemann
surface R(S3, ¢), the density matrix p(8, ¢) and reduced density matrix p (53, @).

In figure 1f, the interval is on a length L circle in thermal state with inverse tem-
perature 5. The temperature is low 8 > L, and the manifold is a fat torus. In
limit /L — oo, it becomes a vertical cylinder figure 1b. We have the Riemann
surface R(L, q), the density matrix p(L, ¢) and reduced density matrix pa(L, ¢), with
definition g = e~ 278/,

In figure 1g, the interval is on a length L circle in thermal state with inverse tem-
perature 3. The temperature is high L > [, the manifold is a thin torus, and it is
the modular transformation of the fat torus figure 1f. In limit L/8 — oo, it becomes
the horizontal cylinder figure 1d. We have the Riemann surface R(/3, p), the density

matrix p(8,p) and reduced density matrix p4(8, p), with p = e =27/,
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Figure 1. The Riemann surfaces as environments for the interval A = [0,¢] we consider in this
paper. (a) A complex plane R(f). (b) A vertical cylinder R(L). (c) A vertical cylinder capped
with operators R(L,¢). (d) A horizontal cylinder R(8). (e) A horizontal cylinder capped with
operators R(B,#). (f) A fat torus R(L,q = e~ >™#/L). (g) A thin torus R(3,p = e~ 27L/5),



We need the one-point functions (X)g with X =T, A, B,D,&,H,Z for R being each
of these Riemann surfaces in figure 1. In practice, we only need to consider the cases of
R(L,¢) and R(L, q), and the other cases can be got from them by some simple substitutes
and/or limits. For the case R(L, ¢) one can find the results in [10]. For the case R(L, q) one
can find the results to level 6 in [17]. Using the method in appendix B of [17], the conformal
transformations of £, 7,7 in [10], as well as the structure constants in [17] and (2.1), we
get the one-point functions

2345278¢  3660878(1008¢ — 1)¢?  1830473(13608¢ + 335)q>

<8>R(L:Q) = 5953518 + 396978 T 13238
3660878(54096¢ + 5795)q¢* 5
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R(L.a) = 10125(105¢ + 11)L8 675(105¢ + 11)L#

N 41678 (5c + 22)(11340¢% + 31323¢ — 1517)¢?
225(105¢ + 11) L3
166478 (64575¢% + 334935¢2 + 226879¢ + 26048)¢*
+ 100 oty
225(105¢ + 11) L8
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(2.13)

T =
(Dr(L.q) 1296(1050¢2 + 3305¢ — 251) L8

C C

576(325¢ + 4814)¢*
c(be+22)

2.3 Partition function from twist operators

Gluing n reduced density matrices ps; on n different Riemann surface R; with
j=0,1,---,n—1, one gets a CFT on the Riemann surface R" =Ry P --- ® R,_1. This
suggests to assume that the partition function on R" can still be written as a two-point
function of twist operators

tra(pao - pan—1) = (TOT(0)Roo-aR, - (2.14)

Each replica of the CFT lives on one of the Riemann surfaces, and different replicas are
connected only by twist operators. For the n = 2 and n = 3 cases one can see, for
examples, [11, 21, 22, 27-33], but we are not sure if it is applicable for general n when Z,
replica symmetry is lost. Actually, in this paper we only use a relaxed relation

%[trA(pAo “++pAn—1) + permutations| = %[(T(ﬁ)f(O))RO@...@RWl + permutations],
(2.15)
and Z, replica symmetry is recovered after permutations. Thus when we write (2.14), we
actually mean (2.15), and there is caveat that (2.15) basically is an assumption that we
have no concrete proof.



For two different Riemann surfaces R and S, we may define respectively two reduced
density matrices p4 and o 4. In this paper, we need to calculate the partition function

tra(pho ™), (2.16)

with n being an integer and m = 0,1,--- ,n. Using (2.15), we see that it is just the
right-hand side of (2.12) with the substitutes of the forms

bl 2 [ )+ (n—m) () ],

b () = 7 m(m =) ()t 2mn—m) (V) ()
Fn—m)(n-m—1){)3],
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bxxxx
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[m(m—1)(m—=2)(X)% (V)=
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byxxx(X)g —

with X, ) denoting general quasiprimary operators. A general substitute takes the form

b 2 2 (X1)RAX)R - {X)R = %(Cﬁwﬁn(*ﬁn e (Xrtes), (218

with C¥ and C¥ being the binomial coefficients, and in the right hand side we have omitted
various terms with some R’s being replaced by S’s.

In section 3.2, we need to calculate the partition function

patoayt 1 & _
ra(A574) = 5 Y Crtaleo ™), (2.19)

m=0



with tra(p’yo’s™ ™) being understood as the left-hand side of (2.15). Using the summation

formulas

2”: C™Mm = 2" 1,
m=0
Z C™m(m —1) = Z C™m(n —
Z Crm
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we get that (2.19) is just the right-hand side of (2.12) with the substitutes

bra ()% = 22X (20 + (X)),

bay (X)R(V)R — b)ny(PQR +(X)s) (M= + (V)s),

bxxx<X>% —
baxy(X)% (V)R —

brxxx(X)h —
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8
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PEXE (1) 1 (X))
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In section 3.3, we need to calculate

tl“A(pA — O‘A)

Using the fact that

ZC’”

S oo
m=0

we get

tralpa—oa)" = Y

{1, X2, Xn }

b, Xy, ((X1)R—

n

"= 3O AR ™).

m=0

mmk =0 for k=0,1,--- ,n—1,

=nl,
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Note that the summation of {1, Xa, -, &, } is over different sets of nonidentity quasipri-
mary operators and the order of the operators in each set does not matter. For n = 2
it is just the result in [11]. Note that for general n, bx, x,..x, is complex and has no
universal form, and it is related to the m-point correlation function on complex plane

(X1(21)Xa(22) - Xn(2n))c-
2.4 The n — 1 limit

If we are only interested in the n — 1 limit

- logtrap’y

2.25
n—1 n~>1’ ( )

instead of the general n result, there can be a simpler calculation [34, 35]. For each CFT"
operator @, we may define

, (2.26)

with bg being defined in (2.10). Using the results of bx in [10, 17], we get the relevant
results of ax

1 1 4
_ ! _ - 2.27
art 6, arT 3007 arrr 31502 ) ( )
1 1 c+8
a = - a = — a = —_——
AT T 6c(5e+22)" TTAT 31527 MTTTT T T 6303

For the reduced density matrix p4 on Riemann surface R, we get

log trap} ‘
- LB = Clog -+ ar(D)RE + arp(D)RE + arrr (DR + (eaa(Ak
- n—

—+ CLTTA<T>$3<.A>R =+ CLTTTT<T>;13)€8 + 0(210)‘ (2.28)

For the reduced density matrix pa, o4, defined respectively on Riemann surface R, S, we
get that

log tra(pac’ )
B n—1 n—1 (2.29)
equals right-hand side of (2.28) with the substitutes
axx(X)% = axx (2(X)r — (X)s)(X)s,
a;\{)(;(<X>R — axxx (3<X>7g 2<X> )<X>‘29, (2.30)
axay(X)z(V)r = axay (2(X)r(X)s(V)s + (X)5(V)r — 2(X)5(W)s),
axxx <X>R — AxYxXXX (4<X>73 3 X>3) <X>%
Similarly, we get that
logtrA(pA+UA)
n—1 n—1 (2.31)

equals right-hand side of (2.28) with the substitutes (2.21).
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Sn(L.®) Sn(L.q) Sn(B.9) Sn(B.p)
Sn(l)  Sn(@)  Sa(B)

Figure 2. The seven Rényi entropies we can calculate using OPE of the twist operators. In
practice, we only need to calculate S, (L, ) and S, (L, ¢), as marked in blue, and the other cases
can be obtained easily from them.

2.5 Rényi and entanglement entropies on various Riemann surfaces

Using the above prescriptions, we can evaluate the entanglement and Rényi entropies on
various Riemann surfaces, some of which have been obtained before. The results will
then serve in the next section for calculating the dissimilarity measures between reduced
density matrices.

For a reduced density matrix p4, the Rényi entropy is defined as

1
Sp = — 1 logtrap’y, (2.32)

and taking the n — 1 limit one can get the entanglement entropy

S = —tra(palogpa). (2.33)

The Rényi entropy can be calculated from (2.12), and the entanglement entropy can be
calculated from the n — 1 limit of the Rényi entropy or directly from (2.28).

We calculate the Rényi entropies and entanglement entropies for the seven Riemann
surfaces in figure 1. The seven Rényi entropies are shown in figure 2. In practice we only
need to calculate S,(L,¢) and Sy, (L,q), as marked in blue in the figure, and the other
cases can be obtained easily from them. Note that most of the results in this section are
not new, and just serves as a check of the OPE coeflicients and the one-point functions.

Rényi entropy Sy, (L, ¢) and entanglement entropy S(L, ¢) have been calculated in [10],
and we will not repeat the results here. Since now at level 9 we have (2.11), the unknown
terms O(£?) in results of [10] are actually of order O(¢'Y). For the reduced density matrix
pA(B, ®), we have the Rényi entropy and entanglement entropy

Sn(5> (Z)) = Sn(La gb)‘L—H[ﬁ S(ﬁa ¢) = S(L7 ¢)‘L—>1/B (234)

For pa(L,q), the Rényi entropy and entanglement entropy have been calculated using
OPE of the twist operators to order £ in [17], and here we calculate the results to order ¢°.
In large c limit we write the Rényi entropy as the leading part, the next-to-leading part,
the next-to-next-to-leading part, and etc,

Sn(L,q) = SE(L,q) + Sh"(L,q) + SN (L,q) + -+, (2.35)

'One can also follow different approach [36-38] to obtain Rényi entropy S, (L, #) with finite size system
in 2D rational CFTs.

- 11 -



and to order 7 only the first three parts are non-vanishing. Explicitly, we have the lead-

ing part
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+776(n—|—1)(492n4—1013n2—|—527)q3+27r6(n+1)(1654n4—2903n2+1255)q4
94515 945n5
(6 78 (n+1)(62n% —278n*+415n2 —205)¢>

5
— 4| - 2.
+0l )> L6+< 1417507 (2:37)
~ 78(n+1)(866n° —2694n" +2850n* —1025)4°
472507
78 (n+1)(66439n° —163681n* 4-139223n2 —36257)¢* &
- 0(¢°) | —+0(£*
2835017 +O(@) | 75 +OU),
and the next-to-next-to-leading part
47 (n+1)(n?+11)¢* A
NNL 5
L) =|- —
478 (n+1)(26n*4-271n% —345)¢* WA
— 2.
+< 945nbc 0l ) 75 (2:38)
878(n+1)(116n°+1141n*—3017n2+3398)¢* WA 10
- —4+0((£1).
( 14175n7c O ) 75O
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The leading and next-to-leading parts match the results in [39—41], which are calculated in
another method. The ¢2 order of the next-to-next-to-leading part is a new result. Taking
n — 1 limit we get the entanglement entropy

c 14 er? Anlg? 2
S(L,q) = —log - - o2 + At + 0(¢°) ) =
(L,q) 60g6+< g T3 T2 AT+ 0) ) 15
(- ert N At g? N 2rtg? N 4(c — 8)mig +0(¢) ﬁ
1080 45 15 15¢ LA
e 879¢%  4nS¢®  8(c—16)nS¢* Al
_ 0(¢°) ) —= 2.39
* < 17010 * 945 315 + 315¢ +0( )> LS ( )
cn® 4r8¢®  2m8¢®  4n®(159c¢ + 728)¢* 8
- - 0(¢°) ) — +O(").
* < 226800 T 4725 1575 1575¢ +0l )> = o)

The Rényi entropy and entanglement entropy for pa(3,p) are just the modular trans-
formation of those for pa(L,q), i.e.,

Sn(ﬁ;p) = Sn(L7 Q)’L%i,@,qﬁpa S(B;p) = S(L, Q)’L%iﬁ,qﬁp- (2~40)

Without considering the subtlety of boundary conditions at the entangling surface [42, 43],
the Rényi entropy and entanglement entropy for pa(0), pa(L) and pa(8) are of universal
forms and depend only on the central charge [12]

_cen+1), 4 e !
Sn(0) = =5~ log -, S(0) = g log -,

_c(n+1) L . wt B L . n
Sp(L) = on log <7T€ sin L) , S(L) = —log < sin L) ,

c
6

l l

Sp(B) = C(q;;l) log (fe sinh 7;) , S(B) = glog <f€ sinhﬂ> : (2.41)

To order 2 the above results can be obtained easily as the limits and/or substitutes of
Sn(La Q)7 S(L? q)'

3 Dissimilarities of reduced density matrices

In this section we evaluate various dissimilarity measures between reduced density ma-
trices, which include relative entropy, Jensen-Shannon divergence, Schatten 2-norm and
4-norm. Some lengthy and not so enlightening results are collected in appendix C and in
the Mathematica notebook attached as supplementary material to this article.

3.1 Relative entropy

The relative entropy is also called Kullback-Leibler divergence. For two reduced density
matrices p4 and o4, the relative entropy is defined as

S(palloa) =tra(palogpa) —tra(palogoa). (3.1)

To calculate the relative entropy, one may first calculate the n-th relative entropy

1 _
Sn(palloa) = p— 1[logtrApﬁ —logtra(paci M), (3.2)
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oalL.®)
A S——

pa(L.q) '
} PA(2)
pA(?v ¢) ¢ :)
Pa(B)
o)

Figure 3. The 48 relative entropies we can calculate using OPE of the twist operators. By
pa — o4 we mean the relative entropy S(pa|lca), and by pa <> 04 we mean the relative entropies
S(palloa) and S(calpa). Note that ¢ = e=278/L and p = e~ 2"L/8 depend on both L and S. In the
figure - L.+ — ---L--- actually means --- Ly -+ — -+ Ly--- with generally Ly # Lo, ---¢-+- —

..¢... means (bl. _> ...¢2...7 and .../3... _) .../3... means ...51... _> .-.B2..-' In
practice, we only need to calculate the four relative entropies as marked in blue.

and then takes the n — 1 limit. The relative entropy is not symmetric for its two arguments,
and one may define the symmetrized relative entropy

S(pasoa) = S(palloa) + S(oallpa)- (3.3)

To calculate the symmetrized relative entropy, one can first calculate the n-th symmetrized
relative entropy
Sn(pa;oa) = Sn(palloa) + Sn(oallpa), (3.4)

and then takes the n — 1 limit. It turns out that
S(palloa) = —arr (T)r—(T)s)*0* —arrr (T —(T)s)* (T)r+2(T)s)(°
- [eaa((r ~ (A)s)* +arra ((T)r—(T)s) (T)r (A +(T)s (Ar —2(T)s (A)s)

+arrrr ((A)r—(A)s)* (1) +2T)=(T)s —3(1)3 )}£8+0(410) (3.5)
S(pa,oa) = —2arr ((T)r—(T)s) " *3aTTT(<T 5)2(<T T)s)t®
—{QGAA(<A>R—<A>3) +arra((T)r—(T)s)(3(T)= —(wr{A)s
+(T)s(A)r=3(T)s{A)s )+4aTTTT(< Jr—(A)s)’ (< >R+<T>R<T>s+<T>§)}€8
+0(£"). (3.6)

As shown in figure 3, we use OPE of twist operators as described in section 2 to
calculate four relative entropies. For pa(Li,¢1) and pa(Le, ¢2) we have the relative en-
tropy (C.1). For the special case L1 = Lo in (C.1), it matches the result in [10]. For
pa(L1,¢) and pa(Le,q) we have the relative entropy (C.2). For pa(Li,q) and pa(La, @)
we have the relative entropy (C.3). Note that

S(pa(L1, d)llpa(Le, q)) # S(pa(Lz2, q)llpa(Li, d)). (3.7)

For pa(L1,q1) and pa(L2,q2) we have the relative entropy (C.4).
For general n # 1, the n-th relative entropy Sy, (pal|c4) and n-th symmetrized relative
entropy Sy (p4, 04) have no obvious physical meaning because they are not positive definite.
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L

(
pa(L.q) \
\ PA(D)
pA(‘Bv ¢) ‘ :)
PA(B)
oalBp)

Figure 4. The 27 symmetrized relative entropies we can calculate using OPE of the twist operators.
We only need to calculate the three ones marked in blue. This figure also applies to the 2nd
symmetrized relative entropy, Jensen-Shannon divergence, as well as the Schatten 2-norm and 4-
norm in the following subsections.

However, the 2nd symmetrized relative entropy, which is defined as

(trap})(trach)

[tralpaca) (38)

Sa(pa,oa) =log

is positive definite and can be used to characterize the dissimilarity of pa, o4. In fact, it
is directly related to the overlap of the two reduced density matrices

[tra(paca)l?
(trap%)(tracy)’

Flpa,oa) = (3.9)

As shown in figure 4, we calculate three symmetrized relative entropies (C.5),
(C.6), and (C.7) using OPE of twist operators. We get the 2nd symmetrized relative
entropies (C.8), (C.9), and (C.10).

3.2 Jensen-Shannon divergence

The Jensen-Shannon divergence of two reduced density matrices p4 and o4 are defined as

ST = 28(0a) — 5S(0n), (3.10)

+o 1
JS(pa,o4) =S <PAA> 3

with S(24274), S(pa), S(0a) being the von Neumann entropies. By definition
0<JS(pa,o4) <log2. (3.11)
One can also define the Jensen-Shannon distance
JS(pa,oa). (3.12)

To calculate the Jensen-Shannon divergence, we first calculate the Jensen-Rényi divergence

+ 1 1
JR(pa,04) = Sn (”Az”) LS - LSt (3.13)
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with Sn(%), Sn(pa), Sn(o4) being the Rényi entropies, and then take the n — 1 limit.
We then get

I8(pa,00) = = orr ({T)r—(T)s) €'~ Sorrr ((Tym—(T)s)*({T)-+ (T)s)

— | J0as((r—(A)s) >+ Sarra(T)r—(T)s) (BT )r (Al —(Tr(A)s

HI)s( AR =3(T)s(A)s) + sarrrr ((Ar — (A)s)” (T 100T)r(Ths + TR |
+0(£1°). (3.14)

Explicitly, we obtain (C.11), (C.12), and (C.13).

3.3 Schatten 2-norm and 4-norm

For a general matrix p, the Schatten n-norm is defined as

lplln = (txlp™)/", (3.15)

with |p| = /pfp. For n = 1 it is just the trace norm, and for n = 2 it is just the
Hilbert-Schmidt norm. For two reduced density matrices p4, 04, we just calculate

lpa —oally = tralpa —oal™. (3.16)

For n = 1 it is just the trace distance, and for n = 2 it is just trace square. Since the
reduced density matrices are hermitian, when n := 2p is an even integer we have a simpler
expression

lpa — oallsh = tra(pa — oa)™. (3.17)

When there is no ambiguity, we call |[p4 — o A||§£ also as Schatten 2p-norm. We use (2.24)
and get the Schatten 2-norms (C.14), (C.15), (C.16) and Schatten 4-norms (C.17),
(C.18), (C.19).

4 ETH for canonical ensemble thermal state

Whether ETH is satisfied or not depends on how it is precisely defined, and for different
quantities there may be different criteria. The local ETH is defined in terms of local
operators [1, 2]. More precisely it requires that in the basis of energy eigenstates {|¢q)}
the operator A has the form

Aup = A(E)dgy + e OB, (4.1)

with F = E“JQFE”, S(FE) being the microcanonical ensemble entropy with energy F, and
A(E) being a smooth and slowly varying function of E. Under such a condition the
expectation value of A with respect to (w.r.t.) a single eigenstate equals the long time
average of the expectation value of A w.r.t. a coherent state in a narrow energy window

around this single eigenstate, and it also equals to the microcanonical ensemble average
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of A in this narrow energy window up to exponential suppression of the entropy S(E).
A generalization of local ETH is the subsystem ETH that is defined in terms of reduced
density matrices [3, 4], and it states that in the excited state |¢) of energy E the reduced
density matrix p4 4 of a small region A is close to some universal density matrix pa g by
trace distance

pa — pael ~ e OEE), (4.2)

In this paper we do not check directly the local ETH or subsystem ETH. Instead
we compare the reduced density matrix of the excited energy eigenstate with the reduced
density matrices of some explicit thermal states. In this section we consider the canonical
ensemble states, in section 5 the GGE thermal state, and in section 6 the microcanonical
ensemble thermal state. We use several quantities to characterize the difference of the
reduced density matrices of the excited and thermal states. To claim whether ETH is
satisfied or not, we need to set up a criterion for each quantity, which is beyond the scope
of the present paper. Our results can be viewed as a first step towards such criteria.
However, based the observations in [3-8, 44-46], we can make some claims for the Rényi
entropy and entanglement entropy, as we will discuss in the end of this section.

As a first step towards defining and checking ETH for the canonical ensemble thermal
state, we calculate various quantities to characterize the dissimilarity of the reduced density
matrix pa(L, ¢) for the excited state and pa(53) for the thermal state. Note that ETH is
for comparing a highly exited state and a high temperature state, so that we use p(3) to
approximate p4(f,p). The excited state |¢) is heavy and we write the conformal weight as

h¢ = C€gp, (4.3)
and by requiring
(T r(r¢) = (T)r(8) (4.4)
we get the identification [5, 6]
L
= —. 4.5
& \/24€4 — 1 (4:5)
We have the difference of Rényi entropy?
S (L) — S (B) = mle(n—1)(n+1)%es(22¢45—1)¢ (4.6)
e S 90n3 L* '
mOe(n—1)(n+1)%e4[8(145n*+188)e2 — 3(46n>+37) ey +4n? +2]¢°
2835n° L6

and it has been calculated in [3, 9, 10]. The difference of entanglement entropy is

- 12878 ce] (22¢5 — 1)%(°

10
1575(5c + 22)IF O™, (47)

S(L,¢) = 5(B) =

2In this equation we omit the order ¢% part, and denote it by ---. The full form can found in the
Mathematica notebook attached as supplementary material to this article. It is the same for other equations
with - -+ in this paper.
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and it has been calculated in [10]. We have the relative entropies

1287r866%¢<226¢ —1)%¢8
S(pa(L, d)llpa(B)) = 1575(5¢ + 22) L8

12878¢e2 (22¢ — 1)28
SoaBlieall ) = —mr s o s

+0("),

+ 0", (4.8)

and the first one has been calculated in [10] by a different method. Note that
S(pa(L,®)|pa(B)) and S(pa(B)|pa(L,#)) happen to be the same at order %, and we
expect they will be different at higher orders. We have the symmetrized relative entropy
and the 2nd symmetrized relative entropy

256m°ce; (22¢45 — 1)

S(pa(L:8): pa(B) = — = —aavrs— + O(E0),
w8c(5e + 27)e2 (22¢, — 1)208
Sa(pa(L,¢),pa(B)) = ( 3;00(;(fi 22;;;8 ) +0(£"). (4.9)

The Jensen-Rényi divergence and Jensen-Shannon divergence are respectively

7S (n+ 1)66;(226¢—1)2€8
—8(n?+11)(157n* —298n?+381) | + O (¢'°),

327T86635(226¢ —1)%¢®
JS(pa(L,¢),pa(B)) = 1575(5c+22) L8

[175¢*(n® —1)3+70¢(7n”® —55) (n*—1)*

+0(019). (4.10)

We also have

14

—< | w8¢fe(be + 62 2161€2(22¢, — 1)2¢8
lpa(Z. @) = paB)3 = (7) [ [o(5e + 62) + 216]e,(22¢5 — 1)

25600(5c + 22) L8

+ 0. (4.11)

As we have said in the beginning of this section, with the above results, we cannot claim
whether ETH is satisfied for an individual quantity without a precise criterion of ETH. As
stated in [3, 4], in a CFT not every quantity is good to define ETH. For the Rényi entropies
of the excited and thermal states being equal, it is necessary that the subsystem is much
smaller than the whole system ¢/L — 0 [44, 45]. If one defines ETH for canonical ensemble
as Sp (L, ¢) — Sp(B) — 0 when ¢/L — 0, then from (4.6) one concludes that such an ETH
is satisfied. However, this criterion seems too strong to yield useful result for general cases.
Instead, we can think Rényi entropy as a refined quantity compared to the entanglement
entropy to characterize the violation of local thermality of a energy eigenstate.

Similarly, the Jensen-Shannon divergence is a better quantity to define ETH than the
Jensen-Rényi divergence, since the former is always nonnegative due to the concavity of
the von Neumann entropy while the latter is not. This can be seen in equations (4.10).
Note that at order 8, the Jensen-Rényi divergence is of order ¢? and the Jensen-Shannon
divergence of order . This is reminiscent of the fact that the Rényi entropy difference is of
order ¢ and the entanglement entropy difference is of order ¢?. This is another indication
that the Jensen-Rényi divergence is not a good quantity to define ETH, as the Rényi
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entropy. The Rényi entropy is just a higher genus free energy, and this is consistent with
the fact that it is of order ¢. However, the Jensen-Rényi divergence is not a free energy or
a sum of free energies, it is not necessary that it is of order ¢ or subleading to order c.

The Schatten 2-norm (4.11), or equivalently the square trace distance, is dependent
on the UV regulator € and it is vanishing as ¢/¢ — 0. It is not a good quantity to define
ETH, either.

For a large ¢ CFT, it was found in [7, 8] that the leading order ¢ entanglement entropy
of the excited and canonical ensemble thermal states is the same as long as 0 < ¢/L < 1/2.
If ETH for the entanglement entropy is defined in this way with 0 < ¢/L < 1/2, the
result (4.7) clearly shows the violation of ETH at the next-to-leading order of large ¢ [10].

5 ETH for GGE thermal state

All the above dissimilarities in the previous section between the excited and thermal state
originate from the fact that the level 4 operator A has different expectation values [9, 10]

(A r(L,¢) 7 (ARr(B) (5.1)

A more refined consideration is that one should not compare the excited state and the
canonical ensemble thermal state, instead one need to consider the generalized Gibbs en-
semble (GGE) thermal state [20-25]. The GGE state has the density matrix

pace = e 2Bl (5.2)
with J; being some conserved charges and ; being the corresponding chemical potentials.
By requiring the ETH comparison is done for the same macroscopic super-selection sector,
we should impose

(H)r(L,g) = (H)ace, (Ji)r(L,¢) = (Ji)GGE, (5.3)

so that one can get the relation of hy, with the GGE parameters 3, ;. In the vacuum
conformal family, there are an infinite number of commuting conserved charges Io;11 with
k=0,1,--- [47, 48]. For examples, one has

1 L2 27 c
— - ) = A4
L gl dwT (w) <L0 ) H, (5.4)

1 L/ 2\ 3 5¢ + 22 c

We may choose the GGE state

PGGE = e—ﬁH—Zl?;l Bokt1lart1 (5,5)

Then we have the requirement

(X)r(L,¢) = (X)caE, (5.6)
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for all vacuum conformal family quasiprimary operator X. Since there are more equations
than the unknown chemical potentials, we do not know if there is a unique solution for all
B, Bok+1, k = 1,2,---. If this is the case, all the dissimilarities considered in this paper
vanish so that there is no difference between the reduced density matrices of the excited
state and GGE thermal state.

Furthermore, in GGE it is not necessarily that all the conserved charges commute with
each other [22]. For each nonidentity quasiprimary operator in vacuum conformal family,
say X, we may define a conserved charge

L/2
Ty x / dwX (w). (5.7)

—L)2
Then we may define the GGE state

page = e~ L Pxlx (5.8)

with which there are the same number of equations and the unknown chemical potentials.
However, we still do not know if there is any solution to the equations (5.6).
To be more concrete, we consider a toy model of GGE

_ _p rL/2
paae = e 1T E np de At (5.9)
For an arbitrary operator X we have
tr(X (wo)paGE) < (B2 g Aw) SB[ qwA
—(x 27 J—L/2 > ,QJ,<X 27 J 00 W (w)> . 5.10
tre—PH (wo)e riap " \FL0)e rey 010

We get the expectation value of GGE in expansion of the small chemical potential p

r(X(w >
(e wnace = “TE) o e(un)gs - - [ dw[(AX )

— (A(w))r(s) (X (wo))r ()] + O1?). (5.11)

The correlation functions on the cylinder R(3) can be calculated by mapping the cylinder
2w

to a complex plane by the conformal transformation z = e # . Note that the above

expectation value should be independent of the position wg. Using the integral®

9 T S T 1-S
0o sinh”z 2y/m
with S =4 and S = 8, we finally get
m?c  wte(5e+22)u
T =+ " L O
< >GGE 662 + 45,85 + (/’L )7
mte(5e+22)  mOe(5e+22)(Te+ T4)u
= — O(p?). 5.13

(A)cer 18051 01557 +O(p?) (5.13)

3Note that the integral is only convergent for 0 < ReS < 1, and it is analytically continued to other
values of S. The results are the same as these from more delicate calculations in [49-51].
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In the excited state |¢) of a holomorphic primary operator ¢ with conformal weight
hg = cey, there are expectation values [9, 10]

- u mhe((5e + 22) — 240(c + 2)ey + 2880ce)

To consider ETH comparison for the same super-selection sector, we equate (5.13)
and (5.14)

m2c(1 — 24ey)

. (5.14)

(T)ace = (T)¢, (Acce = (A)g, (5.15)
and solve the inverse temperature 8 and chemical potential y in terms of €y, ¢, L. As
known that the ETH for canonical ensemble works well in the leading order of large ¢
limit [7, 8], we should then expect

L
lim = ———, lim p=0. (5.16)

c—00 \/246¢7_1 T cSoo
On the other hand, the finite ¢ correction causes the mismatch between excited state and
the canonical thermal state by power suppression of 1/c [10], we then need to find the
solution of (5.15) for GGE with power correction of 1/¢ to (5.16) as follows. To make the
1/c expansions in (5.13) well-defined, we need the leading order p ~ 1/c¢* with @ > 1.
Since there is no subleading term in (T)4, we need the leading order correction to 3 of
order 1/¢*~1. We then make the following ansatz for the solution to equations (5.15)

L alL 1
8= =it e tola)
bL3 1
o= T—FO(?)’ (517)
C C

with the constants «, a, b to be determined. It is easy to see that (A)cgr = (A)y cannot
be satisfied for o« > 2. Thus, we have 1 < o < 2 in ansatz (5.17). However, we cannot
determine the coefficient b in ansatz (5.17) at the present expansion order of (5.13), but
might be determined uniquely at the higher expansion orders.*

6 ETH for microcanonical ensemble thermal state

The local ETH [1, 2] and its corollaries such as the subsystem ETH [3, 4] are originally
considered for comparing the energy eigenstate and the microcanonical (ensemble) thermal
state. Despite that the difference between canonical and microcanonical thermal states is
power-law negligible in the limit of large number of degrees of freedom, it is still interesting
to check ETH directly for microcanonical thermal state. In this appendix we will do this
using OPE of twist operators as described in section 2.

The microcanonical thermal state to be considered is the equal-weight sum of the pure
states |¢;) := ¢;|0) i = 1,2,--- ,Q, i.e., its density matrix is given by

1 Q
pme = ¢ D_ |60) (@ (6.1)
=1

“In a recent paper [46], it is argued that ETH for GGE thermal state does not work in perturbation of
small chemical potential and one has to calculate the one-point functions non-perturbatively.
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where ¢;’s are nonidentity primary operators of conformal weights (h¢i,7l¢i). For the
microcanonical thermal states, we should require for all i =1,2,--- ,Q

h@ ~ h¢, 71@. >~ 71¢ (62)

where (hg, 7L¢,) is the conformal weight of the excited state ¢ with which we will compare
for checking ETH.
For simplicity, we can choose an orthonormal set of ¢;’s, i.e.,

(@ildj) = dij- (6.3)

We also choose ¢ as one of the  operators ¢;, i.e., ¢ € {¢;}.

Globally, the pure excited state density matrix py, = [¢)(¢| and the microcanonical
thermal state density matrix ppe = é Z?:l pe,; are very different. This can be seen from
various dissimilarity measures, i.e., starting from their von-Neumann entropies,

S(p¢) =0, S(pme) = logl, (6.4)

and then the relative entropy
S(pﬁf)Hpme) = log 2, (6.5)

and the Jensen-Shannon divergence

Q+1
—— o

o log(@+1). (6.6)

1
JS(IO¢>pme) = 10g2+ ilogﬂ -
Instead, the ETH should be explored by the local observables. If ETH holds, for
arbitrary local observable X we should have

tr(ppX) =~ tr(pmed). (6.7)

If X is the operator in the vacuum conformal family, it is easy to see that (6.7) holds
by the fact (6.2). On the other hand, if X is some nonidentity primary operator or its
descendants, then the ETH imposes constraints on OPE coefficients Cy, ¢, x:

Q
1
Coox = 5 D Copux- (6.8)
i=1

This implies that not every CFT satisfies ETH.

However, in a large ¢ CF'T, it is often a good approximation to consider contributions
only from the vacuum conformal family, and this is what we adopt in this paper. We
now consider to divide the circle of length L, on which the large ¢ CF'T lives, into a small
subsystem A of length ¢ and its large compliment B of length L. — ¢. We can define the
reduced density matrices ps 4 and pp g for the excited state pg, and pame and pp me for
the microcanonical thermal state pme. We then use OPE of twist operators to calculate
dissimilarity measures for comparing p4.¢, pA,me, and for comparing pg 4, B me-
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We only include contributions from the vacuum conformal family in the following
calculation. For the small subsystem A, from (6.7) we get

trA(p%,qﬁpZ,_rr’rlr(L)) = trApZ,qﬁ? m = 07 17 N, (69)

and we further get the entanglement entropy, relative entropy, and Jensen-Shannon
divergence

S(pag) >~ S(pame)s S(pasllpame) =0, JS(pas,pame) = 0. (6.10)

For the large subsystem B, we use (6.3) and [52]

trp [pB(¢i1a (bil )pB(¢i2a ¢z2) T PB(@'M ¢2n)] =tra [PA(¢1‘17 (biz)pA((bin ¢13) T IOA(¢in7 ¢i1 )]7

(6.11)
and get

BB me = QlfntrApZ@, trB(PB ¢PBme) = Q" "traphy, m=12,---,n (6.12)

Then we get

S(pB.g) = S(pag), S(PBme) = S(pae) +logQ,
S(pB.ollpB.me) = log {2,
1 Q+1

JS(pB.¢: PBme) =~ log2 + —logQ — ———log(2 + 1). (6.13)

2 2Q)

The above result agrees with the expectation from ETH, which states that the energy
eigenstate approximates the microcanonical thermal state only for a small enough subsys-
tem but not for a large one. This is also verified by the numerical simulations for lattice
models done in [44] as long as the size of subsystem is smaller than the half of the total
system size. When the size of the subsystem A becomes as large as half the total system
size, the trace square distance starts to deviate from zero, and the behavior indicates that
one may be able to extract some critical exponents from the behavior around ¢ = L/2.

As a byproduct, from (6.10), (6.13), we get the approximate saturation of the micro-
canonical ensemble version of the Araki-Lieb inequality [53]

S(pme) — S(pB,me) + S(pa,me) = 0. (6.14)

The saturation of canonical ensemble version of the Araki-Lieb inequality and its holog-
raphy have been studies in [52, 54-60]. We expect the suturation in (6.14) is lifted if the
approximation (6.2) is scrutinized carefully and/or contributions from nonvacuum confor-
mal families are included, i.e., that

S(pme) — S(PBme) + S(pPA,me) > 0. (6.15)
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7 Conclusion and discussion

We have used the OPE of the twist operators to calculate various quantities that can be
used to characterize the dissimilarity of two reduced density matrices, and these quantities
include the Rényi entropy, entanglement entropy, relative entropy, Jensen-Shannon diver-
gence, as well as the Schatten 2-norm and 4-norm. We first consider contributions from
only the holomorphic sector of the vacuum conformal family, and make expansion of all the
quantities by the length of short interval ¢ to order ¢°. As an application of the results, for
ETH we show how these dissimilarity measures behave for the excited and thermal states in
the high temperature limit. As we have showed in this paper, all these quantities can cap-
ture the dissimilarity of the two reduced density matrices. Furthermore, we also discuss the
possibility to define ETH with GGE thermal state. By using GGE, we provide a possible
scenario to define ETH and resolve the mismatch between ETH and highly excited states
in large ¢ CFT. We also discuss ETH for microcanonical ensemble thermal state. In the
appendix we give the formal forms of the entanglement entropy, relative entropy, Jensen-
Shannon divergence, and Fisher quantum metric with contributions from general operators.

In the method of twist operators we cannot calculate the trace distance, which is
essential for the definition of subsystem ETH [3, 4]. Trace distance is just the Schatten
n-norm with n = 1, and the absolute value in the definition makes it hard to evaluate when
n is an odd integer. It would be nice if the trace distance can be calculated in CFT.
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A Relative entropy from modular Hamiltonian

We calculate the relative entropies using modular Hamiltonian as shown in figure 5, and
some of them have been calculated from the same method in [61, 62]. This appendix serves
as a check of the relative entropies from twist operators in section 3.1.

For a reduced density matrix p4, the modular Hamiltonian H(py4) is defined as

e_H(pA)

= oHe (A1)

PA
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pA(L!q)

pa(L,®)
S — Pa L)Q
pa(B.9)
S

Pa(B.p)

Figure 5. The 20 relative entropies we can calculate using modular Hamiltonian and entan-
glement entropy. We only need to calculate the two relative entropies S(pa(L1,¢)|lpa(L2)) and
S(pa(L1,q)|lpa(L2)) as marked in blue.

For two reduced density matrices pa, o4, the relative entropy can be written as

S(palloa) = (H(oa))p — (H(0a))o — S(pa) + S(04), (A.2)

with H(o4) being the modular Hamiltonian of o4. The modular Hamiltonian is known
only for cases of p4(0), pa(L) and pa(B), and one has [43, 63, 64]°

l
L U 3 TT o3 7I'(fo)
Ha(L) = _/ sin =~ sin ——— T(x)dz,
™ Jo sin ﬂ%
B (¢ sinh % sinh Leg z)
Hy(B) =—— . T(x)d. (A.3)
T Jo sinh %Z

We have only incorporated contributions from the holomorphic sector. They satisfy the

relations

Hy(0) = ngrgo Hy(L) = 511_{1010 Ha(B), Ha(B) = Ha(L)|1-is- (A.4)

As shown in figure 5, we use the entanglement entropy and modular Hamiltonian to cal-
culate the relative entropies S(pa(L1,¢)|pa(L2)) and S(pa(L1,q)||pa(L2)). We have

n4{cL? —L3(c—24hy))204
1080cL{L3
70[cL? — L3(c—24hy)|2[2c L2+ L3(c—24h )]0
* 17010c2 L8 L

(A.5)

S(pa(Lr,d)|lpa(L2)) =

4 B0,

®One can see modular Hamiltonian for excited states in [65, 66].
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and this is in accord with (C.1) and (C.2). We have

7T4C(L2—L2)2 47T4(L2—L2)q2 27T4(L2—L2)q3
S(pa(L, Ly)) = L2 12 12 A6
(pa(L1,q)|[pa(L2)) 1080[/411[/21 45L%L% 15L%L% (A.6)
el (e 9)8le* o 10 [n0e(2LfBILALLY) | snt(Li - Li)q?
15¢LiL3 17010L8 LS 945L L3
(AL | SrPleli—(c16) " o s ] o[BI —AL3L8 + 1)
315L5L3 315¢LSLA 226800L5 L3
A (I I8)? | ot (L8-18)g" | anleLf +(159c+T)EEat 5T oo
A725L8L5 1575 L5 LS 1575¢LS LS ’

and this is in accord with (C.3) and (C.4).

B Contributions from general operators

In the main text, we only consider the contributions from the holomorphic part of the
vacuum conformal family to order ¢°. In this appendix we consider the contributions
from general holomorphic and antiholomorphic operators, and we get closed forms of the
entanglement entropy, relative entropy, and Jensen-Shannon divergence.

For a short interval A = [0, /] on a Riemann surface R that has translational symmetry,
we have the reduced density matrix p4 and get

n _ (€ - Ax +-+A
trasls = (7) 1+;{XZX}€ MEEAN L ()R (Rr |, (B)
- 1,0tk

with the summation {X] - - - X} being over different sets of all the nonidentity holomorphic
and antiholomorphic quasiprimary operators. For a quasiprimary operator X', we use Ay
to denote its scaling dimension. Then we get the entanglement entropy

c, 1 &
Slpa)=glog o+ 3 N (X)r- - (KR (B2)
k=1{Xy, X}

For the same short interval A = [0,¢] on another Riemann surface S that also has trans-
lation symmetry, we have the reduced density matrix o4 and similar expression for entan-
glement entropy S(o4). The difference of entanglement entropies is

S(pa) = S(oa) =Y > AT an p (X)r - (X)r — (X1)s - (K)s).
k=1{Xxy, Xk}
(B.3)

For k quasiprimary operators X7, - , X, and two translation invariant Riemann sur-
faces R, S, we may define

1 .
Fi(Xy, -+, X R,S) = E(<XI>R (X)) R(Xit1)s - - - (Xk)s + permutations), (B.4)
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with 0 <4 < k. Note that the above definition is normalized such that 7;(X,--- , X|R,S) =
(X)L (VKT Fy(, - R, R) = (X1)R -+ (Xx)w. For 0 < m < n, we have

tra(po’ ™) (B.5)
4hs Ck 7
= (*) +Z Z ZAX1+ +AXka1 sz e m]_— Xla"' 7Xk|R7S)
k=1 {1, X}
Then we get the relative entropy

S(palloa) Z Z {eAX1+-"+AXkaX1...Xk[k]—“l(xl,...,XkyR,S)—<X1>R...<;(k>R
k=2 {X1, X}

— (k= 1)()s -+ (X)s] ], (B.6)

and the symmetrized relative entropy

pA7UA Zk Z {gAlererAXkaleXk []:1(‘)(1"" 7Xk’|R>S)+f1(X17"' an|SaR)
k=2 {X1,.X}

~(X)r - (KR (Xa)s -+ (Xi)s] |- (B.7)

Using the summation
Y crcerl =2kerc, (B.8)

and (B.5), we get

ko~
) (1S s S G s

k? ].{.)('17 ,Xk} ’L 0
(B.9)
Then we get the Jensen-Shannon divergence

PA, O'A Z Z {KAX1+'"+AXk ax,...x, [ _

k=2 {1, , X}

(i) - (B = 3 (Hr)s - (His

}. (B.10)

With the above results, we can also calculate short interval expansion of the Fisher

N |

k .
CZ

information metric. We parameterize the states of the CF'T by 6%, and we have the density
matrix p(6), and formally the Riemann surface R(#). For the reduced density matrix p4(6),
the Fisher information metric is defined as

Jap = % {tralpa(0)(0alog pa(0))(dzlog pa(8))] + (a < B)} . (B.11)
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It is related to the relative entropy and Jensen-Shannon divergence as [67, 68]

S(0(0+ 50)A(0)) = 50500°56° + O[(56)°),
TS (pa(6 + 66), pa(8)) = égaﬂaea(seﬁ +0[(56)%). (B.12)

From (B.6) or (B.10) we get short interval expansion of the Fisher information metric

Jap=—3_ > ANTTRNay o Gas(Xr, o, G R(6)), (B.13)
k=2 {X, X}

with the definition

Gap(X1, -, Xk R(6))

= Y {{X)r@) - 00 (X)) - - 008 (Xj)ree)] - - (Xi)r(e) + (@ <> B)}. (B.14)
1<i<j<k

In principle, the Fisher information metric can be used to define the distance on the state
space, i.e., all the thermal and quasi-primary states of 2D CFTs as considered in this paper.
Though we do not know at present how to efficiently characterize the state space by this
metric, we expect it may help to visualize the ETH geometrically for the future studies.
In section 4, for the reduced density matrices of the excited state and canoni-
cal ensemble thermal state pa(L,®), pa(B), we have calculated the relative entropy
S(pa(L,9)|lpa(B)) (4.8) and Jensen-Shannon divergence JS(pa(L,®), pa(3)) (4.10), with
contributions of only the vacuum conformal family, and find that they are non-vanishing

and positive at order 8, .

One question is can they be cancelled with the addition of
some suitable non-vacuum conformal families. We address the issue below.

For a general fermionic operator ¢, we have

(V) p(r.¢) = (V) p(p) = 0. (B.15)

Without loss of generality, we consider a hermitian nonidentity bosonic primary operator
X with normalization oy, scaling dimension Ay = hxy + hy and spin sy = hy — hy.
Note that sy is an integer, and so i*** = 1. From (B.6), we get the leading correction of
conformal family X' to the relative entropy S(pa(L, ®)|lpa(B))

0x5(pa(L, )]lpa(B)) = —C2% axx[{X)(r,g) — (X)p(p)]” + OEPEXHL, 33%). (B.16)
It turns out that [60]

/Al (Ax+1)

2m\Ax
<X>p(L,¢):<f> ¥ Coxg, (X)pp =0, (B.17)

Axx =

and we get

5xS(pa(L,9)|lpa(B)) + O(PAXTL 32x) - (B.18)

_ V/Al(Ax +1) (QE)MX Chxs
CAN(Ax +3/2)\ L ax
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Since X is hermitian, ay is real and positive ay > 0, and on a complex plane we
have [69, 70] )
[X(z,2)]F = 272,72 x(1/2,1/2), (B.19)

and by definition ¢ is also a hermitian primary operator [¢(0)] = ¢(c0). From the three-
point correlation function on complex plane

(¢(00)X (2, 2)(0))c =
we get that Cyxg is real. When Cyxy = 0, the conformal family A does not contribute

Coxs
m’ (B-20)
to S(pa(L,9)|lpa(B)), and so we only need to consider the case that Cyyy is real and
non-vanishing. For (B.18), we have

oxS(pa(L,9)llpa(B)) > 0. (B.21)

Similarly, from (B.10), we get that the leading correction of the conformal family X

to the Jensen-Shannon divergence JS(pa(L,®),pa(5)) (4.10) is real and positive
VIT(Ax+1) (ml\28x Clyy
L =V | —

In summary, in a unitary CFT, the non-vanishing results of the relative entropy
S(pa(L,9)|lpa(B)) (4.8) and Jensen-Shannon divergence JS(pa(L, ), pa(B)) (4.10) with
contributions of only the vacuum conformal family cannot be cancelled by the addition of

+O(PAxHL 32x) > 0. (B.22)

any non-vacuum conformal families.

C Collection of results in section 3

In this appendix we collect some lengthy equations in section 3. In these equations we
also omit some complex parts, and denote them by ---. The full forms can found in the
Mathematica notebook attached as supplementary material to this article.

Relative entropy.

774[L%(c - 24h¢2) - L%(c - 24h¢1)]2€4

S(pa(Ly, ¢1)llpa(Le, ¢2)) =

1080cL4L3
N mO[L3(c — 24hy,) — L3(c — 24hy) )?[2L3 (c — 24hg,) + L3(c — 24hg,)]€0
17010c2L8L§
+ B4 001, (C.1)
m4cl? — (c — 24hg)L3)?  4m*[(c — 24hg) L2 — cL?]q?
g I I _ 1 $) 2 b/ 52 1
(pa(L1,9)llpa(L2,)) 1080cLIL 45¢L3L3
214 ((c — 24hy) L3 — cL]¢’ N Amt[(c — 24hg) L5 — (c — 8)Li]q" +o(¢%)] ¢
15cL%L‘21 15(:L%L‘21
N 7[cL? — (¢ — 24hg) L3]?(2¢L? + (c — 24hy)L3) N 167%[(c — 24hy) L3 — cL?]q?
170102 L8 L§ 945¢L?L§
87[(c — 24hy) L3 — cL3]¢? N 167%[(c — 8)(c — 24hy) L3 — c(c — 16) L3¢ o]
315cL3L§ 315c2L3 LS
4 08+ 0419, (C.2)
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m[(c — 24hy) L3 — cL3)?  4nt[(c — 24hy) L3 — cL3]q?

S(pa(L1,q)llpa(Le, ¢)) =

1080cL3Lj 45¢LL3
2mtl(c = 24hg) L — cLil’ | drillc = 24ho)LE — (= 8)L3lg" | ) 5]
15¢L{L3 15¢L{L3
70[(c — 24hy) L3 — cL3)?[2(c — 24hy) L3 + cL3] N 87%[(c — 24hy)? LY — 2 L3)q?
170102 L8 L§ 945c2 LS L4
47%[(c — 24hy)? LT — ALY N 87%[(c — 24hy)? LT — (c — 16)cLj]q* o]
315c2L8 L3 315c2L8 L3
+ -8+ 0, (C.3)
4 2 2\2 4712 2 2 2 2 2
mie(Ly — L3) 4m® (LY — L3)(L1g5 — L3gi)
S(pa(Ly, Lo, q)) = _
C2n(LF - L3)(Lig3 — L3q})  4m'[(c — 8)(Liqs + Liqt) — LiL3(cqt — 16g543 + cq3)]
15(LLY) 15(cLiL3)
O] [P0 B+ 1) w03 - IR)PLY — L33 + L))
i 17010L8L§ 945L8 LS

N ATSILIL3(q3 + 243) — 2L8¢3 — LSqj]

C4
31501 (€4

_ 8nl(c — 16)(2Liagy + Loqy) — LiL3(cqy — 32475 +2(c — 8)ap)] 0.5

315¢LSLS 2
+ B4 0.
Symmetrized relative entropies.
m4[L3(c—24hy,) — L3(c—24hy, )20

S(pa(L1,¢1),pa(L2,02)) = A 02) L o) (C.5)

540cLiL3
+ 70 [L% (C_ 24h¢2 ) _L% (0_24h¢1 )]2 [L% (6_24h¢2 ) +L% (C_ 24h¢1 )]66

+--540(01),

5670c2L8 LS
m4[cL? —(c—24hg)L3)?  8m*[(c—24hy) L3 —cL?]q?
L L =
A7t [(c—24hy) L2 —cL?|¢® 8m*[(c—24hy)L3—(c—8)L3)¢*
(e=24h) L3 —cLilg® | 8n'{(e—20ho) L3~ (c=8)L8la" |y /]
15¢LiLs 15¢LiLs
N 70[cL? — (c—24hy) L3 [cL3+ (c—24hy) L] (C.6)
5670c2 LY LS '
8m0[cLi—(c—24hy)L3][3cL?+ (c—24hy) L3]q?
945c2L4 LS
4m8[cL? — (c—24hy) L3][3cL3+ (c—24hy) L3]G
315c2L1LS
_ 87°%[3¢(c—16) LT —2(c—8)(c—24hy) L1L3 — (c—24hy)* L5)q* ol 8
315c2LIL8 o)

+-B34+0(01),
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C7T4(L2—L2)2 87T4(L2_L2)(L2q2_L2q2)
S L L — 1 2) 1 2 142 241
(IOA( 17QI)apA( 27QQ)) |: 540L411L421 45L411L12,L
_4Anl(LR-L5)(Ligy — Lyay) | 87'[8(L3q7 —Ligy)* +e(LT—L3)(Liqr — Ligy)] )
15L1L3 15¢LiL3 '
o)) es en®(Li—L3)*(L3+L3) 87°(L—L3)[3¢3L1+L3(g5—q7) L —3L5qq]
12 5670LSLS 9455 LS

47.‘_6 L2_L2 3 3L4+L2 3_ .3 L2_3L4 3
_ (L1—L3)[3¢; 3115L62L((é2 @)Ly 2‘11]_,_._._1_0((1?76]3) £6+_._£8+O(£10).
142

The 2nd symmetrized relative entropies.

L [L%(C — 24h¢2) — L%(C - 24h¢1)]2£4

S, L L —
2(pa(L1, ¢1), pa(Lz, ¢2)) 1608CLIL]
TO[L2(c — 24hy,) — Li(c — 24hy,)][L1(11c — 240hy,) — Li(11c — 240hy, )]€°
552960cLYL$
+- 8+ 001, (C.8)
m4[cL? — (c — 24hg)L3)?  7t[(c — 24hy)L3 — cL?]¢?
SQ(ﬁA(L17¢)aPA(L27Q)) = 1 2 2 1
4608cL{L3 48¢L2L4
(e — 24hy) L3 — cL3)q3 N 74[(c — 24hy)L3 — (c — 8)L3]¢* Lo et
32cL3L3 16¢L2L3
7[cL? — (¢ — 24hg)L3][11cL} + (240h, — 11c)L3]
552960cLY LS
79[3¢(10c + 33) L} — 10(3¢ + 11)(c — 24hy)L3L3 + (11c — 240h4) L3)q?
11520cL$L$
79[c(80c + 319) LT — 10(8¢ + 33)(c — 24hy) LAL} + (11c — 240hy) Llq3
7680cL{L§
m[11(e(10c + 9) — 160) L] — 10(11c + 59)(c — 24hg) L3L3 + (11c — 240hy) L]q*
3840cLiL§
+ O(q5)]€6 +- LB+ 01, (C.9)
C7T4(L2 - L2)2 7.‘_4(‘[/2 o LQ)(LQQQ o L2q2)
S L L — 1 2 o 1 2 142 241
_ m(LE - LE)(Liay — Liay) | w'[8(L3ai — Lig3)® + e(L — L5)(L3d] — Ligy)]
32L1L3 16¢LiL3
17w8c(L? — L2)2(L? + L3)
+O(qi’,q5’)]€4+{ o
552960L8 LS
7O(L2 — L3)[3(10c + 33)q3 LT + 11L3(¢? — ¢3)L? — 3(10c + 33) L3q?]
11520L8L$
N 7O(L2 — L2)[(80c + 319)¢3 LT + 11L3(q3 — ¢3)L? — (80c + 319) L3q;]
7680L$ LS
_|_...+O(q§’7q§’):|g6+...£8+O(£10). (C.lO)
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The Jensen-Shannon divergence.

4L2 _ _L2 _ 94
JS(pA(L17¢1)7pA(L27¢2)):7T[ 1(0 24h¢2) 2<C 24h¢1)] ¢

4320cLiL}
+ 70 [L% (C_ 24h¢>2) - Lg(c_24h¢>1 )]2 [L%(C_24h¢2 ) +L% (C_ 24h¢>1 )]66
45360c2 LS LS
+-- B+ O(010), (C.11)
m4cL?—(c—24hy)L3]?  mt[(c—24hy)L3—cL?]q?
JS(pA(L17¢)apA(L2aQ)): ! - : -
4320cL{L3 45cL3L3
7r4[(c—24h¢)L§—cL§]q3+w4[(c—24h¢)Lg—(c—8)Lf]q4 Lo et
30cL3L} 15c¢L2L3
N m0[cL? — (c—24hg) L3)?[c L3+ (c—24hy) L3]
45360c2 LS LS
_ m%eL} — (c—24hy) L3][3cL3+ (c—24hy) L3]q ©12)
945c2 L4 LS ‘
_ 70[eL} — (c—24hy) L3)[3cLi+ (c—24hy) L3]°
630c2L{LS
 79[3(c—=16)cLi—2(c—8)(c—24hy) LL5 — (c—24hy)* Ls)q¢*
3152 L4 LS
+O(q5)] Ot 5001,
C7T4(L2—L2)2 7r4(L2—L2)(L2q2—L2q2)x2
IS8T pa(Lasg) = | T TSR S
1+2 1+2
_ L L5)(Liay — Lagy) | m(8(L3a7 — Ligy)* +e(Li—Ly)(Lagi —Lid)] (C.13)
30L1L5 15cLiL} '
ot e [T AN ID) o8- LR G )L -514ah)
45360L8 LS 945L9L$
(LY~ L3)[3¢5 L1+ L3(g5 — i) LT —3L34i]

- 630LSLS + 4 0(g7,43) | £+ C+0(01).

The Schatten 2-norms.

0\ 78 (w4 (c+2)04 L3 (c—24hg, ) — L3(c—24hy, )]
I B I 2_ (¢ 1 P2 2 $1
lpa(L1,01)—pa(Lz2,¢2)|3 (6> { 9216cL* L

()6, ) A
1033680016 L8 Li(e—24hg,) = Ly(e—24hs, ){Li[e(5c+22) —240hg, (¢ —12hg, +2)]
12
— L3[e(5c+22) —240hy, (c—12h g, +2)]}+- -£8+O(€10)}, (C.14)

cL3—(c—24hy)L3]?
9216c¢LiL3
[(c—24hg) L3—cL3)q*  [(c—24hg)L3—cLi]q®  [(c—24hy)L3—(c—8)L3]q"
96cL3L3 64cL3L3 32cL3L}

1pa(Ln,6)—pa(Lo,0) 3 = (E)_g{w‘*(m){[

€
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[CL%—(C—M%)L%] 4
Be+22)L
14236800085 et 2L

+0(q5)}e4+7r6(c+4){
q2

92160cL{L$

—10(5¢+22)(c—24hg) L3 L3+ [c(5c+22) —240(c—12hy+2)hg| L3}

q3

* 61440¢L7L8

[240(c—12hy+2)hg—c(5c+22) i + {9¢(5¢+22) L (C.15)

{29¢(5¢+22) L1 —30(5¢+22)(c—24hy) L3L3

+[e(5c+22) —240(c—12hg+2)hy | La} +-- q4—|—0(q5)}€6—|—---€8+O(£10)},

c

AN C(L2—L2)2
lpa(L1,q1) —pa(La,g2) |2 <6> {W (c+ )[9216L‘1*L§1

_(L%_L%)(Lﬂz Lz‘h) (L2 LQ)(L%% LQQl)
96L7} L3 64L1L5
(6—8)(L1Q2+L2Q1) LQLQ(CCh 1GQQQ1+CQ2) 5 5|4
_ O(q7, l
Li-Lj 9L1g3+L3L3(q3—q3)—9L3q3
4423680LS LS 92160LYL$
29L1(12+L2L2(Q1 3)—29L5q}
61440L8L$

(C.16)

+70%¢(c+4)(5¢+22) [

+- +O(q1,q2>]€6+ €8+0<€1O>}

The Schatten 4-norms.

5c
0\ 716 [78(c+2)[25¢(25¢—14) +192)¢8
L —pa(L 1=1(-
lpa(L1;é1) = palle; @2)lls <e> [ 217432719363 L5 L§
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