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The irreducible representations of the twisted quantum triple algebra correspond to the
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that encode the fusion and the braiding statistics of the loop-like excitations, respectively.
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1 Introduction

Succinctly, a phase of matter is defined by an equivalence class of physical systems sharing
certain common features of interest. The subtlety in this definition is then to describe
equivalence relations which capture physically insightful properties. Our best description
of quantum many-body systems is manifest through the language of quantum field theory.
In this way a quantum phases of matter may be defined by an equivalence classes of
quantum field theories whereby each quantum model constitutes a concrete realisation
of the given phase. For gapped quantum field theories, the infra-red limit of the theory
admits an effective field theory description in terms of a topological quantum field theory
(TQFT) [1-4]. From this observation, an important class of quantum phases of matter is
given by so-called topological phases of matter, which are typically defined by homotopy
classes of gapped quantum models whose low energy effective field theories realise given
TQFTs. A consequence of this definition is that two quantum states are described by
the same TQFT if, and only if, they can be related by an adiabatic evolution which does
not close the energy gap. In practice, this signifies that ground states of a given gapped
system must remain in the same phase under local unitary transformations. In the discrete
setting, local unitary transformations can be performed in order to implement a wave
function renormalisation group flow. Equivalence classes of wave functions under such
transformations can therefore be interpreted as so-called fized point wave functions. These
fixed point wave functions admit a TQFT description and are thus expected to capture
the defining long-range entanglement pattern signifying topological order [5].

In this paper, we are interested in physical realisations of topological phases that have
a gauge theory interpretation. Such models are referred to as gauge models of topological
phases. The low energy limit of the corresponding phases are described by a particularly
manageable class of fully-extended topological quantum field theories known as Dijkgraaf-
Witten theories [6]. Given a closed (d+1)-manifold, the input data of a Dijkgraaf-Witten
theory is a finite group G' and a cohomology class [w] € H(BG,U(1)). The correspond-
ing partition function can be conveniently defined by summing over homotopy classes of
maps from the (d+1)-manifold to the classifying space BG of G. Given a triangulated
manifold, the partition function can be recast as a lattice gauge theory so that the sum
is now performed over G-colourings, i.e. G-labelings of the one-skeleton of the triangula-
tion that are subject to local constraints. This latter formulation turns out to be also
valid in the case of manifolds with boundary. The definition of the partition function for
a special family of cobordisms can then be utilised to define lattice Hamiltonian realisa-
tions of the theory [7, 8]. These constitute the exactly solvable models of interest for the
present manuscript.

In (2+1)d, it is well-known that the Dijkgraaf-Witten lattice Hamiltonian yields point-
like bulk excitations that are classified by the irreducible representations of the twisted
Drinfel’d quantum double [9-11]. These bulk excitations come in three types, namely
electric charges, magnetic fluzes and dyons, i.e. electric charge-magnetic flux composites.
The quantum double, which is an example of quasi-triangular quasi-Hopf algebra, not only
provides the classification of these (anyonic) excitations but also their fusion and braiding



statistics. More precisely, as a Hopf algebra, the quantum double comes equipped with a
comultiplication rule from which the tensor product of irreducible representations can be
defined, while as a quasi-triangular Hopf algebra it comes equipped with a so-called R-
matrix from which a braid group representation on the irreducible modules can be derived.
In the case where the input cocycle is chosen to be trivial, the model reduces to the so-called
Kitaev’s quantum double model [12].

There exist several strategies to uncover that the algebraic structure underlying the
(24+1)d bulk excitations is indeed the twisted quantum double. One fruitful approach
consists of defining explicit operators from the algebra of local symmetries that generate and
measure the excitations [12]. Alternatively, we can consider a generalization of Ocneanu’s
tube algebra [13-17]. This approach relies on the crucial remark that the physical properties
of a given excitation localized within a subregion are encoded into the boundary conditions
of the open manifold obtained after removing this subregion. This is the approach we follow
in this manuscript. More specifically, the tube algebra approach utilises the length scale
invariance of the renormalisation flow fixed point in order to define an algebra defined by
gluing states of the twice-punctured sphere along the boundary, which in turn reproduces
the multiplication rule of the twisted quantum double.

It turns out that the tube algebra approach can be generalized to all dimensions [18-
20]. For instance, in (341)d the relevant manifold is the one obtained by cutting open the
three-torus along one direction. We show in detail that this tube algebra yields a gener-
alization of the twisted quantum double referred to as the twisted quantum triple whose
irreducible modules classify the simple bulk loop-like excitations [18, 20]. More precisely,
the irreducible modules can be labeled by three components, namely two magnetic fluxes
and one electric charge quantum numbers, so that one of the flux quantum numbers, re-
ferred to as the threading flur, constraints the remaining magnetic flux and electric charge
quantum numbers of the loop excitation. Similarly to its (2+1)d counterpart, the twisted
quantum triple comes equipped with a coalgebraic- and quasi-triangular-like structure that
allows a description of the fusion and the braiding of the bulk excitations. Specifically, we
show these correspond to the fusion and the braiding processes of two loop-like excita-
tions labeled by a magnetic flux and an electric charge, sharing the same threading flux.
More generally, the braiding structure of loop-like objects in the 3-disk is governed by
the so-called necklace groups [21, 22] when the threading flux is non-trivial and the loop-
braid group [23-25] when the threading flux is trivial. It can be shown that the loop-like
excitations of the twisted quantum triple naturally define representations of such motion
groups [26]. In this way, the twisted quantum triple algebra provides a rigorous framework
to describe the processes of interest in the condensed matter literature.

In the literature, fusion and braiding processes of loop-like excitations have often been
described through dimensional reduction arguments [27-30]. This approach relies on the
idea that upon compactification of one of the spatial directions, a given topological model
can be expressed in terms of another model in one lower dimension. In such context, the
statistics of loop-like excitations in (3+1)d can be expressed in terms of the statistics of
point-like excitations in (2+1)d.

This approach has most notably been applied in (341)d by considering the ground state
subspace of the Dijkgraaf-Witten model for the 3-torus T3 [8, 28, 31, 32]. In the (2+1)d



Dijkgraaf-Witten model the topological spin, fusion and braiding statistics of anyons can be
understood from the ground state subspace of the torus T2 by considering the action of the
mapping class group of the torus SL(2, Z) on the corresponding states. Most investigations
of the (3+1)d Dijkgraaf-Witten model have then utilised dimensional reduction techniques
to consider the action of the SL(2,Z) subgroup of the mapping class group of the 3-torus
SL(3,Z) on the ground state subspace of the 3-torus so as to infer the spin and braiding
in analogy with the (24+1)d model. Although the notion of dimensional reduction and the
statistics of loop-like excitations are indeed related, we explain that it is not necessary
to use the former to describe the latter. In order to emphasize this point, we make the
mechanisms at play precise by constructing explicitly the equivalent lower-dimensional
model using the technology of loop-groupoids [33, 34]. We refer throughout the manuscript
to such models as lifted models. With this approach, we can not only clarify the nature
of the input data of the lifted model, namely a loop-groupoid cocycle, but also construct
explicitly the relevant Hilbert spaces in terms of loop-groupoid coloured graph-states.

This notion of lifted models in terms of loop groupoid is valid in any dimensions.
Furthermore it can be iterated. This means that given a manifold that is n-times com-
pactified, it is possible to express the original model in terms of another model in n-lower
dimensions. In particular, we use this result in order to recast the higher-dimensional tube
algebras in terms of the (1+1)d one, hence allowing for a particularly compact derivation
and definition of the twisted quantum double and twisted quantum triple algebras.

In (2+1)d, the fusion and the braiding of point-like excitations can be made rather
intuitive by means of a graphical calculus. In some cases, it may also make tedious compu-
tations a lot easier to perform. In this manuscript, we make a first step towards defining a
graphical calculus for the statistics of loop-like excitations. In some ways, this provides a
more physical description of the processes compared to the more rigorous and mathematical
treatment provided by the twisted quantum triple. To do so, we propose a definition of the
(341)d Hamiltonian realisation of the Dijkgraaf-Witten theory in terms of membrane-nets
condensate and exploit the notion of lifted models. This alternative picture suggests a way
to derive graphical identities that correspond to the algebraic definitions. For simplicity
and in order to focus on the specificity of dealing with loop-like objects, we do so in the
abelian case.

Organization of the paper. In section 2, we review the definition of the Dijkgraaf-
Witten theory both as a sigma model and as a lattice gauge theory. We pay particular
attention to the definition of the partition function in the case where the manifold has
a boundary. This is subsequently used to define the lattice Hamiltonian realisation of
Dijkgraaf-Witten theory. In section 3, a general framework in terms of tube algebras is
presented to study excitations yielded by the Hamiltonian model in general dimensions.
Three examples are studied in detail, namely the (1+1)d, the (241)d and the loop (3+1)d
tube algebras. The notion of lifted models is also introduced in this section. The irre-
ducible representations of these tube algebras that classify the simple excitations of the
corresponding models are introduced in section 4. Furthermore, the compatible comultipli-
cation and R-matrices are defined, which in turn determine the fusion and the braiding of



the excitations. In particular, we explain how the R-matrix of the twisted quantum triple
algebra gives rise to the loop-braiding statistics as usually studied in the condensed matter
literature. Section 5 reviews among other things the concept of loop groupoids. Apart from
clarifying the meaning of the 2-cochains twisting the multiplication and comultiplication
rules of the tube algebras, it makes more precise the notion of lifted models introduced in
section 3. Specifically, we show that given a manifold with one direction compactified, there
exist a lower-dimensional model defined in terms of loop-groupoid colourings that is equiv-
alent. This is finally used to express the n-dimensional tube algebra as an n-times lifted
version of the (1+1)d one. In appendix A we introduce in the abelian case an alternative
formulation of the (3+1)d model in terms of membrane-net condensation.

2 Dijkgraaf-Witten model

In this section, we review the construction of the Dijkgraaf-Witten partition function, as
well as the definition and the main properties of its lattice Hamiltonian realisation.

2.1 Partition function for closed manifolds

In [6], Dijkgraaf and Witten introduced a topological gauge theory for any finite group
G in spacetime dimension d+1. They further showed that different G-gauge models are
classified by cohomology classes [w] € HY*'(BG,U(1)) where BG is the classifying space
of the group G, that is the topological space whose only non-vanishing homotopy group is
the fundamental group and it equals the group itself, i.e. m1(BG) = G [35]. Given a finite
group G and a closed oriented (d+1)-manifold M, the partition function is performed over
homotopy classes of maps [y] : M — BG, while the topological action is provided by the
canonical pairing (y*w, [M]) between the pull-back of the cocycle w € Z¥1(BG,R/Z) onto
M and the fundamental class [M] € Hgi1(M,Z) of M. Putting everything together, we
obtain a sigma model with target space the classifying space BG and the partition function
explicitly reads )

Z5IM] = €0 > (w, M) (2.1)

N]:M—BG

where the 0-th Betti number by counts the number of connected components of M. Since
the fundamental group is the only non-vanishing homotopy group of BG, homotopy classes
of maps M — BG can be expressed as homomorphisms from the fundamental group
m1(M) into G, up to simultaneous conjugation. We notate the set of such maps via
Hom(71 (M), G)/G. This statement is merely the fact that the topology can be detected
by holonomies along non-contractible closed curves only. Utilising this relation the partition
function can be rewritten as:

1 *
Z5[M] = D Z (v'w, [M]) . (2.2)
~EHom(r1(M),G)/G

Note that the expression above is only valid in the case where the manifold is closed.
Indeed, if the manifold has a boundary, the fundamental class [M] of the manifold cannot
be defined and therefore the topological action cannot be written as (y*w, [M]). We will



now derive another expression for the partition function that can be extended to open
manifolds, ie. compact manifolds with boundary.

We begin by endowing the oriented (d+1)-manifold M with a triangulation M. More
specifically, throughout this manuscript we will consider triangulations M a of a manifold
M as a A-complex whose geometric realisation is homeomorphic to M. Furthermore, we
will require that all triangulations are equipped with a complete ordering of the vertex set
vo < v1 < ... < U | Where |MQ] is the total number of vertices. The ordering of the
vertex set has the important feature that it naturally equips the edges (1-simplices) of M
with the structure of a directed graph, where we choose the convention that each edge is di-
rected from the lowest to highest order vertex. Given a (d+1)-simplex AT € M, there
are two possible configurations for the vertices which determines an orientation we notate
via e(AHD) = £1. Since in the following we mainly focus on (3+1)d Dijkgraaf-Witten
theory, we only provide below the explicit orientation conventions for 3- and 4-simplices:

Convention 2.1 (Orientation of a 3-simplex). Consider a 3-simplex A®) = (vovivav3)
such that vg < v1 < ve < v3. Pick the 2-simplex (vovive) and look at the remaining vertex
(v3) through the 2-simplex. If the vertices vy, vi and vy are organized in an clockwise
fashion, the orientation of the 3-simplex e(A(?’)) is +1, and —1 otherwise.

Convention 2.2 (Orientation of a 4-simplex). Consider a j-simplex AW pick one of
the 3-simplices AB) = (vgvivavs) € A® such that v < vy < vy < vy and determine
its orientation according to conv. 2.1. The remaining vertex is denoted by v. If it takes
an even number of permutations to bring the list {v, vy, v1,va,v3} to the ascending ordered
one, then e(vov1vausv) = €(vov1vav3), and e(vovivv3v) = —€e(VovivaV3) otherwise.

The fundamental class of M can now be expressed as

M= > (AdFHALRY (2.3)
A+ C M A

so that the topological action in (2.2) can be decomposed as

GroMy= J[ waly= [T w@@m)y e 2
A(d+1)CMA A(dJrl)CMA

This last expression is also valid in the case where the manifold has a boundary. It remains
to find an explicit expression for w(A@+D),

Due to the path-connectedness of the classifying space BG, one may smoothly deform
maps v € Hom(m (M), G)/G such that every 0-simplex in M is mapped to the same point
in BG and such that the space of paths in BG, which is G up to homotopy, is mapped to
the 1-simplices of M. Contractible paths are thus mapped to the identity group element.
In practice, this means that every directed 1-simplex (vov1) C Ma is assigned a group
element g,,,, such that for every 2-simplex (vgv1v2) whose boundary is associated with a
contractible path, the 1-cocycle condition (or flatness constraint) gyyv, * Guyvs - gU_OLQ =1is
imposed. Such a labeling of the 1-simplices defines a local description of a G-flat connection
and is referred to as a G-colouring. We denote the set of G-colourings by Col(Ma, G).



This provides an algebraic expression for the topological action w(A(d“)). Given
a (d+1)-simplex Ald+D) = (vov1 ... vg41) € Ma such that vg < v1 < ... < vg41 and
g € Col(Mn, @), we notate by g[A%*1] the restriction of the colouring g to the edges
of AHD) which is specified by the d+1 independent gauge fields Guovs > Jurvas - -+ s Joqvgss -
Using these conventions, we define the evaluation of the cocycle w on the G-coloured (d+1)-

simplex (vgvy ...v411) as

W(Q[UOUI s Ud-‘rl]) = w(gvom y Juivgs - - - agvdvd+1) . (2'5)

It is implicit in this construction that the cohomology H+1(BG,U(1)) of simplicial cocycles
of BG is equal to the group cohomology H*1 (G, U(1)) of algebraic cocycles on G whose
definition is briefly recalled below:

Definition 2.1 (Group cohomology). Let G be a finite group and A a G-module whose
action is denoted by >. We define an n-cochain on G as a function w, : G* = A.' The
space of n-cochains on G is denoted by C™(G, A). A coboundary operator d™ : C™(G, A) —
C™ (G, A) can be defined on the space of n-cochains via

_1\n+1
d(n)wn(glv"'7gn+1) :glDwn(QQ,--~,gn+1)wn(gl,---gn)( 1)

n
X Hwn(gla Qi1 G0 Git1s Git2y - Gng1) T (2.6)
=1

It follows from the definition that d™tY o d™ = 0. An n-cochain satisfying the equation
d™w, =1 is referred to as an n-cocycle and the space of n-cocycles is denoted by Z"G,A).
We define an n-coboundary as an n-cocycle of the form wy, = d™ Yw,_1. The subgroup of
n-coboundaries is denoted by B™(G,.A) and finally the n-th cohomology group of algebraic
cocycles reads

n _ZMG,A)  Kerd™
H"(G,A) = G A) " Tmde D (2.7)

Throughout this manuscript, we take the G-module A to be the abelian group U(1)
and the group action > to be trivial. The partition function of a closed manifold M for
the discrete version of the Dijkgraaf-Witten partition function finally reads:

26 M) = — ) [ wlla@ e (2.8)

e
g€Col(Ma,G) Ald+D) C M A

The evaluation ZG[M] € C is independent of the choice of triangulation M of M. In
particular, this means that the partition function in invariant under so-called Pachner
moves.2 This follows from the cocycle condition d(*w = 1 where d(@+1) is the group
coboundary operator as defined in (2.6).

"When no confusion is possible, we will often drop the subscript n in wy,.

2Given a piecewise linear manifold M endowed with a triangulation M a, a Pachner move replaces Ma
by another triangulation M/, homeomorphic to M. In other words, given two triangulations of the same
manifold, it is always possible to obtain one from the other via a finite sequence of Pachner moves.



2.2 Partition function for open manifolds

As announced earlier, formula (2.8) can be extended to the case of open manifolds. A
particularly important class of open manifolds in the following is provided by so-called
cobordisms. Given a pair of oriented closed d-dimensional manifolds Cy and Cq, a (d+1)-
dimensional cobordism from Cy to C; is a compact oriented (d+1)-manifold C with boundary
0C = Cy U C1 where Cy is the manifold Cy with orientation reversed. Given a triangulation
Ca of C with boundary triangulation 0Ca = K,O L Ca.1, the partition function defines a
linear operator

Z81Cn) - HE[Cap] — HE[Caa] with  HE[CA L

X cla, (2.9)

A(l)CCA,*

where C[G] is the Hilbert space spanned by complex linear combinations of the orthonormal
basis elements {|g) }vge. More explicitly, one has

ZS[CA] ; Z H w(g[A(d+1)])e(A(d+1>)

O AC—Llace
|G|Cal=219CAl g€COl(Ca,G) Ald+D Cp
&R 1912 X (glaM]]
ADCCa 4 AMCCa

The operator ZS [CA] is boundary relative triangulation independent, i.e. it is independent
of the choice of triangulation of int(Cp) := CA\OCa but does depend on the choice of
boundary triangulation.

Given a pair of triangulated cobordisms C and C’ with boundaries 9Cx = K,O UCa
and OC' o = Ca1UCA 2, we can consider a new triangulated cobordism CaUc ».1Cx obtained
by gluing Ca and C, along their common boundary component Ca ; such that

Z51C'AIZSICA) = Z51Cn Ue, 4 Chl - (2.10)
Additionally, operators of this form satisfy the unitarity condition
z5Cal = Z5[eal" (2.11)

Let us now focus on a special kind of cobordisms. Let ¥ be a d-dimensional surface,
! =¥ x[0,1] = X[ defines a cobordism with triangulation ¥\ such that 95} = SAUZA.
As a consequence of the boundary relative triangulation independence of Z&, we find
the relations

=YNE DN (2.12)
so that Z5 (S ] defines an Hermitian projector. In this way, we define

ImZJ[E)] = VI[Ea] € HT[2a] (2.13)



to be the physical state space of Zf associated to the triangulation ¥ A. A consequence of
this definition is that for all states |¢)) € VS[XA]

ZS[SRle [9) = [v) - (2.14)

In section 2.3, we will define an exactly solvable model that is the lattice Hamiltonian
realisation of the Dijkgraaf-Witten model given by a sum of local mutually commuting
projection operators. The Hamiltonian is defined in such a way that the ground state
subspace for a closed triangulated d-manifold ¥ A is naturally identified with the physical
state space VS [S 4], and the ground state projector is identified with Z§[%Y ].

Note that in order to recover equation (2.8) as the limiting case of equation (2.10)
for OCA = @, we choose the convention that the empty set @ can be thought of as a
closed oriented d-manifold such that @ = @. Thus, it follows that any closed (d+1)-
manifold M can be seen as a cobordism with boundary OM = & U &. Accordingly, we
choose the conventions HG[@] := C and g[@] = 1, for all G-colourings g € Col(M,G).
Putting everything together, this ensures that (2.10) does reduce to (2.8) when Ca is a
closed manifold.

Let us finally introduce yet another special class of open manifolds which will be
particularly useful in the subsequent discussion, namely pinched intervals:

Definition 2.2 (Pinched interval). Let = be an oriented d-manifold with possibly non-
empty boundary, the pinched interval = x, | of = is the quotient manifold

Expl=Exl/~ (2.15)

where the equivalence relation ~ is defined such that (a,i) ~ (a,i’), for all (a,1),(a,i’) €
0= x [.

An immediate consequence of def. 2.2 is that 9(Z x, 1) = EUs=z E and ENE = J=. By
comparison 9(Z x 1) = EUZ U (0= x ). In order to illustrate this property, let us consider
the following simple examples:

0,1] x5 [0,1] =<_> , [0,1] x[0,1] = . (2.16)

Additionally, if 02 = @, then we can directly identify = x, 1 =2 x [.

We now define the partition function ZS for pinched interval cobordisms. Let Za, Zar
be a pair of triangulations of Z such that 0=A = 0ZA, and AEa- a triangulation of = x, [
such that d(AZa/) = Za Up=,, Ear, then

_ 1 c( A+
ZllEm =gt 2 [I  wlanpas (2.17)
| ‘ geCOl(AEA/,G) A(d+1)CAEA/
& laM) & (gla®)
AMCEL, AMCEA



where #(AZa/) == |AZEA°| — 5|0AEA| — 3|0Z% |. Given an oriented d-dimensional mani-
fold equipped with triangulation ¥ A and ZA C XA a subcomplex, there is a natural action

of ZZ[AZ /] that defines a linear map

ZJ 0B HIa) = HIBa], (2.18)
which in turn descends to a unitary isomorphism

Z3[aEa]: VIBa] = VI[Ba) (2.19)

where YA is a triangulation of ¥ for which the subcomplex = replaced by Za/. The fact
ZG[AE /] is a unitary isomorphism on the physical state space follows from the relations

ZGAEA ZS [AEn] = ZS[AEA] (2.20)
and
ZG[AEAIZG[SR] = ZG[Sh] = Z5 (SN ZS [AEA] (2.21)

which are a consequence of the boundary relative triangulation independence of Z5. Most
importantly, this isomorphism implies that for a closed oriented d-manifold ¥, any two
triangulations ¥4, X/ give rise to isomorphic state spaces VS[Ea] =~ VG [E /], and hence
the dimension of the state space is a triangulation independent quantity.

2.3 Lattice Hamiltonian realisation of Dijkgraaf-Witten theory

In this section, we present the lattice Hamiltonian realisation of the partition func-
tion (2.8) [7, 8] whose ground state subspace corresponds to the physical Hilbert space
defined in equation (2.13). Let 3 be a closed oriented d-manifold equipped with a triangu-
lation ¥ A. The input for the model is given by a pair (G,w), where G is a finite group and
w is a representative normalised® (d+-1)-cocycle in a cohomology class [w] € H1(G, U(1)).
The microscopic Hilbert space of the model is given by

niEal= K CGl. (2.22)

AN CEA

Letting g be a G-labeling of YA, we call the state |g) € HG[EA] a graph-state. Given
a graph-state |g), we use the notation g,,,, = glvovi] € G to define the group element
associated to the oriented edge (vov1) = AN C Ta.

The Hamiltonian is defined in terms of two classes of operators, namely B2 which
act on the 2-simplices of ¥ A, and A, o) which act on a local neighbourhood of the vertices
of YA, such that

[HG (Xa) = Z Bae — Z Ap) - (2.23)

AR CT A A0 CY A

3 A normalised (d+1)-cocycle w is cocycle which gives the identity when any of the input group elements
are the group identity.

~10 -



The operator By, v,) for (vov1v2) C XA is defined by its action on a graph-state |g) €
HE[EA] as follows:

|B(’U0’U1’U2) > |g> = 591;01;191)11;2 ) Gugug |g> (224)
which can be extended linearly to an operator on any state [¢)) € HG[Ya]. The B-operators
provide an energy penalty for non-flat G-connections of YA .

For every vertex A = (vg) of LA, the operator Avy) acts on the subcomplex Z,, :=
clost(vyg) C Xa. Here cl(x) is the closure operation and st(x) is the star operation such
that =,, is the smallest subcomplex of XA that contains all the simplices which share 9
as a subsimplex [36]. We define A(,) in terms of the triangulated pinched interval =, ==

—=vp__ —=vQ

of which we choose a triangulation via

—_—
—
—

0

2022, = (vh) Ujclost(vp) . (2.25)

Yo

Here * LJ; * is the join operation, where the join of two simplices AP = (vov1 ... vp)
and AW = (vp110p19 ... Vpigr1) is a new simplex AP 1y AW = (vgvy ... vp1441) and
vy < vy < vy is an auxiliary vertex which respects the ordering of vy with respect to all other
vertices in ¥ o. Let us illustrate these different definitions with a two-dimensional example:

a0 - !@Y‘ 220

’

so that

(0') Uy cl o st(0) = (0') L %Y‘ = . (2.27)

In this notation, for a given |¢)) € HS[S ], we finally define the action of A,,) via

By > [10) = Z5[(vg) Lj el o st(vo)][9) - (2.28)

For instance, in (3+1)d the action of the operator A4y on a vertex (4) shared by four
3-simplices explicitly reads

4’

b ] > (2.29)
s 1 3 1

2 2 2 0

Z m(ab,c,d, k) w(a,b,cd, k)
\G! m(b,c,d, k) m(a,bec,d, k)
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where 7 € Z4(G,U(1)). Note that the G-colouring was left implicit and we made use of
the shorthand notation go1 = a, g12 = b, go3 = ¢, g34 = d and g4y = k.

It follows directly from the definitions that the B-operators are mutually commuting
projection operators and that any A-operator commutes with any B-operator, and vice
versa. The only non-trivial commutation relation corresponds to the situation where two
A-operators act on two vertices that are shared by the same 1-simplex. Let us consider for
instance a 1-simplex (vgv1) and let us compare the action of A(uy) 0 A(wy) and Agy ) 0 Ay 1t
follows from the definition that the amplitudes of A,y and A, are Z81(vh) Uj clost(vg)]
and ZG[(v}) Uj cl o st(v1)], respectively. However, the results of cl o st(v1) and cl o st(vg)
depends on the order in which we act with the operators. Indeed, the action of A,y oA,
is such that (vg) C clost(vi) and (v}) C clost(vg), while the action of Ay, y o Ay is
such that (v1) C clost(vg) and (vy) C clost(vy). In both cases, the overall amplitude
is provided by Z5[((v)) Uj cl o st(vp)) U ((v}) Lj el o st(v1))]. However, in the former case,
the simplicial complex ((v() U cl o st(vg)) U ((v]) L cl o st(vy)) contains the 1-simplex
(vov}) while in the latter case it contains (vjv;). These two complexes share the same
topology and boundary so that they can be related by a finite sequence of Pachner moves.
Topological invariance of the partition function then guarantees that the amplitudes are
the same, and therefore that the operators A(,,) and A, ) commute. Furthermore, that
A(vy) is a projection operator follows directly from the definition in terms of Z& applied
to a triangulated pinched interval. Consequently, the Hamiltonian is a sum of mutually
commuting projection operators such that the model is exactly solvable.

Let us conclude the definition of the Hamiltonian realisation by elucidating the relation
between the ground state subspace of the Hamiltonian and the corresponding physical state
space of the Dijkgraaf-Witten model. By definition, a ground state |1) of HG (£ 4) is given
by a linear superposition of graph-states such that the conditions A > |¢)) = [¢) and
Bae > [¢0) = |¢) are satisfied for all A(® AR C $A. Noting that the set of operators
{An©), Ba) }VA(D)’A(Q)CEA are all mutually commuting projection operators, we define the
ground state projector Py, via:

Ps, = H A H Bae = H Ap) - (2.30)

A(O)CEA A(Q)CEA A(O)CEA

The second equality in the above follows from the fact that the operator A, naturally
enforces the flatness condition in cl o st(vg) C XA, but Ugg)cxn,clost(vg) = ¥a, and
thus the term [] Ar@cx, Baw is superfluous in the definition of the ground state projector
Py, . Utilising the definition Ay, = Z5[(vh) Lj cl o st(vg)], we can naturally make the
identification:

II 220 =250 (2.31)
A(O)CEA

where each ordering of the product of Ax o) defines a different boundary relative triangu-
lation of Z”A. But the operator ZS is invariant under such choices, hence the equality.
In this way we can identify the ground state subspace of HG (X ) with the physical state
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! w(g[01234]) °
e

5 1 5 1
4 2 ¢ 2 o, {bb‘%\\ 4 2
N, 0w
3 ) » 3
5 1

! w(g[12345)) °
—_—

3 3

Figure 1. Coherence relation of the 2 = 3 Pachner moves. Given a complex obtained as the
gluing of three 3-simplices, two different sequences of 2 = 3 Pachner moves result in the same
complex obtained as the gluing of six 3-simplices. Each arrow is decorated by the amplitude of the
corresponding move obtained as the evaluation of w on the 4-simplex whose boundary provides the
3-simplices involved in the corresponding 2 = 3 move. This coherence relation is satisfied if w is a
4-cocycle.

space VG [E ] of the Dijkgraaf-Witten model where
ImPy, =ImzG[Z%] = VS [2A] (2.32)
following from equation (2.13).

2.4 Fixed point wave functions

In equation (2.19), it was shown using the language of pinched interval operators that
given a pair of triangulations ¥ A and Y as of a closed oriented three-manifold X, the cor-
responding state spaces were isomorphic, i.e. VG[Ea] ~ VE[E A/]. In light of the identifica-
tion (2.32) between the physical state space of the topological theory and the Hamiltonian
ground state subspace, this informs us that under a local change of triangulation, ground
states remain in the same gapped phase. In other words, to a change of triangulation
corresponds a local unitary transformation that performs an adiabatic evolution of the
system that preserves the gap. These local transformations can in turn be used in order
to generate a renormaliation group flow so that gapped ground states can be interpreted
as fized point wave functions [5].

An important class of pinched interval operators for the following discussion are the
so-called Pachner operators. For a given compact X, any two triangulations of 3 can be
mutated between each other by a finite set of Pachner moves [37]. For instance, in three
dimensions, we distinguish two sets of invertible Pachner moves given by the 1 = 4 and
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2 = 3 moves:

4-1 3-2
N , = . 2.33
1—4 2-3 ( )

Each d-dimensional Pachner move is derived from a (d+1)-simplex A which defines a
triangulation of the (d+1)-disk, and such that the boundary ANt defines a triangulation
of the d-sphere S%. But a hemispherical decomposition of A = N Ups_siy O into
two subcomplexes N and S (the north and south hemispheres) is such that the (d+1)-
simplex defines a pinched interval which changes a subcomplex given by N of a triangulated
three-manifold to have triangulation S. Using the Dijkgraaf-Witten partition function Z&,
such a pinched interval can be lifted to a unitary isomorphism on VE [¥A]. Furthermore,
boundary relative triangulation independence of the partition function guarantees that
the isomorphism is independent of the order or choices of Pachner operators between two
triangulated three-manifolds as illustrated in figure 1 for the three-dimensional Pachner
moves. For the sake of concreteness, we consider below two examples of three-dimensional

WARY)CVE>Y

TANTANp

Pachner operators:

1
Py = — > w(g[01234])<(01234)
IG12 gecol((01234),6)

P3_.p := > w(glo1234])<12Y)
g€Col((01234),G)

where the vertex enumeration is left implicit, since such enumeration defines an orientation
for the corresponding 4-simplex according to conv. 2.2, and instead insert the orientation
dependency in the amplitude. Finally, we define P14 = [P:rlé1 and Py_.3 = [P;;AQ.

3 Tube algebras and excitations

In this section, we present an approach to study and classify excitations in topological
models. This approach consists in revealing the algebraic structure underlying the exci-
tations yielded by the lattice Hamiltonian. First, we present the general framework, then
we provide some lower-dimensional examples, and finally we reveal and study in detail the
algebraic structure relevant for the (3+1)d model.
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3.1 General framework

Given a closed oriented d-manifold ¥ equipped with a choice of triangulation XA, we
introduced in equation (2.23) the lattice Hamiltonian HS (XA ) whose ground state subspace
V&2 ] is spanned by linear combinations of graph-states on Y5 that satisfy the stabiliser
conditions A > |1) = [¢) and B > [¢) = |¢) for all A AR ¢ S5, This ground
state subspace corresponds to a translational invariant state with constant energy density
for all local neighbourhoods of ¥ a.

We define an ezcitation in the model to be a connected subcomplex of ¥ A with an
energy density higher than that of the ground state. In terms of the Hamiltonian, an excita-
tion is obtained by violating the stabiliser constraints Ax o) >|¢) = [¢) and Ba @ >[y) = |[¢)
at 0- and 2-simplices of the subcomplex. Recalling that the Hamiltonian constraints A (o)
and B (2) enforce twisted gauge invariance and flatness, respectively, we call a state |¢)
whereby Ax ) > |¢) = 0 for one vertex A©) an electric charge excitation, and a state for
which Ba2) > [¢)) = 0 for one 2-simplex A®@) a magnetic fluz excitation. There are numer-
ous equivalent approaches to classifying excitations in the theory, such as the construction
of string and membrane operators from the algebra of local symmetries. In this section,
we instead utilise a generalisation of the Ocneanu’s tube algebra [13, 14]. The corner-
stone of this approach is that the physical properties of any excitation associated with a
given subcomplex of YA are encoded as boundary conditions of the triangulation obtained
by removing this subcomplex from X a. As such, it is possible to classify excitations by
classifying boundary conditions.

Given an open manifold »° with triangulation 39 we define the Hamiltonian of equa-
tion (2.23) as follows:

HS(SA) == Y. Bam— Y. Aro, (3.1)

AR)Cint(39) A0 Cint(2%)

where int(X9 ) := 3% \0X%. Since the Hamiltonian does not mix graph-states with differ-
ent G-connections on X9 , we say [Hg(EOA) has open boundary conditions. In the presence
of such open boundary conditions, the ground state subspace naturally admits a decom-

position via

vilsal= @ VB (3.2)
a€Col(02% ,G)

where Col(0X9, G) notates the set of G-colourings (or flat G-connections) of 0X% , and
for a € Col(9¥%,G), V§[S%]a is the ground state subspace consisting of linear super-
positions of graph-states with boundary colouring a. Generically, a boundary condition
a € Col(0X%,G) defines a set of excitations which are a linear superposition of magnetic
flux and electric charge excitations. In order to find states with well-defined electric charge
and magnetic flux, we will instead find an alternative basis for VG[%49 ], namely the so-called
fusion basis [16, 18, 20)].

We demonstrated previously that for closed spatial manifolds, there exists unitary
isomorphisms between the ground state subspace associated with different choices of trian-
gulation. Moreover, the corresponding equivalence classes can be interpreted as fixed point
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wave functions and are in one-to-one correspondence with the ground state wave functions
of the lattice Hamiltonian. For open spatial manifolds this triangulation independence is
not manifest on the triangulation choice of the boundary. We will now introduce a related
‘symmetry’ of the ground state subspace for open manifolds with respect to the gluing of
spatial tubes.*

Let us begin with a simple observation: given a manifold ¥° with non-empty boundary,
we can always glue a copy of 03° x [ to X° without modifying the topology, i.e. there
exists an orientation preserving diffeomorphism such that 93° x [ Ugyo 3° =~ 3°. Let us
illustrate this property with a lower-dimensional example: let ¥X§; be a 2-manifold with
boundary S', we can glue a copy of the cylinder S' x 1 along 0X5, = S! in order to form
S! x 1 Ua 254 ~ 294. This gluing operation can be depicted as follows:

~( - =

S x1 Z(Q)d Stx 1 Usg1 ng Egd

In general spatial dimensions, making use of the operators that perform triangulation
changes, this gluing process can be extended to a generalised symmetry of the ground
state subspace. Let X9 be a d-dimensional open manifold and Eo = 0¥ its boundary,
we define T[Z4] to be a triangulation of 2o x [ with dT[Ea] = Ea LU EA. Henceforth, we
call T[Ea] the tube of Ex. Following from (3.2), we decompose VG[T[Z4]] via

VigEA = P VIEEAw - (3.4)
acCol(Ea x{0},G)
beCol(Ep x{1},G)

We then define the injective map

6 VAl VIEEA — @ VSEX. @ VS[EEAlws (3.5)
aECol(BZOA,G)
a’€Col(Ep x{0},G)

bECOl(EA x{1},0) C ’HS[ZOA Usg, TEA]]

which acts on states 1) € VG[EA]a and |pap) € VG[T[Ea]]lw» by identifying boundary
conditions on the gluing interface, i.e.

G : [thy) ® "Pa’,b> > Oa,ar %) ® |(Pa’,b> . (3.6)

This can be linearly extended to states with mixed grading. Most importantly, the image
of the map & is a subspace of HG[Y% Uz, F[E]] which differs from the ground state
subspace VS [29 Uz, T[2a]] because the Hamiltonian operators may be violated on the

gluing interface. Letting VS [E% Uz, T[EA]] = VS [S%] define the triangulation changing

4We use the terminology ‘symmetry’ here loosely as the symmetry is given by an algebra rather than a
group as in the usual context.
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unitary isomorphism between the two ground state subspaces, we define the operator x as
the following composition of maps:

« : VG[EA] @ VSEEA] 2 HE[EA Uz, TEA

Pro uz , TEA]

VS Uz, SEAN = VIEA],
where P is the projection map defined in (2.30). In particular, this implies a map
*«: VS [Z[EA) @ VSEEA] = VS [Z[EA] (3.7)

that enriches the Hilbert space VS [T[E4]] with the structure of a finite dimensional algebra
denoted by Tube$(Z4). Similarly, we can interpret VS[S%] as defining a module over
Tubel (Z4). It was shown in [20] that the algebra TubeS (24) is an associative semi-simple
x-algebra for any choice of triangulated boundary = A, so that the ground state subspace
VG [29] can be decomposed in terms of simple modules under the action on Tube& () by

VSEAl = P VSEAm (3.8)
meM

where VS5 ], is a simple Tube& (24 ) module and 9t denotes the set of simple TubeS ()
modules up to isomorphism.

The approach described above can be used to classify the excitations of the theory.
First, let us make a simple observation: given an open manifold 3°, it is always possible to
find a collar neighbourhood of 93° that is diffeomorphic to 93° x [. More specifically, given
a triangulated manifold X9 with a connected boundary component =, using triangulation
changes we can always pick a representative ground state Hilbert VG| %] isomorphic to
V& [X9.] whereby X9, is a triangulation equivalent to ¥ such that a local neighbourhood
of the boundary E is of the form T[Za]. Using this isomorphism, we can localise the
above gluing map to act only on degrees of freedom restricted to the local neighbourhood
of the boundary given by T[EA]. This means that we can classify boundary conditions
for =Za, and hence excitations contained in a subcomplex bounded by Z A, in terms of the
simple modules of the regular module of T[=A], i.e. T[EA] considered as a T[Ea]-module.

A consequence of the semi-simplicity of Tube&(Z4) is that there are only finitely many
irreducible excitations in the theory and all other excitations are a linear superposition
of such excitations. In practice there are two non-canonical choices in defining the tube
algebra. First a triangulation of the boundary = and then a triangulation of T[Za]. For a
given choice of boundary triangulation = it was shown in [20] that any two triangulations
of T[EA] define isomorphic algebras. Independence of the choice of boundary triangulation
is slightly more subtle. Although the tube algebra, and a fortiori the simple modules,
depends on the choice of triangulation of the boundary, any two triangulations of the same
boundary manifold yields Morita equivalent tube algebras. Morita equivalence is a weaker
relation between two algebras than isomorphism in the sense that two algebras can have
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different dimension while maintaining Morita equivalence. Instead, Morita equivalence

states that the simple modules of two algebras are in one-one correspondence.®

3.2 Tube algebra in (1+41)d

Ultimately we are interested in the excitations yielded by the (34+1)d lattice Hamiltonian
model described in section 2.3, but it is instructive to first consider some lower-dimensional
examples. Here we present the simplest non-trivial example of the tube algebra approach
for the lattice Hamiltonian realisation of (1+1)d Dijkgraaf-Witten theory.

Let ¥1q be a 1d surface equipped with a triangulation ¥14 A. The input for the model
is given by a pair (G, ), where G is a finite group and [ is a representative normalised
2-cocycle in a cohomology class [3] € H?(G,U(1)). As explained earlier in the general case,
the models assigns to every oriented edge (vov1) = A ¢ Y1d,A a group element glvgv:]
such that the microscopic Hilbert space of the model is given by

Hi[Sual= & Cla]. (3.9)

A(UCZMA

In (141)d there is a unique choice of boundary, namely the 0-dimensional point o. Taking
the triangulation of the point to be 0-simplex, we can define its tube T[o] = A1) as a
1-simplex. Any other triangulation would give rise to an isomorphic vector space and thus
isomorphic algebra, so that we are free to choose the simplest triangulation without loss of
generality. Graphically, we depict this 1d tube as

Tlo] := o

1 (3.10)

so that the corresponding Hilbert space Vg [T[o]] reads

G _ a
V5 [Z[o]] = Spane{ |g[ 0 1)) }VgeCol(‘I[o},G) = Spang{ | 0e——1) |
(3.11)
which is equipped with the canonical inner product
< De—2 o1 ‘ o a1 >:5a,b- (3.12)

Note that since there is a unique configuration of the point o, the grading (3.4) is in this
case trivial. Utilising the previous discussion, we can now define the algebra product on

5Morita equivalence is defined as follows: let A; and Az be two associative algebras. Then A; is
Morita equivalent to Az if and only if there exists a pair (4, Pay,4, Qa4,) of A1—As- and A2—A;-bimodules,
respectively, such that 4, Pa, ®4, 4,94, ~ A1 and 4,P4, ®a; 4, L4, ~ Az. Morita equivalence is an
important concept in the study of tube algebras as the dimension of the tube algebra has a strict dependency
on the triangulation choice of the boundary. However, any two choices of boundary triangulations define
Morita equivalent algebras such that the simple excitations of the two algebras are in one-one correspondence
and thus the Morita equivalence class of simple modules is a triangulation independent quantity.

~ 18 —



VﬂG [T[o]] as follows:

| G—" o1 >*’ 1 2 >
= Pejoju,zio] © &> (| © - 1)@ |1 2)) (3.13)
= Pefojuele] > (| 0 —————=2)).. (3.14)

Applying definition (2.28), the action of the operator P is expressed in terms of the partition
function ZBG as follows:

a b
Pecie]uolo] > (| © . 2))

— z§ R L) (3.15)

1 Bla, k) ak kKb
~ 1612 5k ¢ v -

It now remains to apply the triangulation changing isomorphism between ground states
subspaces so as to recover the initial triangulation. Following section 2.2 and 2.4, this
isomorphism is expressed as the 2d partition function for the pinched interval cobordism
given by the 2-simplex (012). Explicitly, the triangulation changing operator reads

0 2
1 cd c d
z§ ; ; =—— > Ble,d)| oe—"—=2 )0 - 2 |
G2 ¢,deG
1/
(3.16)
so that
a -1 1 a
0 L T o ) Blak, k)| 02 ) (3.17)
! G2
Putting everything together, the algebra product of Tubeg(a)) is given by
a b 1 ab
e e o) = g o) (as)

|Gl
where we made use of the 2-cocycle condition d® 3(a, k, k~1b) = 1.

3.3 Tube algebra in (241)d: twisted quantum double

We continue our discussion with a second example of tube algebra for the lattice Hamilto-
nian realisation of (2+1)d Dijkgraaf-Witten model. Given a 2d surface ¥o4 equipped with
a triangulation Ygq A, the input data of the model is a pair (G, ), where G is a finite group
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and « is a representative normalised 3-cocycle in a cohomology class [a] € H3(G,U(1)). As
before, the models assigns to every oriented edge (vov1) = AL ¢ Yod,A @ group element
glvovi] such that the microscopic Hilbert space of the model is given by

Hi[Sanl= & ClG]. (3.19)

A(l)CEQd)A

As explained earlier in the general case, given a compact two-dimensional surface, any two
triangulations can be mutated between each other by a finite set of Pachner moves. In two
dimensions, we distinguish two sets of invertible Pachner moves given by the 1 = 3 and
2 = 2 moves. Each Pachner move is now derived from a 3-simplex A®) which defines a
pinched interval. Using the 3d Dijkgraaf-Witten partition function, such a pinched interval
can in turn be lifted to a unitary isomorphism on the corresponding ground state subspace.
For instance the Pachner operator associated with the 2 — 2 move explicitly reads

N

In (2+1)d there is a unique choice of closed boundary manifold, namely the circle (or

1
Pog i= — > a(glor2s])012)
IG12 jecol((0123),6)

where the vertex enumeration is left implicit.

1-sphere) S'. Up to Morita equivalence we can choose the circle to be triangulated by a
single 1-simplex with both vertices identified, and we refer to this triangulation as S4. It
follows that the corresponding tube T[S} ] of Sk is provided by a triangulated quadrilateral
with two opposite edges identified, i.e.

0 1

T[sk] = (3.21)

o’ 1’

with the identification of vertices (0) = (0'), (1) = (') and edge (01) = (0’'1"). The Hilbert
space VS[T[SL]] is thus spanned by G-coloured graph-states of the form

0 1

AN
VgeCol(T[SL],G)

0’ 1/

VIZ[SA]l = Span@{

= Spanq:{

where the shorthand notation introduced in the last line will be justified in section 5.

0 a 1

x za |glza > } =: Spanc{ |(Q) i)} }Va,xeG , (3.22)
Va,zeG

O/ a 1/

Since we can distinguish several boundary configurations, this Hilbert space admits a non-
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trivial grading:

VG[Z[ @VG SAH:C a~lza - (3.23)

a,xeG

Following exactly the same steps as before, we define the algebra product on VS[T[Sh]]

as follows:
0 a 1 1 b 2
‘ z1 > * T2 >
0/ a 1/ 1/ b 2/
0 a 1 1 b 2
= [Ps[sg}ugkfz[sg] °&r (‘ ” > @ | >>
o a 1 1 b o
0 a 1 b 2
= 51,2@_11,1(1 [PT[SlA]USI T[SZ} > (' T >> 5
AN
0/ a 1/ b 2/

where some of the G-labels are left implicit since they can be deduced from the flatness
constraints. Applying definition (2.28), the action of the operator P then reads

0 a 1 b 2 0 ak 1 ks 2

/ Tz, (@) (a, k) ‘
e >> gf onala) (b ) || >

a
0’ @ 1 b 2/ o ak 1" k~lp 2

where we defined

a(z,a,b) ala,b, (ab)~Lzab)
ala,a tza,b) '

(@) (a,b) == (3.24)
Henceforth, we refer to the function 7(a) as the S'-transgression of «, for reasons that will
be clarified in section 5.5 Repeated application of the 3-cocycle condition d® a = 1 implies
the following properties:

Ta-1za(@) (b, ¢) T () (a, be)

7z(a)(ab, ¢) 75 () (a, b)
16 (@) (a,b) = 72(a)(1a,b) = T2(a)(a,1g) =1 and 7o(a)(a,a™ ") = 7,-1,0() (@™ a) |
(3.26)

=1, (3.25)

for all z,a,b,¢c € G. It now remains to apply the triangulation changing isomorphism
between ground states subspaces so as to recover the initial triangulation. Following sec-
tion 2.2 and 2.4, this isomorphism is expressed as the 3d partition function for the pinched

5Note that if the group G is abelian, then 7(«) defines a normalised group 2-cocycle.
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interval cobordism whose triangulation is provided by the cartesian product (012)* x S!:

(012)" x &t = v = (00'1'2")T U (011'2) " U (0122)T . (3.27)
1/

1

The corresponding triangulation changing operator reads

0 cd 1 0 c 1 d 2
z01012)" xS = — Y 7y(a)(c,d)| |v >< v |
|G‘2y,c,d€G
0/ Cd 1/ 0/ C 1/ d 2/
so that
0 ak 1 k' 2 0 ab 2
1 -1
1 ~ —— 7, (@) (ak, k™7b)| |= . (3.28)
G2
o ak 1" gy 2 o ab 2

Putting everything together, and using the notation introduced in eq. (3.22), the algebra
product of Tube (S4) is given by

z1 ) 1 z1

[(40) 2) % [(49) 2) = b,y 01000 G (@) |(40) ) (3.29)
where we made use of the condition
—1
TSCl (Cl)((h k)Txl (a)(ak, k b) — Tacl (a)(a,b) (330)

Ta—lxa(a)(k7 k_lb)
which follows from (3.25). This algebra was first defined by Roche, Dijkgraaf et al. and
is often referred to as the twisted quantum double of a finite group [10]. Interestingly, we
note there are strong similarities between the (1+1)d and the (2+1)d cases. It turns out
that these similarities will persist in the (3+1)d case. As a matter of fact, we will explain
in section 5 how these can be exploited in order to define higher-dimensional tube algebras
in terms of the (1+1)d one.

3.4 Loop tube algebra in (34+1)d: twisted quantum triple

In this section we consider an example of the (341)d tube algebra. Let X34 be a 3d surface
equipped with a triangulation ¥3q Ao. The input for the model is given by a pair (G, ),
where G is a finite group and w is a representative normalised 4-cocycle in a cohomology
class [r] € H*(G,U(1)). As before, the models assigns to every oriented edge (vgv1) =
INONa Y14,A a group element g[vgv;] such that the microscopic Hilbert space is the same
as earlier.

Generally in (3+1)d, a boundary can be defined by each closed surface which in turn
can be classified by its genus. Here we derive the tube algebra for the lattice Hamiltonian
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realisation of (341)d Dijkgraaf-Witten theory associated to a triangulation of the torus
T2. The representation theory of this algebra will then be derived and utilised in order
to classify the loop-like excitations of the model, where by loop-like excitation we mean
an excitation with the topology of the circle S'. Given a spatial 3-manifold ¥, a regular
neighbourhood of a loop is given by the solid torus D? x S', and as such loop-like excitations
are classified by the boundary conditions of the torus T2 = 9(D? x S'). This means that
we need to derive the tube algebra associated with the manifold T? x 1. We define a
triangulation of T? x [ as follows

(3.31)

where we make the identifications (0) = (0') = (0) = (0'), (1) = (1/) = (1) = ('), (01) =
(0'1") = (01) = (0'1"), (00") = (00'), (00) = (0'0’), (11") = (11’) and (11) = (1'1"). The ground
state subspace V& [T[T2]] is then provided by all superpositions of G-coloured graph-states
of the form

Ve[l = Spanc{

X
} = Span@{ ](8) &) }Va,yGG ;o (3.32)
Va,yeG 7 VaeZy

VreZy

% a 1/

where Z, = {x € G |zy = yx} so that the G-colouring is specified by a := ¢[01], z := ¢[00']
and y := g[0'0’] with zy = yx. As before the G-colouring of the remaining edges is left
implicit since it follows from the different identifications and flatness constraints. Once
again, the specific choice of shorthand notation we make will be justified in section 5.

Let us now define the algebra product on VE[T[T4]]. Since the derivation follows
exactly the same steps as for the two previous examples, we will present it in a more

succinct way. In terms of the basis states provided above, we have

(3.33)

(=1}
=
[l
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The action of the projection operator P then reads

(vl

0 1

0/ | i |
n f / f >
2

(=]
=
[l

Lo (M) (a, k)
% ot (7) (e 1)

| A >

0 y y
Ty

0’ ak 1 k% 2

where we introduced the notation 2% := ¢ 1za and defined

Ty( )(xa a, b) Ty(ﬂ)(av bv xab)

72
b 3.34
2 m)(ab) = PRGSO (330
as the Sl-transgression of 7(7) that is itself defined according to
a b abc
y(m)(a,b,c) = ma,y",b,c)m(a,b &, y™) (3.35)

ﬂ—(yv a, b7 C) ﬂ-(a'u b7 yab7 C)

We also refer to 7(7) as the S'-transgression of 7 so that 72(r) is the Sl-transgression of
the Sl-transgression of w. Henceforth, we will therefore refer to the function 72(7) as the
T2-transgression of m, for reasons that will be clarified in section 5. Repeated application
of the 4-cocycle condition d¥m = 1 implies the following properties:

Ta—1ya (™) (b, ¢, d) 7y(7)(a, be, d) 7,(7)(a, b, c)

1y (m)(ab, ¢, d) Ty()(a, b, cd) =1 (3.36)
T1,(m)(a, b, ¢) = 7y(m)(1g, b, c) = 7y(7)(a, 1g, c) = 7y(7)(a,b,1q) =1, (3.37)
() (a,a" "t a) = Ta—lya(ﬂ')il(ail, a,a” 1) (3.38)

for all y,a,b,c € G. Repeated application of (3.36) in turn implies the subsequent

properties:
T2 Lraa—1ya(T) (0 €) T3 2, (™) (a,be) B
7.2y( 7)(ab, ¢) sz( (@, b) =1, (3.39)
They(M(a,0) = 721 (m)(a,b) = 77 (1) (16, b) = 75 () (a, 1) = 1, (3.40)
Toy(mM(a,a™) =700, 1,(m) (@), (3.41)

for all y,a,b,c € G and € Z,. It now remains to apply the triangulation changing
isomorphism between ground states subspaces so as to recover the initial triangulation.
Following section 2.2 and 2.4, this isomorphism is expressed as the 4d partition function
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for the pinched interval cobordism whose triangulation is provided by the cartesian prod-
uct (012) x T2:
(012)" x T?= ((0122")" U (011'2")~
= (0122'2")" U (01222')~
U (011'2'2")"
U (00122 "

o’ ak 1/ kilb 2!

Putting everything together, and using the notation introduced in eq. (3.32), the algebra
product of Tube%(T%) is given by

p a p b 1 = ab
|(8) _>> * |(8) _>> - 5172,(1*111(1 6y2,a*1y1a ’G|% Tx217y1 (W)(W b) ’(8) _>> (3'44)
Y1 Y2 Y1

where we made use of the condition (3.39).

3.5 Compactification and lifted models

Before studying in more detail these tube algebras and their representation theory, we
would like to make several comments regarding compactification. In the previous part,
we presented in detail the tube algebras for the (14+1)d, (241)d and (3+1)d Hamiltonian
realisations of Dijkgraaf-Witten theory, the input data for these models being a finite group
G and a group 2-, 3- and 4-cocycle, respectively. Regardless of the spacetime dimension,
the multiplication of the tube algebra is always ‘twisted’ by a 2-cochain. In (141)d, this
2-cochain happens to be the input group 2-cocycle, and in higher dimensions it is provided
by iterated S!-transgression of the input cocycle. We have only treated the (241)d and
(3+1)d cases, but this result persists for any tube algebra associated with a manifold of the
form S! x - --x S! x[. This suggests a way to express a given (d-+1)-dimensional tube algebra
in terms of lower-dimensional ones. Relatedly, upon compactification of one of the spatial
directions, a given model can be decomposed into a ‘sum’ of lower-dimensional topological
models labeled by a group variable corresponding to the holonomy along the compactified
direction, hence an effective dimensional reduction. We sketch this compactification mech-
anism here and postpone its rigorous treatment to section 5 after the necessary tools have
been introduced.

We consider the (d+1)-dimensional Dijkgraaf-Witten model applied to (d+1)-
cobordisms of the form C x S', where C is a d-dimensional cobordism. Henceforth, we call
such cobordisms lifted. Recall that the discrete partition function of the (d+1)-dimensional
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Dijkgraaf-Witten model is obtained by summing over G-colourings of the triangulation,
while the topological action is provided by a (d+1)-cocycle. We would like to show that
this partition function for a lifted cobordism C x S can be expressed in terms of a partition
function for C. Let us begin by defining a convention for lifting an oriented and compact
triangulated d-manifold M to a triangulation of M x S:

Convention 3.1 (Lifting of a d-dimensional triangulation). Let M be an oriented d-
dimensional manifold endowed with a homogeneous triangulation Ma. We construct an
oriented triangulation ./\/li1 for MS' = M x 8! as follows: For each d-simplex A4 =
(Vov1va . .. vg) C Ma with orientation e(AD) = +1 we define a d-prism to be

/ “le(a@) e(AD)

(vovhv) ... 0D «AD) (vov1 v} vl . .. vy) (Y U+ U (vvy . .. vquy)°
with vertex ordering vg < -+ < vg < vy < --- < vg. The union of all such prisms forms
a triangulation of Ma x 1. In order to obtain the oriented triangulation ./\/lsl, it remains
to compactify the triangulation by identifying (vo ...vq) and (v(...v)) for each d-simplex.
For instance, the lifted triangulation A3 x St of the 2-simplex A2 = (012)* reads

2!

o’ 1’
A x St = (3.45)
0 1
0 1
(0) < (1) < (29, (0) = (0), (1) = (1), (2) = (2), (01) = (0'1"),

such that (0) < (1) < (2) <
(12) = (1'2") and (02) = (0'2").

In order to construct the Dijkgraaf-Witten partition function of a lifted triangulated
cobordism, we need to describe the set of G-colourings Col(Ca xS!, G) in terms of colourings
of Ca. Recall that a G-colouring assigns to every directed 1-simplex (vgv;) C Ca a group
element gy, = g[vovi] such that for every 2-simplex (voviv2) whose boundary is associated
with a contractible path, the 1-cocycle condition (or flatness constraint) guyv,  Goivs * Gogoy =
1 is imposed. Note that no matter the dimension of Ca, the set Col(Ca, G) of G-colourings
on Ca only depends on the 0-, 1- and 2-simplices of the triangulation. But all the 0-,1- and
2-simplices of Ca x 51 that are not included in Ca arises from the lifting of the 1-simplices
in Ca according to conv. 3.1. This means that to determine a G-colouring of Ca x 8!, it is
enough to consider the lifting of every one-simplex in Ca.

Let g € Col(Ca, G) be a G-colouring such that g[vovi] = guye, € G. In order to specify
a G-colouring of (vgvy) x S' from g € Col(Ca, ), it is enough to specify a colouring
Goovy € G of (vovf) C (vov1) x S. Indeed, the G-colouring of the remaining edges can be
deduced from the identifications and the flatness constraints holding at every 2-simplex,
€. Gugut, = Guovrs Gojur = uomJoovy A Juru] = Gugi JuguJuovs = Gy - BY proceeding this
way, we can define a G-colouring g of Ca x S! in terms of a colouring g of Ca which specifies
a G-labeling for both 0- and 1-simplices. Given a 1-simplex (vgv;), this colouring assigns
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glvovi] = g[vovi] = gugu, to the bulk of the 1-simplex as before, and gvo] = g[vovg] = Guyu-
glv1] = g[viv]] = gisgzl to its boundary O-simplices.

In order to provide the discrete version of the partition function ZG[Ca x S'] in terms
of a lower-dimensional partition function, it remains to provide an algebraic expression
for the corresponding topological action. Recall that given a (d-+1)-simplex in Ca x S!,
an algebraic expression for the topological action w(A(d“)) is provided as follows: let
Ald+1) = (vov1 ... vgy1) C Ca xSt such that vy < vy < ... < w441 and g € Col(Ca xS, G),
the restriction g[A@+D] of the G-colouring g to the edges of A4+ is specified by the d+1
independent gauge fields gygv, ;s Gvivas - - - » Gugvay, - Using these conventions, the evaluation of
the cocycle w on the G-coloured (d+1)-simplex (vgvy ... vg41) reads w(gvovy ... v441]) =
W(Gugvys Gurvss - - - agvdvd+1)'

Let us now consider a positively oriented d-simplex A = (vo...vq)" which we lift
to (vg...vq) x S' according convention 3.1. Given a G-colouring g € Col(Ca x S',G), the
amplitude associated with this lifted d-simplex reads:

(—1)d71 - .w(g[vovlvg .. .’l}d’l)/d]) . (346)

w(glvovpuivh ... v&])(_l)d w(glvovyvivh ... vl))
Choosing the notation glvgv)] = x and glv;i_1v;] = gi, we write this cocycle data
Tz(w)(g1,- ., 94). It turns out that in (241)d and (3+1)d, this corresponds exactly to equa-
tions (3.24) and (3.35) that defines the S'-transgression of a 3- and 4-cocycle, respectively.
More generally, the amplitude associated with a lifted d-simplex provides the defining for-
mula for the S!-transgression of a (d+1)-cocycle. Let us now consider the colouring g of
Cx compatible with the G-colouring of Ca x S, i.e. such that glvo] = z and g[v;_1v;] = g;.
The amplitude associated with the G-coloured lifted d-simplex (vg .. .vq) x S! is then equal
to the evaluation of the S!-transgression 7(w) of w on the d-simplex coloured by g, i.e.

T(w)(g[vo - - - va]) := Ty (W) (Blvovi]; g[viva], - - -, 8lva—1v4]) = T (g1, 9d) - (3.47)

Using these conventions, we can write the (d+1)-dimensional Dijkgraaf-Witten partition
for Co x S! as a d-dimensional Dijkgraaf-Witten model where the sum is over colourings
g as defined above, while the topological action is provided by the S!-transgression of the
original (d+1)-cocycle.

Since the lattice Hamiltonian realisation of the theory is defined solely in terms of the
partition function, it is now easy to define a lifted d-dimensional model on a d-dimensional
surface ¥ that is equivalent to a (d+1)-dimensional model on ¥ x S'. The resulting
Hamiltonian model in turn provides yet another interpretation to the S'-transgression of a
cocycle which we illustrate here for the (3+1)d case. Recall that in (2+1)d the 3-cocycle «
provides the topological action of the 3d partition function and, relatedly, it arises as the
amplitude of the 2 = 2 Pachner operators as defined in (3.20). In light of the discussion
above, we expect the S'-transgression 7(7) of m € Z4(G,U(1)) to arise as the amplitude of
the pinched interval operator related to a lifted version of the 2 = 2 Pachner move. More
specifically, 7(m) appears as the amplitude of the move obtained by lifting the complexes
appearing in the definition of the 2 = 2 move according to conv. 3.1. This move can be
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heuristically depicted as

2
/s = (349
R 0 3

where the 3-complexes on the L.h.s. and the r.h.s. are obtained by lifting the 2d triangula-
tions to three dimensions so as to obtain cubes whose top and bottom faces are identified.
Once we apply conv. 3.1 to both sides of (3.48), we obtain two complexes made of six
3-simplices. It turns out that these two complexes are related via a sequence of 2 = 3
moves. Graphically, this sequence of transformations reads

- 111919\ —1
(g[00"1'23") (3.49)

m(g[0122'3']) "1
_—
m(g[01172/3"])

m(g[01233]) (3.50)

where each arrow is decorated by the amplitude associated with the corresponding Pachner
operator according to (2.35). Note that during the second step as well as the last one, a

—

trivial 2 = 3 move (obtained by setting one of the edge colourings to the identity) is
used, which does not contribute to the collective amplitude. Setting ¢[0'0] = z, g[01] =
gl0'1] = a, g[12] = g[1’2'] = b and g[23] = g[2'3'] = ¢, the collective amplitude of the local

transformations performed above reads

m(a,a"txa,b,c) 7 (a, b, c, (abe) Lzabe)

7z(m)(a, b, c) = w(x,a,b,c)m(a,b, (ab)—l:):ab, c)

(3.51)

which is precisely the definition (3.35) of the S!-transgression of 7 as expected. Henceforth,
we refer to the move defined above as the lifted 2 = 2 move, and notate it (2 = 2) xS!. Note
finally that it is now possible to express the isomorphism in eq. (3.43) as a sequence of three
lifted 2 = 2 moves so that the collective amplitude is provided by the T2-transgression of 7.

All the ideas presented in this part are made more precise in section 5 using the tech-
nology of loop groupoid. There we also explain in detail how higher tube algebras can be
expressed in terms of the (1+1)d one as suggested earlier.

~ 98 —



4 Representation theory and simple excitations statistics

In this section, we construct explicitly the simple modules of the tube algebras introduced
previously. These simple modules in turn classify the simple excitations of the corre-
sponding model. Furthermore, we introduce the comultiplication maps and the R-matrices
compatible with the tube algebras multiplications rules. These can then be used to describe
the statistics of the simple excitations.

4.1 Simple representations of the (1+1)d tube algebra

Let us first discuss the simple excitations in the (1+1)d Dijkgraaf-Witten Hamiltonian
model using the language of projective group representations. This discussion will be
further generalised in the proceeding sections to discuss the simple excitations in the (2+1)d
and (3+1)d models.

Given a pair G, where G is a finite group and 8 € Z2(G,U(1)) a normalised 2-
cocycle, the B-twisted group algebra C?[G] is the algebra defined by the vector space
Spanc{| %) }vace with algebra product defined by

| 5 x| D) = Bla,b)| D), VabeG. (4.1)

It is useful to note how the conditions satisfied by £ defining a normalised 2-cocycle manifest
in the properties of C#[G]. Firstly, the normalisation of 3, i.e. B(1g,a) = B(a,1g) = 1 for
all a € GG, ensures the relation

| Sy x| 28y = | %)y = | 29y % | %), Vaed. (4.2)

Secondly, the 2-cocycle equation

0@ 8(a,b,c) = OBl _ (4.3)

B(ab, c) 5(a, b)

for all a,b,c € G, ensures that C#[G] is an associative algebra, i.e.
(15 %] 20 % 9) = )« (| )| 9), Vabeed. (4.4)

Finally, similarly to the untwisted group algebra, each element admits an inverse that takes

the form
2yl ey yaeq (4.5)
~ Bla,a™ ) e '
such that
| 9w By = 2%y = | By x| BT, (4.6)

as expected. We note that in the limiting case where 3 is a trivial 2-cocycle, i.e. f(a,b) =1

for all a,b € G, the twisted group algebra reduces to the untwisted group algebra C[G].
Comparing with equation (3.18), we realize that, up to the normalisation factor |G \7%,

the (141)d tube algebra corresponds to a S-twisted group algebra. It follows that we can
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classify simple excitations in the (14+1)d Dijkgraaf-Witten model as simple representations
of CP[G]. In the study of simple representations of C[G], many of the familiar results
from the complex representation theory of the group algebra still apply. In particular,
a representation of C°[G] is provided by a pair (D®, Vg) where Vg is a complex vector
space and D : C#[G] — End(V) is an algebra homomorphism. A representation (DF,Vg)
is called simple if the only proper subspace W C Vg, whereby Df(a)>w € W for all
w € W and a € G, is the trivial vector space. Akin to the untwisted case, CA[G] is a
semi-simple algebra such that all representations are isomorphic to a direct sum of simple
representations.

Let (D VR) define a simple representation of C°[G]. In light of the correspondence
with the (1+1)d tube algebra, we interpret the vector space Vi with the internal Hilbert
space of a point particle localised on the boundary of the interval. The homomorphism
DT then defines how the internal vector space of the point particle is acted upon by the
linearised symmetry of gluing. We then interpret the label R of the simple representation
as the charge quantum number, which is well defined since such a label is invariant under
the action of both the Hamiltonian and the tube algebra.

For the following discussion, it is useful to collect some basic properties of the rep-
resentations of CA[G]. Let {(DF,Vg)}r denote the set of simple representations of C#[G]
up to isomorphism, the corresponding matrix elements D2 for m,n € {1,...,dim(Vg)}
satisfy the following conditions:

Z Dl DI ) = Bla,b)DE,(| ) (Linearity) (4.7)
D) = 572 1@7 DI 2y (Complex conjugation)  (4.8)
. a ) R DR/
GEZC:D SNDE, (| 5) = (;)T(’?/R)ém,mfén’n/ (Orthogonality) (4.9)
el Z S dim(Va)DE, (| “)DE, (| %)) = o (Completeness) (4.10)
{DR} m,n

for all a,b € G.

4.2 Simple representations of the (2+41)d tube algebra

We now consider the simple excitations of the (241)d Hamiltonian model whose tube
algebra was shown to be equivalent to the twisted quantum double algebra. In order to
find the simple excitations, we first choose to decompose the algebra into a direct sum
of simpler sub-algebras whose simple representations can be described in terms of simple
twisted group representations as discussed above. To this end we begin with a simple
observation: let C,Ce C G be two disjoint conjugacy classes of G, then for any pair of
G-coloured graph-states of the form

z1 )

(99) By, (@) %)
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such that 1 € C7 and 29 € Cy it follows from the Tubeg(SlA) algebra product defined
in (3.29) that

T T2

() Sy % (@) L)y =0. (4.11)

A consequence of this observation is that each conjugacy class C' C G naturally defines a
sub-algebra Tube§ (Sh )c € Tube& (S4) given by

x

TubeS (Sh)c = Spanc{ |(%)) %) }yaec - (4.12)
VacG
Noting that the set of conjugacy classes forms a partition of G it follows that

Tubel (54) = @ Tubel (54)c | (4.13)
C

where the direct sum is over the set of all conjugacy classes of GG. Utilising this decom-
position of Tubeg(Slﬂ), we can find the simple modules in terms of the simple modules of
Tubel (S4 )¢ for each C' C G. At this point it is illustrative to note that when C' = {15} is
the conjugacy class of the identity element of GG, the corresponding sub-algebra is given by
the (141)d tube algebra of section 3.2 with  given by the trivial 2-cocycle, i.e. 3(a,b) =1
for all a,b € G. The corresponding simple representations are then discussed in section 4.1.

Given a conjugacy class C, we now describe the simple modules of Tube$ (5% )c. To
this end we first introduce some notation. We begin by notating each element in C by ¢; for
i€ {l,...,|C|}. In the following, we will call ¢; € C the representative element of C. We
next define the set Q¢ := {q1,. .., q|c|} such that each ¢; € G is defined by a non-canonical
choice of element in G satisfying the conditions ¢; = ¢, Yeigi and ¢i := 1¢. Finally, we
define the stabiliser group of C by Zc = {a € G|c; = a"'cia}, ie. the subgroup of
G consisting of elements of G that commute with ¢;. In the extreme case that we take
the group G to be abelian each group element forms a conjugacy class and the stabiliser
subgroup is just the group itself vastly simplifying the previous construction.

Utilising the conventions outlined above, it follows from equations (3.25), (3.26) that
7e, (@) € Z%(Zc,U(1)) defines a normalised 2-cocycle of Zc when a € Z3(G,U(1)) is
a normalised 3-cocycle of G. For each simple 7., (a)-projective representation (DF,Vg)
of Z¢ we can then define a simple representation of the twisted quantum double by a
homomorphism D : Tube& (Sk )¢ — End (Ve g) where

Vor = Spang{|ci,vm) [ Vi=1,...,|Cland m =1,...,dim(VR)} (4.14)

and for i,7 € {1,...,|C|}, m,n € {1,...,dim(Vg)} we define

x —1 -1
a T\ O)\g; ,a q; aqj
OB (1(40) ) 1= bpban ey —elNG 0 _pre (g alaanyy (5
Ter () (g; aqj, q; )
such that
x |IC| dim(VR) T
a 1 C,R a

DR ) = e 30 3 DAL B)lewvmdlesunl . (410
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If follows from the definition and the linearity condition (4.7) that these matrices indeed
define an algebra homomorphism, i.e.

T 2

STDSE (1(9) BNDCE (1(9) 2)) = bay.a0 s () (a,0) D (169) &) . (@)

im,Jn jn,ko im,ko
j?n

Furthermore, the matrices satisfy the following conjugation relation

IS
T()(a,a™ 1)

Do (\(f.%) LN (4.18)

Jn,im

DT, ((09) ) =

m,Jn

as well as the following orthogonality and completeness conditions

1 z ' N dc,crd.
G 2 DU (169) S DO (1059) ) = o Do 8 b O (4:19)

Gl o, il g [Cldim(Vr)
G 2 2 ICamRDET, (1(9) )P (1) ) = GoatOaw (4.20)
{CDR}zm

J,n
generalising (4.8) for projective group representations.

From the previous discussion follows that a simple representation of Tubeg(SlA) can be
specified by a pair (C, R) where C'is a conjugacy class of G and R is a simple representation
of CTe1(e) [Zc]. The conjugacy class C represents the set of boundary colourings that are
related by the action of the tube algebra, whereas the representation R decomposes the
action of the tube algebra that leaves the boundary colouring invariant. In other words, R
describes the symmetries of the boundary under the action of the tube algebra. Therefore,
we interpret the label C' as a magnetic flux quantum number and R as an electric charge
quantum number. The vector space Vo g defined in (4.14) thus describes the internal
Hilbert space of a point particle in the (241)d Dijkgraaf-Witten model so that an element
|ci,vm) € Ve r defines a particle with well defined flux ¢; € C and charge v,, € Vg.
A general excitation is finally obtained as a superposition of simple excitations with the
corresponding internal vector space given by the direct sum of simple representations.

4.3 Twisted quantum double comultiplication and fusion of point-like excita-
tions

In this section we expand on the properties of the twisted quantum double in relation to the
fusion of point particles in (2+1)d Dijkgraaf-Witten model. This structure will be gener-
alised in section 4.7 to the case of loop-like excitations in (3+1)d Dijkgraaf-Witten theory.

Given a pair of simple point particles with internal Hilbert spaces V¢, g, and Ve, g,,
respectively, we can consider their joint Hilbert in the absence of any external constraints
as the space given by the tensor product Vg, g, ® Vi, r,. In order to understand how
the twisted quantum double algebra acts on the corresponding two-particle Hilbert space
Ve, R1 ® Ve, Ry, we introduce the comultiplication map A : TubeS (S ) — Tubel (Sk) ®
Tube (S4) defined as

T x2

A(!(é) 5)) = Y Snmpaa(@) (@, 22) [(9) B) @ (@) %) (4.21)

1,22
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where

a(zy, x2,a)a(a, zf, %)

Yala) (21, 72) = aor,a,79) (4.22)
Most importantly, A defines an algebra homomorphism, i.e.
x1 X9 T X9
A(I(E9) %) % [(89) %) = A1) %))« A(I() ) . (4.23)

which follows from

Txy (a)(a, b) Ty (a)(a, b) Wa(a)(xlv x2) Vb(a) (x(llv J,‘%) = Tryxo (a)(a, b) Wab(l'l’ 1‘2) . (4'24)

This last relation descends from the definitions of 7(a) and ~y(a) together with the 3-
cocycle condition satisfied by «. In general, the comultiplication is not associative but
instead satisfies the quasi-coassociativity relation:

T

(A®id) o A(|() L)) = ¢ (i[d @ A) o A(|(£) L))o (4.25)

8

where we introduced the twist ¢ defined as

b= Y o Moo (@) 9) 8 (@) My e (@) 28y (420)

T1,22,23

Given a three-particle vector space (V ® W) ® Z, the twist ¢ induces the module
isomorphism

p:(VeW)@Z S Ve(WeZ). (4.27)

The quasi-coassociativity follows from the cocycle data relation

Ya(a) (21, 22) Yo (@) (2122, 73) (2T, 25, ¥5) = Ya(@) (T2, T3) Va() (21, T273) (21, T2, 73) -
(4.28)

Given a pair of representations (D0f Vi, p) and (D922 Vi, g,) of the twisted
quantum double, the comultiplication A allows us to define the tensor product represen-
tation DCFL @ DE2F2(A) : Tubel (S4) ® Tubel (SL) — Vey v, ® Ve, r, Where

DY @ pC2fa (A(|(f5) =)
= Y GnmnaYal@) (w1, @2) DOO(|() B)) @ D (|(0) &) (4.29)

Z1,T2

which is compatible with the algebra product since A defines an algebra homomorphism.
The semi-simplicity of Tubeg(SlA) implies that such tensor product representations are
generically not simple and as such admit a decomposition into a direct sum of irreducible
representations:

Cs.R
Vorm @Veum = D NSRS comn Vs s - (4.30)
{(C3,R3)}
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Here N((gf’gf)) (CoRa) € Z§ is a non-negative integer, called the fusion multiplicity, that

defines how many times each irreducible representation (D% Ve, r.) occurs in the de-
composition of (DCHF1 @ DE2:R2(A)), Ve, ry ® Vioy R, ). Using the orthogonality relations
of the representations, we find the following expression for the fusion multiplicities:

C’v 3 1 2 a ~ a
NGRS (o) = il ZGtI“(DCl’RI 2 D2 (A(|(4)) %)) D s (| (49)) —>>)> :
x,a€

(4.31)

4.4 Twisted quantum double R-matrix and braiding of point-like excitations

Given a set of identical particles, the transformation properties of their joint wave func-
tion by permuting their spatial location is referred to as their exchange statistics. For
spacetime dimensions d 4+ 1 > 4, the exchange statistics of n point particles is governed by
representations of the symmetric group .S,,. Experimentally, such systems are observed to
transform under the two one-dimensional irreducible representations of S,,, often referred
to as the trivial and the sign representations, which in turn classify point particles into
bosons and fermions, respectively. However, it is well-know that in (2+1)d the exchange
statistics of point particles is not characterised by the symmetric group, but instead by the
braid group. Given n particles arranged along a line in the interior of the 2-disk D?, the
braid group is defined via n—1 generators {o;}i—1,.. n—1 that satisfy the relation:

0;0i+10; = 0j+10;0+1 , Viée {1, e, — 2} . (4.32)

Enumerating the n particles from left to right by the integers 1,2, 3, ..., n, we can interpret
each o; as corresponding to the clockwise exchange of the particles ¢ and i + 1.

Building on the tensor structure defined by the comultiplication map A, it was shown
that the representations of the twisted quantum double algebra admit a representation of
the braid group. This representation is interpreted as the exchange statistics of point-like
particles in the (2+1)d Dijkgraaf-Witten model. In order to define such braid statistics,
we first need to introduce an invertible element of Tube$(Sh) ® TubeS (Sk) called the
R-matriz:

x )
R:= Y (@) 2% 0|() 5. (4.33)

z,yeG

The R-matrix is compatible with the comultiplication map via the relation
x X
RA(|(%) BYR =50 A(|(0) &) (4.34)
X
for all \(Q )5 e Tubeg(SlA), where ¢ is the transposition map

o VW -WwWeV, (4.35)

which permutes the order of vector spaces in the tensor product. It follows from this
relation that, for any two modules V and W of the twisted quantum double, the operator
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R := ¢ o R defines a map
RVoWSWeV, (4.36)

which is also a module isomorphism via
X x

RoA(J(8) B b (VW) =A%) L) o R (Vo W). (4.37)

Given the three-particle vector space (V @ W) ® Z, it follows that R fulfills the hezxagon
equations:

(deoA)R=¢"'([doR) ¢(Roid)¢™" , (A®id)R=¢(R®id)¢ ' ([d®R)¢,
(4.38)

which can be equivalently represented in terms of commutative diagrams as in definition 5.3.
These equations in turn ensure the quasi- Yang-Baxter equation

Ao (VeoW)e Z p
l/ T
WeV)eZz Ve (WeZ)

ﬂ id@ﬁ
We((VeZ) Ve(ZeW)
/id@f% ¢1\
We(ZeV) VezZ)eWw (4.39)

\‘1 R@id/
WezZ)eV (ZV)eW
W@id ot
(ZW)eV ZR(VeW)
\ . .
¢ Zo(WaV) id® R

such that the composition of operators on the dodecagon are equal, and as such R defines
a braid group representation on the modules of Tubeg(SlA).

4.5 Simple representations of the (3+1)d tube algebra

We derived in section 3.4 the twisted quantum triple algebra Tubef (TZ). In the following,
we describe its representation theory which we interpret as defining the simple loop-like
excitations in the (3+1)d Dijkgraaf-Witten model. We will then describe the statistics of
these simple loop-like excitations. Our exposition follows closely the one of section 4.2 and
section 4.3.

Akin to the twisted quantum double algebra, in order to find the simple representations
of the twisted quantum triple algebra, we first decompose the algebra into a direct sum of
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2 mm. = {(a,b) € G*|ab = ba}, we define an equivalence relation

on G2 given by (a,b) ~ (a’, V') if there exists a k € G such that (a’,b) = (a¥,b%).

comm.
The set of such equivalence classes forms a partition of G2, into disjoint subsets. Given

sub-algebras. Letting G|

any pair of disjoint equivalence classes D1, D2 and any pair of G-coloured graph-states of

the form - 2
Ly 2 QD)2
\(g) =), \(g) —) (4.40)

such that (x1,11) € Dy and (22,y2) € Dy it follows from the TubeS (T%) algebra product
defined in (3.44) that

Q) Sy |() ) =
() ) #1(f) B) =0. (441)
1 Y2
A consequence of this observation is that each equivalence class D C G2, naturally
defines a sub-algebra TubeS (T2 )p C Tubel (T2 ) given by
T
Tubef (T2)p := Spanc{|({) )} vaec - (4.42)
iy Y(z,y)eD
Noting that the set of equivalence classes forms a partition of G2, it follows that
TubeS (T4 ) = @D Tubel (T4 )p (4.43)
D

2

where the direct sum is over all equivalence classes D C GZ,,,, - Utilising this decompo-
sition of Tube$(T4) we can find the simple modules in terms of the simple modules of
Tube& (T2 )p for each D C G2, ...

At this point, let us remark that in limiting cases the twisted quantum triple reduces to
either the (241)d twisted quantum double or the (1+1)d group algebra. Indeed, given the
equivalence class Dq,, := (1g,1g), the corresponding sub-algebra is naturally isomorphic
to the (141)d tube algebra for G and the trivial 2-cocycle. Similarly, given an equivalence
class containing an element of the form (1g,a) or (a,1g) the twisted quantum triple is
isomorphic to the untwisted quantum double algebra.

Given an equivalence class D, we now describe the simple modules of Tubef(TTzA) D-
To this end, let us introduce some notations: we notate each element in D by (d7,dY) for
i €{1,...,|D|} and we call (df,dY) € D the representative element of D. We next define
the set Qp := {q1,. .. q D‘} such that each ¢; € G is defined by a non-canonical choice of
element in G satisfying the conditions (df,dY) = (q; 1dfqi,qi_ 1di-’qi) and ¢1 := 1g. Finally,
we define the stabiliser group of D by

Zp = f{a € G| (df.d}) = (" dfa,a " dla)} , (4.44)

i.e. the subgroup consisting of elements of G that simultaneously commute with both df and
dy. As in the (241)d case, if the group G is taken to be abelian, the previous construction
vastly simplifies so that each pair of elements forms an equivalence class and the stabiliser
group is given by the group itself.
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Utilising the conventions outlined above, it follows from equations (3.39), (3.40) that

3I dy( 7) € Z%(Zp,U(1)) defines a normalised 2-cocycle of Zp when 7 € Z4(G,U(1)) is a

normalised 4-cocycle of G. For each simple 72 - dy( T)-projective representation (DR, VRr) of

Zp, we can then define a simple representatlon of the twisted quantum triple algebra by a
homomorphism DP-f : Tube& (T%)p — End(Vp g) where

Vp.r = Spanc{|d},d!,vy) |Vi=1,...,|D|and m =1,...,dim(Vg)} (4.45)

79 Wi

and for i,5 € {1,...,|D|}, m,n € {1,...,dim(Vg)} we define

z 72 wm(gt a) -1
D,R a dg,d¥ i q; aqg;
zm,jn(’<8) —))) = 5 dx(5 d”éza dxd a d]y T2 w(qilaq' q,l)Dﬁ,n(‘ —J>>) (446)
Y dg,d¥ i 013
such that
/(% |D| dim(Vg) ,(%
D,R r gy r Y
D (|(C)’) |G‘7 zm,]n Cj) >)|d1’dz7 ><d],d],’l)n| . (447)
Yy i,7=1 mn=1 )

It follows from the definition and the linearity condition (4.17) that these matrices indeed
define an algebra homomorphism, i.e.

A\ b A\ ab
ZDzm,jn >)D][:lllzo(‘(8) _>>) = 5:52#8%‘53/2,?;‘1‘ Tgl,w (71-)( b)Dmebn(’(@) _>>) .
y1 2 71
(4.48)
Furthermore the matrices satisfy the conjugation relation
T 1 % 1
DPE ((4)) 2 —DD B (1(4)) 2 4.4
7 ya

as well as the following orthogonality and completeness conditions

LS DB (10 DR, () ) = O i (450)
|G| z,y,aeG i L;j i’m’,j/n/ g)r - |D|d1m(VR) 4,4/ 94,7"9m,m/ On,n’ .
@ 2 2 Dldim(Ve) D (1) =) DR (16 ©9)) = 600y e - (451)
{DDR}Zm 5 C
J,n

These conditions can be utilised to verify that the set of simple representations indexed by
all pairs (D, R) indeed forms the set of all simple modules.

4.6 Physical interpretation of the quantum triple algebra simple representa-
tions

We now turn our attention to the interpretation of the simple representations of the twisted
quantum triple algebra. Given a simple representation labeled by a pair (D, R), analogously
to the (2+1)d example, the equivalence class D corresponds to the set of possible G-
colourings of the T? boundary that are in the same orbit of the tube algebra, whereas
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the vector space Vg corresponds to the decomposition of the symmetries of a boundary
colouring under the action of the tube algebra. Thus, we similarly call D a magnetic flux
quantum number and R an electric charge quantum number.

Let us now refine our description of the G-colourings of the torus boundary in order
to give a more physical interpretation to the tube algebra. As discussed in section 2, a G-
colouring of the torus boundary is a local description of a flat G-connection which is itself
a group homomorphism in Hom(7;(T?), G). Noting that m(T?) = Z x Z, we know that
such a homomorphism defines a commuting pair of elements of G. This can be visualised
by drawing two directed closed lines on the torus, each corresponding to one of its non-
contractible cycles, or in other words to the image of the homomorphism for one of the
generators of 7 (T?2), and such that they are labeled by two commuting group variables:

" : (4.52)

In this description, there is no obvious distinction between the two non-contractible cycles
of the torus. However, within the physical setting of interest, the torus boundary is always
embedded in the interior of a spatial three-manifold, and in this case we can distinguish
the two non-contractible cycles.

Let us first consider a single loop-like excitation inside a three-disk D3. This situa-
tion can occur by removing a solid torus from a three-disk so as to obtain the manifold
D3\(D? x S'). We then choose a basepoint on the torus and define a G-colouring via a
group homomorphism in Hom(r (D?\(D? x S')), G). Since 71 (D3\(D? x S!)) = Z, the man-
ifold D3\ (D? x S') possesses only one non-contractible cycle, unlike the torus that possesses
two, so that the G-colouring is simply the labeling of the cycle by a group variable. Let us
now consider the diagram in equation (4.52) as being embedded inside the three-disk. The
path coloured by ¥ is no longer non-contractible as it can be lifted from the surface and
contracted to the basepoint. It immediately follows that y = 1. In this limit the twisted
quantum triple algebra reduces to the untwisted quantum double algebra so that loop-like
excitations are in one-to-one corespondence with point-like particles of the (2+1)d model
with trivial input 3-cocycle. Additionally, in the limiting case that both holonomies are
given by the group identity we can interpret the excitation as a point-like particle that
carries a trivial flux quantum number and a charge given by a representation of G.

In order for y to take a non-trivial value, we need to enforce that the corresponding
path is non-contractible. This can be done by removing a solid cylinder D? x [ from
D3\(D? x S') such that the solid cylinder threads through the hole of the torus, and such
that D? x {0} and D? x {1} are incident with the boundary of D3. This situation can be
depicted as

(4.53)
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Since the solid cylinder introduces a new non-contractible cycle, it is labeled by a non-
trivial group element which can be interpreted as a magnetic flux threading through the
loop excitation. The presence of such a non-trivial threading flux constrains the possible
magnetic flux and electric charge quantum numbers of the loop excitation by the require-
ment that the two fluxes must commute. Interestingly the tube algebra demonstrates
that the properties of the loop are not affected by any possible charges threading through
the loop.

4.7 Twisted quantum triple comultiplication and fusion of loop-like excita-
tions

In this section, we describe the generalisation of the comultiplication map of the twisted
quantum double introduced in section 4.3 to the case of the twisted quantum triple, which
in turn generalises the fusion of point-like particles in the (2+1)d model to the case of
loop-like excitations in the (3+1)d model. Unlike its twisted quantum double counterpart,
we will see that the comultiplication map of the twisted quantum triple only has a non-zero
action on pairs of loops which share the same threading flux.

Similarly to the twisted quantum double case, given a pair of loop-like excitations
with internal Hilbert spaces Vp, g, and Vp, r,, respectively, we can consider their joint
Hilbert space in the absence of any external constraints as the space given by the tensor
product Vp, g, ® Vp, r,. In order to understand how the twisted quantum triple acts on
the corresponding two-loop Hilbert space Vp, g, ®Vp, r,, we introduce the comultiplication
map A : TubeZ (T%) — Tubel (T% ) ® Tube& (T2 ) defined as

A(!({?) M= 3 G vz,ywle,xzn@) AP ({?) 4y (4.54)

where

Ty(ﬂ-) (‘Tlv L2, a) Ty(ﬂ-)(a? x%? IL’S)

7y () (21, @, 3)

Vo y(T) (@1, 22) = (4.55)

Using the 4-cocycle condition, we can verify the following properties of A akin to the
twisted quantum double example: A is an algebra homomorphism, i.e.

1 2 1 2

A(\(@) L @r) e A(!@) =) *A(|<§g> %) (4.56)

which follows from
Veuy (1) (@1, 22) 77,1, (7) (a, b)
=12 ,(m)(a,b) 72, , (1) (a,b) 72 , () (21, 22) Vi o (7) (2, 75) (4.57)

A is quasi-coassociative, i.e.

(A®id) o A(|(Ye)) &) = ¢(id ® A) o A(|(4e)) H))o ™! (4.58)

< Q’b 8
< C’b 8
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where we introduced the twist ¢ defined as

b= D 7 (), 2, w) () 29) \(é) ) @ !({D;) Gy (4.59)

)
yeG Y Y Y
Z1,T2,T3€E 24y

Given a three-particle vector space (V ® W) ® Z, the twist ¢ induces the module
isomorphism

p:(VaW)eZ SVe(WeZ). (4.60)
The quasi-coassociativity is ensured by the cocycle data relation

Vo () (@1, 22) V2, () (122, 3) T () (2, 25, 25)

= e, (1) (@2, 23) 75 , () (w1, w2w3) 7 () (w1, T2, 23) - (4.61)

At this point, it is useful to provide an illustration of this comultiplication map. Let
x,T1, Ty correspond to the flux carried by three loop-like excitation, and y the threading
flux, the corresponding multiplication map looks like

_____ v L) v oA Q Q_’/ (4.62)

which makes clear that the comultiplication map preserves the threading flux while splitting

the holonomy associated with the loop-like excitation on the l.h.s. between the two loop-like
excitations on the r.h.s..

Given a pair of representations (DPvf1 Vi, g ) and (DP2R2 Vp, g,) of the twisted
quantum triple, the comultiplication A allows us to define the tensor product representation
DPul @ DP2:R2(A) : Tubel (T ) @ Tubel (T4) — Vp, .z, © Vb, r, where

ot 0% (15 )
x1 2
= v Tay ()1, 22) DOV () ) © DD ((62) %)
:C1,$2€Zy Y Y

which is compatible with the algebra product by the requirement that A defines an algebra
homomorphism. The semi-simplicity of Tubef(TTZA) implies that such tensor product rep-
resentations are generically not simple and as such admit a decomposition into the direct
sum of irreducible representations, i.e.

D3, R:
VD1,Ri @ VDy,Ry =~ @ N((Df,Rf)),(Dg,Rz)VD37R3 . (4.63)
{(Ds,R3)}

(Ds,R3) + . o . L
Here N( D1 R1),(DaRy) € Zy is a non-negative integer, called the fusion multiplicity, that
defines how many times each irreducible representation (D% Vi, p.) occurs in the de-
composition of (DP1Fit @ DP2F2(A) Vi, g ® Vi, r,). Using the orthogonality relations
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of the representations, we find the following expression for the fusion multiplicities:

(Ds,R3) 1 DiR Do R A a . a
N D RS Do Ry = @l Z tr(D 1R g pDe 2(A(\(8) —>>))DD3,33(|(8) _>>)> .
y,a€G Y Y
TEZy
(4.64)
We visualise the fusion process of two loop-like excitations with the same threading flux as
follows:
_____ . lusion (Ds,R3) I S
EB N(D17R1)7(D27R2) . (4.65)
{(Ds,Rs)}
D1,Rq D3,R> Ds,R3

The definition of the fusion multiplicities shows in particular that it only makes sense to
fuse two loops which share the same threading flux in sharp contrast to the (2+1)d example
where no such constraint exists.

4.8 Twisted quantum triple R-matrix and braiding of loop-like excitations

In the twisted quantum double discussion, we introduced the so-called R-matrix and defined
the exchange statistics of point-like particles in the 2-disk. Although the exchange statistics
of point-like particles in (34+1)d are characterised by representations of the symmetric
group, it has been shown that the exchange statistics of loop-like excitations in the 3-disk
can be characterised by representations of the so-called loop-braid group [23, 24] or necklace
group [21, 22]. In the following, we restrict to the linear necklace group.

As before, let us consider the 3-disk with a solid cylinder removed. The exchange statis-
tics of loop-like excitations threaded by the solid cylinder correspond to the so called linear
necklace group which is isomorphic to the braid group. Labelling n loops by 1,2,...,n
along the positive horizontal axis as in the following diagram, the generator o; of the
braid group correspond to exchanging loops enumerated by ¢ and 7 4+ 1 by passing loop ¢
horizontally through loop ¢ + 1:

Y Y Y Yy Y Yy
—O_O """" o @3_ """ ) —O_O """" |
i i+1 i i+1 i i+1 i

As for the twisted quantum double, we can build on the tensor structure defined by the

comultiplication map A in order to show that the representations of the twisted quantum
triple algebra admit a representation of the braid group which is interpreted as the exchange
statistics of loop excitations in the (3+1)d Dijkgraaf-Witten model. In order to define the
braid statistics, we introduce an invertible element of TubeS (T2 ) ® Tube& (T2 ) which we
also call the R-matrix:

Ri= 3 \({5}) 1—G>>®r<§}> 2y, (4.66)
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The compatibility of this R-matrix with the comultiplication map is ensured via

RA(|(4)) SNR T =00 A(|(%) ) (4.67)

‘QC\‘\D&
‘QC\‘\D&

for all |(Ye)) Z) € Tube%(T% ), where ¢ is the transposition map

@Cba

o VW -WwWeV, (4.68)

which permutes the order of vector spaces in the tensor product. Unlike in the twisted
quantum double example the R-matrix is not a module isomorphism for the tensor product
of any two modules but instead only a module isomorphism on a subspace of the tensor
product. Let V and W be a pair of modules of Tube& (T% ) we define the projector A(1) :
VW — VW by the comultiplication of the identity element

A= 30 A(() 1)) (4.69)
yeG Y
TELY
and define
VoW =A1)r(VeaW)cVeW. (4.70)

This subspace corresponds to the subspace of the tensor product of modules which carry
the same threading flux. For any two modules V, W of the twisted quantum triple algebra
the operator R := o o R defines a map

RVaWwWSweV, (4.71)

which is a module isomorphism:

ROA(|(I§}) &))D(V®W)—A(y<f§}) %) o R (Ve W), (4.72)

Additionally, given the three-particle vector space (V @ W) ® Z, it follows that R sat-
isfies the hexagon equations, which in turn implies the quasi- Yang-Baxter equation de-
fined in equation (4.39), so that R defines a braid group representation on the modules of

TubeS (T3).

5 Category theoretical aspects

In this section, we introduce some notions from category theory in order to reformulate
and make more precise some of the results derived earlier. In particular, we present the
technology of loop groupoids. This is used to make more rigorous the notion of lifted models
introduced previously, which is in turn used to rederive tube algebras in any dimensions.
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5.1 Preliminaries

In order to introduce the relevant notations, we review below some basic definitions of
category theory. More details can be found in [38, 39].

Definition 5.1 (Category). A category C consists of:
e A collection of objects denoted by Ob(C).

e A collection of morphisms between objects denoted by Hom(C) such that each mor-
phism has a source and a target object. Given two objects a and b, the collection of
morphisms from a to b is denoted by Home(a,b) > f:a — b.

o A composition rule o : Home(a,b) x Home(b,¢) — Home(a,c) of morphisms such
that the composition of f : a — b and g : b — ¢ is denoted by fog:a — ¢. This
composition rule is associative, i.e. for f :a — b, g:b— c and h: ¢ — d, we have

(fog)oh=fo(goh),

and for every object x € Ob(C) there exists an identity morphism id, € Home(z, z)
such that for every f :a — b € Home(a,b), we have foid, = f =1idyo f.

We often depict relations between morphisms using commutative diagrams so that
points represent objects and arrows represent morphisms between. For instance, the com-
position of two morphisms f :a — b and g : b — ¢ is depicted by

(a%b)o(b%c)za&c.

Definition 5.2 (Monoidal category). A monoidal category is a sextuple (C,®,1,a,¢,7)

that consists of:

A category C.

A binary functor ® : C x C — C referred to as the tensor product.

o A unit object 1¢ € Ob(C).

o Three natural isomorphisms «, £, r referred to as the associator, the left unitor and

the right unitor, respectively, defined as:

aa,b,c:(a®b)®cl>a®(b®c)
lo:1l®a—=a

re:a®1 > a.
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subject to the coherence relations encoded in the commutative diagrams:
(a®b)® (c®d)

Qa®b,c,d

(a®b)®c)®d a®(b® (c®d))

Qg b,c & 1dd ida b2 Qp,c,d

(a®(b®0))®dma®((b®c)®d)

ra®% ywh

a®]l ®b 4>a® Il®b

777

These consistency conditions are usually referred to as the pentagon and the triangle
relations, respectively.

A monoidal category as defined above is sometimes referred to as weak monoidal
category since the morphisms «, £ and r weakens the associativity and the unit conditions.

Example 5.1 (Category of G-graded vector spaces). Let G be a finite (possible non-abelian)
group. A G-graded vector space is a vector space of the form' V = @, .q Va. We consider
the category C—Vecg whose objects are G-graded complex-valued vector spaces. The tensor
product is defined according to

VeW).= P ew..

b,ceG
b-c=a

This category has |G| simple objects denoted by dueq, i-e. objects satisfying End(d,) = C,
provided by the one-dimensional G-graded vector spaces. It follows from the definition that
the tensor product of simple objects boils down to the group multiplication, i.e. 0q®dp = qp-
It is enough to define the associator on the simple objects. Thus, we are looking for an
isomorphism characterized by a group 3-cochain o : G3 — C* such that

Q50,05,0c — a(a, b, C) ids,,, : (5a & 61)) ® d¢ = Oq ® (51, & 50) .

abc

The pentagon relation above is then satisfied if o is a S-cocycle in H3(G,C*) =~
H3(G,U(1)), i.e

ala,b,c)ala,b-c,d)a(b,c,d) =ala-b,c,d)a(a,b,c-d) (5.1)

for every a,b,c,d € G. Furthermore, it follows from the triangle relation above that if the
right and left unitors are trivial, then the 3-cocycle « is normalized, i.e. a(a,1,b) = 1,

Ya,b e G.
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It turns out that the category of G-graded vector spaces is the relevant structure to
describe the (2+1)d Hamiltonian realisation of Dijkgraaf-Witten theory. Indeed, we can
show that for a model whose input data is C—Vecg, the bulk excitations are provided by
the objects of the so-called Drinfel’d center Z(C—Vecg) of the category. But the Drinfel’d
center Z(C—Vecg,) is equivalent to the category of modules of the Drinfel’d double D%(G),
which we showed to be a representative of the (2+1)d tube algebra. By construction
Z(CVecg) is a braided monoidal category:

Definition 5.3 (Braided monoidal category). Let C = (C,®,1,a,¢,7) be a monoidal
category with tensor product ®. We define a braiding on C as a natural isomorphism
R:a®b = b® a subject to the coherence relations encoded in the commutative diagrams:

(c®a)®b bR (c®a)
Rc,ay W id, ® Re,a
®c)®b c®(@®b b® (a®-c)
Qqcb R; oxp , Ryge.a Qy, i c
(c®b) b®a)@c
Ry o ®id,

ld % %
®(b®c)

The consistency conditions above are usually referred to as the hexagon relations. We then

(a®b)®c

define a braided monoidal category as a pair (C, R).

Note that given Z(C-Vecg) the hexagon relations above are the analogues of (4.38).
It turns out that for an abelian group A, the category of A-graded vector spaces can be
turned into a braided monoidal category CfVecj’R by introducing a family of isomorphisms
characterized by a group 2-cochain R : A2 — C* such that

R(Saaéb = R(CL, b) : id(sab : 6(1 ® 5() 1) 5() ® 6(1 .
The hexagon equations above are then satisfied if

a(c,a,b) R(c,a +b) a(a,b,c) = R(c,a) aa,c,b) R(c, b)
R(b+ c,a)a(b,a,c) = R(c,a) a(b,c,a) R(b,a) a(a,b,c) .

Note however that the (2+1)d Dijkgraaf-Witten model only requires its monoidal version

as input. Furthermore it is not possible to define such braided category when the group is
non-abelian.
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5.2 Monoidal 2-category of G-graded 2-vector spaces

As mentioned above, the input category of the (241)d Hamiltonian realisation of Dijkgraaf-
Witten model is the category of G-graded vector spaces such that its Drinfel’d center
describes the bulk excitations of the model. Analogously, the relevant input category in
(34+1)d is believed to be the 2-category of G-graded 2-vector spaces [40, 41].

So far, we have only considered 1-categories, i.e. categories that contain objects and (1-
Jmorphisms between objects. It is possible to generalize these constructions by providing
additional structures. For instance, we can define 2-categories which, on top of objects and
1-morphisms between objects, contain 2-morphisms between 1-morphisms. In the following,
we are only interested in a specific 2-category, namely the 2-category of G-graded 2-vector
spaces [40, 42, 43]. But first, let us define 2-vector spaces:

Definition 5.4 (2-vector spaces). We call a 2-matrix M a matriz whose entries denoted
by M, are finite-dimensional complex valued (1-)vector spaces. We then define a 2-vector
space as a formal symbol V[p| with p =0,1,2,..., such that the collection Hom(V[pl, V[q])
of 1-morphisms from V[p| to V]q| corresponds to the set of all p x q 2-matrices M. The
collection Hom(M, N') of 2-morphisms from M to N such that M, N : V[p] — V]q] then
corresponds to the set of all matrices T of linear operators Tmn : Mpmn — Non.-

We define the category C—2Vecq as the 2-category whose objects are G-graded complex
2-vector spaces as defined above. Similarly to the category of G-graded vector spaces,
simple objects d, are labeled by group elements in GG and the tensor product between simple
objects is provided by the group multiplication. We choose the underlying 1-category of
C-2Vecq to be strict, i.e. the associator o, the right unitor and the left unitors are chosen
to be trivial. Although the associator is trivial, it is possible to weaken the corresponding
pentagon equation by introducing a so-called pentagonator 2-morphism defined as:

0 0 “5a’5b»56v6g 0 . 0 . 0
O§ 08,0000 © Xba,8,,00004 (@5,.6,.0. ®@1ds,) 0 a5, 5.55..6, © (ids, ® g, 5.5,) -

This pentagonator 2-morphism is determined by a group 4-cochain 7w : G* — CX. The
pentagonator must satisfy some coherence relations [42, 44] that enforces the 4-cochain 7
to be a 4-cocycle in H*(G,C*) ~ H*(G,U(1)). We denote the corresponding 2-category
by C-2Vecg. Similarly, we could define a 2-morphism that weakens the triangle relation.
However, we choose it to be trivial, which on turns implies that 7 is a normalized 4-cocycle.
In the following, we often identify simple objects and the group variables labeling them so
that the pentagonator 2-morphism will be written 7,4 .4, a,b,c,d € G, instead.

So the input data of C-2Vec, is the same as the one of the (3+1)d Hamiltonian model
introduced earlier, namely a finite group G and a normalised representative of a cohomology
class in H*(G,U(1)), as expected. Furthermore, it is possible to relate the definition of 7 to
the 2 = 3 and 1 = 4 Pachner moves, the same way the 4-cocycle appears as the amplitude
of the corresponding Pachner operators (2.35) and (2.34). In the following, we explain
how to recover the quantum triple algebra starting from this data using the technology of
loop groupoids.
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While finishing this manuscript, Kong et al. published a beautiful work where they
define a generalization of the center construction for the case of monoidal bicategories [45].
Starting from C-2Vec(, they find a 2-category whose objects and 1-morphisms can be
mapped to the irreducible modules of the twisted quantum triple. Although the two ap-
proaches seem to yield the same result, we believe our approach makes more transparent
the physics of the defect excitations.

5.3 Delooping and classifying space

In this part, we review the concepts of delooping groupoid and classifying space of groupoid.
More details can be found in [33, 35, 46-48].

Definition 5.5 (Groupoid). A (finite) groupoid G is a category such that there is a finite
number of objects, and a finite number morphisms which are all invertible.

Given a finite groupoid G, we can construct a so-called simplicial set BG referred to as
the classifying space of the groupoid:

Definition 5.6 (Classifying space of a groupoid). Let G be a finite groupoid. We define
the classifying space BG of G as the simplicial set obtained by gluing together abstract n-
simplices identified with strings of n composable morphisms xq By B I g in G
A given n-simplex can be represented as a standard n-simplex whose vertices are labeled
by xg,x1,...,T, and whose oriented edges are labeled by morphisms and composition of
morphisms.” As a simplicial set, BG comes equipped with face homomorphisms such that
the i-th face of a given n-simplex is obtained by removing the object x; from the string of
morphisms and compose the corresponding adjacent morphisms if i # 0,n. For instance the
three (1-)faces of the 2-simplex x a1, 1 EEN 9 Teads xg 9, T1, T1 EEN 9 and xg 9192, 9.

In the following, we are particularly interested in the classifying space of the one-object
groupoid associated with any finite group:

Definition 5.7 (Delooping of a group). Let G be a (finite) group. The delooping of G is
the one-object groupoid G that consists of a single object denoted by o and Hom(e,e) = G
such that the composition of morphisms is given by the group multiplication. Informally,
we think of G as

é:{éz.i.\gee}. (5.4)

The classifying space of the one-object groupoid G coincides as a simplicial set with the
classifying space BG of the finite group G as usually defined in algebraic topology [35, 48]:

Definition 5.8 (Classifying space of a finite group). Let G be a finite group. We de-
note by EG the simplicial set whose n-simplices are identified with ordered (n+1)-tuples
(90,91, - -+, gn) in G, We define the i-th face homomorphism 0; = 81(”) G G" oon

"By identifying abstract simplices with labeled standard simplices, we are building the topological space
referred to as the geometrical realisation of 5G. But we loosely identify simplicial sets and their geometrical
realisations in this paper.
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the set of n-simplices as 0;(go, - .-, 9n) := (90s- -+, Ji—1, Gi+1, - - - , gn) Such that the boundary
of an n-simplex is given by the homomorphism 0 = 8y — 0y +- - -4 (—=1)"8,,. The group G
has a left action> on EG by left multiplication, i.e. g>(go, - ., gn) = (990, - --,99n), and the
classifying space BG of the finite group G is obtained as the quotient space BG = EG/G.
Since (go,---,9n) ~ (990 ---,99n), BG can be equivalently obtained in terms of n-tuples
[g1] - - - |gn] via the map [g1]...|gn] — (1,91,9192,---,91 - gn) S0 that to each n-simplex
(90, - -+, 9n), we now assign the n-tuple (go, ..., gn) — [galgl|gflgg| . \g;_llgn]. As in def-
inition 5.6, 1-simplices of the simplicial set are now labeled by product of group variables,
and the boundary map O reads

n—1
0" g1 . Ngn) =lgal - lgn] + D (=191l - - lgi-1lgigis1]giv2] - - - 19n]
i=1
+ (=1)"[g1] .- - |gn-1]
which agrees with the earlier definition via the identification [g1]...|gn] = o Iy I,

Since the boundary homomorphism satisfies d o @ = 0, the simplicial set BG forms a
chain complex whose chain groups are provided by the n-simplices. Thus, we identify n-
tuples [g1]. .. |gn] With n-chains which are chosen to be valued in U(1). This defines the set
of n-chains C,,(BG, U(1)). Similarly, we define n-cochains as functions which assign to any
n-simplex of BG an element of U(1). By dualising, the boundary operator 0, we can finally
define the cohomology H"(BG,U(1)). The algebraic cohomology H™ (G, U(1)) of the group
G is then defined as the simplicial cohomology H™(BG,U(1)) of its classifying space. More
generally, we define the cohomology of a groupoid G as the simplicial cohomology of its
classifying space BG.

Finally, given a groupoid G, a specific point in the classifying space BG is identified by
a string of morphisms xg EENE LN z, and a set of coordinates 0 < t; <ty <...<t,. In

i ; g1t g2,t2 gnit
the following, we denote such a point by xg 1 N

This delooping procedure can be generalized to any (pointed) category: given a cat-
egory C, we can define its delooping C where C has a single object « and Hom(e,s) = C.
The composition of the 1-morphisms is then provided by the monoidal structure of C, i.e.
the composite of o = o LA L Applying the delooping procedure to the monoidal
category C—Vecg of G-graded vector spaces, we obtain a 2-category which consists of a
single object e, finitely many simple 1-morphisms labeled by group variables in G and a
l-associator 2-morphism « whose definition in terms of commutative diagrams reads

° *>b . ° 4)1) °
0 <.
Lt - e
o ‘U'a o e ——— o
A a-(b-c)
a-(b-c)

where we identify simple objects and the corresponding group variables for convenience.
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Using a slightly abusive notation, this can be equivalently depicted as

o 44 o 4.
aw\/l(c Qg b,c QTK[C (56)
o« — S e o« — S e

a-b-c a-b-c

As simplicial complexes in the corresponding classifying space, the diagrams above defines
a 2 = 2 move as expected. Similarly, the delooping of the 2-category C-2Vecg of G-
graded 2-vector spaces, we obtain a 3-category that consists of a single object e, simple
1-morphisms labeled by group variables in G and a trivial 1-associator 2-morphisms o
whose pentagon equation is weakened by the presence of a pentagonator 3-morphism 7w

determined by a group 4-cocycle. Using the notation above, we have

which does suggests that the category underlying the (3+1)d lattice model for which the
amplitude associated with the 2 = 3 move is given by a 4-cocycle, is indeed the 2-category
C-2Vecg,.

5.4 Loop groupoid

This part is the heart of our construction. We review the definition of loop groupoid and
explain how it is related to the notion of transgression maps of groupoid cocycles. To do
so, we follow closely the work of Willerton [33]. A similar approach can be found in [34].
We then explain how this construction can be used to recover the quantum double and
quantum triple algebra, as well as defining lifted topological models.

So the next step of our construction requires to define the so-called loop groupoid AG
of a finite groupoid G. It can be succinctly defined as the functor category Fun(Z, G) where
Z is the delooping of Z. Since m1(S') = Z, or in other words BZ ~ S!, it is possible to
think of the objects in AG as being ‘loops’ in G, hence the name. In practice, we use the
following equivalent definition:

Definition 5.9 (Loop groupoid). Let G be a finite groupoid. We define the loop groupoid
AG as the finite groupoid whose objects are given by endomorphisms g € Endg(x), for

each x € Ob(G), and whose morphisms read g I h1o g o h where g € Endg(z) and
h € Homg(x,y). The composition of the 1-morphisms is inherited from the one in G.
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In the following, we are interested in the loop groupoid AG of the one-object groupoid
G. In this case, the objects of AG can be identified with group elements in G so that the
loop groupoid effectively describes the action of the group onto itself by conjugation. This
action becomes of course trivial in the case of an abelian group.

Let G be a finite (possibly non-abelian) group. Let us consider the classifying space
BAG of its loop groupoid such that vertices are identified with endomorphisms z € Endg(e)

l2g. In the following, we make use of the shorthand

and edges with morphisms x EN g~
notation z9 = g~ 'xg. The n-simplices are identified with the following strings of morphisms

x 91 x91°9n x

() 25 () Ly .. Iy () = () &y .. Iy (5.8)

where we used an explicit notation for the objects in order to make the construction more
transparent. A point of the classifying space is then identified with

xT

(L) Lhy L gntn (5.9)
Let us also consider a different space, namely the free loop space on LBG. Given a topolog-
ical space X, its free loop space £X is the topological space of all the loops in X, namely

LX = Maps(S!, X).® We can define a map LIF : BAG — LBG = LBG which maps a
specific point of the topological space BAG to a loop in LBG parameterized by ¢ such that:

xr
1,t1 t 1,t1 it 29179t giv1,tit1 t
LIF(t)(Q)gv .”gnyn .97 ”‘g'uz > i+1,0i+ ..'gnyn\ ’

for t; S t S ti+1 .

Let us explain in detail what this map does in the case of a 2-simplex in BAG: firstly,
it associates to this 2-simplex a prism whose top and bottom faces are identified. In
this case, a 3d triangulation for this prism is obtained using a convention adapted from
conv. 3.1. Secondly, a specific point of the original 2-simplex is associated to a loop in LBG
parameterized by ¢t. The map then returns a specific point of this loop. The 3-simplex
to which the point belongs depends on the value of ¢. In the following, we refer to this
map as the lifting map in analogy with the lifting procedure alluded in section 3.5.° Most
importantly, Willerton showed in [33] that the lifting map LIF is a homotopy equivalence.

The lifting map LIF : BAG — L£BG naturally induces another map BAG x S! — BG.
Via the identification between n-simplices and simplicial n-chains, the latter map induces
yet another map at the level of chains C,,(BAG,U(1)) — Cp+1(BG, U(1)) defined as

T n . .
(Q) EETO LN — Z(_l)”*ifl. gy gi @ Gl gny (5.10)
=0
which can be rewritten as follows in terms of the notation introduced in def. 5.8

g1lg2] - lgn)e  +— Z(*l)n_i_l[gﬂ o gilgn e g) T r(gr - gi)lgisal - - gn] -
= (5.11)

8The free loop space is to differentiate with the based loop space which is the space of all loops fixed at
a certain base point.
9In Willerton’s work [33], the same map is referred to as the ‘Parmesan map’.
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The (n+1)-chains appearing on the r.h.s. are identified with the (n+1)-simplices obtained
after triangulation of the topological space LBG according to conv. 3.1, which is obtained
by lifting BAG. Finally, using the fact that the algebraic cohomology of a groupoid is
defined as the simplicial cohomology of its classifying space, and dualising the map above,
we obtain a map at the level of algebraic cocycles:'°

T Z"Y(G,U(1) —  Z"(AG,U(1))

w '—>Tff(w)(glv"'7.gn)
= 7(w)([g1]- - 19n]z) (5.12)
n
= Hw(g1, G T g, ) YT
i=0

Henceforth, we refer to this map as the S'-transgression map. Let us illustrate this defini-
tion with an example. The S!-transgression map acts on a 4-cocycle 7 € Z*(G,U(1)) as

n(a,a"txa,b,c) w(a,b,c, (abc) Lzabe)

Tx (W)<a7 b, C) = 7T(.CE, a,b, C) 77-(@7 b, (ab)—lxab, C)

(5.13)

which is precisely the formula (3.35) obtained in the previous section. So the S!-
transgression of a group cocycle does not result in another group cocycle but a groupoid
cocycle, namely a cocycle of the loop groupoid of its delooping. This explains why it does
not satisfy the usual cocycle condition, but instead a ‘twisted’ version. It is now easy to
derive these conditions using the boundary map of the simplicial set BAG. For convenience
we reproduce below the one satisfied by 7(m):

_ Ta-12a(T)(b, ¢, d) T2(7)(a, be, d) T4(m) (a, b, ¢)

A7y (m)(a,b, c,d) 7a(m)(ab, ¢, d) a() (a,b, cd)

=1. (5.14)

Interestingly, this whole procedure can be iterated. Indeed, it is possible to define a
lifting map LIF? : BA?2G — L£?BG which ultimately leads to the T?-transgression map
72 Z"2(G,U(1)) — Z™(A%G,U(1)) defined according to

(—1)nt1-i ‘

n
Tg,y(w)(gla s 79”) = HTy(w)(gla < Giy xglmgiagiJrlv cee agn)
=0

Applying this definition to 7 € Z4(G,U(1)) results in

— 7y(m)(, a,b) 7,()(a, b, (ab) ' xzab)

2
7, 4(m)(a,b) 7,(7)(a,a za, b)

z,yY

(5.15)

which is precisely the 2-cochain appearing in the multiplication of the twisted quantum
triple algebra.

With a little stretch of formalism, the lifting map LIF induces a transgression map on
the level of morphisms determined by group cocycles. Indeed, let us consider the delooping

10T the case where we work with an abelian group A, the cohomology of AA is equal to the group
cohomology so that we actually define a map 7 : Z"7(A,U(1)) — Z™(A, U(1)).
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(%2@8 of the 2-category of G-graded 2-vector spaces so that 7 is now a pentagonator
3-morphisms which weakens the pentagon coherence relation of the trivial 1-associator 2-
morphism. There are finitely many simple morphisms in this category and they are labeled
by group variables in G. Since in many ways it is enough to consider simple morphisms
only, many properties can be directly inferred from the study of G carried out above. The
homotopy equivalence between BAG and £LBG implies

& A2

where we are still using the shorthand notation defined in (5.8). Moreover, recall that the
composition of the morphisms on the Lh.s. in AG reads

x T

(.)ﬂo(.)i:(ﬁ?)%. (5.17)

Let us now suppose that the associativity with respect to this composition rule is weak-
ened by an l-associator 2-morphism denoted by 7(7). Analogously to (5.6), this can be
represented in terms of commutative diagrams in AG:

() —2— () (£)) —2— ()
[ / T2 () a,b,c (ﬂ X\ LC (5.18)
(Q ﬁ (Q ( ° ) T (Q)

This representation can be conveniently used to check (5.14) explicitly. But by virtue of the
lifting map LIF, the diagrams depicted above, thought as simplices in BAG, are equivalent
to the simplicial complexes depicted below in LBG

. —>«0 . L4 —> i
= wb Te(T)a,b,c o :
.| ’” =————— L (5.19)
. s pobe .
‘ a-b-c * . a-b-c *

where we kept the triangulation of the prisms implicit. Keeping in mind that the prisms
should be triangulated, these diagrams correspond exactly to the lifted 2 = 2 Pachner
move (2 = 2) x S! studied in section 3.5. And we showed in section 3.5 that such a move
could be decomposed into four (non-trivial) 2 = 3 moves. But to every such 2 = 3 move
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can be associated a pentagonator 3-morphism in C-2Vec, as illustrated in (5.7), so that
we can write

-1 -1
Ta (W)a,b,c = ﬂ-:c,a,b,c © Ta,a~twa,b,c © 7Ta,b,(ab)—lacab,c © Ta,b,c,(abc)~Lzabe (520)

which is the obvious analogue of (5.13). So in the same way the S'-transgression map
defines a loop groupoid 3-cocycle from a group 4-cocycle, we argue that it maps the pen-
tagonator 3-morphism 7 in C—Q@g to a l-associator 2-morphism 7(7) in its loop groupoid.
Therefore, similarly to the relation between the input 3-cocycle of the (2+1)d Dijkgraaf-
Witten model and the associator of C—Vecg, the S'-transgression of the input 4-cocycle of
the (3+1)d model corresponds to the 1-associator of the loop groupoid of ([}2@8

5.5 Groupoid algebra and quantum triple

In this part, we use the loop groupoid technology in order to redefine the twisted quantum
double and the twisted quantum triple algebras derived in section 3 as the tube algebras
associated with the excitations of the (2+1)d and (3+1)d models, respectively. Given a
groupoid, it is always possible to define an algebra as follows:

Definition 5.10 (Groupoid algebra). Let G be a groupoid and k a field. We define the
groupoid algebra Kk[G]| as the algebra over k determined by the vector space spanned by
the morphisms in G and whose multiplication rule is provided by the composition rule of
morphisms in G whenever it is defined, else is zero.

A primary example of this construction is the quantum double as the twisted groupoid
algebra of the loop groupoid of the delooping of a group [33]:

Example 5.2 (Drinfel’d double algebra). Let us apply the definition of the groupoid algebra
to the loop groupoid AG. As basis for the vector space C[AG] is provided by

xT

1(4) %) for z,a € G (5.21)

which are in one-to-one correspondence with the morphisms in AG. Furthermore, the
multiplication rule between two basis elements reads

T Y T

(490) ) 5 |(400) ) = 810, | (£0) 25 (5.22)

where the delta function ensures that the composition in AG is defined. This repro-
duces the quantum double multiplication rule. Let o € Z3(G,U(1)), we know that
7(a) € Z2(AG,U(1)) by definition.'* This loop groupoid 2-cocycle can be used in order
to twist this multiplication rule as follows:

x Y x

(490) ) 5 |(400) B) = 64130,y To(@)(a, 1) | () 25 . (5.23)

Hence, as an algebra, the twisted quantum double is isomorphic to the twisted groupoid
algebra CT[AG).

"Here we can think of « as determining the associator of C—Vec.
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Let us now adapt this construction so as to define the quantum triple algebra as
the twisted groupoid algebra cri(m [A2G] of A%2G obtained by iterating twice the loop
groupoid construction over the one-object groupoid G. Objects in A%2G are provided by
endomorphisms = € End,#(y), which by definition of the morphisms in AG must be labeled
by group variables in the centralizer Z,, and for every = € End,#(y) we have morphisms
T i> g_l
represent morphisms in A2G as

ox o g such that g € Hom,=(y,y9). By analogy with the loop groupoid, we

(D% (= s (5.24)
Y v Y

1

such that zyx~'y~! = 1. We then define the twisted groupoid algebra as before. A basis

for the vector space C[A2G] is provided by

(b)) %) fory,a € G, z € Z,, (5.25)

:c(:‘o\ja

which are in one-to-one correspondence with the quantum triple algebra basis element.
Let 7 € Z*(G,U(1)), we know that 72(7) € Z2(A%G,U(1)) by definition.!? As before, this
2-cocycle can be used to define the following twisted multiplication rule

Z1 2 Z1

() ) % [(4)) ) = Batara0s Satyrags Tor (M (@, D) [()) £5) (526
Y1 Y2 Y1

which is exactly (3.44). Hence, as an algebra, the quantum triple is isomorphic to the
twisted groupoid algebra c*(m) [A2G] of the loop groupoid A%2G of the loop groupoid AG
of the one-object groupoid G of the group G.

So we showed how Willerton’s derivation of the twisted quantum double algebra could
be easily generalized so as to recover the twisted quantum triple algebra from the groupoid
algebra construction of loop groupoids. However, the way the twisting is added to the
multiplication rule is somewhat ad hoc. In the following, we use the technology of loop
groupoids to define more rigorously the lifting procedure presented in section 3.5. This
lifting procedure will in turn be used to rederive the (2+1)d and (3+1)d tube algebras in
terms of the (141)d one, making the introduction of the twist naturally descending from
the definition of the topological model.

5.6 Loop groupoid colouring and lifted models

Recall that given a finite group G and a closed oriented (d+1)-manifold M, the partition
function of the Dijkgraaf-Witten model is performed over homotopy classes of maps [7] :
M — BG, while the topological action is provided by the canonical pairing (y*w, [M])
between the pull-back of the cocycle w € Z¥ 1 (BG, R/Z) onto M and the fundamental class
M] € Hy11(M, Z) of M. Let us now suppose that we have a closed (d+1)-manifold of the
form A/ x S'. We explained earlier that given a finite group G, the lifting map LIF : BAG —

2Here we can think of 7 as determining the pentagonator of C-2VecZ so that 7(m) determines the
1-associator in the loop groupoid of its delooping.
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LBG = LBG is a homotopy equivalence. It implies the equivalence BAG x S' ~ BG
which in turn induces the S!-transgression map sending a group (n+1)-cocycle to a loop
groupoid n-cocycle. It follows that given a (d+1)-manifold of the form N x S!, we can define
an equivalent model in one lower-dimensional. This model is obtained by summing over
homotopy classes [J] : N'— BAG while the topological action is provided by the pairing
(7*7(w), [N]) between the pull-back of the loop groupoid cocycle 7(w) € Z4BAG,R/Z)
and the fundamental class [NV].

The remark above suggests that given a triangulated cobordism Ca x S', the partition
function ZG[Ca x S'] should be equal to the lower dimensional partition function Zi\g) [Cal
obtained by summing over loop groupoid colourings. This is indeed the right language to
formalise the lifting mechanism presented in section 3.5. In order to check this, let us first
introduce the notion of groupoid colouring:

Definition 5.11 (Finite groupoid colouring). Let G be a finite groupoid and M a d-
manifold endowed with o triangulation Ma. We define a G-colouring on Ma in a way
reminiscent of the definition of the classifying space BG as follows: to every 0-simplex
(vo) C Ma, we associate an object x,,, € Ob(G). To every 1-simplex (vovi) C Ma, we
assign a morphism x,, Jvou, xy, € Homg(xy,, Ty, ) whose source and target objects agree
with the objects assigned to the 0-simplices (vo) and (v1), respectively. Furthermore, for
every 2-simplex (vov1v2) C Ma, we enforce that a given morphism is obtained as the com-
position of the other two, i.€. Guyvy = Guov, © Juvive- We notate the set of groupoid colourings

of Ma as Col(Mp,G).13

Let us apply this definition to the loop groupoid AG. Recall that the set of objects
in AG is G and that the set of morphisms reads {x Iy 29 agea. A AG-colouring g of
Ca assigns group variables to every 0- and 1-simplices of Ca such that given a 1-simplex
(vov1) C Ca, we have glvg] = xy, € G, g[vovi] = Guguy, and glvi] = .y, = 250", Fur-
thermore, for every 2-simplex (vgvivy) € Ca, the constraint on the boundary morphisms
T, o, Ty, Toy vz, Ty, and Ty, Jvovz, Ty, enforces that gyyu, © Guive = Guovy,. This
agrees exactly with the prescription provided in section 3.5 for a colouring of Ca given a
G-colouring of Ca x S'. Therefore, we have the following identification

Col(Ca x S, G) = Col(Ca, AG) (5.27)

between G-colourings on Ca x S! and loop groupoid AG-colourings on Ca .

Let us now consider the colouring g € Col(Ca, AG) compatible with a given G-colouring
of Ca x S'. The amplitude associated with a G-coloured lifted d-simplex (vg...vq) x St is
equal to the amplitude of the AG-coloured d-simplex (vg .. .vq):

T(w)(g[vg e ’Ud]) = Tg[vo](w)(g[vgvl],g[vlvg], N ,g[vd,lvd]) (528)

such that 7(w) is now interpreted as a loop groupoid d-cocycle.

131t follows immediately from the definition that we have the identification Col(Ca,G) = Col(Ca, G).
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Using the above conventions we can write the (d+1)-dimensional Dijkgraaf-Witten
partition for Cao x S!, where Ca is an oriented, triangulated cobordism with boundary
OCaA =CpoUCa,1 as follows:

a 1
AG - - (d)1ye(A@D)
ZinlCal = AT > [T () (a[a )

g€Col(Ca,AG) ADCCA
Q) lalaM) Q) (alaM],
AMCCa ADCCA

which is equal to ZG[Ca x S'] as provided by (2.10). It follows from the construction that
we can identify physical states in V;\E) [Chp /1] with physical states in the original Hilbert
spaces VE[CEO/I].

We explained earlier that the lifting map LIF can be iterated so as to define the S! x

- x Sl-transgression map. Similarly, the lifting procedure we have just defined can be
iterated. Letting Z5 be the (d+1)-dimensional Dijkgraaf-Witten partition function, it is
straightforward to construct the n-fold lifted Dijkgraaf-Witten model of an m-dimensional
oriented triangulated cobordism such that m +n =d + 1. Let Ca,, be an m-dimensional
triangulated manifold. Previously we showed that a G-colouring of Ca, x S! could be
defined as a AG-colouring of Ca, . We now argue that a G-colouring of Ca,, x*_; S! can
be defined in terms of a A"G-colouring of Ca,,, where A"G is the n-th loop groupoid of
G defined by A"G := A(A""'G). More specifically, for n > 0 we can define the groupoid
A"G as the groupoid with object set {(xp,...,z1) € G"|zx; = xjx;, Vi, j € {1,...,n}}
and morphism set {(zn, ..., z1) % (29, ... 20 ) g€ G (o, ) COB(ATT)-

Furthermore, it follows naturally that the cocycle data the partition function assigns
to the n-fold lifting of an m-simplex (vg . .. vy, ) with positive orientation is provided by the
evaluation of the x”_;S!-transgression 7" (w) € Z™(A"G, U(1)) of w on the A"G-coloured
m-simplex (vg, ..., vy). Putting everything together, we can write the (d+1)-dimensional
Dijkgraaf-Witten partition function for Ca, x™; S', where Ca, is an m-dimensional,
oriented triangulated cobordism with boundary dCa = K,O L Cna 1 as follows:

N e D IR | a1 SRR

et —1jact
Gica =2 A‘gECol(CA,A”@)AW)CCA
® la[AM)]) ® (gl
A(I)CCAJ A(l)CcA,U

which is equal to ZG[CaA x™, S!'] as provided by (2.10). Using the bijection be-
tween Col(Ca,, ,A"G) and Col(Ca,, xP S!,G), we can further identify physical states in

A"G xn_, Sl
VT" (w) A,O/ll }
we can rewrite the lattice Hamiltonian realisation of Dijkgraaf-Witten theory on a n-times

[Ca,0/1) With physical states in the original Hilbert spaces VE(C . Therefore,

compactified d-dimensional surface in terms of a (d—n)-dimensional model with the group

G replaced by the loop groupoid A"G and the (d+1)-cocycle w € Z4T1(G,U(1)) with a
m-cocycle 7% (w) € Z™(A"G, U(1)).
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5.7 Twisted quantum double as the lifted (141)d tube algebra

Let us now rederive the (2+1)d tube algebra within this new context of lifted models.
Let Yoq be a 2d surface of the form ;4 x S! equipped with a triangulation Yia,n X st
The input for the model is given by a pair (G, «), where G is a finite group and « is a
representative normalised 3-cocycle in a cohomology class [a] € H?(G,U(1)). Since one
of the spatial directions is compactified, we can apply our lifting procedure and define an
equivalent model on Y14 o whose input data is (AG, 7(«)). This lifted model assigns to
every edge (vov1) = AL < Y1d,n a loop groupoid element glugv1].

Recall that in (241)d there is a unique choice for the boundary manifold, namely the
circle 5. Although there is no canonical way to triangulate the circle, we know from the
previous discussions that any two choices will define Morita equivalent algebras. Here we
choose to triangulate the circle by applying conv. 3.1 to the point o, i.e. with a single edge
and identified vertices. By doing so, we will use the lifting procedure to define the tube
algebra in terms of the (141)d tube algebra example. Graphically, we depict this 2d tube
as 8! x 1 as follows:

T[8' :=%o] x &' = » + xS, (5.29)

The Hilbert space VS[T[S!]] = VAY [Z[o]] is spanned by AG-coloured graph-states of
the form:

AG . o z a z¢
VT((X) [f[@]] - Span@{ ‘g[ o 1 ]> }VgGCol(T[o},Aé) = Span@{ ‘ 0 1 > }Va,;BEG ’
which is equipped with the canonical inner product

a zb

o b 2
* ) =000z ,25 - (5.30)

Repeating the computation of section 3.2, the algebra product on Vi\g) [T[o]] reads

x{ z} ¢ z}
a:ol - 11 >* ’ Ilz . 22 > = IPT[@]U,DT[@} o6p ( ‘ Iol - 11 > ® ‘ z12 . 22 >)

a ab

= Gayat Prjguyzie) > (| ——+—"—2 )) . (5.31)

Applying definition (2.28), the action of the operator P is expressed in terms of the partition

function ZAG

o) A8 follows:

1 a zy b Ty
[PT[‘D}U@T[‘D] > ( ‘ 0 1 2 >)

AG z1 a x b x{
= Zr@)| a b\t | 0 1 2 ) (5.32)
0 1 2
o i Z TI(OZ)(CL, k) T ak ink kb xib >
e — Tya a)(k,k=1b)!' © v 2
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It now remains to apply the triangulation changing isomorphism between ground states
subspaces so as to recover the initial triangulation. Following section 2.2 and 2.4, this
isomorphism is expressed as the 2d partition function for the pinched interval cobordism
given by the 2-simplex (012). Explicitly, the triangulation changing operator reads

0 2
e 1 v oed Y y c ¥ a4 vy
AG
Zrw ; ; =—= Y. nla)ed) g . )+ . . |
G| y,¢,d€G
1/
(5.33)
so that
T ak xclbk kb x(llb 1 —1 T ab -’ctlzb
‘ 0 1/ 2 >_ |G|% Tg;(Oé)(CLk,k b)‘ 5—5 > (534)

Putting everything together, the algebra product of Tubei\g) (0) is given by

where we made use of the 2-cocycle condition d® 7, (a)(a, k, k~'b) = 1. As expected, this
reproduces exactly (3.29).

5.8 Twisted quantum triple as the twice lifted (141)d tube algebra

Let us now rederive the (3+1)d tube algebra for torus-boundaries. Let Y34 be a 3d surface
of the form 14 x S! x S! equipped with a triangulation Y1a,n X T2. The input for the model
is given by a pair (G, ), where G is a finite group and 7 is a representative normalised
4-cocycle in a cohomology class [7] € H*(G,U(1)). Since two of the spatial directions
are compactified, we can apply our lifting procedure twice so as to define an equivalent
model on ¥4 o whose input data is (A?G, 72(rr)). This twice lifted model assigns to every
edge (vov1) = AL ¢ Y1d,n a loop groupoid element glvgvi] which in turn assigns one
group variable to the bulk of the edge and two group variables to its boundary 0-simplices
according to conv. 5.11.

Recall that in (341)d, there are several possible choices of boundary manifold but
we focus on the case of the torus T2. Although there is no canonical way to triangulate
the torus, we know from the previous discussions that any two choices will define Morita
equivalent algebras. Here we choose to triangulate the torus by applying twice conv. 3.1 to
the point 0. By doing so, we will use twice the lifting procedure to define the tube algebra
in terms of the (1+1)d tube algebra example. Graphically, we depict this 3d tube as T2 x [
as follows:

T[T == Tlo] x §' x 8! = s—e x5! x S, (5.35)
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The Hilbert space VS [T[T?]] = Vi\;g) [T[e]] is spanned by A2G-coloured graph-states of
the form:

VTZ(W) [Tlol] = Spanc{ [g[ s 1) }VQGCOI(T[o],A2§)

= SpanC{ ‘ °—° >}Vva yeG s

TEZy
which is equipped with the canonical inner product
Ty e TLHYY r2,Y2 b xg,yg
< 0 1 ‘ 0 1 > = 0a,b 021,22 Oy s - (5.36)

Repeating the computation of section 3.2, the algebra product on V;\;g) [T[o]] reads

b b
z1,Y1 a T T2,Y2 b T2lY2
0 1 1 2

b b
T1,Y1 o 1YY ®}x27y2 b T2¥2 )

= Pjoucsfe) © G0 (| o1 —
T R -1 AT S L Tk
= (sz,xlll 5?/279? [PT[O}UOT[O] > ( ‘ 0 1 5 > )

Applying deﬁnition (2.28), the action of the operator P is expressed in terms of the partition
function Z ( ) as follows:

P RV (0 VS (R L LY
Touatlol > (| : s )
1/
— a ,a ab , ab
A2G T1,Y1 a T1:Y1 b T1 Y1
- 7'2(7r) ab ab ‘ > (537)
r1,Y1 a b Y1 0 1 2
0 1 2
Z T yl (@, k) o ar ot gy ot >
2 1 | 0 1’ 2 :
R kk: b)

It now remains to apply the triangulation changing isomorphism between ground states
subspaces so as to recover the initial triangulation. Following section 2.2 and 2.4, this
isomorphism is expressed as the 2d partition function for the pinched interval cobordism
given by the 2-simplex (012). Explicitly, the triangulation changing operator reads

v | 539

1 2,2 cd 24,24 < z,2 c 293¢ g z°%z°
0

A2G
Z72(x)

|G|§ z,2,¢c,deG

— 59 —



so that

sy ak @ttt g1 @ttt 1 1y Tyt ab SR
‘ 0 1/ 2 > = |G|% Tacl,yl (71')(&]6‘, k b)‘ 0' 2' > (539)
Putting everything together, the algebra product of Tubeﬁjg) (0) is given by
T,y @ T1YT T2,Y2 b z5,y5 1 2 T1,Y1  ab AR
‘ 0 1 >* } 1 2 > = 61271? 6?42’3/? ‘G|%T$17yl(ﬂ—)(a7 b)| 0 2 > ’

where we made use of the 2-cocycle condition d(z)ﬁl,yl (m)(a,k,k~1b) = 1. As expected,

this reproduces exactly (3.44).

6 Discussion

Gauge models of topological phases have been under intense scrutiny in recent years. These
models are especially relevant in (34+1)d where they describe a large class of systems dis-
playing non-trivial topological order [49]. In this paper, we studied in detail the Hamilto-
nian realisation of Dijkgraaf-Witten theory for general spacetime dimensions. The goal of
this paper was two-fold: introduce tools that can be used in order to classify excitations
and study their statistics, and provide a rigorous treatment of the dimensional reduction
arguments typically used in the condensed matter literature.

Firstly, we presented a systematic way of constructing lattice Hamiltonian realisations
of Dijgraaf-Witten theory in terms of pinched interval cobordisms. We then exposed a
general program to study the excitations yielded by these Hamiltonians in terms of tube
algebras. The tube algebras in (1+1)d, (24+1)d and (3+1)d for the case of loop-like ex-
citations were derived explicitly. We then presented in detail their representation theory
together with their quasi-Hopf-like algebraic structure. In particular, in (3+1)d we de-
fined the compatible comultiplication rule and R-matrices that encode the fusion and the
braiding of loop-like excitations, respectively.

Secondly, we described in detail the situation when one of the spatial directions is
compactified using the technology of loop-groupoids. More specifically, we explained that
given a (d+1)-dimensional model whose input data is a finite group G and a normalised
group (d+1)-cocycle w € Z41(G,U(1)), upon compactification the ground state subspace
of the model can be expressed as a lifted d-dimensional model whose input cocycle is now
a d-dimensional loop-groupoid cocycle and that such states can be defined in terms of
loop-groupoid coloured graph-states. As an application we then showed that the lifted
models can be utilised to express higher-dimensional tube algebras in terms of lifted lower
dimensional models.

The tools introduced in this paper admit several direct generalisations. For instance,
they can straightforwardly be adapted in order to study tube algebras in (3+1)d with
different boundary conditions, hence classifying excitations beyond the loop-like ones.
Each possible oriented boundary condition is determined by a genus-g surface. The case
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g = 0 corresponds to the sphere 52 and gives rise to a classification of point-like par-
ticles in terms of irreducible representations of the input group G that are independent
of the choice of input 4-cocycle. The case g = 1 was the one studied in detail in the
present manuscript. For an arbitrary g, the corresponding algebra can be defined utilising
the constructions presented in section 3. Indeed, given an oriented boundary surface Xg
with genus g > 1, the corresponding tube algebra can be specified, up to Morita equiv-
alence, by a groupoid I's, with objects the set of all {hy,ki,...,hg, kg} € G?& such that
[15_[hi, ki) = 1 which correspond to group homomorphisms 7 : m1(Xg) — G, and mor-
phisms (h1, k1, ..., hg, kg) EN (R, k{,... hi, kg) for all g € G [20]. Such morphisms define
the ground state basis states for a triangulation of ¥ x [ where 3 is realised by a triangu-
lation of the 2g-gon with one independent vertex and edges appropriately identified. The
source and target objects of a morphism then correspond to G-colorings of ¥z x {0} and
Yg x {1}, respectively, while the morphisms specify the total G-coloring of ¥z x I. The
tube algebra is then given by the twisted groupoid algebra:
|(h1, ki, ... hg, kg) > (B, K], ... hS, k2))
w [ (K B D) S (B KSR RS

B (ﬁ Opr p96 g) B(hlykl""’hg’kg)(gv q)
B hishs Tk
=L Vil

X |(h17k17" -vhg7kg) g—g/> (hi]g,’k‘ggl7".7hgg/7kggl)>

where B(hl,kl,...,hg,kg)(g, ¢') is defined by an appropriate combination of the input 4-cocycle
7 € H*(G,U(1)) and can be expressed explicitly from the pinched cobordism defining the
gluing of the states. It is a normalised groupoid 2-cocycle in H?*(I's,, U(1)) that satisfies

Bng k... k) (05 €) Bl ks, hg kg) (@5 bC)

=1.
By v hg kg) (@ 0) By k... g k) (@D, €)

The simple modules can then be found, analogously to the case of the twisted quantum
double and twisted quantum triple, by first reducing the algebra to subalgebras given by
objects related by conjugation and then resolving each such algebra by the irreducible
representations of the stabiliser group of a representative object [33].

Furthermore, it is possible to enrich the present constructions to accommodate lattice
models that have a higher gauge theory interpretation [44, 50-58]. This generalization was
formally stated in [20] in the strict 2-group setting using the language of groupoids for
general spacetime dimensions and choices of boundary manifold. The explicit derivation
of the tube algebras and their simple modules within this context will be presented in a
forthcoming paper.

The tube algebra program can also be adapted to study excitations of gapped bound-
aries in topological phases of matter [59-62]. In this scenario, the ‘tube’ is generalised to
have two forms of boundary, a physical gapped boundary corresponding to the boundary
of the spatial manifold, and a boundary introduced by removing a local neighbourhood
of an excitation incident on the boundary of the spatial manifold. Analogously to the
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bulk excitations, the boundary tube algebra can be directly applied to understanding the
fusion and braiding structures of point-particle excitations constrained to the boundary
of a three-dimensional spatial manifold. Additionally, the boundary tube algebra theory
can be applied to give an algebraic approach to classifying domain walls of arbitrary codi-
mension between different topological phases and provides a canonical method to define
exactly solvable Hamiltonian models in such contexts. Interestingly, due to the topology
of the problem, a generalisation of the notion of lifted models also plays an important role
when considering point-like boundary excitations of the (3+1)d Dijkgraaf-Witten model
in comparison to the boundary excitations of the (2+1)d model. This approach will be
applied to the Dijkgraaf~-Witten and higher gauge theory models of topological phases of
matter in a forthcoming work.
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A Membrane-net picture

Given a three-dimensional surface Y34 endowed with a triangulation ¥3gq A, we defined in
section 2.3 the lattice Hamiltonian realisation of Dijkgraaf-Witten theory. In (34+1)d, the
input data of this model is a finite group G and a cohomology class [7] € H*(G,U(1)). This
Hamiltonian yields point-like charge and string-like flux excitations, which are classified by
irreducible representations of the twisted quantum triple algebra. Since the underlying
graph is a triangulation, it is easy to define the Hamiltonian projector directly in terms
of the corresponding partition function. Furthermore, the local unitary transformations,
with respect to which the ground states of the Hamiltonian are fixed point wave functions,
can be expressed directly in terms of Pachner operators.

In this appendix we would like to propose a different formulation of the same model
in terms of so-called membrane-nets. The goal of this reformulation is two-fold. Firstly, it
provides a definition of the model that is analogous to string-net models. Secondly, we will
argue that it can be used to shed light on the fusion and the braiding statistics of loop-like
excitations [22, 24, 25, 29, 31, 63-65]. We assume in this appendix that the group is abelian.
We make this restriction because we are mainly interested in the specificity of dealing with
loop-like objects instead of point-like ones. Furthermore, we want to exploit the fact that
there is a graphical correspondence between the definition of the lattice Hamiltonian and
the statistics of abelian loop-like excitations. More precisely, we will explain how the
membrane-nets graphical calculus can be used in order to provide spacetime diagrams for
the fusion and braiding processes of these excitations.
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Since the point of this appendix is merely to provide some intuition regarding the statis-
tics of loop-like excitations, the following exposition is looser than in the main text. How-
ever, the model we are going to present and the one defined previously are strictly equivalent,
it is thus possible to refer to the previous sections which provides a more rigorous treatment
of the more technical points.

A.1 String-net models

Levin and Wen introduced in [66] string-nets as a systematic way to construct exactly
solvable models displaying topological order in two dimensions. A string-net is, as the
name suggests, a network of oriented strings. These strings are labeled by super-selection
sectors that must satisfy compatibility conditions at every node of the network referred to
as branching rules. In the case where all the nodes are chosen to be three-valent, we can
think of the underlying graph as being the one-skeleton of the polyhedral decomposition
dual to a 2d triangulation. Linear superpositions of string-nets configurations form the
Hilbert space of the system. In general, a string-net model corresponds to the lattice
Hamiltonian realisation of a Turaev-Viro topological quantum field theory [67-69], whose
input data is a spherical/fusion category. Such lattice Hamiltonian yields bulk point-like
excitations that come in two types, namely magnetic fluxes and electric charges.

As for the gauge model introduced in section 2.3, local unitary transformations can be
defined at the level of the network so as to implement a wave function renormalisation group
flow. Fixed point wave functions with respect to this renormalisation flow are then found
to be ground states of parent Hamiltonians, the local transformations specifying uniquely
the fixed point wave functions. We distinguish several local unitary transformations, one
of them is the so-called F-move, which is nothing else than the Poincaré dual of the 2 = 2
Pachner move:

a(a,b,c) (Al)

Let us now suppose that the input data of the string-net model is the category C-Vec9y
of A-graded vector spaces so that the set of super-selection sectors is taken to be a finite
abelian group A and the branching rules are provided by the group multiplication.'* In this
case, the amplitude of the F-move depicted above is provided by the group 3-cocycle a.
The fact that the amplitude associated with such a move must be a 3-cocycle follows from
the pentagon coherence relation that o must satisfy for the process to be self-consistent.
Bulk excitations of this string-net model can be studied using the tube algebra ap-
proach as explained in section 3, where the relevant tube is the cylinder S x I. Within
this context, bulk excitations are found to be the objects of the so-called Drinfel’d center
category Z(C—Vec9), which is a braided fusion category. But under Tannaka duality, these
objects correspond to the modules of the twisted quantum double quasi-Hopf algebra.

1YWe explained earlier that the category of A-graded vector spaces is indeed the relevant structure to
describe the lattice Hamiltonian realisation of (241)d Dijkgraaf-Witten theory, which is equivalent to the
string-net model under consideration.
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Let us now consider the system of abelian anyons described by C—Vec%.!” In this
context, we can think of a string in the diagrams above as being a worldline for a (point-like)
abelian anyon labeled by the corresponding super-selection sector. In which case, the three-
valent nodes are interpreted as the fusion of two particles. Taking the time direction to be
downwards, the string-nets above represent the worldlines of three particles labeled by a, b
and c that are fusing with each other, so that the l.h.s. and the r.h.s. only differ in the fusion
pattern. Within this spacetime interpretation, the F-move depicted above corresponds to
a change of ordering in which the particles are fused, and this process is accompanied with
a U(1) phase expressed in terms of the group 3-cocycle. The pentagon coherence relation
can be reformulated as follows: given four particles fusing according to a specific pattern,
two different sequences of F-moves can be performed so as to obtain the same alternative
fusing pattern. Self-consistency imposes that the collective phases associated with these
two sequences must be equal, which in turn implies the 3-cocycle condition.

So equation (A.1) can be interpreted either as the defining F-move local transfor-
mation of the string-net model, or as the associativity of the fusion process of abelian
anyons. Henceforth, upon describing the fusion of anyonic excitations, we will refer to
equation (A.1) as being the string diagram representation of the associator isomorphism
that is determined by the 3-cocycle c. One goal of this appendix is to reproduce this some-
what trivial statement in three dimensions in terms of membrane-nets. More precisely,
we will present to which extent local unitary transformations in terms of membrane-nets
can be interpreted as surface diagrams associated with the fusion of loop-like objects upon
compactification of one of the spatial directions. The same graphical calculus will then be
used in order to provide spacetime diagrams for the corresponding braiding process.

A.2 Membrane-nets and lattice Hamiltonian

In light of the correspondence between one of the defining local transformations of string-
net models and the string diagram representation of the associator isomorphism, we would
like to derive a higher-dimensional version of the string-net formalism for the model (2.23).
We refer to this generalization as membrane-nets, and their construction follows closely the
two-dimensional one.

A membrane-net is a three-dimensional network of oriented two-dimensional mem-
branes. These membranes are labeled by super-selection sectors that must satisfy com-
patibility conditions at every edge of the network so that only certain combination of
super-selection sectors are allowed. More precisely, let ¥ be a closed 3d surface endowed
with a triangulation ¥ 5. We consider the polyhedral decomposition ¥y dual to the trian-
gulation ¥4 such that i-simplices A®) are dual (3—i)-cells T(3~9). Since we are interested
in the membrane-net model equivalent to the model we introduced in section 2.3, we label
each such 2-cell with a group variable g € A, where A is a finite abelian group, so that
each labeling defines a different graph-state. Branching rules are enforced at every link (or
1-cell), namely the oriented product of the group variables labeling the membranes meeting

15Given an appropriate choice of «, these abelian anyons labeled by A can be thought of as the pure flux
excitations of the corresponding string-net model.
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at a 1-cell must vanish. In order to express these branching rules, we need to introduce a
convention regarding the orientation of the membranes:

Convention A.1 (Orientation of the membranes). Given a membrane net, to every 1-cell
where three membranes meet, we can assign a dual 2-simplex, whose boundary 1-simplices
are oriented either inwards or outwards from the corresponding dual membrane with respect
to the paper plane. In the case where the dual 1-simplex is oriented outwards, we decorate
the corresponding group labeling with a bar, i.e. . For instance, consider the membrane-net

it follows from the convention that the oriented product of the group variables is indeed the
identity. Note that since the group A is abelian, we write the product rule additively. The
orientation chosen is such that it reproduces the conventions of the model we defined previ-
ously on the dual triangulation. For notational convenience, we will often write a minimal
labeling only so that the remaining labels can be deduced from the branching rules, e.q.

N A

Note that the branching structure is such that, given two membranes meeting at a 1-cell,

the labeling of the remaining one is always the sum of the other two.

Recall that the local unitary transformations are the defining feature of topological or-
der. We expressed in section 2.3 these local transformations in terms of Pachner operators.
Since the current model is strictly equivalent to the one described there, these Pachner
operators are still relevant. However they must now be defined with respect to the dual
polyhedral decomposition. In particular, the Pachner 2 = 3 operator yields for instance

D
[
~ 7(a,b,c,d)”?
/N

where as before 7 is chosen to be normalized 4-cocycle, and such that the remaining labels

the isomorphism

can be deduced from the branching rules imposed at every 1-cell. In the following, we

— 65 —



notate this move as (2 = 3)*. Similarly, the Pachner 1 = 4 yields for instance

“‘
‘ Nwabcd) > (A.3)

In the following, we notate this move as (1 = 4)*. It is interesting to consider a special case

of eq. (A.2) that is obtained by setting the group variables b and ¢ to the identity, namely
‘ > ~ | | > , (A4

where we made use of the fact that the 4-cocycle 7 is normalized, i.e. 7(a,0,0,d) = 1. Tt

follows from this last expression that a closed membrane (homeomorphic to a two-sphere)
can be fused to a neighboring membrane as follows:

> > (45)

Recall that the membrane-net model under consideration is strictly equivalent to the model

introduced in section 2.3 at the difference that the degrees of freedom now live on the 2-cells
of the dual polyhedral decomposition. Nevertheless, within this formalism, it is not very
natural to define the lattice Hamiltonian in terms of the corresponding partition function.
Instead, it is defined directly in terms of the local transformations presented above, in a
fashion akin to two-dimensional string-net models.

So let us define the parent Hamiltonian whose ground states are the fixed point wave
functions satisfying equations (A.2), (A.3). To every 1-cell T™) of the polyhedral decom-
position, we assign an operator Byu) which enforces the branching rules, i.e. penalizes
non-flat A-connections. For instance, one has

> >

> = 5a+b,c > . (AG)

To every 3-cell T(3) we assign an operator A~ 3y which modifies the gauge field configuration
of the 2-cells Y ¢ T®) adjacent to Y@ by ‘fusing’ a closed membrane of defect into the

[B’I‘(l) >
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boundary of Y. We decompose such A-operator as Ays = 1/[A] Y14 A’;Q)), where the

action of the operator Nfr(ﬁ]) is defined graphically in terms of the local transformations

presented above by inserting a closed membrane of defect labeled by k as follows:'6

k
AT<3> >

Using four times the move (A.5), we fuse the membrane of defect into the boundary, and
finally we use four times the (1 = 4)* move (A.3) in order to recover the original polyhedral
decomposition:

_mla+b,c,d k)m(a,b,c+d k)
— w(be,d,k)m(a,b+c,d k)

Remember that the amplitude of the move (A.3) depends on the orientation of the corre-
sponding dual 4-simplex according to conv. 2.2. Since we choose the initial state to be the
same one as in section 2.3, but on the dual membrane-net, we recover the same amplitude
as in section 2.3 as expected.

The operators defined above are strictly equivalent to the ones defined previously,
but on the dual polyhedral decomposition, thus they satisfy exactly the same properties.
In particular, all the operators commute with each other so that the lattice Hamiltonian

H=— > Bra— Y, Ao, (A.8)

TOCEy TR CEy

projector reads

where the sums run over the 1-cells and the 3-cells of the polyhedral decomposition v,
respectively. It is possible to check explicitly that ground states of this Hamiltonian do
satisfy equations (A.2) and (A.3).

A.3 Lifted models and surface diagrams

We explained in section 3.5 that when one of the spatial directions is compactified, it is
possible to express the Hamiltonian model in terms of another model in one-lower dimen-
sional. This process was made rigorous in section 5.6 using the language of loop groupoids.

16The reader familiar with string-net models should recognize that this definition is a natural generaliza-
tion of the two-dimensional case. Indeed, for string-net models, the analogue of the A-operator is defined by
fusing a closed loop of defect into the boundary of a plaquette so as to change the gauge field configuration.
See [66] for further details.
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We do not intend to repeat this analysis here but merely to represent the so-called lifted
Pachner operators in terms of membrane nets.

Let us consider a 3d surface X34 of the form o4 x 51, with ¥4 a Riemann surface.
Let us endow Yaq with a two-dimensional polyhedral decomposition Yoq vy dual to a tri-
angulation ¥oq A, so that every 0O-cell is adjacent to three 1-cells. We then lift Toq to a
three-dimensional polyhedral decomposition X34y such that 34y is dual to the three-
dimensional triangulation X33 A we would obtain according to conv. 3.1. We know from
the analysis carried out in section 5.6 that is it possible to define a AA-coloured model
on Yoq that is equivalent to the A-coloured three-dimensional one. Upon this process,
the input group 4-cocycle is replaced by its S'-transgression 7 (), which satisfies the usual
group 3-cocycle condition since the group A is abelian.

It follows that the S'-transgression appears as the amplitude of the so-called lifted
Pachner operators. This could be confirmed explicitly by repeating the computations
performed in section 3.5, but this time within the membrane-net formalism. For instance,
this would amount to lifting the F-move (A.1) analogously to the way we lifted the 2 =
2 move, and show that it can be decomposed into four (2 = 3)* moves. Doing this
computation, we would recover the same amplitude as before. Nevertheless, it is enough
to consider the membrane-nets dual to the initial and final A-coloured three-dimensional
triangulations appearing in the definition of the lifted 2 = 2 move. Although there is
unique way to define the membrane-net dual to a given coloured triangulation, there are
several ways to display this lifted F-move graphically. The choice we make is motivated
by the fact that we want to be able to interpret the final result in terms of spacetime
diagrams for the associativity relation of the fusion of loop-like objects. So the membrane-
net representation of the lifted F-move reads

Tz (7)(a,b,c)

(A.9)
where each dot represents a 0-cell dual to one of the 4-simplices appearing in (3.49). By
definition, the membrane-nets above are merely obtained by considering the Poincaré dual
of the triangulations appearing in (3.49). But, its interpretation as a lifted F-move is
also very clear. Indeed, we can think of the membranes labeled by a,b,c € A as being
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obtained by ‘sweeping’ the string-nets appearing in (A.1) along a circle S! living in a plane
orthogonal to the paper one. This membrane-net representation can then be used to check
that the S'-transgression 7(7) must be a group 3-cocycle by considering a lifted version of
the pentagon coherence relation.

We emphasized in section A.1 how the F-move operator, whose amplitude is given by a
group 3-cocycle, could be interpreted as the string diagram representation of the associator
for the fusion of abelian anyons labeled by A. Since the amplitude of the lifted F-move
operator (A.9) is also given in terms of a group 3-cocycle, and since point-like objects are
mapped to loop-like objects under such lifting, it is natural to expect a similar version of
this interpretation to persist.

Indeed, it is tempting to interpret the membrane-net representation of the lifted F-
move in terms of so-called surface diagrams for the associativity of the fusion of loop-like
abelian excitations. Within this spacetime interpretation, the time direction is taken to be
downwards so that the diagrams on both side represent the worldsheets of three loop-like
excitations labeled by a,b,c € A, linked by a background string labeled by z € A, fusing
with each other, the fusion being provided by the group product rule. The two sides only
differ in the order in which the loop-like excitations are fused. Therefore, we interpret (A.9)
as the surface diagram representation of the associator isomorphism determined by the
group 3-cocycle 7(m), with respect to the fusion product of the loop-like excitations. The
coherence relation the associator isomorphism must satisfy can then be represented in terms
of surface diagrams.

A.4 Loop braiding

Given a 3d topological model displaying abelian loop-like excitations, the statistical phase
acquired by a loop upon braiding with another loop when they are threaded by the same
string, may be computed by solving the hexagon relations with respect to S'-transgression
of the input 4-cocycle [29]. In this part, we wish to provide some intuition for this statement
using the arguments presented previously.

Let us consider (A.9) and interpret it as a defining relation in terms of surface di-
agrams for the associativity of the fusion of the abelian loop-like excitations. It follows
from the discussion above that by embedding the loops in a compactified 3d manifold,
it is possible to identify this associativity relation with the lifted F-move for the lifted
membrane-net model whose input data is (AA, 7(7)) so that the associator is determined
by the S!-transgression 7(7) of the 4-cocycle 7. We now would like to define graphically
the corresponding braiding isomorphism.

Let us first briefly review the two-dimensional case. We mentioned earlier how string
diagrams provide a graphical calculus for the fusion statistics of point-like excitations.
These excitations can also be braided, in which case the statistical phase that determines
this braiding isomorphism is provided by a group 2-cochain R valued in U(1).!7 There is
also a string-diagram representation of the braiding move that corresponds to resolving the

17 As explained in detail in section 5, this braiding isomorphism can be used to turn the monoidal category
of A-graded vector spaces into a braided one.
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crossing of two lines:
b

a b a
\( Had), Y , (A.10)

where as before, the time direction is taken to be downwards so that the string-diagram
on the Lh.s. corresponds to the worldlines of two point-like excitations labeled by a,b € A
that exchange position before fusing. As explained in section 5.1, the braiding isomorphism
must satisfy the so-called hexagon relations (5.2) and (5.3). These algebraic equations can
be represented graphically in terms of string diagrams. For instance, the first one reads

a b c a b c
\< R(c,a+b)
) U

OLKCW‘" Q,é)o)

a\ b\ ¢ / a b c
\P/ . (A1)
2, »)
\2) re
\ ) ) ) /r

- c a c
a(a,c,b) ™~
—

In light of these two-dimensional results, we are looking for an isomorphism determined
by a 3-cochain R, (*,*) which corresponds to a lifted version of the braiding move (A.10),
the same way (A.9) is a lifted version of the associativity (A.1). We propose the following
definition in terms of surface diagrams:

(A.12)

where as before each black dot represents a 0O-cell which can be thought as dual to a 4-
simplex. This definition satisfies several criteria: firstly, it does correspond to a lifted
version of (A.10). Indeed, if we omit the background membrane labeled by the group vari-
able x € A, we are left with the surface diagrams obtained by sweeping the string diagrams
appearing in (A.10) along a circle S'. Secondly, we can check explicitly that the isomor-
phisms determined by the cochains 7(7) and R, (x, *) defined according to (A.9) and (A.12)
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do satisfy the lifted version of the hexagon relations, which are obtained by lifting each
string diagram appearing in the original hexagon relation the same way (A.12) is obtained
from (A.10). The algebraic equation corresponding to the lifted version of (A.11) reads

T(m) (e, a,b) Ry(c,a + b) 72(m)(a, b, ¢) = Ry(c,a) 7,(m)(a, ¢, b) Ry(c,b) . (A.13)

We leave it to the reader to draw the corresponding sequence of surface diagrams. Inter-
estingly, given a 3-cochain «, it is always possible to construct a ‘trivial’ solution to the
algebraic equation above via

_ (@) (b,¢) Te(@)(a,b + ¢) _ 7e(@)(a,b)
wmebe) = et hon@y - O T e AW

such that ; ;
ra(a)(a,b) = A0 (@0 7) (A.15)

ala,x,b)
It then turns out that the O-cells depicted by a black dot in (A.12) can be thought as dual
to the six 3-simplices paired with a appearing in the definition of RO(a,b). Similarly, we
can identify the 0-cells marked with a black dot in (A.9) with the 3-simplices appearing in
the definition of 70(r)(a, b, c).

We can further analyse the surface diagrams obtained above from a spacetime point
of view, i.e. by interpreting the different membranes as worldsheets of loop-like objects.
Doing so, we realise that the surface diagrams provide a representation of the loop braid-
ing. Indeed, taking the time direction to be downwards, the surface diagram on the l.h.s.
of (A.12) corresponds to the worldsheets of abelian loop-like excitations threaded by a
string exchanging position before fusing with each other. This can be made more explicit
by drawing the mowvie of the surface diagram:

(A.16)

which can be used to confirm a posteriori the definition (A.12).

Since we defined graphically an associator and a braiding isomorphisms with respect to
the fusion of abelian loop-like excitations, we should be able to construct a corresponding
braided monoidal category whose axioms are recalled in section 5.1. Objects are labeled
by pairs of group elements such that one represents the threading flux and the other one
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the flux of the loop itself. Borrowing the notation of the twisted quantum triple elements,

we notate these objects
x

(8) forx,ac A. (A.17)

However, x does not necessarily label a loop-like object but merely a linked flux tube.
Given such a linked flux labeled by x € A, we define the tensor product as

e )= (). (A18)
a b a+b

which we should think of as the fusion of two abelian loop-like excitations linked to the
same third flux. Graphically, this can be represented as

We then choose an associator isomorphism that is determined by 7(7) and then define a
compatible braiding isomorphism. Together with the graphical representation above, the
spacetime diagrams corresponding to these morphisms are the ones displayed earlier.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References
[1] M. Atiyah, Topological quantum field theories, Inst. Hautes Etudes Sci. Publ. Math. 68
(1989) 175 [INSPIRE].

[2] J.C. Baez and J. Dolan, Higher dimensional algebra and topological quantum field theory, J.
Math. Phys. 36 (1995) 6073 [q-alg/9503002] [INSPIRE].

[3] J. Lurie, On the classification of topological field theories, arXiv:0905.0465 [INSPIRE].
[4] D.S. Freed, The cobordism hypothesis, arXiv:1210.5100 [INSPIRE].

[5] X. Chen, Z.C. Gu and X.G. Wen, Local unitary transformation, long-range quantum
entanglement, wave function renormalization and topological order, Phys. Rev. B 82 (2010)
155138 [arXiv:1004.3835] [INSPIRE].

[6] R. Dijkgraaf and E. Witten, Topological gauge theories and group cohomology, Commun.
Math. Phys. 129 (1990) 393.

[7] Y. Hu, Y. Wan and Y.-S. Wu, Twisted quantum double model of topological phases in two
dimensions, Phys. Rev. B 87 (2013) 125114 [arXiv:1211.3695] [INSPIRE].

[8] Y. Wan, J.C. Wang and H. He, Twisted gauge theory model of topological phases in three
dimensions, Phys. Rev. B 92 (2015) 045101 [arXiv:1409.3216] [InSPIRE].

[9] V.G. Drinfeld, Quasi Hopf algebras, Alg. Anal. 1IN6 (1989) 114

[10] R. Dijkgraaf, V. Pasquier and P. Roche, Quasi hopf algebras, group cohomology and orbifold
models, Nucl. Phys. Proc. Suppl. B 18 (1991) 60.

79—


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/BF02698547
https://doi.org/10.1007/BF02698547
https://inspirehep.net/search?p=find+%22Sci.Publ.Math.,68,175%22
https://doi.org/10.1063/1.531236
https://doi.org/10.1063/1.531236
https://arxiv.org/abs/q-alg/9503002
https://inspirehep.net/search?p=find+J+%22J.Math.Phys.,36,6073%22
https://arxiv.org/abs/0905.0465
https://inspirehep.net/search?p=find+EPRINT+arXiv:0905.0465
https://arxiv.org/abs/1210.5100
https://inspirehep.net/search?p=find+EPRINT+arXiv:1210.5100
https://doi.org/10.1103/PhysRevB.82.155138
https://doi.org/10.1103/PhysRevB.82.155138
https://arxiv.org/abs/1004.3835
https://inspirehep.net/search?p=find+EPRINT+arXiv:1004.3835
http://dx.doi.org/10.1007/BF02096988
http://dx.doi.org/10.1007/BF02096988
https://doi.org/10.1103/PhysRevB.87.125114
https://arxiv.org/abs/1211.3695
https://inspirehep.net/search?p=find+EPRINT+arXiv:1211.3695
https://doi.org/10.1103/PhysRevB.92.045101
https://arxiv.org/abs/1409.3216
https://inspirehep.net/search?p=find+EPRINT+arXiv:1409.3216
http://dx.doi.org/10.1016/0920-5632(91)90123-V

[11]

R. Dijkgraaf, V. Pasquier and P. Roche, Quasi-quantum groups related to orbifolds models, in
the proceedings of the International Colloguium on Modern Quantum Field Theory, January
8-14, Bombay, India (1990).

A. Yu. Kitaev, Fault tolerant quantum computation by anyons, Annals Phys. 303 (2003) 2
[quant-ph/9707021] [INSPIRE].

A. Ocneanu, Chirality for operator algebras, in the proceedings of the Taniguchi Symposium
on Operator Algebras, July 6-10, Shiga-ken, Japan (1993).

A. Ocneanu, Operator algebras, topology and subgroups of quantum symmetry-construction of
subgroups of quantum groups, in Taniguchi Conference on Mathematics Nara, M. Maruyama
and T. Sunada eds., Japan Advanced Studies in Pure Mathematics volume 98, American
Mathematical Society, U.S.A. (2001).

T. Lan and X.-G. Wen, Topological quasiparticles and the holographic bulk-edge relation in
(2 + 1)-dimensional string-net models, Phys. Rev. B 90 (2014) 115119 [arXiv:1311.1784]
[INSPIRE].

C. Delcamp, B. Dittrich and A. Riello, Fusion basis for lattice gauge theory and loop
quantum gravity, JHEP 02 (2017) 061 [arXiv:1607.08881] [INSPIRE].

D. Aasen, E. Lake and K. Walker, Fermion condensation and super pivotal categories,
arXiv:1709.01941 [InSPIRE].

C. Delcamp, FEzcitation basis for (3 + 1)d topological phases, JHEP 12 (2017) 128
[arXiv:1709.04924] [iNSPIRE].

C. Delcamp and B. Dittrich, Towards a dual spin network basis for (3 + 1)d lattice gauge
theories and topological phases, JHEP 10 (2018) 023 [arXiv:1806.00456] INSPIRE].

A. Bullivant, Ezactly solvable models for topological phases of matter and emergent
excitations, Ph.D. thesis, University of Leeds, Leeds, U.K. (2018).

P. Bellingeri and A. Bodin, The braid group of a necklace, Math. Zeit. 283 (2016) 995

A. Bullivant, A. Kimball, P. Martin and E.C. Rowell, Representations of the Necklace Braid
Group: Topological and Combinatorial Approaches, arXiv:1810.05152 [INnSPIRE].

X. Lin, The motion group of the unlink and its representations, preprint (2005).

J.C. Baez, D.K. Wise and A.S. Crans, Ezotic statistics for strings in 4d BF theory, Adv.
Theor. Math. Phys. 11 (2007) 707 [gr-qc/0603085] [INSPIRE].

A. Bullivant, J.F. Martins and P. Martin, From Aharonov-Bohm type effects in discrete
(3 + 1)-dimensional higher gauge theory to representations of the loop braid group,
arXiv:1807.09551 [INSPIRE].

A. Bullivant, A. Kimball, P. Martin and E.C. Rowell, in preparation.

M. Levin and Z.-C. Gu, Braiding statistics approach to symmetry-protected topological
phases, Phys. Rev. B 86 (2012) 115109 [arXiv:1202.3120] [InSPIRE].

J. Wang and X.-G. Wen, Non-Abelian string and particle braiding in topological order:
modular SL(3,7Z) representation and (3 4 1)-dimensional twisted gauge theory, Phys. Rev. B
91 (2015) 035134 [arXiv:1404.7854] [INSPIRE].

C. Wang and M. Levin, Braiding statistics of loop excitations in three dimensions, Phys. Rev.
Lett. 113 (2014) 080403 [arXiv:1403.7437] [INSPIRE].

- 73 —


https://doi.org/10.1016/S0003-4916(02)00018-0
https://arxiv.org/abs/quant-ph/9707021
https://inspirehep.net/search?p=find+J+%22AnnalsPhys.,303,2%22
https://doi.org/10.1103/PhysRevB.90.115119
https://arxiv.org/abs/1311.1784
https://inspirehep.net/search?p=find+EPRINT+arXiv:1311.1784
https://doi.org/10.1007/JHEP02(2017)061
https://arxiv.org/abs/1607.08881
https://inspirehep.net/search?p=find+EPRINT+arXiv:1607.08881
https://arxiv.org/abs/1709.01941
https://inspirehep.net/search?p=find+EPRINT+arXiv:1709.01941
https://doi.org/10.1007/JHEP12(2017)128
https://arxiv.org/abs/1709.04924
https://inspirehep.net/search?p=find+EPRINT+arXiv:1709.04924
https://doi.org/10.1007/JHEP10(2018)023
https://arxiv.org/abs/1806.00456
https://inspirehep.net/search?p=find+EPRINT+arXiv:1806.00456
https://arxiv.org/abs/1810.05152
https://inspirehep.net/search?p=find+EPRINT+arXiv:1810.05152
https://doi.org/10.4310/ATMP.2007.v11.n5.a1
https://doi.org/10.4310/ATMP.2007.v11.n5.a1
https://arxiv.org/abs/gr-qc/0603085
https://inspirehep.net/search?p=find+EPRINT+gr-qc/0603085
https://arxiv.org/abs/1807.09551
https://inspirehep.net/search?p=find+EPRINT+arXiv:1807.09551
https://doi.org/10.1103/PhysRevB.86.115109
https://arxiv.org/abs/1202.3120
https://inspirehep.net/search?p=find+EPRINT+arXiv:1202.3120
https://doi.org/10.1103/PhysRevB.91.035134
https://doi.org/10.1103/PhysRevB.91.035134
https://arxiv.org/abs/1404.7854
https://inspirehep.net/search?p=find+EPRINT+arXiv:1404.7854
https://doi.org/10.1103/PhysRevLett.113.080403
https://doi.org/10.1103/PhysRevLett.113.080403
https://arxiv.org/abs/1403.7437
https://inspirehep.net/search?p=find+EPRINT+arXiv:1403.7437

[30]

[31]

[32]

[47]

[48]
[49]

A. Tiwari, X. Chen and S. Ryu, Wilson operator algebras and ground states of coupled BF
theories, Phys. Rev. B 95 (2017) 245124 [arXiv:1603.08429] INSPIRE].

S. Jiang, A. Mesaros and Y. Ran, Generalized modular transformations in (3 + 1)D
topologically ordered phases and triple linking invariant of loop braiding, Phys. Rev. X 4
(2014) 031048 [arXiv:1404.1062] [INSPIRE].

H. Moradi and X.G. Wen, Universal topological data for gapped quantum liquids in three
dimensions and fusion algebra for non-abelian string excitations, Phys. Rev. B 91 (2015)
075114.

S. Willerton, The twisted drinfeld double of a finite group via gerbes and finite groupoids, Alg.
Geom. Topol. 8 (2008) 1419.

B. Bartlett, On unitary 2-representations of finite groups and topological quantum field
theory, arXiv:0901.3975 [INSPIRE].

S. Eilenberg and S.M. Lane, On the groups H(m,n), I, Ann. Math. (1953) 55.

D.J. Williamson and Z. Wang, Hamiltonian models for topological phases of matter in three
spatial dimensions, Annals Phys. 377 (2017) 311 [arXiv:1606.07144] [InSPIRE].

U. Pachner, P.L. homeomophic manifolds are equivalent by elementary shellings, Eur. J.
Comb. 12 (1991) 129.

P. Etingof, S. Gelaki, D. Nikshych and V. Ostrik, Tensor categories, Mathematical Surveys
and Monographs volume 205, American Mathematical Society, U.S.A. (2016).

S. Mac Lane, Category theory for the working mathematician, Springer, Germany (1971).

M. Mackaay, Finite groups, spherical 2-categories, and 4-manifold invariants, Adv. Math.
153 (2000) 353.

C.L. Douglas and D.J. Reutter, Fusion 2-categories and a state-sum invariant for
4-manifolds, arXiv:1812.11933.

M.M. Kapranov and V. A. Voevodsky, 2-categories and Zamolodchikov tetrahedra equations,
in Algebraic groups and their generalizations: quantum and infinite-dimensional methods,

W.J. Haboush and B.J. Parshall eds., American Mathematical Society, U.S.A. (1994).
M. Mackaay, Spherical 2-categories and 4-manifold invariants, math/9805030.

C. Delcamp and A. Tiwari, From gauge to higher gauge models of topological phases, JHEP
10 (2018) 049 [arXiv:1802.10104] [INSPIRE].

L. Kong, Y. Tian and S. Zhou, The center of monoidal bicategories in 3 + 1D
Digkgraaf-Witten Theory, arXiv:1905.04644 [INSPIRE].

S. Eilenberg and S. MacLane, On the groups H(m,n), II: methods of computation, Ann.
Math. (1954) 49.

J.P. May, Simplicial objects in algebraic topology, University of Chicago Press, Chicago
U.S.A. (1992).

A. Hatcher, Algebraic topology, Cambridge University Press, Cambridge U.K. (2002).

T. Lan, L. Kong and X.G. Wen, A classification of 3+ 1D bosonic topological orders (I): the
case when point-like excitations are all bosons, Phys. Rev. X 8 (2018) 021074
[arXiv:1704.04221].

74—


https://doi.org/10.1103/PhysRevB.95.245124
https://arxiv.org/abs/1603.08429
https://inspirehep.net/search?p=find+EPRINT+arXiv:1603.08429
https://doi.org/10.1103/PhysRevX.4.031048
https://doi.org/10.1103/PhysRevX.4.031048
https://arxiv.org/abs/1404.1062
https://inspirehep.net/search?p=find+EPRINT+arXiv:1404.1062
https://arxiv.org/abs/0901.3975
https://inspirehep.net/search?p=find+EPRINT+arXiv:0901.3975
https://doi.org/10.1016/j.aop.2016.12.018
https://arxiv.org/abs/1606.07144
https://inspirehep.net/search?p=find+EPRINT+arXiv:1606.07144
http://dx.doi.org/https://doi.org/10.1016/S0195-6698(13)80080-7
http://dx.doi.org/https://doi.org/10.1016/S0195-6698(13)80080-7
https://arxiv.org/abs/1812.11933
https://arxiv.org/abs/math/9805030
https://doi.org/10.1007/JHEP10(2018)049
https://doi.org/10.1007/JHEP10(2018)049
https://arxiv.org/abs/1802.10104
https://inspirehep.net/search?p=find+EPRINT+arXiv:1802.10104
https://arxiv.org/abs/1905.04644
https://inspirehep.net/search?p=find+EPRINT+arXiv:1905.04644
https://doi.org/10.1103/PhysRevX.8.021074
https://arxiv.org/abs/1704.04221

[50]

[51]

[52]

[53]

[54]

[64]

A. Kapustin and R. Thorngren, Higher symmetry and gapped phases of gauge theories,
arXiv:1309.4721 [INSPIRE].

A. Bullivant et al., Topological phases from higher gauge symmetry in 3+ 1 dimensions,
Phys. Rev. B 95 (2017) 155118 [arXiv:1606.06639] [INSPIRE].

A. Bullivant et al., Higher lattices, discrete two-dimensional holonomy and topological phases
in (3 + 1)D with higher gauge symmetry, arXiv:1702.00868 [INSPIRE].

C. Delcamp and A. Tiwari, On 2-form gauge models of topological phases, JHEP 05 (2019)
064 [arXiv:1901.02249] [INSPIRE].

C. Zhu, T. Lan and X.-G. Wen, Topological nonlinear o-model, higher gauge theory and a
systematic construction of 3 4+ 1D topological orders for boson systems, Phys. Rev. B 100
(2019) 045105 [arXiv:1808.09394] INSPIRE].

X.-G. Wen, Emergent anomalous higher symmetries from topological order and from
dynamical electromagnetic field in condensed matter systems, Phys. Rev. B 99 (2019) 205139
[arXiv:1812.02517] [INSPIRE].

Z. Wan and J. Wang, Higher anomalies, higher symmetries and cobordisms I: classification
of higher-symmetry-protected topological states and their boundary fermionic/bosonic
anomalies via a generalized cobordism theory, Ann. Math. Sci. Appl. 4 (2019) 107
[arXiv:1812.11967] [INSPIRE].

Z. Wan and J. Wang, Adjoint QCDy, deconfined critical phenomena, symmetry-enriched
topological quantum field theory and higher symmetry-extension, Phys. Rev. D 99 (2019)
065013 [arXiv:1812.11955] [INSPIRE].

Z. Wan, J. Wang and Y. Zheng, Quantum 4d Yang-Mills theory and time-reversal symmetric
5d higher-gauge topological field theory, arXiv:1904.00994 [INSPIRE].

M. Barkeshli, P. Bonderson, M. Cheng and Z. Wang, Symmetry fractionalization, defects and
gauging of topological phases, Phys. Rev. B 100 (2019) 115147 [arXiv:1410.4540] [INSPIRE].

I. Cong, M. Cheng and Z. Wang, Topological quantum computation with gapped boundaries,
arXiv:1609.02037.

A. Bullivant, Y. Hu and Y. Wan, Twisted quantum double model of topological order with
boundaries, Phys. Rev. B 96 (2017) 165138 [arXiv:1706.03611] [INSPIRE].

H. Wang, Y. Li, Y. Hu and Y. Wan, Gapped boundary theory of the twisted gauge theory
model of three-dimensional topological orders, JHEP 10 (2018) 114 [arXiv:1807.11083].

J.C. Wang and X.G. Wen, Non-abelian string and particle braiding in topological order:
Modular SL(3,7Z) representation and (3 + 1)-dimensional twisted gauge theory, Phys. Rev. B
91 (2015) 035134.

M. Cheng, N. Tantivasadakarn and C. Wang, Loop braiding statistics and interacting
fermionic symmetry-protected topological phases in three dimensions, Phys. Rev. X 8 (2018)
011054 [arXiv: 1705.08911] [INSPIRE].

J. Wang, X.-G. Wen and S.-T. Yau, Quantum statistics and spacetime topology: quantum
surgery formulas, Annals Phys. 409 (2019) 167904 [arXiv:1901.11537] [INSPIRE].

M.A. Levin and X.-G. Wen, String net condensation: a physical mechanism for topological
phases, Phys. Rev. B 71 (2005) 045110 [cond-mat/0404617] [INSPIRE].

— 75 —


https://arxiv.org/abs/1309.4721
https://inspirehep.net/search?p=find+EPRINT+arXiv:1309.4721
https://doi.org/10.1103/PhysRevB.95.155118
https://arxiv.org/abs/1606.06639
https://inspirehep.net/search?p=find+EPRINT+arXiv:1606.06639
https://arxiv.org/abs/1702.00868
https://inspirehep.net/search?p=find+EPRINT+arXiv:1702.00868
https://doi.org/10.1007/JHEP05(2019)064
https://doi.org/10.1007/JHEP05(2019)064
https://arxiv.org/abs/1901.02249
https://inspirehep.net/search?p=find+EPRINT+arXiv:1901.02249
https://doi.org/10.1103/PhysRevB.100.045105
https://doi.org/10.1103/PhysRevB.100.045105
https://arxiv.org/abs/1808.09394
https://inspirehep.net/search?p=find+EPRINT+arXiv:1808.09394
https://doi.org/10.1103/PhysRevB.99.205139
https://arxiv.org/abs/1812.02517
https://inspirehep.net/search?p=find+EPRINT+arXiv:1812.02517
https://doi.org/10.4310/AMSA.2019.v4.n2.a2
https://arxiv.org/abs/1812.11967
https://inspirehep.net/search?p=find+EPRINT+arXiv:1812.11967
https://doi.org/10.1103/PhysRevD.99.065013
https://doi.org/10.1103/PhysRevD.99.065013
https://arxiv.org/abs/1812.11955
https://inspirehep.net/search?p=find+EPRINT+arXiv:1812.11955
https://arxiv.org/abs/1904.00994
https://inspirehep.net/search?p=find+EPRINT+arXiv:1904.00994
https://doi.org/10.1103/PhysRevB.100.115147
https://arxiv.org/abs/1410.4540
https://inspirehep.net/search?p=find+EPRINT+arXiv:1410.4540
https://arxiv.org/abs/1609.02037
https://doi.org/10.1103/PhysRevB.96.165138
https://arxiv.org/abs/1706.03611
https://inspirehep.net/search?p=find+EPRINT+arXiv:1706.03611
https://doi.org/10.1007/JHEP10(2018)114
https://arxiv.org/abs/1807.11083
http://dx.doi.org/10.1103/PhysRevB.91.035134
http://dx.doi.org/10.1103/PhysRevB.91.035134
https://doi.org/10.1103/PhysRevX.8.011054
https://doi.org/10.1103/PhysRevX.8.011054
https://arxiv.org/abs/1705.08911
https://inspirehep.net/search?p=find+EPRINT+arXiv:1705.08911
https://doi.org/10.1016/j.aop.2019.06.002
https://arxiv.org/abs/1901.11537
https://inspirehep.net/search?p=find+EPRINT+arXiv:1901.11537
https://doi.org/10.1103/PhysRevB.71.045110
https://arxiv.org/abs/cond-mat/0404617
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,B71,045110%22

[67] V.G. Turaev and O.Y. Viro, State sum invariants of 3 manifolds and quantum 65 symbols,
Topology 31 (1992) 865 [INSPIRE].

[68] J.W. Barrett and B.W. Westbury, Invariants of piecewise linear three manifolds, Trans. Am.
Math. Soc. 348 (1996) 3997 [hep-th/9311155].

[69] V.G. Turaev, Quantum invariants of knots and three manifolds, De Gruyter Studies in
Mathematics volume 18, De Gruyter, Berlin Germany (1994).

— 76 —


https://doi.org/10.1016/0040-9383(92)90015-A
https://inspirehep.net/search?p=find+J+%22Topology,31,865%22
http://dx.doi.org/10.1090/S0002-9947-96-01660-1
http://dx.doi.org/10.1090/S0002-9947-96-01660-1
https://arxiv.org/abs/hep-th/9311155

	Introduction
	Dijkgraaf-Witten model
	Partition function for closed manifolds
	Partition function for open manifolds
	Lattice Hamiltonian realisation of Dijkgraaf-Witten theory
	Fixed point wave functions

	Tube algebras and excitations
	General framework
	Tube algebra in (1+1)d
	Tube algebra in (2+1)d: twisted quantum double
	Loop tube algebra in (3+1)d: twisted quantum triple
	Compactification and lifted models

	Representation theory and simple excitations statistics
	Simple representations of the (1+1)d tube algebra
	Simple representations of the (2+1)d tube algebra
	Twisted quantum double comultiplication and fusion of point-like excitations
	Twisted quantum double R-matrix and braiding of point-like excitations
	Simple representations of the (3+1)d tube algebra
	Physical interpretation of the quantum triple algebra simple representations
	Twisted quantum triple comultiplication and fusion of loop-like excitations
	Twisted quantum triple R-matrix and braiding of loop-like excitations

	Category theoretical aspects
	Preliminaries
	Monoidal 2-category of G-graded 2-vector spaces
	Delooping and classifying space
	Loop groupoid
	Groupoid algebra and quantum triple
	Loop groupoid colouring and lifted models
	Twisted quantum double as the lifted (1+1)d tube algebra
	Twisted quantum triple as the twice lifted (1+1)d tube algebra

	Discussion
	Membrane-net picture
	String-net models
	Membrane-nets and lattice Hamiltonian
	Lifted models and surface diagrams
	Loop braiding


