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Template-based searches for gravitational waves are often limited by the computational cost associated
with searching large parameter spaces. The study of efficient template banks, in the sense of using the
smallest number of templates, is therefore of great practical interest. The traditional approach to template-
bank construction requires every point in parameter space to be covered by at least one template, which
rapidly becomes inefficient at higher dimensions. Here we study an alternative approach, where any point
in parameter space is covered only with a given probability 7 < 1. We find that by giving up complete
coverage in this way, large reductions in the number of templates are possible, especially at higher
dimensions. The prime examples studied here are random template banks in which templates are placed
randomly with uniform probability over the parameter space. In addition to its obvious simplicity, this
method turns out to be surprisingly efficient. We analyze the statistical properties of such random template
banks, and compare their efficiency to traditional lattice coverings. We further study relaxed lattice
coverings (using Z, and A}, lattices), which similarly cover any signal location only with probability 7.
The relaxed A;, lattice is found to yield the most efficient template banks at low dimensions (n < 10),
while random template banks increasingly outperform any other method at higher dimensions.
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L. INTRODUCTION

Detection methods based on matched filtering are
widely used in searches for gravitational waves (GWs) in
the data of ground-based detectors (LIGO [1-3], GEO
[4,5], VIRGO [6], TAMA [7]) as well as being among
those proposed for future space-based detectors [8].
These methods can be applied when the signals being
searched for have predictable waveforms, usually parame-
terized by unknown waveform parameters. Examples of
this are searches for ‘“‘continuous” gravitational waves
(quasimonochromatic, long-duration signals) and binary
inspirals. Matched filtering consists of processing the
data with multiple waveforms (templates), each corre-
sponding to a different set of waveform parameters. The
early theoretical foundations for choosing a discrete set of
templates from the continuous family were laid in [9,10].
The spacing between different templates is based on a
metric in the space of signal parameters, first introduced
in [11-14]. The metric defines a distance measure directly
related to the loss in the matched filter signal-to-noise ratio
for a given template and signal. Using the metric, a tem-
plate bank (often in the form of a lattice) can be placed on
the space such that the loss in signal-to-noise ratio between
any putative signal and at least a single template in the
bank is less than a predefined maximum value. We define
the efficiency of a template bank by counting how many
templates are necessary to obtain a given coverage.
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Template placement for gravitational-wave data analysis
has proven to be a complicated and involved procedure
even in the relatively low-dimensional spaces already
searched [15-24]. Here we discuss the possibility of adopt-
ing a seemingly far less complicated template placement
method whereby we randomly position templates within
our search space rather than placing them on a lattice.

It has recently been shown [25] that constructing optimal
template banks can be interpreted as an instance of the
mathematical sphere covering problem, and that results
from this field of research can usefully be applied to
template banks. For instance, the hypercubic Z, lattice
covering is known to become extremely inefficient at
higher dimensions compared to other lattices, in particular,
the A} lattice, which provides a highly efficient covering
for dimensions up to n < 24 [26].

In practice, however, constructing lattice-based template
banks often turns out to be problematic, especially in
higher dimensions, due to the difficulties associated with
adapting lattice coverings to curved parameter spaces and
performing coordinate transformations to avoid nonconst-
ant metric components. Furthermore, even the best lattice
covering becomes increasingly inefficient at higher dimen-
sions (n = 10, say), which makes this approach increas-
ingly unsuitable for problems involving high-dimensional
parameter spaces.

A radically different approach to template-bank con-
struction consists in relaxing the strict requirement of
complete coverage for a given mismatch, and instead re-
quire coverage only with a certain confidence n < 1. This
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is a natural step for searches that employ statistical detec-
tion techniques which always involve a finite false-
dismissal probability. Connected to this idea are new types
of template banks, commonly referred to as “‘stochastic,”
which have recently been studied and applied by various
groups [27-30]. Stochastic template banks are constructed
by randomly placing templates on the parameter space,
accompanied by a “pruning’’ step in which ‘““superfluous™
templates, which are deemed to lie too close to each other,
are removed.

Here we study an even simpler approach, which we refer
to as ‘“‘random template banks,” in order to distinguish it
from stochastic banks. This method consists of placing the
right number of templates randomly, with probability den-
sity dependent on the metric determinant and without any
additional pruning steps. Apart from the practical advan-
tage of relative simplicity, this allows one to analyze the
properties of such random template banks analytically and
in great detail. For example, we can explicitly determine
the number of templates Ng required to achieve any
desired level of coverage confidence 7). This paper presents
the first detailed study of the properties of such template
banks, and an explicit comparison of their efficiency to
traditional full-coverage lattice template banks.

Despite their simplicity, random template banks are
found to achieve astonishing levels of efficiency compared
to traditional template banks, especially at higher dimen-
sions. They outperform even the highly efficient A}, lattice
in dimensions above n ~ 6-7 for covering confidences 7
in the range of 90%—-95%.

As a by-product of this study, we also analyze the
properties of ‘“‘relaxed lattice” coverings, which share a
fundamental feature with random template banks: for any
signal location, the nominal covering mismatch is guaran-
teed only with probability 1 < 1. This results in a coarser
lattice and therefore a reduction of the number of tem-
plates. We find that these relaxed lattices generally result in
the most efficient template banks at dimensions up to n ~
11, where random template banks start to dominate.

The plan of this paper is as follows: First we review the
general template-bank problem and traditional lattice-
based template banks in Sec. II. In Sec. III, we present a
detailed analysis of random template banks: We calculate
their template densities, and compare them to traditional
lattice coverings, and we investigate some of the relevant
statistical properties of random template banks. In Sec. IV,
we describe a modification to traditional lattice template
banks, termed relaxed lattice covering. Section V provides
a summary and discussion of the results.

II. TRADITIONAL TEMPLATE-BANK
CONSTRUCTION

In this section, we briefly review some fundamental
concepts used in constructing template banks, namely,
the parameter-space metric [11,12,31] and lattice cover-
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ings [13,14,25]. One key feature of traditional template
banks is that they require complete coverage of the pa-
rameter space, i.e. no point in parameter space is allowed to
be further away from its closest template than a given
maximal mismatch.

Consider an n-dimensional parameter space S,, with
coordinates {A'}?_,. Each point A describes a set of pa-
rameters of a signal model, which we assume to be an
accurate description of the true signal family s(z; A).
Assume we measured data x(f) containing a signal
s(t; Ay) in addition to Gaussian additive noise n(z), i.e.
x(r) = n(t) + s(t; A,). Typically one constructs a detection
statistic of the data, X(A; x), say, which is a scalar repre-
senting the probability that a signal with parameters A is
present in the data x(z). Because of the random noise
fluctuations n(z), X is a random variable, but with the
property that its expectation value X(A; Ay) = E[X(A;x)]
has a maximum at the true location of the signal A = Aj.
We can define a notion of mismatch, or squared length of a
parameter offset AA = A — A, as the relative loss in the
expected detection statistic due to this offset, i.e.

XAy

mAA ) =1 — =58 =
‘ X(Ag; Ay)

gii(A)ANAN + .., (1)

where we use automatic summation over repeated indices
i, j and the metric tensor g;; is defined via Taylor expan-
sion of the mismatch m in the small offset AA. Note that in
defining the metric in this way we are restricted to local
distance measures and therefore also to mismatch values
m < 1. Using this definition of the metric, the proper
volume of the parameter space S, can now be expressed as

Vs, = / dv, with dV = Jgd"A, )
S"

where g = detg;; is the determinant of the metric g;;.

A common approach to the problem of parameter-space
covering is to use a lattice of templates. Template-based
searches are often computationally expensive due to the
large number of templates required, therefore much effort
has gone into identifying the most efficient covering,
namely, the lattice that requires the fewest templates to
achieve complete coverage of the parameter space [25].
Note that constructing lattice template banks in curved
parameter spaces is highly impractical, and most of the
following results implicitly assume that the parameter-
space metric g;; is flat, i.e. we can find coordinates in
which g;; is constant (i.e. independent of parameter-space
location A).

A parameter-space point A is considered to be ‘“‘cov-
ered” by a template A, if its squared distance to the
template is smaller than the given nominal mismatch m.,
ie.

g AN AN <m,, with Al =A—Ap. (3
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This is equivalent to saying that A lies within the
n-dimensional sphere of radius R = \/m_* centered on the
template A). The construction of efficient (complete)
template banks is therefore an instance of the sphere cover-
ing problem, which asks for the sphere arrangement requir-
ing the smallest number of overlapping spheres to
completely cover an n-dimensional (Euclidean) space
[25,26].

A key quantity used in assessing the efficiency of a given
sphere covering is its thickness. The thickness © is defined
[26] as the average number of n-dimensional spheres
(templates) covering any point in the parameter space.
For a complete coverage, the thickness therefore satisfies
by definition ® = 1 (where in practice equality can only be
attained for n = 1, in higher dimensions there will always
be some overlap between spheres). For a lattice covering,
the thickness can be conveniently expressed as

V.o m'?
— nitE

= Jale 4
Vo) )

where V,, is the volume enclosed by an n-dimensional unit
sphere,' namely,

77.}1/2

Vo = Fa+ 1)

&)
and V, is the volume of a fundamental region of the lattice
A, with covering radius R = \/m.. Note that under a linear
rescaling c, lengths change like R’ = ¢R, mismatches like
m' = ¢*m, and lattice volumes like V|, = ¢"V,. Therefore
we see from Eq. (4) that the thickness O is a scale-invariant
property, characterizing the geometric structure of a cover-
ing. In particular ® is independent of mismatch m.,. A
special instance of a fundamental lattice region is the
Voronoi cell (also known as the Wigner-Seitz cell), which
is the set of points that are closer to a given template than to
any other template. Let us also define at this point the
volume covered by a single template as
V= V,m!/2

(6)

In the following, it will also be useful to introduce the
normalized thickness,

)

which corresponds to the number of templates per unit
volume in the case of m, = 1. Like the thickness ©, this
is a scale-invariant property of a covering, independent of
mismatch m.. As shown in [25], the total number of
templates N of a covering can be expressed in terms of

"We are using the geometers convention with respect to the
definition of the n-dimensional sphere (or n-sphere) where the 1-
sphere represents two points on a line, the 2-sphere is a circle,
etc.
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the normalized thickness as

N =6m."?Vvs, (8)
which shows that the total number of templates is propor-
tional to the normalized thickness.

In the following, we will focus on two lattices, namely,
the Z,, (hypercubic) and the A}, lattice, known, respectively,
for their simplicity and covering efficiency. The normal-
ized thickness is known analytically for both lattices,
namely,

nn/2
07, = ETR &)
B n(n +2) /2

In the following, we will mostly use the normalized thick-
ness for comparing different covering strategies, since it is
proportional to the total number of templates [Eq. (8)],
which is the quantity we wish to minimize in order to
reduce the computational cost of searching a parameter
space.

III. RANDOM TEMPLATE BANKS

We now investigate the properties of a new type of
template bank, which we call the ‘“‘random template
bank,” which consists of Ng templates placed randomly
with uniform probability distribution (per proper volume)
over the parameter space S,. Note that contrary to the
lattice template banks discussed in the previous section,
nothing in the following requires the parameter-space met-
ric g;;(A) to be constant or flat. The only practical assump-
tion we will make for simplicity is that the metric curvature
radius has to be large compared to the covering radius of
one template, so we can neglect metric curvature in the
expression for the volume of a single template given by
Eq. (6). Some practical issues arising from nonconstant
metrics will be discussed in Sec. III E.

A. Number of required random templates Nz

Let us select a point A, € S,, which we assume to be the
location of a signal. We assume that the covering sphere
with radius R = ,/m, centered on A does not intersect the
boundary of the parameter space S,, which allows us to
neglect boundary effects in the following discussion. Now
consider a single randomly placed template with uniform
probability distribution (per proper volume). What is the
probability that this template does not cover (“‘miss’) the
point A,? This is equivalent to the probability that the
template does not fall within the covering sphere of radius
R centered on A,. The probability of falling within this
volume is Vr/Vs , and so the answer is simply
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v, m"?

P(miss(m,)|S,, Ng = 1) =1 —
Vs,

Y

If we were to place Nx templates randomly in this way, the
probability that none of the templates cover the point A is
therefore

n/2 N
P(miss(m,)|S,, Ng) = (1 - Vn‘;n* ) * (12)
Sh

since in this construction each template location is inde-
pendent of all previously placed templates. It follows that
the probability that the point A, is covered (‘‘hit”’) by at
least one template is

n/2 N
_ Yorts ) a3

Phit(m,)|S, Ng) = 1 — (1
Vs,
This expression shows that the probability of an (unknown)
signal location A, € S, being covered by this random
template bank is always <1 and we would require Ng —
oo templates to achieve certain complete coverage.
However, we can relax the requirement on certainty of
coverage and instead ask how many randomly placed
templates do we need in order to obtain a probability 75
that an (unknown) signal location A, would be covered.

This is simply given by the solution to
P(hit(m.)|S,, Ng) = 1, which yields
In(1 — n)
Nx(n,m., S,) ! (14)

(- m?V, V)

In practice we will mostly be interested in ““large” parame-
ter spaces, in the sense that the parameter-space volume
Vs, is very large compared to the volume Vy of one
template, and we can therefore Taylor expand Eq. (14) in

the small quantity mﬁ/ 2V,, /Vs, < 1, which yields

1 1
N ’ % Op z_l
r(n, m, S,) v n(l—n

)m*_"/zVsn, (15)
where the neglected higher-order terms in the expansion
correspond to corrections to Ng of order O(In(1 — 71)/2).
We see that for a given parameter-space volume Vg , the
two parameters m, and n completely determine the num-
ber N of random templates we need to place randomly on
the parameter space S,. We therefore introduce the nota-
tion "R, (m,) to denote an n-dimensional random tem-
plate bank with nominal mismatch m, and covering
confidence 7. An illustrative example of a two-
dimensional random template bank ®°R,(0.1) is shown
in Fig. 1 for a nominal mismatch of m, = 0.1, covering
confidence 7 = 0.9, and a parameter-space volume Vg
requiring Ng = 100 templates. By comparing Eq. (15) to
the general expression in Eq. (8), we can directly read off
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A2

FIG. 1. Example realization of a random template bank
99R,(0.1) in n = 2 dimensions (using periodic boundary con-
ditions), with an arbitrarily chosen nominal mismatch m, = 0.1
and a covering confidence n = 0.9. The parameter-space vol-
ume Vg was chosen such that the resulting number of templates
is Ng = 100. Template locations are indicated by crosses and
template boundaries (corresponding to the covering radius R =
\/m_*) are shown as black circles. The covered and uncovered
volumes are shaded grey and white, respectively.

the normalized thickness Ag(n) of a random template
bank, namely,

Or(n) = VL ln(1 _1 n)’ (16)

and from Eq. (7) we obtain the corresponding thickness
Or(n) as

O (n) = 1n(1 ! 17). (17

This expression reveals a very special property of random
template banks compared to any lattice covering [e.g. see
Eq. (9) and (10)], namely, the thickness ®x only depends
on the covering confidence 7, and is independent of the
dimension n.

Figure 2 shows a comparison between the normalized
thickness 6 of the hypercubic (Z,,) lattice covering, the A},
lattice covering and random template banks 7R, with
different covering confidences 7. We see that random
template banks beat the efficiency of the A}, lattice (which
is the best, or close to the best lattice covering currently
known for dimensions up to n <24 [25]) at sufficiently
high dimension n, namely, in n = 10 for **R,, n = 7 for
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FIG. 2 (color online). Normalized thickness 6 as a function of
dimension n for hypercubic (Z,) and A}, lattice covering, and for
random template banks 7R, with different choices of covering
confidence n = 0.99, 0.95, 0.90. Also plotted is the Coxeter-
Few-Rogers bound (CFR), which is a theoretical lower bound on
the thickness of any strict ( = 1) covering.

095 R.,, and n =6 for **°R,. Even more surprisingly,
random template banks beat the theoretical lower bound
(“Coxeter-Few-Rogers bound” [26]) on the thickness of
any covering. This is possible because random template
banks do not provide a covering in the strict sense, as they
leave some fraction of parameter space uncovered.

B. Distribution of mismatches

Taking the derivative of Eq. (13) with respect to the
nominal mismatch m,, we obtain the probability density
function (pdf) for signal mismatches m in a random tem-
plate bank of given Ng and Vs , namely,

NoV n/2—1
pdf (m|Ng, S,) = TR (1

V,m"/2\Nx 1
v )

Vs

n

(18)

which describes the probability of finding a template
within the mismatch interval [m, m + dm] of some loca-
tion A . This expression is somewhat inconvenient, how-
ever, as it depends on ‘extensive’’ parameter-space
properties, namely, the total number of templates N¢ and
the parameter-space volume Vg .

In order to rewrite this purely in terms of the ““intensive”
parameters m., and 7, let us first note that for given nominal
mismatch m, and covering confidence 7, we can rewrite
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the required number of templates given by Eq. (15) as

_ Vv
Ny = Og(mm. "> N, with No=7 (19)

n

where we defined /N as the parameter-space volume Vg
measured in units of the unit-sphere volume V,,. Using this
expression, we can write the probability of a point being
covered within mismatch m in a random template bank
1R (m,), using Eq. (13), as

(20)

n/2 N,y® m "2
P(hit(m)l"fR,,(m*))=1—<1—m ) :

No

and using the assumption of a large parameter-space vol-
ume Vg , namely, Ny > 1, we can express this as

n/2
’

P(hit(m)|"R ,(m.)) = 1 — ¢~ 9= 2D
where we defined /7 as the mismatch m measured in units
of the nominal mismatch m,, i.e.

m=—.

(22)

Note that we obviously find P(hit(m.)|"R,(m.)) = 7.
Contrary to Eq. (20), this expression for P(hit) only de-
pends on the parameters 7 and 7. The interpretation of
Eq. (21) is as follows: Given a random template bank
1R, (m.) constructed for nominal mismatch m.,, and cover-
ing confidence 7, what is the probability of a signal loca-
tion being covered with a mismatch of at most m? By
differentiating this with respect to the relative mismatch
m we obtain the probability density function of a template
falling within the mismatch interval [7, m + di] of a
signal, namely,

pdf (| “9PR,,)

0 0.2 0.4 0.6 0.8 1

relative mismatch m = m/m.

FIG. 3. Probability distribution Eq. (23) of relative mismatches
m = m/m, in random template banks **R, of dimension n =
1,2, 3,6, 12.
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d
pdf (|"R,) = — P(hit(m)| "R ,(m.))
dm
= 2O leon(23)

Figure 3 shows a plot of the mismatch pdf for random
template banks **R, in different dimensions n. We can
see in this plot that at higher dimensions the bulk of the
mismatch probability shifts to the higher end of relative
mismatches 7. This shows that random template banks
become more efficient as the number of dimensions grows.
The reason for this is that a bank that yields mismatch
distributions peaked at lower values of the relative mis-
match must be more densely populated than a bank with
mismatch distribution peaked at higher values of the rela-
tive mismatch, assuming both banks satisfy the same
maximal-mismatch constraint (at given confidence).

C. Spatial parameter-space coverage

In our discussion of random template banks so far we
have focused on the probability 7 that an (unknown) signal
location A is covered by a template. If we were to con-
struct a number of random template banks, this “‘confi-
dence” therefore describes the fraction of template banks
in which A, would be covered. A somewhat related, yet
different, question is as follows: Given a realization of a
random template bank 7R, (m,), what is the fraction C of
parameter space that is actually covered? This spatial
coverage C, as a property of an individual random-tem-
plate-bank realization, is a random variable, and in the
following we will analyze some of its relevant statistical
properties.

For a given random-template-bank realization, we de-
fine the function f(A) on the parameter space S,, as

1 if A is covered

0 otherwise, (24)

=]
describing whether a point A is covered (hit) or not (miss)
within mismatch m... Using this we can express the spatial
coverage fraction C as

1
C = K fs f)av, (25)

where dV = ,/gd" ) is the volume element associated with
d" A. Given any point A € S, the expectation value of f(A)
over an ensemble of template banks is given by

1
E[f(V)] =D jP(f(A) = j) = P(hit(m.)|"R,,(m.)) = 7,
j=0
(26)

where we used the fact that the probability of any point A
being covered in "R, (m.) is by construction given by the
covering confidence 7. Using this we can express the
expectation value of the spatial coverage C as
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1
EC) = o ] ELF(V]AV = 7, @7
S, JS,

showing that the expected spatial coverage C is equal to the
covering confidence 7. Note that this result holds true
despite the obvious existence of correlations in f(A) be-
tween neighboring points.

However, the question of the variance in spatial cover-
age C over an ensemble of random template banks is
substantially complicated by these spatial correlations, as
we need to evaluate the following integral:

Var[C] = Viz{ L v L AVELFO) f(/\’)]} R

Su
(28)

Since we do not have a good handle on the spatial corre-
lations in f(X) for a given realization of "R ,, we try to find
some reasonable approximations. First, we approximate
the above integral as a discrete sum over finite volume
elements AV. In addition, we assume that f(A) in each
volume element AV is completely uncorrelated with f(\’)
in any other volume element, and that f(A) is perfectly
correlated within each volume element. Applying these
approximations yields the following estimate for the vari-
ance:

AV
Var[C] = Kﬂ(l ) (29)

We have found that a reasonably good semiempirical
“guess” for the number N; of independent “‘uncorrelated”
volume elements in S, seems to be

v
Ny ~2nNg, and AV = TS (30)

I

Note that we do currently not have a good theoretical
understanding of this number, however, it seems to yield
a reasonably good quantitative agreement with the
Monte Carlo results on the coverage, as well as the
worst-case mismatch discussed in the next section. We
therefore present the analytic estimate as a useful indicator
of the general behavior and trends at higher dimensions.
Substituting this into Eq. (29), we obtain the following
rough estimate for the coverage variance:

_n(1—mn)

Var[C] 2iNg (31)
A key feature to notice is the inverse proportionality of the
variance to the number of templates Nz and the parameter-
space dimension n. In Fig. 4, we show example distribu-
tions of the spatial coverage C, obtained through numerical
simulations, and compare them to Gaussian distributions of
mean 7 and variance given by Eq. (31). Each simulation
used 2000 random-template-bank realizations (parameter-
space volumes were computed as a function of Nz and 7
and edge effects removed using periodic boundary condi-
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FIG. 4. Results of Monte Carlo simulations of spatial coverage
C for realizations of *°R, random template banks in n =
1,..., 6 dimensions, using Ng = 10* templates. The histograms
show the distribution of measured coverages C, the solid black
curves show a Gaussian distribution of mean 7 and variance
given by Eq. (31), and the dashed black lines indicate the mean
values of the measured distributions.

tions). A Monte Carlo integration using 5 X 10° points was
then performed on each realization to compute the spatial
coverage C. These simulations become very computation-
ally intensive as the dimensionality of the space increases
and hence we limited our test scenarioston = 6and Ng =
10*. The Gaussian distributions using mean E[C] and
variance Var[C] seem to agree quite well with the results
from the Monte Carlo simulations for the range of dimen-
sions considered.

D. Expected worst-case mismatch

A related question to the spatial coverage C is the worst-
case mismatch m,, found in an individual realization of
1R, (m.), i.e. the “deepest hole” in the template bank. As
seen in the previous section, a fraction 1 — C of the pa-
rameter space S,, will have mismatch m > m,. Within this
uncovered fraction there will be a worst-case location with
the largest value m,, of mismatch. Similar to C, the worst-
case mismatch m,, is a random variable dependent on a
given realization of nR,(m,), and in this section we
analyze the statistical properties of m,, over an ensemble
of random-template-bank realizations.

The geometrical definition of the minimal mismatch
m(A) in any parameter-space point A for a given random
template bank can be expressed as

Ny . .
m(A) = I]}’lzilll{gijA)lék)A/\(k)}, (32)
where k indexes the Ng random templates Ay and
AXg = A — Ay. The worst-case mismatch m,, on the
space S, is therefore
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my, = n}sax{m(/\)}. (33)
Note that this is in fact the definition of the “covering
mismatch” (or covering radius, squared) of a set of tem-
plates [26], and for lattices and other complete (n = 1)
coverings, this will be equal to the nominal mismatch, i.e.
m,, = m,. In the case of random template banks, however,
we control the nominal mismatch m.., but the worst-case
mismatch could take on arbitrarily large values m,, > m...
One very interesting approach to answering this question
would be to use the fact that all “local” worst-case mis-
matches occur at Voronoi cell vertices [32] (being the so-
called “holes” of the covering). For a given number of
random templates (or “Voronoi seeds’) the expectation
value of the number of vertices is known [33]. This would
be a good start to defining a finite set of points for which to
draw random mismatch values. The problem with this
approach, however, is that the vertex density grows expo-
nentially with dimension, and vertex mismatch values
therefore will become highly correlated due to their rela-
tive ““closeness.” In addition, while we know the mismatch
distribution [see Eq. (23)] at randomly selected points A,
the mismatch distribution on Voronoi vertices (being very
special points) is different, and a complicated function of
pdf(m|"R,,).

We therefore employ a more direct and crude approach,
namely, using the semiempirical guess Eq. (30) for the
number Ny of statistically “independent” locations in S,
together with the known mismatch distribution of Eq. (23).
A linear rescaling of the whole template space will affect
all mismatches equally, and therefore it will be more useful
in the following to consider the relative worst-case mis-
match 7, = my,/m,, i.e. m, measured in units of the
nominal mismatch m..

The probability that the largest (relative) mismatch 1 of
Nj independent trials falls within the interval [, /iy, +
dim] can be expressed as

- - _ (M N1

pat Gy b Noam = (N )pupd ™' G4

where p; is the probability of the mismatch in a single trial
falling within [, /iy, + di], i.e.

P = pdf(’/hwlan)dmr (35)

and p, is the probability of the mismatch in a single trial
falling within [0, 112, ], i.e.

po = P(hit(m,,)|"R, (m.)). (36)
Using Eq. (23) this can be rewritten as
d
pdf(ﬁ;lwlan> NI) = 7= P(hltlﬁl) 77)N]
dm Tty
B g(%z]\ﬁnﬁcv/%1 e~ Orm)/?
X (1 — e~ OmmyNi=1, 37)
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Using this expression we can easily compute quantiles of
the worst-case mismatch distribution, namely, from

Plin, = iln, Ny) = [ " pdf (i |, Ny)diin,
0
= (1 — O=m"*)N (38)

so, for example, we obtain the median worst-case mis-
match as

2/n

0% = [— @1 (39)

— In(1 — 2*1/N1):|
R
Using the semiempirical guess, given in Eq. (30), for the
number N; of independent parameter-space points in S,
we obtain quantitative estimates for the distribution of the
worst-case mismatch. Figure 5 shows a few example worst-
case mismatch distributions, comparing the analytical es-
timate of Eq. (37) to the results of Monte Carlo simula-
tions. These simulations were run with 2000 random-
template-bank realizations of a ®°R, bank containing
Ng = 10* templates each. The predicted distributions dif-
fer slightly from the simulations, but this should be ex-
pected given our crude estimation of N;. With the
exception of n = 1, the analytical expression tends to
slightly underestimate the worst-case mismatch values.
Nevertheless, our rough estimate seems to capture the
overall trend to smaller values of E[7,] and Var|s]
with increasing dimension n. This behavior is also illus-
trated in Fig. 6, where we have plotted the analytic expec-
tation value and variance [computed from Eq. (37)] of i,
as a function of dimension n for various covering confi-

‘ 1 ——
?,E; 0.1F =1 T n=2 ]
e h‘m i _ 7
o
0 O I I M\
10 20 30 40 41 2 3 4 5 6 7 8
g 2Fp=3 b n=4 I8
= 1} l 127 i i
E il
0 I I ..— O I &EL\
115 2 25 3 35 4 1 15 2 25 3
6 T _\ T 9 T T T T
?E% 4L n=>5 ]l gL n=6 (T |
= L
s 2t j 1 3t Hlu 1
o
0 I H:I¥\ O ﬂ

1 1.5 2 2.5

My = Mg /My

1 121416 18 2

My = My /M

FIG. 5. Results of Monte Carlo simulations of (relative) worst-
case mismatch 7, for realizations of “R, random template
banks in n =1, ..., 6 dimensions, using Ng = 10* templates.
The histograms show the distribution of measured (relative)
worst-case mismatches i, the solid black curves show the
estimated distribution Eq. (37) and the dashed black lines
indicate the mean values of the measured distributions.
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o 7 =10.90
Nr =10 B ) p—
=0.99

Elmy] £ o[my]

Elmy] + omy]

dimension n

FIG. 6. Statistical properties of the worst-case mismatch 7, in
random template banks as function of dimension n, covering
confidence 7 and number of templates Nz . This plot shows the
expectation value E[in,,] and standard deviation o[, ] derived
from the theoretical estimate Eq. (37). The upper panel shows
the case for Ng = 10* templates, while the lower panel is for
N R = 108.

dences n and numbers of templates Ng. We see that in
higher dimensions the expectation value of the relative
worst-case mismatch asymptotically approaches unity.
We also see that as the number of templates Nz increases,
corresponding to a larger number of mismatch “trials,” we
obtain an increase in the expected value of 7,,. In addition,

we see that the standard deviation o[, | = «/Varl, |
decreases both with increasing number of template Ny
as well as with higher dimension n, so that worst-case
mismatches become both smaller and more tightly con-
strained in these limits. For example, as shown in Fig. 5, for
n = 6 our Monte Carlo simulations give the mean value of
m,, as 1.81 (i.e. on average the worst-case mismatch is 1.81
times larger than the nominal mismatch) with a standard
deviation of 0.06 for a random template bank containing
Nz = 10* templates with a covering confidence = 0.9.
In using such a template bank one would therefore expect
with >99% (30) confidence that the largest mismatch is
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smaller than 1.99m.. We should also note that despite our
rather crude estimate for the number of independent
parameter-space locations Np, our model is able to estimate
the mean value of 7, to within = 10% of the values
obtained from our simulations. This is in fact one of the
key results from this investigation; although random tem-
plate banks by construction only provide incomplete cover-
age, C <1, the actual worst-case mismatch m, in the
uncovered regions is not expected to be substantially larger
than the nominal mismatch m., especially at higher
dimensions.

E. Practical issues in curved parameter spaces

As noted in the beginning of the section, the random
template bank results apply without modification to curved
parameter spaces and nonconstant metrics. In order to
construct such a template bank in practice, however, we
need to generate a uniform random sampling in proper
volume, which for nonconstant metrics can be nontrivial. In
order to see how to take account of nonconstant metric
components g;;(A) in the random template placement, we
note that Eq. (15) specifies a constant uniform probability
density pg of templates, namely,

(40)

In other words, the nonconstant template “‘pseudodensity’
px(A) in coordinate space satisfies

dNg
d"A
which specifies the required random sampling density in
coordinate space.

There are various sophisticated and efficient methods for
sampling from nonuniform distributions: Markov-Chain-
Monte-Carlo (MCMC) methods, importance resampling,
and rejection sampling are a few examples. In each of these
sampling methods it is sufficient to know the density
pr(A) (and hence the metric determinant) only up to
some normalizing constant factor. However, one must
know Ng, the total number of random templates to draw,
which requires accurate knowledge of the proper volume,
defined by Eq. (2), and therefore ultimately one must also
have accurate knowledge of the metric determinant.

The simplest method, applicable for slowly varying
template densities is to decompose the parameter space
S, into smaller patches Si{), which are small enough so
they can be approximated by a constant metric, and sam-
pling it uniformly with template density given by Eq. (41)
evaluated at the center of each patch.

pr(A) = = sWpgr = gN)ozm:"?  (41)

IV. RELAXED LATTICES

In the previous section we saw that random template
banks "R, will outperform any covering at sufficiently
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high parameter-space dimension. One of the key features
of random template banks, however, is that they do not
actually provide a strict covering: any point is only covered
with probability 7 <<1. This allows random template
banks to beat even the theoretical (Coxeter-Few-Rogers)
lower bound on the thickness of coverings. In higher
dimensions it seems to get extremely expensive (in terms
of number of templates) to cover the “‘last few percent” of
a parameter space. Relaxing the requirement of complete
coverage therefore allows enormous gains in efficiency.
We can now apply this insight to lattice coverings, by
relaxing the strict “minimax” prescription and instead
requiring a mismatch m, only with probability n <1.
This allows us to use a larger maximal mismatch m,,, >
m, for the n-dimensional covering lattice A, (mp,y),
thereby reducing the required number of templates. The
relation between these quantities is given by
n= [ pdtnl A, (g )dm, “2)
where pdf(m|A, (m,,)) is the probability distribution of
mismatches m for sampled points within a lattice
A, (Mpy). A uniform linear rescaling of the whole tem-
plate space will affect all mismatches equally, and there-
fore it will be more useful to introduce the relative
mismatch 7 = m/m,,,,, which is invariant under rescal-
ings. Note that contrary to Sec. III, here we use a relative
mismatch defined with respect to m,,,, of the lattice, while
the nominal mismatch m, is a priori unknown and will be
determined from Eq. (42). In Sec. III, a relative mismatch
m = m/m, was used because there was no strict maximal
mismatch in this case and we directly prescribed the nomi-
nal mismatch m,. The probability distribution of 7 is
pdf(rit|A,,) = My pdf(m| A, (M), such that
JLpdf(ml|A,)dim = 1. We can therefore restate Eq. (42)
in the more useful form
n = / " pdf (| A, )di, 43)
0
where we defined the “effective” relative mismatch ., =
M./ My, < 1, which is determined by the lattice mismatch
distribution pdf (72| A,,) and the covering confidence 7. We
define the linear relaxation factor r for the relaxed lattice
mA, as

mmax

e

r("A,) = =, 2> 1 (44)
For a given nominal mismatch m, and covering confidence
7, the relaxation factor determines the maximal covering

mismatch m,,,, of the lattice as
(45)

which defines the “‘relaxed lattice™ as "A(m..) = A(mp,y).
The normalized thickness 6, () of a relaxed lattice "A,,
is thereby reduced to

mmax = m*rz(nAn)’
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0
o0 () = Saay (46)

with respect to the thickness 8, = 6, (9 = 1) of a tradi-
tional covering lattice. Note that contrary to random tem-
plate banks, the spatial coverage fraction C of relaxed
lattices is not a random variable and corresponds exactly
to the covering confidence, i.e. C = 5 and Var[C] = 0.
Furthermore, the worst-case mismatch is also exactly
known, namely, m,, = m .

As seen in Egs. (43) and (44), the relaxation factor
r("A,) is determined from the mismatch distribution
pdf(#|A,). The distribution of mismatches depends
strongly on the type of lattice A, and the dimension n.
Unfortunately, these mismatch distributions are generally
not known analytically, and we need to resort to
Monte Carlo simulations to determine them.

In order to sample the lattice mismatch distribution, we
uniformly pick points in parameter space, then find the
closest lattice template and determine its relative mismatch
M = m/mp,,. For finding the closest template, we use an
elegant and efficient method described in [34], which is
based on the “fast quantizing” algorithms available for
many well-known lattices (see [26,35], Chapter 20). Here
we focus on two lattices only: the simple but inefficient
hypercubic lattice Z,, and the highly efficient covering
lattice A;. Some resulting sampled mismatch distributions
are shown in Figs. 7 and 8 for different dimensions n. The
Monte Carlo simulations used 10° sampling points for each
lattice A,, (except for A% in n = 18, 19, where 10° points
were used), and the mismatches were binned into 1000
mismatch bins. The “‘jitter” seen in Figs. 7 and 8 illustrates
the intrinsic sampling fluctuation in these simulations. We
note the qualitative similarity in » = 6 and n = 12 be-
tween the mismatch distributions of the A}, lattice shown in
Fig. 8 and the corresponding distributions for the random

pdE(7|Z0)

e
0.6 0.8

relative mismatch m = m/mmax

FIG. 7. Results of Monte Carlo simulations (each using 10°

points) of the distribution of relative mismatches 7 in hyper-
cubic (Z,) lattices in dimensions n = 1, 2, 3, 6, 12.
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")

pdf (77| A

0.6 0.8

relative mismatch m = m/mmax

FIG. 8. Results of Monte Carlo simulations (each using 10°
points) of the distribution of relative mismatches s in A}, lattices
in dimensions n = 1, 2, 3, 6, 12.

template bank %R , shown in Fig. 3. In lower dimensions
n =1, 2, 3, where R, is substantially less efficient than
Ay, its mismatch pdf looks quite different from that of A},.
We also note that the A; mismatch pdf peaks at slightly
higher values of relative mismatch in n = 6 than *» R,
and at slightly lower values than *®R, in n = 12. This
agrees with A% being more efficient than *®R, in n = 6,
and less efficient in n = 12, as seen in Fig. 2. These
qualitative observations illustrate the close relation be-
tween the shape of the mismatch distribution and the
efficiency of the corresponding covering.

The resulting relaxation factors r(7A,) for covering
confidences 1 = 0.99, 0.95, 0.90 obtained via Eq. (44)
are shown in Fig. 9. The errors on the relaxation factors
were determined using a jackknife estimator (see [34],
using 100 subsets) and are found to be below 0.04% in
all cases. We see in Fig. 9 that the hypercubic (Z,,) lattice

1.7 T r
O.QOZ” -
0.957, -
n
;; 1.6 | 0997, .y
s 0904% g IR
= 1.5 0954% .. P e T e
= 0.99 4% . O
2 An e | me = - L
% - |} - -]
& 14 o e e T e
- i
g B = Pl !
=2 L] = .
E 18 frt o
= .o, e
bt P r 4
o 1.2
5 k
g ;
= 11 f
»
i

dimension n

FIG. 9 (color online). Linear relaxation factors r("A) for Z,
and A} lattices and covering confidence n = 0.90, 0.95, 0.99.
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FIG. 10 (color online). Normalized thickness @ as function of
dimension n for strict lattice covering A, relaxed lattices "A,,
and random template banks 7R, for values = 0.99, 0.95, 0.90
of covering confidence. The upper panel is for the Z, lattice,
while the lower panel shows the case of the A}, lattice.

can be relaxed substantially more than the A}, lattice, which
is also apparent from the pdfs in Fig. 7 and 8: the mismatch

TABLE L.
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distribution of Z,, is much more “wasteful,” as it increas-
ingly concentrates around /% = 1/3. The A}, lattice on the
other hand, which is a highly efficient covering lattice, has
the bulk of mismatches concentrated closer to the maximal
mismatch m = 1.

In Fig. 10 and Table I, we show the resulting covering
thickness 6, () of the relaxed 7Z, and "A}, lattices in
comparison to random template banks "R ,. We see that
while relaxed lattices are substantially more efficient than
traditional complete-coverage lattices, at higher dimen-
sions the random template banks eventually still outper-
form them. At low dimensions, n =< 10, say, the relaxed
mA» lattice provides the most efficient covering we have
found so far. However, having studied only relaxed Z,, and
A lattices so far, it is conceivable that other lattices, while
not necessarily very good covering lattices, could provide
an even better relaxed lattice than "A}. More work is
required to study this possibility.

V. DISCUSSION

Our results show that giving up deterministic certainty
of coverage of a parameter space can result in large gains in
efficiency, by substantially reducing the number of re-
quired templates. The prime example of such a relaxed
covering is the random template-bank construction, which
we defined as templates placed randomly with uniform
probability distribution (per proper volume) over the pa-
rameter space. Such a random template bank 7R, (m.)
covers any signal location (excluding boundary effects)
within mismatch m, with probability n <1. We have
found that the template density of these random template
banks can be significantly lower than that of even the most
efficient (complete) covering, and that this advantage in-
creases in higher parameter-space dimensions.

The exclusion of boundary effects in the random tem-
plate bank analysis is valid for situations in which the
projected length scale of the templates in each of the search
dimensions is much smaller than the width of the parame-

Normalized thickness € in dimensions n < 19 for traditional lattice covering ('-°Z,,, "0A%), relaxed lattice covering

("Z,, "A}), and random template banks (7R ,) with covering confidences n = 0.99, 0.95, 0.90, respectively. Boldface indicates the
lowest thickness at given covering confidence n and dimension n.

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
107, 0.50 050 065 10 1.7 34 71 16 38 98 261 729 2X10°6X 102X 10*7 X 10*2 X 10°8 X 10° 3 X 10°
1A% 0.50 038 035 036 040 049 065 090 1.3 21 33 56 99 18 34 65 130 266 559
097, 049 043 043 049 063 08 13 20 32 55 10 19 36 73 149 322 699 2Xx10°4 %103
094% 049 035 029 028 030 035 044 059 083 1.3 20 32 55 97 18 33 65 131 268
09R, 23 1.5 IL.1 093 087 089 097 1.1 14 18 24 34 51 7.7 12 20 33 56 929
097, 048 036 033 035 042 054 075 1.1 1.8 29 50 89 16 32 63 130 274 590 1x10°
0954% 048 031 026 0.24 025 029 036 047 0.66 098 15 25 42 73 13 25 47 95 192
09%R, 15 095 072 061 057 058 063 074 091 12 1.6 22 33 5.0 79 13 21 36 64
0%z, 045 031 028 028 033 041 055 080 12 20 33 58 10 20 38 77 160 339 748
0904% 045 029 023 021 022 025 031 040 056 082 13 20 34 59 11 20 38 75 150
0%R, 12 073 055 047 044 045 049 057 070 090 1.2 17 25 3.8 6.0 9.8 16 28 49
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ter space in the corresponding dimension. We should note
that boundary effects have also been excluded in the cal-
culation for the lattice coverings (traditional and relaxed)
and in practice boundary effects will be equally problem-
atic for all template bank strategies. In fact, many of the
practical problems in template placement are often related
to treating boundaries correctly, and while the nature of the
boundary problems is somewhat different for random tem-
plate banks, its correct treatment still requires further work.

Other studies have recently started to investigate a some-
what different random template placement strategy, re-
ferred to as stochastic template banks [27-30]. The key
difference of these methods is that they involve a “pruning
stage” in the random template placement, which is aimed
to remove templates that are too close to each other. Albeit
not yet completely quantified, these methods could poten-
tially produce even more efficient template banks for
equivalent coverage, at the cost of being somewhat less
“simple.” However, it currently seems unclear how much
efficiency can be gained by such a pruning step, especially
in higher dimensions. These are interesting open questions
for further investigations.

Relaxed coverings do not provide complete coverage of
the template parameter space. Applying such a scheme
therefore affects the final results as an additional uncer-
tainty. For gravitational-wave searches such uncertainty
can be well maintained at a level comparable to other
uncertainties of the problem—typically of the order of a
few percent—hence not significantly affecting the overall
degree of confidence of the result.

In computationally limited searches, relaxed template
banks allow significant reductions in computational cost.
Through the reinvestment of this saved computational cost,
this can yield an increase in sensitivity and breadth of the
search.

We have investigated some of the relevant statistical
properties of random template banks, in particular, the
spatial parameter-space coverage fraction C and the
worst-case mismatch m,, expected in individual template-
bank realizations. We have performed Monte Carlo simu-
lations to determine the statistical distribution of these
quantities, and we have found a rough analytical estimate,
which shows reasonably good agreement with the numeri-
cal results. These results show that the variance of the
spatial coverage fraction C is inversely proportional to
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both the dimensionality of the space and the number of
random templates. More importantly, the worst-case mis-
match m,, > m, is found to be typically of the same order
of magnitude as the prescribed nominal mismatch m,., and
is rapidly approaching m, with increasing dimension n. At
n = 4, for example, the largest mismatch for Ng = 108
templates and n = 0.9 has an expected value of ~3m,
with a standard deviation of 0.09m, (see Fig. 6). At n =
12, the distribution peaks at even lower values, with an
expectation value of ~1.5m, and a low standard deviation
of 0.014m.. Even though the coverage at the nominal
mismatch m, only holds in a statistical sense defined by
the confidence 7, in practice, at dimensions greater than
n = 11, the worst-case loss is within a factor of 1.5 of the
nominal value, with very high confidence.

Inspired by these results, we have also investigated the
properties of relaxed lattice coverings, which follow the
analogous prescription of a nominal covering mismatch
m,., achieved with probability n <1 for any signal loca-
tion. This leads to lattices with larger maximal mismatch
Myax = My, thereby reducing the required number of tem-
plates. We have analyzed the properties of relaxed Z,, and
A} lattices, and we have found that the relaxed 7A}, lattice
provides the most efficient covering found so far for n <
10, for covering confidences n = 0.90. In higher dimen-
sions, however, random template banks outperform any
other method considered so far, including relaxed lattice
coverings.

Possibly the greatest advantage of random template
banks for ‘“‘real-world” applications, however, is their
practical simplicity. Constructing lattice template banks
is notoriously difficult, especially regarding the handling
of curved parameter spaces and nonconstant metrics.
Random template banks, on the other hand, are nearly
trivial to construct, even in spaces with nonconstant met-
rics: one only needs to adjust the spatial probability density
according to the metric determinant.

ACKNOWLEDGMENTS

We would like to thank Bruce Allen, Stephen Fairhurst,
Graham Woan, Christian Rover, Karl Wette, Matthew
Pitkin, John Veitch, Holger Pletsch, and the LIGO
Scientific Collaboration continuous waves working group
for many useful discussions.

[1] B. Abbott et al. (LIGO Scientific Collaboration), Nucl.
Instrum. Methods Phys. Res., Sect. A 517, 154 (2004).

[2] B.C. Barish and R. Weiss, Phys. Today 52, 44 (1999).

[3] A. Abramovici, W. E. Althouse, R. W. P. Drever, Y. Gursel,
S. Kawamura, F.J. Raab, D. Shoemaker, L. Sievers, R. E.
Spero, and K. S. Thorne, Science 256, 325 (1992).

[4] B. Willke, P. Aufmuth, C. Aulbert, S. Babak, R.
Balasubramanian, B. W. Barr, S. Berukoff, S. Bose, G.
Cagnoli, M. M. Casey et al., Classical Quantum Gravity
19, 1377 (2002).

[5] S. Gossler et al., Classical Quantum Gravity 19, 1835
(2002).

104017-12



RANDOM TEMPLATE BANKS AND RELAXED LATTICE ...

(6]
(71
(8]

F. Acernese et al., Classical Quantum Gravity 23, S635
(2006).

R. Takahashi and the TAMA Collaboration, Classical
Quantum Gravity 21, S403 (2004).

P-L. Bender, K. Danzmann, and the LISA Study Team,
“Max-Planck-Institut fiir Quantenoptik Report,” 1998,
p- 233, http://www.srl.caltech.edu/lisa/documents/
PrePhaseA.pdf.

B.S. Sathyaprakash and S.V. Dhurandhar, Phys. Rev. D
44, 3819 (1991).

S.V. Dhurandhar and B.S. Sathyaprakash, Phys. Rev. D
49, 1707 (1994).

R. Balasubramanian, B.S. Sathyaprakash, and S.V.
Dhurandhar, Phys. Rev. D 53, 3033 (1996).

B.J. Owen, Phys. Rev. D 53, 6749 (1996).

B.J. Owen and B.S. Sathyaprakash, Phys. Rev. D 60,
022002 (1999).

P.R. Brady, T. Creighton, C. Cutler, and B.F. Schutz,
Phys. Rev. D 57, 2101 (1998).

B. Abbott et al. (LIGO Scientific Collaboration), Phys.
Rev. D 76, 082001 (2007).

B. Abbott et al. (LIGO Scientific Collaboration), Phys.
Rev. D 79, 022001 (2009).

B. Abbott et al. (LIGO Scientific Collaboration), Phys.
Rev. D 72, 102004 (2005).

B. Abbott et al. (LIGO Scientific Collaboration), Phys.
Rev. D 77, 062002 (2008).

B. Abbott et al. (LIGO Scientific Collaboration), Phys.
Rev. D 78, 042002 (2008).

B. Abbott et al. (LIGO Scientific
Astrophys. J. 681, 1419 (2008).

S. Babak, R. Balasubramanian, D. Churches, T. Cokelaer,

Collaboration),

(22]

[23]
[24]

[25]
(26]

[27]

(28]

[29]

[30]

(31]
(32]

104017-13

PHYSICAL REVIEW D 79, 104017 (2009)

and B.S. Sathyaprakash, Classical Quantum Gravity 23,
5477 (2006).

F. Beauville, D. Buskulic, R. Flaminio, R. Gouaty, D.
Grosjean, F. Marion, B. Mours, E. Tournefier, D.
Verkindt, and M. Yvert, Classical Quantum Gravity 22,
4285 (2005).

T. Cokelaer, Phys. Rev. D 76, 102004 (2007).

N. Arnaud, M. Barsuglia, M.-A. Bizouard, V. Brisson, F.
Cavalier, M. Davier, P. Hello, S. Kreckelbergh, and E. K.
Porter, Phys. Rev. D 67, 102003 (2003).

R. Prix, Classical Quantum Gravity 24, S481 (2007).
J.H. Conway and N.J.A. Sloane, Sphere Packings,
Lattices, and Groups (Springer-Verlag, New York,
1993), 2nd ed..

S. Babak, Classical Quantum Gravity 25, 195011 (2008).
I. W. Harry, B.S. Sathyaprakash, and B. Allen (unpub-
lished).

I.W. Harry, S. Fairhurst, and B.S. Sathyaprakash,
Classical Quantum Gravity 25, 184027 (2008).

C. Van Den Broeck, D. Brown, T. Cokelaer, 1. Harry, G.
Jones, B.S. Sathyaprakash, H. Tagoshi, and H. Takahashi
(unpublished).

R. Prix, Phys. Rev. D 75, 023004 (2007).

A. Okabe, B. Boots, K. Sugihara, and S.N. Chiu,
Probability and Statistics (Wiley, New York, 2000), 2nd
ed..

K.A. Brakke (unpublished),
brakke/papers/voronoi.htm.
J.H. Conway and N.J.A. Sloane, SIAM J. Algebr.
Discrete Methods 5, 294 (1984).

J. Conway and N. Sloane, IEEE Trans. Inf. Theory 28, 227
(1982).

http://www.susqu.edu/



