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Abstract

In the previous paper (Giesel and Thiemann 2006 Conceptual setup Preprint
gr-qc/0607099) a new combinatorial and thus purely algebraical approach to
quantum gravity, called algebraic quantum gravity (AQG), was introduced. In
the framework of AQG, existing semiclassical tools can be applied to operators
that encode the dynamics of AQG such as the master constraint operator. In
this paper, we will analyse the semiclassical limit of the (extended) algebraic
master constraint operator and show that it reproduces the correct infinitesimal
generators of general relativity. Therefore, the question of whether general
relativity is included in the semiclassical sector of the theory, which is still
an open problem in LQG, can be significantly improved in the framework of
AQG. For the calculations, we will substitute SU(2) with U(1)3. That this
substitution is justified will be demonstrated in the third paper (Giesel and
Thiemann 2006 Semiclassical perturbation theory Preprint gr-qc/0607101) of
this series.

PACS number: 04.60.Pp

(Some figures in this article are in colour only in the electronic version)

1. Introduction

In the previous companion paper [1] of this series we introduced a new top down approach to
quantum gravity, called algebraic quantum gravity (AQG). This combinatorial approach is very
much inspired by the ideas and concepts of LQG [3, 4]. However, it departs in a crucial way
from LQG by discarding the notion of embedded graphs and considering algebraic graphs
instead. Since these graphs are algebraic, we lose information such as topology and the
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differential structure of the spatial manifold that are fundamental for LQG. Nevertheless, we
showed that all physical (gauge invariant) operators such as the master constraint operator can
be formulated in an algebraic (i.e. embedding independent) way and thus be lifted from LQG
to AQG. In this sense, AQG offers a technically simpler approach since one just has to deal
with one fundamental infinite algebraic graph, while within LQG one considers an infinite
number of finite embedded graphs. The missing information in AQG about the topology and
the differential structure of the spacetime manifold as well as the background metric to be
approximated is encoded in the coherent states and thus only of interest in the semiclassical
limit. As pointed out in [1] the analysis of the semiclassical limit of the dynamics of LQG
could not be performed so far, because existing semiclassical tools fail to be applied to graph-
changing operators such as the Hamiltonian or the graph-changing version of the master
constraint operator [5—8]. The reason for the failure in the case of the Hamiltonian constraint
operator is that in order to quantize these operators without anomalies, it has to be formulated
in a graph-changing fashion. The action of a graph-changing operator on coherent states will
necessarily add degrees of freedom to the coherent states under consideration. The fluctuation
of these additional degrees of freedom are not well suppressed by the coherent states leading to
an unacceptable semiclassical approximation of the Hamilton constraint operator. The graph-
changing version of the master constraint operator is spatially diffeomorphism invariant. In[9],
it was shown that such operators have to be defined directly on the spatially diffeomorphism
invariant Hilbert space. Hence, we would need spatially diffeomorphism invariant coherent
states, that so far have not been defined in LQG.

In contrast within the framework of AQG, we work with the (extended) master constraint
operator, which is quantized in a graph-non-changing formulation. Therefore, the dynamics
will not change the degrees of freedom and thus existing semiclassical tools can be used to
analyse the semiclassical behaviour of the AQG-dynamics. Furthermore, since we have only
one fundamental or maximal graph in AQG, we are able to remove the graph-dependence that
is present in the semiclassical tools of LQG.

In this paper, we will display the semiclassical analysis of the (extended) algebraic master
constraint operator associated with an algebraic graph of cubic symmetry and show that AQG
reproduces the correct infinitesimal generators of general relativity in the semiclassical limit.
We will use the semiclassical tools developed in [10-12]. Since we are working on the
algebraic level, the restriction to an algebraic graph of cubic symmetry incorporates all graphs
of valence 6 or lower'. We will substitute SU (2) with U (1)?, because this will simplify the
calculation enormously. That this substitution is satisfied was already shown in [10], where
it was proven that the electric fluxes and holonomies for SU (2) are well approximated in the
semiclassical limit. Additionally, we will prove in our companion paper [2] that the U (1)*
substitution is also satisfied for operators such as the (extended) master constraint operator.
Here, we will only consider the gravitational sector. However, the techniques used here
carry over to all standard matter coupling. Since the Gauss constraint consists of a linear
combination of flux operators, and for those the correct semiclassical limit has been already
demonstrated in [10], we neglect the Gauss constraint in our analysis.

Due to the fact that the relation {H W, vl = [ d&xK] E¢ for SU(2), on which
equation (2.18) in [1] relies, fails to hold, we cannot approximate the Lorentzian part of
the Hamiltonian by U (1)? correctly. Hence, we will only consider the Euclidean part here.
However, the discussion in [2] shows that the correct SU (2) calculation reproduces the correct
semiclassical limit.

! The graphs with valence (6 — n) with 3 < n < 6 can be obtained by simply not exiting n edges at each vertex of
the algebraic graph.
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Figure 1. Sketch of a graph of cubic topology.

This paper is organized as follows. In section 2, we introduce the necessary technical
tools in order to perform the semiclassical analysis. We discuss the notion of the infinite
algebraic graph of cubic symmetry as well as explaining in detail how the U (1) approximation
is performed. Afterwards we introduce the (extended) algebraic master constraint operator
in the U (1) approximation. Here we follow the ideas of [13] and generalize them to our
case. Note, that, in contrast to the master constraint operator, the operators considered in [13]
contained no loop operators. We will display certain details of the calculation in section 2 in
the appendix and just refer to them in the main text. We decided to present this calculation in
a very detailed form, because as pointed out in our companion paper [2], this is the first time
that semiclassical perturbation theory within AQG allows us to compute expectation values
of dynamical operators. In section 3, we discuss the leading-order (LO) contribution of the
expectation value of the master constraint operator. In section 4, we analyse in detail how this
LO contribution is related to the classical master constraint. In section 5, we demonstrate the
next-to-leading-order (NLO) term of the expectation value of the master constraint operator.
In section 6, we discuss our results and finally conclude.

2. The master constraint operator for an algebraic infinite graph of cubic topology
and within the U (1)? approximation

2.1. The infinite algebraic graph of cubic topology

We will consider an algebraic graph with cubic topology, sketched in figure 1. Each vertex is
six-valent with three edges going out and three edges going in. We will choose the embedding
such that for a given vertex v all six edges are outgoing, as shown in figure 1. Since the
algebraic master constraint operator acts on vertices only and, moreover, consists of a sum
of the contributions at each vertex, it is always possible to restrict attention to one vertex
only. For a given vertex v, we will label the six edges with e9 (v), whereby o = {+, —} and
J = {1, 2, 3}. We will label the outgoing edges by ¢, (v) and choose an ordering such that the
triple {e;, e3, ez} is right-handed with respect to the given orientation of . We use the notation
eh(v) == ey (v) and e (v) :=e; (v — j), where v — J denotes the point translated one unit
along the J axis while the other two directions do not change. The dual surfaces associated
with €7 (v) is S,, while the one belonging to e (v) is S,,(,_j, with its orientation reversed.
Beside the six edges directly connected to the vertex v (the red or thick ones respectively in
figure 1), the action of the algebraic master constraint involves additional edges of the next
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neighbouring vertices. In figure 1, these edges are the blue or thinner ones respectively that
are not dashed. The next neighbouring vertices are also blue or thinner respectively. We will
choose the orientation of these edges such that, when embedding the graph via coherent states,
the orientation of the edge €9 (v + o'l ) agrees with the orientation of e9.

2.2. The U(1)3-approximation

In our calculations, we will use the approximation that SU (2) is replaced by U (1)?. Former
work [10] showed that although replacing SU(2) with U(1)? is incorrect the results for
expectation values of powers of flux and holonomy operators are reproduced qualitatively.
Moreover, the main advantage of this approximation is that the U(1)* volume operator
counterpart diagonalizes the U (1) counterparts of the SNF, often called charge network
functions (CNFs). Thus calculations involving the volume operator, as is the case for the
master constraint operator, become very much easier. Since we are mainly interested in the
question of whether the zeroth order of the expectation value of the master constraint operator
with respect to coherent states reproduces the correct classical expression, the approximation
should be appropriate for our purpose. In [2], we will justify this approximation rigorously.

Let us denote the U(1)* holonomy by /4, and the dimensionless electrical flux by p¢.
Note that in order to emphasize the difference between SU(2) and U(1)*, we will not
choose the letters A(e) and E (e) here. The U (1)? approximation includes then the following
replacements:

A@) = he = (ke hZ,h7)  E(e) = p° = (pf. pS, P5). 2.1
where
. , 1
hl(m) :=exp <i/A-’) and p;(m) = —2/ (xE);. 2.2)
e ag Js.
The Poisson algebra of hl and pj given by
. K e e e j
{pS. iy} Zl;hlg,aljﬁe, {pS. pi} = {hk. ]} =0 (23)
leads to the following commutator relations:
A o2 Ao
[ 5] = —Lhistos (95 ) = [ Rt] =0 4

e
Here, we introduced a parameter a, with a dimension of length, in order to work with

dimensionless fluxes. Its relation with the classicality parameter ¢, of the coherent states is
to = £,a’. Working with dimensionless fluxes will be convenient for the later discussion
of the quantum fluctuations. For the holonomies and fluxes of our cubic graph, we use the
following abbreviations in order to keep our notation as simple as possible:

o

e

he := hyoju, Pj = Projo 2.5)

2.3. The algebraic (extended) master constraint operator for an algebraic graph of cubic
topology

The algebraic extended SU (2) master constraint reads

M=>, [Z Tr(A(B) () [A() Wu])}
T A A A VT 2o



Algebraic quantum gravity (AQG): II. Semiclassical analysis 2503

where B; denotes the minimal plaquettes loop in the x* = const direction. The substitution
of U(1)? for SU (2) replaces

Tr(ABD)A(E)[A(E) VYT = D M o wl {R vV

lyJoKo
3
> Tr(z, A(B)A(e)[Ae) L VVI])T’
Lo=1
3
=3 L O L (U){h;Klo(v),\/Vv} 2.7

Lo=1IyJoKy
where hg(;ojo denotes a minimal loop of U(1)* holonomies along the edges e;,, e;,. Let us

parametrize the minimal loops by the parameters Iy, oy, Jo, 0, then any possible loop can be
written as

o 5 2 oo\ —1 ~ o/\—1
Blio.oo.do.oyo) = €50 () 0 e (v +00dp) o (€)™ (v +0agdo) o (e]) (v), (2.8)
and hence the U (1)3 loop is given by
= Rtgopmov © M0 poh! . oh;! (2.9)

ﬂIOﬂUJUaUmO| Joogmov+oply loaomov+aJo Jooimov®
The summation over all possible minimal loops By, «,, Jo.o.v}) Can be expressed in terms of €;
tensors such that the algebraic master constraint operator associated with a graph having cubic

topology for U (1)? is given by

3
=>"Cl ,Cun- (2.10)

u=0
where

~ 4 ~1
Cov” = Z Z Z Z EGIUJOKOh IoaojnaozolhKoffo(ov rKUJUZUv’ Vazv] (2.11)

InJoKo oo=+,— Jé:+,7 06’=+,7

1
IQJUKU n [A 12
CZO v — E E E E GZOmO"f)hﬂlogojoaommhKO"O”OU Konooov? Va,v]

loJoKo 00=+,— oj=+,— o/ =+,—

2.12)

When considering the master constraint operator, we realize that for fixed values of Ky, oy,
we have four possible minimal loops. These loops are shown in figure 2 for the case
Ko = 3, 0p = +. Throughout our calculation we want to use the simplification oy = o) = o).
This assumption will not affect our final semiclassical result?, but has the advantage that the
four loops reduce to only one loop. For instance in figure 2 only the loop ﬁﬁﬂﬂ_mﬂ_v) fulfils
oy = 0y = 0. Hence, in total we will have less edges involved in the action of the master
constraint, whose C v Operators, inserting our assumption oy = o = oy, are

I()J(]K() N [A
CU v = E : § : ﬂIOJOUOKOLhKOUOZOU Kooolov? Va U]

Iy Jo Ko oo=+,—

0JoKo 90 4 1 2.13)
-~ _ IOJOK() n [A 12
Céo,v = § § P Eeomo"ohﬂlojouommhkoﬂonov Kongogv® Vv ]

Iy Jo Ko oo=+,—

2 When considering four loops we have to divide by a factor of 4 and hence semiclassically this factor is cancelled.
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Bi1,4,2,4,mg,v}

~_1 1

\
Bi1,—,2,—,mg,v} €3 Birt.2.-mo.0)

Figure 2. The four possible minimal 100ps 14,5 .0 > 71124 hEll >, and h;llﬂ oy fOr
: : 2mg —mov
Ko = 3, oy = +.

where we introduced hg, , .. :=hg,, . which we will use as the notation for the loops
from now on because we always have o, = o and do not have to carry a separated oy label
0 0

for Iy and Jy. By introducing the operators 5(\? = 3(\1(,]'1, = iﬁ,(,jva/aiz,(,jv and taking

~1
advantage of the cubic symmetry of «, the square root of the volume operator denoted by V,/,
can be rewritten as

Va%,u _ g;\/ ikl |:X]+ju - Xl—jv:| [X2+ku - Xz—kv:| |:X3+lu - X3—IU:H . (2.14)

2 2 2
1
The eigenvalue of V7, is given by

2
)L%({nhjﬁ}) — (g;\/ cikl |:n1+jv ;nl—jv] [n2+kv ;nz—kui| |:n3+lv ;ﬂs—lu”) - (2.15)

Note that we use the embedding-dependent operator introduced in [15], because the
embedding-independent operator [16] has been ruled out by a recent analysis [17].

l—

1

2.4. U(1)? coherent states associated with a graph of cubic symmetry

The U (1)? coherent states are given by
e
\pgt,m = l_[ 1_[ \Ilge(m)’ (2.16)
ecE(a) j=1,2,3
where
_in? _
Wi () = D e P (geh™!)" (2.17)
nex
and giz =eP " h gy = gyojv and 1, :i Ei / a? is the so-called classical parameter. Now we
want to calculate expectation values of M,, for coherent U (1)? states
o~ 3 fontl _
(q}é,m|Mv|qjéz,m) _ ZM:O (\Iﬂ |C/|L,UCM»U|\IJ¢;,m>

a,m

K7 & e

_ Do (Cun Wi [Cun i) o)

v I
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h’523+m0v
~_1 hﬁ12+m0v
5127771,01]
\ ¥
B31+mguv eg_

+

L4
hﬁSlmeU T—1 1

/8237771 v
0

Figure 3. The eighteen edges involved in the action of the master constraint at a given vertex and
the six corresponding minimal loops.

Let us discuss in a bit more detail how many and precisely which edges are involved in the
action of ﬂﬁv at a given vertex v. Since we chose oy = o = o for simplicity, for each chosen
(Ko, 09) € ({1, 2, 3}, {+.—}) there is only one possible minimal loop /h\ﬁ,ojoaomov. Hence, when
summing over all possible loops in total we have 6+ 3 -4 = 18 edges which are involved in the
action of M,, whereby the additional 12 edges are not directly connected to the vertex v. The
volume operator considers only the six edges {e |0 = +, —; J = 1, 2, 3} that are directly
connected to v, hence we do not get any additional edges to consider from the commutator
term. These 18 edges are shown in figure 3.

Equation (2.16) states that a coherent state associated with a graph « can be written in
terms of the product of the coherent states associated with each edge e € E(«) of the graph.
Consequently, when considering expectation values of the form in equation (2.18), all edges
that are not involved in the operator action will simply be cancelled by their corresponding
norm in the denominator. Hence, the expectation value of M, with respectto W/ isequivalent
to the expectation value of M, with respect to Wl > Where W) denotes the coherent state
associated with the graph with 18 edges as shown in figure 3.

2.5. The basic building blocks of the expectation value of the master constraint operator

Let us introduce the following shorthand:

1
6"10,’10 2

o~ o~ 1 —1
IoJoKoogv = h/glul()oomoth(‘lUﬂ”OUE[EK()O'()VL()U’ Vaz,v]v (219)
then the basic building block of the master constraint operator is given by
(’0\%,% w! | Omone i )
o,m

ToJdoKoGov IyJoKoogv = a,m
S (2.20)
[l
.. . Aﬁlo,ﬁo TAmU,nU .
If we know the explicit value of the expectation Value~0f~(070701~<050v) IoJoKoopy 11

equation (2.20) for general Iy, Jy, Ko, 09, mg, ny and To, Jo, Ko, 5o, Mo, 7o respectively,
the expectation value of the master constraint can be expressed in terms of a sum of
Arﬁo,ﬁo )f’\mo,ng

expectation values of ( TodoKozg) OlodoKaoo- Due to the fact that, in general, we have

fixed Iy, Jo, Ko, 00, mg, ng and Iy, Jo, Ko, 69, Mo, ny here, only ten out of the 18 different
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t
VigciLy .
v+ 2
R v v+ i
v—2
v—3

Figure 4. W , . with L =L(3,2,1,—,1,2,3,+,v) for the loops gy, ,, , = ﬁlgzgfmov and
hﬂ12+m0v

1o,y )T mo, g Let us introduce

7070[?0301) Iy JoKoopv*
the set L(IO, Jo, Ko, 00, Io, Jo, Ko, 09, v) that contains these ten edges and use the following
notation:

edges of W! are considered by the operator (

org,m

L, :={e5(v) |0 =+—,J =123}
L= L(?O, 70, IN(’O, 8:07 101 J()a K()v 00, U)
=L,U {e%’ (v + aoio), (e',’(?)_l(v + oofo), egz (v + ?folo) ( ) (v + ono)}. (2.21)

Apart from the six edges that are directly connected to the vertex v, at most four
different additional edges that are not connected to v are modified by the action of

mo 7o T =mo,no . . .
@ T Kow) T Kaoov' An. exarr.lple of such a gTaph is shown in figure 4. When defining the
coherent state associated with this graph consisting of at most ten edges, we have to take the

product of the coherent states associated with each edge see equatlon (2.16). Introducing

the set of vertices V := {v, v + 0010, v+ 0y JO, v+ 0010, v+ O’()J()} we can parametrize these
ten edges by the labels J, o, j, U, whereby j, J € {1,2,3},0 € {+, —} and ¥ € V. Denoting
the coherent state associated with this graph by lI/{’ ¢.J.0.j.L}» WE can express it as

\Il{lg»J,quqL} = l_[ l_[ \Ijgjajv

veV (.o.))
€L

1jojon / . .
— | | | | E e % etPiajiliajv o ¥iPuajiniojo e—lﬁjajanjaﬁ. (2.22)

eV (o)) NJgjv
L ex

Consequently, as explained already in the case of the 18-edges graph, when discussing the

: YR Tmo.no o : t
action of ( %, JOKWW) IoJKoov O Wayg,m it is enough to know the actionon Wy, , ;. Thus
we have
Ao,y 7)mosno Ao,y t 7ymo.no t
<070701~<080ulp°‘18”" ‘ OIOJOKOUOU\IJ‘XIS’”‘) _ (077 Eg?fgv\y g.J,0,j,L} | OlofoKnanvqj{g Jo,j L}> (2.23)
lwenl R ¥ I |
o,m {g,J,tr,j,L}

Note that most generally, the classicality parameter ¢, ;5 can be different for each single edge.
Hence, we would have to take ten different limits #;,;; — 0 when actually calculating our
expectation values. Since we already need a lot of notation throughout our calculation and the
final result will not be affected in general when we choose t := t;,;; forall g, J, m, o, ¥, we
will do this in the following discussion.
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2.6. The action of the operator /O\,mo%",?oaou

I Kooyw ON CONETENE States
in detail. First we will analyse the action of the loop operator contained in 5;:)”};’;20501), then the
action of the remaining holonomy and commutator term and afterwards combining both into

. o,no
the total action of O ToJoKooov®

For the benefit of the reader we will discuss the explicit action of 0

2.6.1. The action of the loop operator 7/;/-‘510 hoomee- 1he loop 7/;/310 nogmee SXPrEssed in terms of
four single holonomies reads

o~ —~ o ~
Brydgogmov — hloﬂomov o hjo(romovﬂrolg © Tomooov+ooJo © hlomozrov' (224)
Hence, the action of hg, , . s given by
t t
~ Vig ity _ 7 o7 - oot Yesesn
Bigsgaomov t . ” — M lyoomov Jooomov+oyly Tomoogv+ooJy Jomoogv ” ¢ ] H
{g.J.0.j.L} {g.J,0.j.L}
1 1_[ E e_%(l<’1jdjﬁ)2) e+(l7/ajaﬂjo/a) e'“((ﬂ]uji'nlo/’i‘)
t
” \y{g,J,G,j,L} ” veV (o) Mojb
€L €L
X e—iﬂjaﬁr("Iajf)*’ls(lo,rfg.mOvv)v(lﬂ,/’,i')+5(10,a(),v+anlf)<mo),(J.o,j,i)_8(’0~f70Jtmo)v(lvﬂv}'vﬁ)_5(10.00.uwol})»mo)-(f»mj-i')),
(2.25)
where
S(Jo,ﬂo.moqv)-,(l,a,j,ﬁ) = 810,J600,08m0,j5v,f)- (226)
In order to get a succinct expression for the § functions, we introduce the abbreviation
A(ly, Jo, 09, mg, v, J, 0, j, V) 1= (+8(Jo,ao,mg,v),(J,o,j,ﬁ) + 3(10,00,m0,v+oofo),(1,g,j,f,)
- 8(1051707”10»1)),(-’,01],'7) - S(Jo,ag,mo,v+¢70f0),(J,r7,j,fJ))' (227)

1 1
i ~ 1 ~1 . —~ - ~1
2.62. The action of Moo s [Myksoye: Vv ]-  The action of Ak g oumews Ve o]
involves, for a given vertex v, only the six edges that are directly connected to the

vertex v.

o~ 1

;’\Koﬂonovém}imnov’ Vazv”]\y{g,J,a,j,L} _ % (V% - EKOGO"OU";%a,uﬁziconov)\Il{tg,l,ff»j,la}
“ lIJ{tg,J,onj,L} ” ” \Il{lg,J,a,j,L} ”

=T111>. 0= 301100 g+ Projinsen) g+ @iajinios)

v (Lo.j) "Jojv
eV el\Lv F

1 1
X l_[ Z (A2 ({nsojo) = 22 ({160 + 80,00, (Kooo.m0.00 D)
(Jo.)) Majv
€Ly (4

_1 Y LY . i . .
xe 3 (t(nyejv) )e+(PJ(ijnJu/u) e+l(<ﬂlo,m/u,u) /” qj{tg,l,zr,j,L} , (2.28)
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ekl Nivjo — Ni—ju Notky — N2—ky N34y — N3y
2 2 2
(2.29)

Note that we have inserted a factor of 1 into the eigenvalue Az by multiplying and, at the same
time, by dividing the whole term by a factor of a? since t = ¢ »/a*. This will be convenient
for our later notation.

The volume operator acts on edges directly connected to the vertex v only. Therefore, the
parts of the coherent state associated with edges at T # v commute with the volume operator
and can therefore be moved to the left-hand side of the holonomy-commutator term. Recall
from equation (2.21) that the set L, = {e‘,’ | o=+ —;1=1,2, 3}. Combining together the

separate action of the loop and the commutator term, we end up with the following action of
Mo, o

where

i
1 3
)ﬂ({nhfju}) = afﬁ

IoJoKooov*
1 5mo,no NH
|| Wl . || IyJoKooov * {g.J,0,j,L}
{¢.J.0.j,L}
1 ~ ~ 1~ =1 ;
= || ! || hﬁlofoaomouhKoﬂonov E [(thaonou ’ V“*”]w{g,l,d,j,L}
{g./,0,j,L}
1

1_[ l_[ Z e—%(f(ﬂjrr/f»)z) et (Pigjiniejv)

= t
” LI"{g,J,a,j,L} ” A (o)) Mojb
eV el\Ly ¢eZF

% e+i(<ﬂjaﬂnjajr») e+iﬁlaji*(_”Jaji_A(lOaJO:(TU»mO;U, J,0,j,0))

1 1 _1 2 S . .
1_[ Z (A2 ({n10j0}) = A2 Unsojo + 800,70 (Koo D) €2 0o gt Pacitsos)

(J,0.j) MJojv
€Ly €Z

% e+i(§0]a/'un./ojv) e+i79.lajv(7n.lcrjv7A([07-/0~,0'0vm01vv‘Ivo-vjvv)) . (2.30)

-~

Hence, we are able to give an expression for the expectation value of O} 5% -
IojoK(]U(]v

7oso t ‘ Mmoo t
(075 R0 Yle 0000 | OliRoon Vi r0.j10) 1
2 - 2
ettt 1% s00s.0
[¥ie.s00)0 Yig.s0L)

l_[ l_[ Z Z e—%(I((”Ja,ﬁ)zﬂﬁ/a,ﬁ)z)) e+(pla/ﬁ(nja/ﬁ+;ila/ﬁ)) e+i(‘/’16/ﬁ(njujﬁ_ﬁjujfv))
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l_[ Z Z 67%(t((n.lafu)z"'(ﬁ.lafu)z)) e+(ﬁ./a;‘u(njaju+ﬁja,'u)) e+i(¢Jaju("./o_;‘v*ﬁ./a_;’u))

(o)) "Iy W yg €L
eLy 7% /

X [)‘% ({nlajv}) - )\% ({nlajv + S(J,U,j,v).(KU,O'[),VL(),U)})]

1 1
X [)LZ {njoju}) —2A2({Njoju + 5(],(;,1‘,1;),(7(0,(70,%0,1))})]

f dﬁ]aiu e+iﬂlajv(_nla/v_A(IOaJOaUOsmO»U,J,quav)'*';i./ajv'*'A(IOaJOvUOsquU»J,UsjaU)) (2.31)

8(y4ju+ Ao, Jo,00,m0,0,J,0, j,v) =114y — Ay, Jo.00.m0,0,J,0, j,v))
The § function forces the following condition on 743, 14, and Mo iDs Ny Jjv Tespectively:
Njojo = NJjojv + A(I()s JOa 0o, mo, U, Jv o, j’ f)) - A(I()v JO: 0o, mo, v, J’ o, js ﬁ)

B (2.32)
Njojv = Njojv + Ao, Jo, 00, mo, v, J, 0, j,v) — A(ly, Jo, 00, mg, v, J, 0, j, V).

Introducing
Ay, Ty, Jo, Jo. 00, 5o, mo, g, v, J, 0, j. ©) := A(ly, Jo. 39, g, v, J, 0, j, D)
— A(ly, Jo, 00, mo, v, J, 0, j, D)
AIo, To, Jo, Jo, 00, 5o, Mo, g, v, J, 0, J,v) := ALy, Jy, 09, mg, v, J, 0, j, V)
— A(ly, Jo, 09, mo, v, J, 0, j,v), (2.33)

the condition for n 43, 1o j» can be rewritten as

Njsjs = Njojs — Ao, Iy, Jo, Jo, 00, 00, mg, mo, v, J, 0, j, D) 2.34)
Njojv = Njojv — Ao, lo, Jo, Jo, 00, 00, Mo, g, v, J, 0, j, V).

mo,ngo

IoJoKooov> WE obtain

Reinserting this condition into the expectation value of 0
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ez
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1 ~ ~ ~ ~ .
[+)‘-2({nlojv — Ay, Iy, Jo, Jo, 00, 00, mg, Mg, v, J, 0, j, v)})

1 -4 ~ ~ ~ .
— A2 ({n./aju - A(IO’ 107 ]Os JO’ 0o, 0p, Mo, Mg, v, Jv o, ], U) + S(J,U,j,v),(KQ,EQ,EQ,U)})]

(2.35)

Note that A([1y, 70, Jo, 70, 00, 00, Mo, Mo, v, J, o, j, v) is the special case where ¥ = v, since
only edges that are directly connected to v are considered. Thus four out of the eight Kronecker
deltas can be neglected, and we have

Ao, Lo, Jo, Jo, 00, Go, mo, fitg, v, J, 0, s V) = (8, cpito).(0vev) = S(Todosiionw). (o)

— 8o.00.m00). (1.0 j.v) F Sl.c0.mo.v). (Lo jw)) - (2.36)

2.7. Application of the Poisson resummation theorem

The aim of this work is to discuss the semiclassical behaviour of the algebraic master constraint;
thus we are mainly interested in the properties of the expectation value in equation (2.35) for
tiny values of the classicality parameter . Looking at equation (2.35), tiny values of 7 will
correspond to a slow convergence behaviour when considering the sum over . ;3. Therefore,
we will perform a Poisson resummation in which ¢ gets replaced by 1/¢. Then the series
converges rapidly when considering small, tiny values of the classicality parameter. Let us
introduce the following quantities:

T := \/Z XJojv = Tl’lja-jﬁ XJojv = Tnjajvs (237)

with the help of whose all quantities can be expressed in terms of Xy,

W ({neje)) =TT (Thyeid) = T 1A (X100 ) (2.38)

and the expectation value can be rewritten in terms of x4 as

Aﬁo,no t mo,no t _
(075" s Yie oty | Onnkoso Yis.s.0.10) T

1% s05

(NI

|9 sl

— > > piejslAlo. o, o, Jo,00,60,m0,00,0,J,0,7,0) + Y. D @rei5Ao. 1o, Jo,Jo,00.00.mo. Mg, v, J,0, ], D)
i (Jaouj) 20 (J,0,))
e v <y e v el

-5 Y (AU To.Jo.Jo.00.50.mo. 0,0, .0}, D))
v#v (J.o,j
X e j/ (eL\L/I?

-> X (XJa/fv)z—XJa/f:(%I’JaﬁJrTA(Iojo-Joioﬁoﬁomoﬁo,v,J,G«j,f)))

2 (J.0.))
E e eV elL\Ly

X_/UWGZT
— Y DPisjuAo.do,Jo,Jo,00,50,mo,i0,v,J,0,j,0)  H Y @roju AU, 1o, Jo,J0,00,50,m0,0,v,J,0,j,0)
(J.0.j) ((J.0.))
e <Ly e cLy

-t X (Ao To. Jo, Jo,00.50.m0, it v, 0,0, ,v))>
(J.0.j)
xe <

= Y o) =xs0jo(F PiajutT Ao To, o, Jo,00,50,mo. 0.0, 1,0, j,v))

Z (J,0.j)
e €Ly

XJojv exrT
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1
A2 ({x70j0), €8, (v), 10)
X A%({XJajv — T Ay, Ty, Jo, Jo, 00, 5o, Mo, Mo, v, J, o, j, ), e%’o(v), ﬁo) , (2.39)

where we introduced

A% ({xlajv}s e!;(oo (U), I’l()) = T_% [)‘% ({xjaju}) - )‘% ({xjajv + Ts(],cr,j,u),(Kn,ao,no,u)})] (240)

in order to keep the expression as short as possible. Moreover, the denominator can be
re-expressed as

‘7T iz
Wiosmil =TT [Eetom i ki

(J,0./)

o 30 +%_§ /Z' (Pyajs)?
=<\/; ) e TE nekon® 2.41)

The application of the Poisson resummation formula leads therefore to the following
expectation value:

Aﬁo,ﬁo t 1Mo.no t
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— Y DiejuAUoT0,d0,d0,00,50,m0, 70,0, J,0,j,0)  H Y @rejuAUo, 10,40, d0,00,80,m0,70,0,J,0, j,v)

(J,0.j) ,0,./)
e €Ly e €Ly

-5 Y (AUo.do.Jo.Jo.00.80.m0. 10,0, J.0.j. )2 =L 3 (Pyoju)?
J,o.j) J,0.))
X e €Ly e €Ly

P
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- Z (nyoju)? —2i% Z Nyajv(Projot s Ao, To, Jo. Jo.00,50.mo, g, v, J,0,j,0))

(J.0.j) (J.0.j)
E e €Ly e €Ly

) ~ o~
22 N T ~ ~ ; :
Y (soju)’ = FX10ju(Projut 5 Ao, 1o, Jo,J0,00,50,Mm0,710,0,J,0, j,0) =71 jojv)

(J.0.))
/ dlngajve st
RIS

1 1
A2 ({xsoju}s €8, (), n0) A2 ({x 00
— T Ao, To, Jo, Jo, 00, o, mo, o, v, J, 0, j, )}, € (v),700) | - (2.42)

Similar to [13], we introduce new x4, variables denoted by (x;;,)* := %(thu +x7_jy) and
(x7j0)" = %(x J+jv —Xj—jy). These variables have the advantage that the A7 are functions on

(x7j»)~ only. Hence, the nine-dimensional integral over (x;;,)* no longer contains A? and can
be easily computed, because it has become a usual complex Gaussian integral. Additionally,
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all the other quantities as 14y, Pjojv Undergo analogous transformations. The transformation
for the terms involving § functions will depend on the sign of o and &y respectively and will
be of the general form

840, (Ko.o0.n0.0) ~ 8(4,—,jv), (Ko,00,m0,0)

1 -
2580(00) )y ). Koy, vy = 2

1(8)+ 840, (K oo.n0.0) T (0.~ ). (Ko.00.m0,0)
2 L), (Koo v) T 2 ’

(2.43)

Note that it was necessary to re-express A(lp, 70, Jo, 70, 00, 00, Mo, Mo, v, J, o, j,v) in
terms of the difference of A(ly, Jy, 09, mo, v, J, o, j, v) — A(ly, Jo, 00, mo, v, J, 0, j, v) (see
equation (2.33)) since there is no global sign term to factor out in this case

1 .
Esgn(oo)(A)_(Io, Jo, v, J, j,v)

. Ao, Jo, 09, mo, v, J, +, j,v) — Ay, Jo, 00, mo, v, J, —, j, V)

o 2

A(ly, Jo, 09, mg, v, J, +, j,v) + A(ly, Jo, 00, mo, v, J, —, j, V)
5 .

1
SO (o, Jo.v. T jov) =
(2.44)

For the details of this transformation, see appendix B. The change of variables and the
performance of the Gaussian integral simplify the expectation value to

(A'Zmﬁg o g
IoJoKooov {g.J.0,j,L} IyJoKooov ~ {g,J,0,j,L}

2
t
”\IJ{g,J,zr,j,L}”
+H Y Y @reisAlo.To.Jo.Jo.60.50.mo. 0.0, 0.0.j.0) =5 Y Y (Alo.To.Jo.Jo.60.50.mo. 0., ].0.j.0))?

£ (J,0,j) #v (J,0,))
e eV eL\Ly e eV elL\Ly
= 30
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e €Ly e €Ly
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> /R )T

(nyjv)~ €L

22 Y ()= 2 (pajn) + S sen@o)(A) (T, To,v,J, j,v)— S sgn(00)(A)~ o, Jo,v, 7, j,0) =i (115) 7))
(J,j.v)
X e €Ly

| T - -~
A2 ({(xjjv)_ - E[Sgn(do)(A)_(Io, Jo, v, J, j,v)

1 ~ ~
—sgn(o9)(A)~ (Lo, Jo, v, J, j, U)]} » 58gn(00)eg, (v), no)

| 1
Az ({(xuu)}, 5sgn(oo)e, (v), no) . (2.45)

2.8. Only the term with n j,j5 = 0 matters

The remaining integral in equation (2.45) cannot be calculated in a closed form for the reason
that the A2 functions prevent it from being a usual Gaussian integral. Moreover, we have
an infinite summation over (n,;,)” occurring in the argument of the exponential function.
Therefore, we also have to discuss which terms in this 7 ;, ;3 summation have to be considered
and which can be neglected. The problem with completing the square in the exponent is that
we will have to continue the A2 function into the complex plane. Since A is not analytic
in C°, we cannot use a simple contour argument in order to estimate the remaining integral.
In order to get the integrand univalent, we express A2 in terms of squares of determinants by
simply squaring the usual expression of the determinant in A’ in equation (2.40) and at the
same time taking the square root out of the squared determinant

1 1 T — o~
A2 ({()?ij) + 7((17111))7 —im(ng)7) + Z[Sgn(Uo)(AT

1
—Sgn((fo)(A)]} ; Esgn(ao)eKO(v), no)
3 1
=13 <|:<det({(5wjv)_ + ?((iju)_ —im(ngju)7)
T - 275

+ Z[sgn(c?(,)(A)’ - Sgn(Uo)(A)]}>> ]

1
— [(det ({(fjju)_ + 7((17ij)_ —im(nyjy)7)

T T 275
+ Z[Sgﬂ(Uo)(Ar — sgn(op)(A)"] — 5Sgn((fo)(3)(_14,,)),(1(0’”0,”)) }) } )

(2.46)
and furthermore using the trivial identity
[det({ )~ + BX D) = exp ( = In ([det({ s~ + B NT) 2.47)
([det({GEs50) Jjv )¥ =exp 3 n ([det({(Xs50) Jjv ) ’ 2.
whereby Bffv denotes symbolically all the additional terms to (%;;,)” that occur in the

argument of the determinant and we have to use the branch of the In(z) = In(|z|e'?)
for any complex number z = |z| e with ¢ e [0,27). With this branch in mind, the
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integrand becomes indeed univalent on the entire complex plane C’ except at the points where
det({ (Xgju)” + Bf;v }) = 0. Now we have a univalent integrand, a contour argument can be
found that allows us to move the integration path away from the real hyperplane R’ in C°
without changing the result. Consequently, we can now complete the square in the exponent
and obtain by using

L _ 1 . T? ~ o~ . im _
Xsju)” = (Xgju)” — F(p]jv) + T(sgn(oo)(A) —sgn(og)(A)7) — ?(njjv) ,
where the shorthands
(D) = (&) Uo, Jo. v, J, jov)  (B) :=(A) (To, Jo. v, J, j,v) (2.48)
were introduced. This results in the following form of the expectation value:

g, Mo t mo.no t
(075" s Yie iy | Onnkoso Yis.s.0.10)
I°

” \Ij{tg,l,a,j,L}

HY Y @i Ao, 1o, o, J0,00,00.m0, 70,0, J,0,j,0) =5 2. > (Ao, 1o, Jo, Jo.00,50,mo.Tig,v,J,0, j,9))>
VeV (J,o.)) VeV (J,00/)
eL e €L

(VI 11 + K, ()10
WO o ([ ’
T30 2 ( 5)

2 2 ~ ~
.7 T ~ ~ A
Y Y (uei)? 2T Y Y nyeju(prejot Ao, 1o, Jo. Jo.00,50.mo.ii.v, ], j, D))
20 (o)) 20 (o))
E e v el\Ly e v el\Ly

22 Y ()P AT (1) (i) + I (A (To, To,0, 0,1, 0)— (A (o, Jo,v,d,/,0)))
. ))

.j) J.j
E e €Ly e €Ly

(nyju)tel

222 5 ()7 )

)
E e €Ly

(nyju)~€Z

—4iT Y (1) () + 5 62n@) () (0. To.v. 1. j.v) ~sgn(@0) (M)~ (To. Jo.v. 1. jv)))
. j)
X e sl

=23 ((Rj)7)?
d@Ej)7e 0D
R‘)

i 1 T — o~
A2 ({()chjv)_ + 7((ijv)_ —im(ny)7) — Z[Sgn(ao)(A)_
1 - ~
—Sgﬂ(Uo)(A)_]} ) Esgn(ao)er(o(v), no)
1 P | - _ T ~
Az ({(ijv) + ?((ijv) —im(ngj,)") + Z[sgn(ao)(A)

1
—sgn(ao)(A)_]} , Esgn(oo)e,(o(v), no)) . (2.49)

Here we have combined all the exponentials that do not depend on 7,3 of the various edges
to a compact form summing over ¥ and J, j, o again.

In appendix C, we show that the only term that contributes to the infinite sum over (n;;,)~
is the term with (7;;,) ~ = 0 all other terms are of the order O (¢*). Hence, up to order O (+*°)
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the expectation value is given by

(oo, b soin | OTG% o))
ToJoKoGov ~ {8:4.0.j.L} loyJoKooov ™ {g.J,0,j,L}

t
|9 0
Hy X (ﬂfujfvA(’ojo,Jojo,(fus?fo,mo,ﬁlo,v,J,(f,jsﬁ) -5 X (Ao, To,do, J0,00,80,mo, i, v, J,0, j,1))>
VeV (o)) ieV (Jouj)
() eL e €L
= 30
(VE) 11+ K,(p)°
-2 Z ((’Clﬂ,) )
(\/_)12 9 9 9 U.J
Sy ) TR

1 T 1 ~ ~
Az ({(xm) + _((ijv) ) — Z[Sgn(ffo)(A) - Sgn(ffo)(A)]} » 55gn(00)eg, (v), no)

| 1 T — o~ 1
A2 ({(fjju) + 7((1711‘1))7) + Z[Sgn(ﬁo)(AY - Sgn(Uo)(A)]} ) Esgn(do)eko(v), no) .
(2.50)

1
2.9. Expansion of the A2 functions

Although the expectation value simplifies a lot when considering the 1,55 = 0 term only,
the integral in equation (2.50) cannot be performed analytically due to the occurrence of A2
functions. The way out of this problem is to expand these functions in terms of powers of
(%7»)~ which yields integrals of the form [ d° (% yj0) e 2@ ((%,5,)7)F with k € N that
can be solved analytically. Here we will use the same technique that was introduced in [13].
Recalling again the definition of A in terms of the determinants and furthermore introducing
the dimensionless matrix

(@rjn)” = (paju) 1%, with s =179, (2.51)

where ¢ = Z—z This relation takes its origin in the analysis of the estimation of the

discretization as well as the quantization error. Roughly speaking, on one hand the
discretization error will be proportional to ( )" Where n > 0. On the other hand, we have
the quantum fluctuations that are proportlonal t0 =y ),,, with m > 0. Thus, the discretization
error decreases when € gets smaller, while the quantum fluctuation error increases and might
even diverge in the limit ¢ — 0. Therefore, we can conclude that the total error will be
minimized for £ o t7 for some o > 0. The concrete value of the optimal « will strongly
depend on whether one is interested in a very small classical error and accepts larger, but still
finite quantum fluctuation, or whether one wants to keep the quantum fluctuations as small as
possible and deals with a larger discretization error, or whether one takes the point of view
that both errors should be treated with equal weight. In [14], a value of @ = 6 was proposed
by having made a rough estimate. We do not want to fix the value of « here, but rather keep it
general as long as possible.

In any case, with the help of (g;;,)”, we can rewrite A7 as

| 1
A2 ({()?Jju)_ + = ((prjp)7) + —[Sgn(ao)(A)‘ —sgn(og)(A)~ ]} —Sgn(oo)eKO(v) no) cd

3 3
_[8 az
T <1h

) (Idet((p)7)I7)
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T L )
X [ det (1 +5(g7H @)+ Zs(q*)*[sgn(oo)(m* - sgn(ao)(A)])

T o~
det (1 +s(g7H @+ Zs(q-l)-[sgn(ooxm- — sgn(oo)(A)7]

] . (2.52)

The terms involving determinants can be further expanded by using the following identity:

T _
+ Es(q_l)_Sgn(UO) (5)(1,1"”),(1(0',,0!1,))

det(1+ A)? = 1+27, + (z))* =t 1 + 24, with
— ————
=:2A
7y = tr(A) + 1([tr(A)]* — tr(A?)) + det(A). (2.53)

In our case, we have to consider four different A matrices. Let us denote them by
Al =57 'x+ A A i=5¢7'x — A, A3 i=sqg 'x + A+8and Ay = sq 'x — A +6.
Thus, we need the explicit expressions fOr z,-1,1a, Zgg-1x—A» Zsg-1x+ass ANA Zgg-15_ats IN
order to expand all four determinants contained in the two A functions. These explicit
expressions are derived in appendix D.1.

We then define
y:i=1+ Zsg=1x+A yii=1 t Zsg1x+A+s
~ _ (2.54)
yi=1+ Zsg1x—A =1 *+ Zsg-1x—a+ds

and due to equation (2.53), we can express the A functions as
1 T _ o~ _ 1
A ({(im) + 7 ((pyjp) ) + 4 [sgn(00)(A)™ — sgn(o0)(A) ]} » 58gn(00)e, (v), no)

_ ailde((p) )l

- (ys =) (2.55)

and
1 | B T o~ _ 1 - -
A2 ({(xfjv) +7((pjjv) ) — Z[Sgn((fo)(A) —sgn(op)(A) ]},ESgn(Go)e,;U(v),no)

_ aildet((p) )l

= (yg - y{‘). (2.56)

1 1
In order to continue the calculation we will expand yé, s 3}'5,3}'1* around y = y; =y =
y1 = 1. Here we follow the guideline given in [13]. The general expansion yields

| 1 T ~ 1
A2 ({(J?Jju)_ + 7((191_,‘1))_) + Z[sgn(Eo)(A)_ - Sgn(Go)(A)_]} ) Esgn(ao)eko(v), no)

%dt _ % n k—1
- eI (y—yo(Zf:f“(l)Z(y—l)l(yl —1)“‘1)

k=1 =0

+] g”*”@)(y — g’“”(yl)(yl — D] (2.57)

remainder
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and similar for the second A * functions where y, y1 are replaced by v, v1. Here, we will only
be interested in the semiclassical limit (leading order) and the first quantum correction (next-
to-leading order). Noting that 1 = 7 /a* and therefore 7 = t/ka®, we obtain the following

. . . 1 .
power counting in s for each single Az function:

| 1 T — o~ 1
A2 ({(fjju)_ + 7((1911‘1))_) + Z[Sgn(ao)(A)_ - Sgn(do)(A)_]} , ESgH(Uo)eKU(U), no)

sT .2 —\2
= 7(1 +5(x70)” +5°((x750)7)"+ O(sT)). (2.58)

The fact of whether the s or the sT contribution is the next-to-next-to leading-order term
depends on the value of «. The quotient s7' /s> = 1272 ig small as long as o < i. When «o
passes the value of 1, the 53 contribution becomes larger than the corresponding one coming
from s 7. Similar to [13], we consider the s T contribution as the next-to-next-to leading-order
(NNLO) term. If one wants to work with an « being greater than 1, one should replace O (sT)
by O(s?) in the power counting above. Since the expectation value contains a product of two
A2 functions, we will expand the expectation value up to order (%)zsz. In appendix D.2 it is
shown that as long as n < ny, the integral over the remainder when the expansion is reinserted
into the expectation value is smaller than the s” contribution. As mentioned in appendix D.2,
the precise value of ny will depend on the chosen value of «. In our case, we have to ensure
that when expanding up to order s” with n’ > 2 that s"*! <« sT's2. This is equivalent to the

condition s" "2 « T = ? from which the minimal value of n’ can be computed. The result
14120
reads n’ > 2

. For instance for the suggested value of « = % in [14], the minimal value

2
of n’ is " = 4 which is well below the value of ny > 1. Thus the error of neglecting the

2 . .
%) s2. Moreover, when « is coming closer to

the value of %, the value of n’ increases strongly and a careful analysis can be done on whether
n’ < ng is necessary.

In appendix E, we derive the explicit forms of the y, y;, ¥ and y; up to the necessary
orders. It turns out that the lowest contribution in the terms (y — y;) and (¥ — ) respectively
is already of the order s 7. The highest order we want to consider is the next-to-leading-order

remainder is indeed of higher order in s than (

term of order (s*T'/t). Since all other terms occurring in the A2 expansion are multiplied by
(y — y1) and (¥ — 31) respectively, we expand (y — y1) and (y — ¥;) respectively up to order
(s3T/t) and all the other terms occur in the expansion up to order O (s*).?
The expansion of the A functions up to O((s T)? /t) yields

1 T — o~ 1
A2 ({(fjjv) + 7((171,‘1))7) + Z[Sgn(Uo)(AY - Sgn(ﬁo)(A)]} , QSgH(U())eKU(U), no)

0| —

31d )4
= %@ —y{( ;‘)(1) + ff>(1)(2(y — D+ =)

+ff>(1)<3(y1 — 12430 — D1 — D+ = »D))} + 06T} (2.59)

and
| 1 T _ o~ 1 ~ ~
A2 ({(fjju)_ + 7((1911‘1))_) - Z[Sgn(ﬁo)(A)_ — Sgn(do)(A)_]} , ESgH(Uo)el}o(v), no)

31d i o - .
= %@ - "( ;”m +ff>(1)(2(y ~D+G =)

AT MGG =D +3G = DG = D+ G =)} + 06T /). (2.60)

3 Note, that the proposed value of o = % < % in [14] corresponds to a NNLO-term of order s7'.
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3. Leading order of the expectation value

Let us summarize the structure of our calculation. The aim is to calculate the expectation
value of the algebraic master constraint operator M, with respect to certain coherent states.
We have introduced an operator 52‘};’}2000v which has the advantage that the expectation value
of i\ﬁv can b§: expressed in terms of a sum over Iy, Jy Ko, 70, 70, I?O of expectation values of
(A% %;%EUU)T /0\7;‘}:}"12000]). By actually analysing the expectation value of (Agz %Z)%%Uy A;’;‘};}'}goaov ,
we saw that the so-called A2 function occurring in the expectation value cannot be integrated
analytically. Therefore, we are forced to expand these functions in terms of powers as
ST/t(1+5(X)” +52((X)7)? + O(sT)).

In this section, we are interested in the leading order of the expectation value of M, .
Consequently, we need the leading order of A2 in order to calculate the leading order of

the expectation value of (Ag %;’%Ogov)TAﬂ(};'?oaov‘ With the knowledge of the result of the
. A%g,ﬁg TAmn,nn . .
expectation value of (07070 I?oﬁov) IoJoKooove finally we are able to give an expression for the

leading order of the expectation value of M,.

The detailed analysis of the explicit expressions for y, y, y and y; which are derived in
appendix E shows that the leading of A2 isof order sT /t. This is due to the fact that any term
in the expansion is multiplied by a term of the form (y — y;) and (¥ — 7;) respectively. The
lowest order of these terms is s7° which together with the 1/% oc 1/¢ in equations (2.59) and
(2.60) respectively combines into terms of the order s7'/¢. The explicit expressions are given
by

y=yilsr = =sTsgn(@0)@q iy, T = Filr = —sTsgn(@)(q g ;- 3.1

Hence, the leading-order expansion for the A7 functions are
1 R | _. T - ] 1
A2 ({(ijv) + 7 ((psjp) ) + 4 [sgn(00)(A)™ — sgn(o0)(A) ]} ; ESgn(Go)eKn(v),no)

CIERPTIE 101y (5T sgnou) g™z, G2

and
1 1 _ T — o~ _ 1 - -
A2 ({(xfjv) + 7((17111)) ) — Z[Sgn(Uo)(A) — sgn(op)(A) ]} ; ESgn(Go)e,;U(v),no>

a> [det((p) )| o
= O Tsen@o Dz ) (3.3)

: A%o,ﬁo TAmo,nU
We know that the expectation value of (0752 = ) O35,

two leading-order Az functions. Consequently, the leading order of the expectation value
will be of the order O((sT/t)*. Reinserting the leading order AZ into the expression of the
";?10,%0 )Tam(.,ng

expectation value of the ( 75 % 5= ) Ol Koo
0708000

contains a product of these

leads to

(077 Lo | O i)
1oJoKooov {g.J.0,j,L} Iy JoKooov ™ {g.J,0,j,L}

(RI ’

HY Y @ieisAUo.do,Jo, J0,00,50,m0.70,v,J,0,j.0) =5 X 3 (Ao, o, Jo. J0.00,80,m0.70,v,J,0, j, D))
ieV (L)) 9eV (L))
eL e €L

(VE) 11+ K ()]0
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-2 XJj)” 2
(V)2 7\’ o (%)(( 77)7)
2 \Y7) [ @
R?

3 _1\ 2
<M) ( %(l)(1))2(—STSgH(Uo)(q_l)}ono)(—Sngn(go)(q_l)§oﬁo)

nh
Hy X WuﬁvA(’()170~Jojoﬂoﬁoymoﬁoyv,J,fﬂj,fi)
eV (J,0,)/)
= eL
aildet((p))I* )
2 . — ~ . —
(T) GTY(f17 (1) (sgn(00) (@ iy, senG0) (@ D 5)- (3.4)

In the last step, we expanded the exp function
—LY Y (AU To.Jo,T0.00.50.mo.fiig. v, .0, , D))

VeV (Jo.j)
eL

(&

t ~ ~ ~ ~
=1=72 2 (AU, To, Jo. Jo, 00, 5o, mo, g, v, J, 0, ju )P+ (3.5)

veV (.o
eL

and took only the leading term, that is the one in the expansion, since we are collecting terms
of order (sT/t)? only. Finally, we use the above result in order to build the expectation value
of M, out of it. This yields

(¥ M,

2
g.J,0,j,L {g,J,mj,L})_ Z Z Z Z EIOJOKOEIJOKO <f>
K

1 2
”"IJ{gJJfJ,L) I IodoKo Ty Ty Ky Co=+— Go=+,—

3 3 1\ 2
az|det((p) )[4
X Smo,nos;;lo,ﬁo + Z 6[0"’!0"06[0}’7!0%0 <— (ST)2

n
to=1

HOY @105 MU0, o, o, T0,00,50,m0, 0,0, 4,0, j,T)
X e (J,0,))

x< (£ (D) (sen(00) (G Mg, sEG G 75 |+ OWT/DD. (3.6)

4. (One) semiclassical limit of algebraic quantum gravity

Recall the philosophy of algebraic quantum gravity. On the algebraic level, we have an
algebraic master constraint operator M which acts on algebraic graphs «. Furthermore, we
can define coherent states associated with an embedded image y = X («) of the algebraic
graph. Hence, when the coherent states enter the picture, the missing information such as the
topology, the differential structure and the background metric to be approximated are encoded
in these coherent states. This has the consequence that algebraic quantum gravity does not
have a single semiclassical limit; rather, for each set of coherent states that represent a different
topology, the differential structure and background metric to approximate the semiclassical
limit will be different in general.

4.1. Comparison of the leading-order expectation value with the classical (discretized)
master constraint

In this section, we want to show that the leading order of the expectation value of the algebraic
master constraint with respect to the coherent states used in the calculations can indeed be
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interpreted as the classical master constraint of general relativity. Hence, we can demonstrate
that there exists coherent states such that the semiclassical limit of algebraic quantum gravity
reproduces the infinitesimal generators of general relativity. Thus, the problem of whether the
semiclassical sector includes general relativity, that is still unsolved within the framework of
loop quantum gravity, is significantly improved in the context of algebraic quantum gravity.
In order to show that the semiclassical limit of the expectation value of the algebraic
master constraint with respect to these coherent states associated with a cubic graph « is the
classical master constraint (associated with a cubic graph), we will use three steps as follows.

(1) Recall that the coherent states are labelled by the so-called classicality parameter ¢. Thus
we will take the limit lim,ﬁo(ﬁ) , in order to subtract the semiclassical limit out of the
expectation value.

(2) We will show that lim,_o(M), = Y veE@ M =1 MY whereby M can be
interpreted as a discretized version of the classical master constraint on a lattice with
cubic symmetry, i.e. a cubic graph with infinitely many edges.

(3) We will investigate the limit of M in which we shrink the lattice length € to zero
and show that this limit is exactly the continuum expression M, i.e. the classical master
constraint. Note, that since M“®*® does not depend on the lattice length explicitly due to

the fundamental background independence of the theory, this limit is rather easy to take.

Step 1. This was already done in the last section when we were actually calculating the
leading-order contribution of the expectation value of the algebraic master constraint operator
M. We therefore take the result of the last sections as our starting point and proceed with
step 2.

Step 2. The discretization of the classical master constraint on a cubic graph is given by
3

cubic cubic cubic cubic]2
Meie = % Mg Mgl = " [Cehe], 4.1
veV(a) n=0
where
Ccubic _ ia%GIOJ(]KOh h {h_l V% }
0,0 P Bigsgogmov!t Kooomov 1" Kyogmous Y asv
l(]J()K[) op=+,—
4.2)
. 4 5 1
cubic __ B IoJo Ko —1 2
CZO'U - Z Z ;azqomonoe hﬁ’OJU”O”’O”hK“aO”U”{hKoGom)U’ Va,v}y
IoJoKo oo=+,—

where V,, denotes the dimensionless volume of a cube centred around the vertex v

with the edge parameter length €. This cube can be parametrized by an embedding
X5 [—§,+§]3 — o with (¢!, %, 13) — X‘U‘(tl, 12, 13) and X$(0) = v. The dimensionless
volume can be expressed in terms of the dimensionless fluxes pjq;y:

i [ Pl+jv — P1—j DP2+kv — P2—k P3+iv — P3-1
Va’vz\/éjkl< 1+jU2 IJU>< +v2 v)( +v2 v>.

Recall that in our notation p1. j, denotes the dimensionless j component of the flux through the

4.3)

surface Sey(u) etc. Introducing (pyjv)~ = %(p1+jv — pJj—jv) the volume can be re-expressed
as

Voo = y/1det((psju) ). 4.4)
We will show

_ 1 . K L R
hﬂlojooomothOO'OnOU{(hKOO'OnOU) l’ Va%v} = I@hﬁlojom()gou|det((pJO'jU) )|4[(pK(]U(]Vl()U) ] 11
4.5)
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where

hﬂ] i — e+i (‘pl()”(]"’()"+(p10«”()’”0”+”0’b —Pryogmov _(p’(J*”O’”U”*"OJE))) . (46)
0 Joo0mov

The classical Poisson bracket reads

ol 8hkgopme) ™"\ 8V 2t v(Prj)7)
hkoaonov{(h[(oaongv) 1, Vaz,v} = KhKUaonUv/d3Z< Kooonov ) < Jj .

§A%(2) SEP(2)
4.7
We have
S(hK oon v)_] . ! . O k ob
R kooonov (W = 1/0 dte,é’o(t)ﬁnoﬁaS(t,z)

1 4.8)
5Va2,v((p1zrjv)7) (

ddet((pyjv) )
SE}(2) '

SE}(2)

(psjw)~ 1 / 7 ] / 7 Ej (4.9)
jv = 5 5 ng i ng i .
Pij 2612 . j 5 j
J €y
we obtain

§det((pyjp)7) _ det((pyj)) i\ -

1 3
=7 [det((psjv) )|~ *sgn(det((psjv) ™))

Recalling

SE,f(z) 2a? Priv
X (/ &Pun®T (uy, u2)88858 (x(u), 2) —/ dPun’i (ul,uz)agafa(x(u),z)). (4.10)
S(,; Sg;
Thus, we get
1
hﬂlo./gzromovhKOnUUOU{hE;nogov7 VOlz,‘U}
K .3 _ o 1e—
= @hmojo,,omov|det((pljv) )|~ #sgn(det((ps;p) ") det((psj) ) (pri)

1 S+ .
X ( / dr / PPue (Ong" (uy, u2)8(x(u), 2)8) 8,545
0 ot

8(Ko,00,n0,0) (I +,i,v)

1 S - )
- / dt f d*ue (Hny” (ul,uz)(S(x(u),z)aﬁoa,gsgsg)
0 _
‘r

. 8(Ko,00.n0,0) (1, —,i,v)
1K 1 — _
= @hﬁ,0,000m0v|det((1?1ju) )1#8gn(00) (Pgyngn) - (4.11)

Consequently, we have

(SIE

3 1 3
5 -1 2 1\*,35 -1
(a ? hﬂlo.loaomnv hKo"oo'ov {hKongagv 7 }) a: hﬁl(,Joaomou hKOHOGOU {hKOnoaov s Voo }

3

2
Kaz: 1 12
- <g> (hﬁ707050"70v) lhﬂ’()/nt’omov(ldet((pjjv) )|4)

X sgn(oo)(pgolnov)isgn(c?o)(pli(s%v)_. 4.12)
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From our semiclassical calculation, we get

g,y t | 7mo.no 1
(OIOJOKOEOU‘.I]{E,J,UJ,L} OIUJOKOUOU {g,J,”sj,L]>

[%ie s

H Y Y @sejnAUo. 1o, Jo.Jo.00,50,mo. 00,0, ] 0, ], D)
vV (o)
€L

K Giesel and T Thiemann

3

%met((p,ju)—)ﬁ
x (—sT)fg“<1>sgn(ao>((q*1>*>z<ono(—sT>f§>(Dsgn(c?o)((q*‘)*) e

2

(4.13)
Therefore, we have to show that the result above agrees with the expression in equation (4.12)
in order to show the correctness of the leading order.

Using

(@konor)” = (Piongw) 1°

3

(4.14)
we obtain
Mo, mo t mo,no t
(075 Yoty | Ok Yis.10.7.11)
2
t
R
3\2 HY X WujfvA(’ojo,Jojo,ﬂoﬁoymoﬁloyvyJ,(f,jsﬁ)
az eV (J,0,)) —ut g
=\ 7 e ek [det((pyjv) )2t
(1) -1 - (1) ~ —1
X (=5T) /1 5en(00) (i) (—T)f{"sen(@o) (pzL;,,)
o3 2 4y ¥ fﬂjc/aA(’o»’io,10,70,00»50,'”0,77!0&»Jqﬂ,.i,ﬁ)
t~az eV (J,0,)) I O SV S
= e det((pyju) )12 (12717)
1 _1 - 1
X §Sgn(00)((pl(0nou) ) gsgn(oo)((pf(oﬁov) )
2 3 2 +iZ Z (p_/(,/,jA(I(),’i[),./0,7(],0'0,30,"10,’"}1‘0,1},_/,O',j,ﬁ)
D) e T det((psj) I
= e L e . 2
8ha2 PJjv
-1 _ 1 _
X sgn(00) (Piy)~sEN(00) (L )
3\2 HY Y @renAUo.To,Jo,Jo.00,50,m0, 50,0, 0,0, j,0)
N Ka:? EEV(J,EHL,/) d _ %
=\ 32 [det((pjv) )|
-1\~ ~ —1 \—
% 5gn(00) (Pkgngw) 52000 (P75,,) - (4.15)
whereby we used in the second line s = t%’“, T =t2
last step the fact that k = €3 /f.

, in the third line ta? = Zi and in the
Using the explicit definition of A ([, To, Jo, Jo, 00, 5o, mo, Mo, v, J, 0, J, U), we get

HY X ‘Pjojf;A(Iojo,Jojoﬁoﬁoymofﬁo,U.JYU,J',T))
VeV (Lo )
e eL

e+1(‘/’7030ﬁ0 o PhsiguiaeTo ~ Plodorion T TyayiiguiseTy)
« e*l(woaomou*'%oaomov+aolb ~Plgogmov +¢’Joaomw+ﬂofo)h _Nl

ToJoGomigv By qgoomov”

(4.16)
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Finally,
i, t 7ymo, o t
( Tojol?ogovw{g,J,U».i,Ll | OIUJOKU”UU\IJ{g»J-Ua.i»L]>
2
‘
|9 0
3\ 2
Ka2 1

1 _ — . _ _
=\ 50z | "t Broone 19810 D17 520(00) (i) 520 G0 (Piz,,)

=

3 1 3
3.1 -1 3 o\ 3 —1
= 2 PR - V 2 V
= (a hﬁ707030ﬁ0vh KoGoTiov hKogoﬁov’ a,v}) a hﬂlglgﬁomoL’hK()GOnOU {h Kooonou® YU } .
( '1 )

Therefore, the basic building blocks of the leading order reproduce the correct classical
building blocks of the classical discretized master constraint. Thus, the semiclassical limit
of the algebraic master constraint can indeed be interpreted as the discretization of the
classical master constraint on a cubic lattice, since the discrete master constraint differs

from the expectation value of (AW‘U‘% )T5m°’"° only by an additional summation over

TodoKoGov Iy JoKoopv
Iy, Jo, KO,TO, 70, IN(O, 00, 09 and a multiplication with (i/2)2. The same summation and
multiplication has to be performed on the classical side as well; thus we have shown that
each summand in the sum has the correct semiclassical limit

)3 (Wl | M [ Y ojnt]| pebic @.18)
. .
veV (@) |9 g0l Lo

and therefore, we are done with step two.

Step 3. The last step that remains to be shown is that the discretized version of the classical
master constraint M**° yields the continuum constraint when we shrink the parameter interval
length € to zero. For this purpose, we will expand the discretized master constraint M®“* in
terms of powers of €. Recall the form of M

2
MCubiC — (i) a% E E E E § 610101(0670701?0
K

veV(a) InJoKo 70701?0 o0=+,— Go=4+,—

3
X 5'"'10,’103%0,50 + 2 €omono € ooy
Lo=1
1 1
-1 ol 3 -1 3
X hﬂ?ﬂoﬁoﬁothO"O”f)v{hIN(UFfUﬁOU’ Va,"}hﬁlofunomouhKoUoﬂnU{hKooonov’ Va,v}
o 3
IoJoKo 1o Jo K,
= E E E E E : S S, Oiig iy + § €tomong €Loiigii
veV () IoJoKo Ty Jy Ky Oo=+.— Go=+,— Lo=1
3y 2
@ 5 h -5 d Sk
a2 sgn(00)sgn(o0) (g; 500" MBigsgogmer 1 9€L(PIj) )]
—1 - —1 -
X (pKonUU) (pl?o;[ov) (4'19)

whereby we used the result derived in step 2 in the last line. The first thing we do is to
re-express (Ponov)” 10 terms of px, i, and pg,—n,v. The relation is given in equation (B.2).
Inverting this equation then yields

PKo+ngv = (pl(ongv)+ + (pK()n[)U)_ PKo—nov = (pl(gnov)+ - (PKUngv)_- (4.20)
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So, for a general oy € {+, —}, we have

- - - _ _ +
PKooongv = (pKonov)+ + Sgn(do)(PKonou) d Sgn(O'O)(p[(;nUU) = p](olgonov - (pl(olnou) .

4.21)
Now, we have to express pgolaonov in terms of pg,oun,v- The relation is given by
—1 _ 1 pManmvaagnu
Pkyoongy = EGKOMNengmnm
2 Moy No
a E}’I‘H) ! Env 0
O . s 1 (4.22)
2 det(E7™)
where we introduced Ejy := |, S ng’" E9. Analogously, we get
2 M+ N+ M- N—
-1 + a Emv Env Emv Enu
(pK ) = ——€KyMN€nymn + _ . (423)
onov 2 eme (det(E};) det(E7,)

Now, we expand the loops and the fluxes in powers of €. With the orientation of the edges we
have chosen and explained at the beginning, we have

—1 —1

h51010+m0u = Nigtmov © hJ0+m0v+1Ao O emov+dy © hJo+mnv (4.24)
—1 —1 :
hﬁlo./o—mov = hIO_mOU © h‘]g—mov—i(] © hlo_muv_jo © h./()fmov'
Thus, the expansion yields
By qgogmov ~ 1+ GZSgn(OO)F;ZSO () + 0(63) (4 25)
h;%io&o%v ~1— sgn(Eo)ezFT'(:’lﬂo(v) +0() =1+ ezsgn(Eo)Fgg%O(v) +0(e)
and for the flux
El7 = f nXPEl ~ EL (0)€XnS () + 0(e)), (4.26)
8.0

Ko

8.7
whereby we introduced the shorthand n, ¥ (v) = nXo%(y). The determinant of the fluxes is
therefore approximated by

det(E]) ~ det(E4(v)e’n]™ (v) + O(€)) = °det(E4(v))det(n]” (v)) + O(*).  (4.27)

v J

Due to the fact that det(n)*(v)) = —det(n]~ (v)), we conclude that (pg., ,)" vanishes in the
leading order, because the two terms cancel each other exactly. Therefore, we get

520(00) (Pxongy) A a—zeK unenm EL i 0B, (1) ( o )
Koot 2 det(E¢(v)) det(ni™(v))  \ €2+ O(e*)

— a_ze "M gon (o )EZ(U)nyao(v)Eﬁ(v)ngaﬂ(v) < 1+ 0(e?) >
T smoo det(E?(v))|det(nZl“°(v))| e2+0(EhH )’
(4.28)
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Reinserting the expanded terms into M"*°, we end up with

3

cubic loJoKo Todo K
Lk D DD DD DD Dt | LV R S

veV(a) lhJoKo 70701?0 o0=+,— Gop=+,— Lo=1
3

3y 2
x (%) (1+ GZSgn(EO)F%%O(v) + 0(63))(1 + sgn(oo)ezF;:gn(v) + 0(63))

3

x ( " |det(E9) det (n7™)]* + 0(64)) <Z—;‘det(E§‘)det (n17)]* + 0(62)>

X ﬁé MM son (o )E%(U)nfl"[%(v)Eg(v)ngGO(v) < 1+ 0(62) )
o B0 det(E;f(v))|det(nL{”°(v))i €2+ 0(eh

m

‘”l

Q
I

2

X (fex Mﬁé%fﬁsgn(?fo) E%(v)nygo(v)Eg(v)jlg%(v) < o )) .
2 det(E4(v))|det(ns™ ()| \ €+ O(e)
(4.29)

Let us consider the summation over Iy, Jy, Ko separately

a o No
Z e"’JOKU(l + sgn(ao)ezF}Z%(v))eKOMNe”Um"sgn(ao) Epwng! O(U)Ef‘(vj)(:b ‘@)
IoJoKo det(Ef (v))|det(ng ' (v))]
E& ()nfr () EL ()™ (v)

det(E{ (v)|det(n;™ (1)]
Eg ()™ ) Eb (0)n," (v)

det(E4(v))|det(n, ™ (v))]|

= ZSgn(ao)ezFI';'jo (v)€""™"sgn(op)

=26’ F} (v)e"™"

(4.30)

. aya(y 5yb .
In the last step, sgn’(op) = 1 was used. Using F,’Zﬁo(v) = F’(v) d}gt,ﬁv) ‘”;t ,(O”), we obtain

m nomn Ej )y () E} () ™ (v)
E €000 (1 + sgn(ap)e” 1, (v)) ek mn €™ sgn(oo) a -t
InJoKo det(E] (v))|det(nz™ (v))]

c d a b
— 2€2F:[l;0 (v)enomn Em (U)En (U) (n!o"o(v) X (U)) (né(]a(] (U) X (U)) )

det(E7 (v))|det(n}™ (v))] drho ath
(4.31)
Taking advantage of the identity
o L OXP(v) Y aX“(v)
i () 1 = Sbsgn(ao)‘ det (T) , (4.32)
we immediately see
X 2
det(n!™ (v)) = ‘ det ( Btfv)) ‘ . (4.33)

Consequently, the two last terms cancel the Idet(nf’0 (v))| in the denominator, and we have
E¢ Moy Eb Noy
10K (1 + sgn(o9) > F}', (v))exomn €™ " sgn(op) n g P WE, Wy 7(v)
g 10.]0 0 g d Ea d JUO
IoJoKo et(E (v))|det(ng " (v))]
_ 252F;’Z,”(v)e”o’””E;’n(v)Eﬁ(v)
det(E;f(v))

(4.34)
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Reinserting the result of the summation over Iy, Jo, K¢ and 70, 70, IN(O respectively into the
expectation value of M’ results

2
32
aza
cublc,\,
R D VD D (S 3 e
aa?
lo=

veV (o) oo=+,— Go=+,— =

<e3> Fa";"(v)e”f‘m”E,’jl(v)Efl’(v)F%O(v)e””m”E%(v)E;IIZ(v) ‘ <3Xa)
x| — 2 det [ —
|det(ES(v))]> ot!

1+ 0(e)
( 1+ 0(64)>
[emom F () ES ) EL O ( [€mmom€™™ E0 (1) ES (1) E2 ()]
lim / (JaIqm)? > (Vaetg™)))?

4

fo=1

Y PO
o (Vdet(q))®  det(q)
=M, (4.35)
with
C := "™ FN(x)E (x)EP (x) and C, = Faf'bEj?. (4.36)

Here, as a first step we performed the sum over oy, 6y which leads to a factor of 4 and cancels
the 1. Secondly, we used |det(E;'(v))| = |det(q(v))| and finally in the limit ¢ — 0, we

4
dx¢ X
det . / & (4.37)
ot! -

replaced
and realized that all terms above the leading order in € vanish in the limit ¢ — 0. Note that we
have a denominator of (,/det(g(x)))? for the Hamiltonian constraint here, because we used
the version of the constraint which is a scalar density of weight two.

Finally, summarizing steps 1, 2 and 3 we have proved the following identity:

2 €

veV(a)

lim lim
WenlM¥i) 5 sl ¥eyo ) 20 peaicp g = gy, (4.38)

2
(K29 e Vo) P

This equation has to be understood in the following way. We have calculated the expectation
value of the algebraic master constraint with respect to coherent states. These states carry a
classicality label ¢ o< i. Taking lim,_,( that corresponds to limy_.o, we obtain an expression
that can be identified with a discretization MY of the classical master constraint M on a
cubic lattice. The parameter of this discretization is €, the so-called parameter interval length.
Considering lim,_,y, we showed in step 3 that Mebi¢ coincides with the classical master
constraint M.

5. The next-to-leading order contribution to the expectation value of the algebraic
master constraint

In this section, we will discuss the next-to-leading-order term of the expectation value of
the algebraic master constraint operator M,. As before, our first task is to derive the next-
to-leading-order terms of the A functions. These are the terms denoted by (sT/t)s(X)~
and (sT/1)s*((#)7)? in the power counting equation (2.58). The derivation for the expanded
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A functions up to O(s*(sT/t)?) can be found in appendix F. The product of these two A2

functions which is entering the expectation value of (OZ'%™ )TA’"U‘""

Tavkesor) OlodoKooow 15 then given by

1 1 T _ ~ 1
A2 ({()chjv)_ + 7((1911‘:))_) + Z[sgn(ao)(A)_ - Sgn(Cfo)(A)_]} , ESgn(Uo)eKO(U), no)

| 1 T ~ 1 ~ ~
Az ({(im)_ + 7 (psjp)”) — lsgn(o0)(A)” — Sgn(tfo)(A)_]} » 58gn(0)eg, (v), no)

(atlden(plt) o1
N h

1
(CK(J”O"(J +S(‘i);4mcMm,Kodong +S2(5é);4m()’z);[n E(/1/\4}'}1,](0(!0"0(/WNI’L

1 . . R . .
+ 56% [e'mmnchdgchchk + %O”CKOUO_;CL;CNk + anockoaokCLzCMJ])

~ ~ M1 =~~~
<CK000}10 _+_s(x.);4mcMm,K[)a'0no +S2(£);4m(x);” szm,K(]U(]noan

1 = . . P ~ ) )
+ §Eijk [eﬁomnCKnonlCMJ CNk + EK;[UnCKOUOJ CLlcNk + eim;[UCKOUOkCL[CMj] )

[(fé“)(l))z 5@ O (871" D12 W) + 2@ O, [ (41O P D)

2
+CM e (40ff”<1>ff3><1>+32( 2m) )H
’ * ’ 26T/

+O0(s*(sT/1)%), 5.1

where we introduced the shorthands
CMm = (qil);/[m
MmN = 24D @ e = @ D@ D
Ko = sgn(00)(q ™) g omg

o = sgn(00) (243 @ gy = @ Dion @ D)

(5.2)

and |s2(s7/1)2) denotes that only terms up to order s2(sT/t)* are considered. The expansion
has the following structure:

sT\? - 2 =2 oy — 2 =2 oy —
<T> (oo +a1s(X)™ + 5™ ((X) 7)) (Bo + Bis(X)™ + Bas™((X) 7)) (Vo + Y15(X)

+1252 () 7)) = aofoyo + 2 (X)) [e2(Bo + 10) + B2 (2 + @2)
+y2(ao + Bo) + a1 Bryo + a1 Boyi + apBryvi]
+1in((%)7) + O(s%(sT/1)%), (5.3)

whereby lin((¥)~) denotes all the terms linear in (¥)~ which we do not show in
detail as they will not contribute to the final result, because they vanish when
integrated against the even function exp(—2((¥)7)?). The integration of Az multiplied
with the Gaussian exp(—Z((fc);m)z), which is contained in the expression of the

expectation value of (’O\"N“"ﬁ0 )T/O\m”’"(’ yields /772  for the zeroth power and

ToJoKoov IoJoKoopv

(9/4)«/71/29 for the second power in (X),,, respectively. Note that we have a factor
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— 5 Yiev 2 o) (A(Io,To, Jo, Jo,00,50,mo, 0,0, 0,0, j,0))* . . .
<L in the expression for the expectation value.

Therefore, we have to expand this function in powers of 7. The linear term in ¢ leads to
a term having a minimal order of (s7)?/t. This order is already smaller than the terms of
the order s>(sT/t)?, because [s>(sT/1)?] [t/(sT)2] =52/t =1/ > 1. Fortunately, we
can neglect the linear term in ¢ in the expansion of the exp function. We refrain from listing
the explicit form of the expectation value of (A%: 07;”13050”)“;';%@000“ here which can be found
in appendix F in equation (F.13) and discuss directly the final expression of the expectation
value of M given by

(Wi st MY, s0a) 9,
Mool _y, 30 5 |y 3y ¥
2
||q}{tg,l,a,_/‘.,L}“ 4 veV(a) | IoJoKo T, T, Ky 00=+— Go=+,—
3 3 I\ 2
ToT oK 4a>|det )|#
X elofOKﬂelofoKO 5m0,n(>5:710,ﬁo+Z€€Umonoeéoﬁ10% <_a2| e[((};p) )|4>
[0:1

2 + Z»(ﬂjajaA(losTO,Jujos(fo,?f‘o,mofﬁo,v,J,U,j,ﬁ)
x(sT) e od

X{(Cl?oaoﬁo + ( é(1)(1))2) [%CMm,KOUOnOCNn + %Ei_jk[enomncKOJO[CMjCNk
+€Z00nCKoaojCLiCNk +€ZmnOCK0m)kCLiCMj]>] + (CKoaono +( l(1)(1))2)
8

1 ~ o~ 1 ~ o~ . ~ o~ .
Mm,Kyoon, Nn Kyopi ~M Nk Koo Li ~Nk
[EC N 4 i€ CRT M CV e, CRPICH C

+€£m%ocf(°g°kCUCMj])] + (CKooono + CI?OEOEO)
[ (4P P ) + e @0y M)+ 32(7 0)’) |
+ (CKoaonocMm,IN(ngnﬁo + Cl?o?foﬁocMm,Kgagno)CNn (Sf,(l)(l)f,(z)(l))
8 H

+ CMquo(ToﬂoCMmJ?ogoﬁo (fl(l)(l))z}:| + O(SZ(ST/I)Z)- (54)

From the above result, one can conclude that the magnitude of the quantum fluctuations
(NLO) compared to the leading order (LO) adopts an additional s2 factor, because NLO/
LO o s2. Recalling s = t27%, we can conclude that as longas 0 < o < % and ¢ is a tiny
number as assumed throughout all the calculations, the quantum fluctuations are finite and
small compared to the LO term.

With this in mind, we could proceed similarly to the discussion of the LO term and rewrite
the quantum fluctuations as s /2 times a discretized integral over certain powers of the fluxes
and the field strengths. In this work, we are not interested in the precise value of this Riemann
sum, rather in the question whether it is finite. Hence, as long as we choose o < %, this is
indeed the case, because the C Koo CMm CMm.Nn and CMm-Ko% are all of order unity since
(g~ ")~ is of order unity by construction.

6. Conclusion

In this paper, we investigated the semiclassical limit of the (extended) algebraic master
constraint operator M associated with an algebraic graph of cubic symmetry. We showed
in detail that the leading order of the expectation value of M with respect to coherent states



Algebraic quantum gravity (AQG): II. Semiclassical analysis 2529

can be interpreted as the discretized version of the (extended) master constraint operator on a
cubic lattice, denoted by M“Y_ In a further analysis, we proved that M**® agrees with the
classical (extended) master constraint M in the limit where the lattice parameter interval length
is sent to zero. Hence, we have the following identity:

(\yé,m|ﬁ|\yé,m> — Z (‘Il{lg,l,a,j,L} |ﬁ”|w{g,1,a,j,L}) rh;n(l] Mcubic[m] elgf) M[m] (6 1)
2 2 b .
Wil Vv %l 0001

whereby ¢ is the so-called classicality parameter and the limit # — 0 corresponds to extracting
the leading order out of the semiclassical expectation value. The second limit ¢ — 0
denotes the transition from a discretized into a continuum theory. Consequently, we
have shown that the dynamics of AQG which are encoded in M reproduce the correct
infinitesimal generators of general relativity. Furthermore, we discussed the next-to-leading-
order contribution of the expectation value of M and could show that these quantum fluctuations
are finite. A more detailed analysis of the quantum fluctuations will be postponed for future
research.
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Appendix A. Application of the Poisson resummation formula

The aim of this work is to discuss the semiclassical behaviour of the algebraic master constraint,
thus we are mainly interested in the properties of the expectation value in equation (2.35) for
tiny values of the classicality parameter . Looking at equation (2.35), tiny values of ¢ will
correspond to a slow convergence behaviour when considering the sum over 7, 3. Therefore,
we will perform a Poisson resummation in which ¢ gets replaced by 1/7. Then the series
converges rapidly when considering small, tiny values of the classicality parameter. Let us
introduce the following quantities:

T :=t Xjojv = Tnysjp Xjojv = Thysju, (A1)
with the help of which all quantities can be expressed in terms of x 4 y:
1 3.1 31
ri({njeju}) = T7302({Tnyojn}) = T7322({xs0j0}), (A.2)
and the expectation value can be rewritten in terms of x4 as
N, o t mo.ng '
(075" 500 Ve soiy | Olinkoon Yis.10.1.11)

t 2
Wi 0.0l

- Y Y pisjuAUo.lo.Jo.Jo,00,50.mo. 0., J,0, D)
20 (o)
v iDLy

I

p— T7

t 2
Wie.s0.j.0l

. 7 Is7 ~ ~ Py T T 5 ~ i )2

H Y Y @rejuAUo.lo.Jo.Jo.00,50.mo.i0.v..0,j.0) —5 X Y (AUo.do.Jo,Jo,00.80.mo. g, v, .0, j.D))
20 ((J,0.)) A (J.o.))
X e eV eL\Ly e eV el\Ly

2 A ~ .
=Y Y (%10j5) %105 (3 Puojs+T Ao, To, Jo, Jo.00,50.m0.7ig,v, /.0, 1. D))

v (Jo.j)
X E e eV eL\Ly

Xjojs€LT



2530 K Giesel and T Thiemann

— Y DiejuAUoT0,d0,d0,00,50,m0, 0,0, J,0,j,0) H Y @rein AU, T0,do,d0,00,50,m0,70,,,0, j,v)

(J,0.j) ((J,0./)
e <Lv e €Ly
—% (A(10,70,]0,70,(70,50,}%0,]710,1),.].G,j,v))z
,0,/)
xe <

2 . s ~ .
= Y (soiv) =Xsoju (3 ProjtT Ao To. Jo. J0.00.50.m0.fiig.v.J.0.,j.v))
)

(J,0.,j
X E e €Ly
Xjojv€LT

1 1
A2 ({xjajv}) — A2 ({xlajv + T‘S(/,U,j,v),(Koﬂo,no,v)})]
1 ~ ~ ~ ~ .
=12 ({xs0j0 — T (Ao, 1o, Jo, Jo, 00, 5o, mo, o, v, J, 0, j, V) + 3(J,a,j,u),(Ko,ao,ﬁo,u))})]) .
(A.3)

Since the first three exp functions are not involved in the summations, we can rearrange the
terms considering ¥ # v and ¥ = v together again

Mo, Mo t Mo.no t

(075" = Vie oty | Ohnkaso Yisso11)

t 2
Wi 105,031

+A2 ({xs0jv — T A(Io, To. Jo. Jo. 00, Gy, mo, fitg, v, J, 0, j, v}

T3

t 2
Wie sl

- p,c,ﬁ,A(lo,70,Jg,jg,ao,ﬁo,mgﬁg,v,J,a,j,f}) Hy X waﬁvA(’Uio»Jojoﬁoy?fdosmoﬁloyvyJ,UJVT))

eV (J,0.j) veV ((J,0,))
X € €L el
e ~ N2
-5 > Y (Ao 1o, 0,0,00,50,m0,710,,J,0, . 8))
VeV (J.o,))
X e eL
2 ) ~ s ~ .
=X Y (xses) —Xsejs (F Projs+T Ao, 1o, Jo, Jo,00,50.mo.io,v, ], j. D))
20 (.o j)
E e eV eL\Ly
ng/‘nyZT

2 R -~ ~ .
> (Xsaiv) =Xs0ju (% ProjotT Ao To. Jo. J0.00.50.mo. A0, v, J,0, j.v))

(J.o.j)
E e <Ly

ngjUGZT

i o 1 ~ ~ ~ ~ .
Af ({xlajv}s eKOO(U), nO) Az ({x.lajv - TA(IO9 107 JO? 109 0p, 00, Mo, My, VU, Ja g, ], U)},
¢ (v).70) (A4)
0

where we introduced
1 EET 1
A2 ({xs0j0), e (v), no) =T 3[A2({xs0j0]) — A2 ((xs0jv + T80 jv).(Koopno )] (A5)

in order to keep the expression as short as possible. Moreover, the denominator can be
reexpressed as

T L (pis
[¥esminl® =TI \/;e‘“"’”'")2[1+1<t(p>]

(J,0,j)
Y (pre)?

2\ i vl
=<\/;> e €L [1+K,(p)1*. (A.6)
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Here we get a power of 30 since we have ten edges involved and each edge has three labels.
Inserting the expression for the norm above, we get

g, Mo t Moo t
(075" o Yie oy | Onnkoso Yis.s.0.10)

7 2
Wi 1.0,
—% > Y (Projp)?

1 ieV (J.oj)
= e €L
T
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VeV (o))
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W20 (L)
E e <V ei\ly
)CJUNEZT
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E e €Ly

Xjojv€LT
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% (v),7) | - (A7)

The Poisson resummation formula reads

1 (2 ajv
Z f(Tnyejs) = T Z f (%) . (A.8)

NJsjo Niojv
In order to apply these formulae, we need the Fourier transformation of the following functions:

2 ~ ~ ~ ~ .
— Y o) =xs0j0 (F ProjutT Ao, 1o, Jo, Jo,00.50.mo. g, v, J,0., j,v))
(J,0.j)

fxygju) i=e <t
1 1 i 5 ~ ~ .
AZ ({-x.lajv}’ e(IT(UO(U)i nO)A2 ({x.IJjU - TA(]O? IO’ J07 JO& UO? GO! mOs mOv U’ Js 07 ,]1 U)},

2 T ~ .
-2 X (x10j5) =%10j5 (5 Puojs+T Ao, 1o, Jo, Jo,00,50,m0, 70, v, .0, j, D))

% = RN
eIN(O(U)’ nO)g(-xlU]v) =¢ . (A9)
It is simply given by
1 —i Y kiojuXioju
~ ) 18 o)
fkyojn) == W/ dxjejpe b
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- Z (xla/v)z—xlujv(%i’]ajv"'TA(lojosJojoﬂoA,(Nfo,’"o,"NlosUA,J.U,j,v))
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e%}n(v), 0) (A.10)
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and

—i > Y kisjoXiojn
TAveV (J.ouj)

N 1
§kyojv) = W/ d%xs0j5e “Hbe

R
2 - ~ .
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v#veV (J,0,j)
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The last line follows from the fact that the integral is a usual (complex) Gaussian integral that
can easily be performed. Thus
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~ 27Ny 1 " e
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(A.12)
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Additionally, we have to Fourier-transform the expression in the denominator as well, thus the
application of the Poisson resummation formula leads therefore to the following expectation
value:

0o, o omen b 12
(075 % 0 Yiss0.01 | OliRoon Vi i) 1 (V/7)
t 2 - 30 30
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0 (J.0.)) v (J.0.))

e eV eL\Ly e eV el\Ly
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(A.14)

Appendix B. (z j;,)” transformation

Furthermore, similar to [13] we introduce another transformation of variables that reduces
the 18-dimensional integral down to a 9-dimensional integral times another 9-dimensional
integral which contains no A functions.

This transformation leads to 18 new variables called (x;;,)” and (x,;,)* which are
defined by

XJ+jv — XJ—jv XJ+jv T X7—jv

(Xgju)” = 5 , (x7j0)" = > (B.1)
While the other quantities as 7,3 and p . undergo an analogous transformation given by
_ Nyyju —Nj—ju NyyjotNng_jy
(nyj)” = — (nyjp)* = S S—
_  Ditjv— Pi-ju v DivjutPi—jo (B.2)
(prju)” = — 5 (prjp)” = - 5
the corresponding transformation for the Kronecker-§ function reads
1 - 8(J4.j.).(Ko.00.m0.0) — 8= j.v).(Ko.00.m0.0)
3 sgn(00)(8) (7. j vy (Komov) = ) '
1(8)+ o 5(!,+,j,v),(l(,ao,no,v) + 3(!,7,1',1)),(1(0,00,"0,”)
2 (J,],v),(Ko,ng,v) " 2
| s ~ s ~ (B.3)
~ - . %U+,4,0),(Ko,80,10,v) — ©(J,—,j,v),(Ko,00,70,v)
5 58000 B); ;) Ry = 2
S, Rodoiio, + 8= )0, Rodu.7i0,0)

+
2 ). jor.Roio.) 2
The Jacobean of this transformation is simply

det< e )‘ — phdman) _ 99, (B.4)
A((xju) ™, (X7ju)h)
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The corresponding transformation for the A functions can only be given when decomposing
A(IO,TO, Jo, Jo, 00, 5o, Mo, Mg, v, J, 0, J,v) again into A(ly, Jo, 00, mo, v, J, o, j,v) and
ALy, Jo, g, Mo, V, J, 0, j, v) since we cannot factor out a global sgn(o) factor due to the fact
that A(ly, Iy, Jo, Jo, 00, 50, mo, 1710, v, J, 0, j, v) contains oy and 830_

A(107 705 JO’ 707 0o, EO’ my, ’7107 v, Ja g, j7 U)
= A(l, Jo, 09, mo, v, J, 0, j,v) — A(ly, Jo, 09, mg, v, J, 0, j, ). (B.5)
‘We then define

1 .
3 sgn(op)(A)~ (o, Jo, v, J, j, v)

o A(I()? JO? ap, Mo, U, Ja +7 jv v) - A(IO9 ]01 0p, Mo, VU, J? ) j9 v)
o 2

1
E(A)+(IO’ Jo, v, J, j,v)

o A(I()? JO? 0o, Mo, v, Js +s jv U) + A(I()) ]07 0o, My, v, Jv ) j? v)
o 2

[ 5y :
Esgn(oo)(A) (109]01 v, ]s I U)

Ay, Jo, o, g, v, .+, j,v) — Ao, Jo. Go. fitg. v, I, —, j. v)
o 2

1 ~ ~
E(A)+(I°’ Jo. v, J, j,v)

ATy, To, Bo, g, v, I, +, j, v) + ALy, Jo, G, fitg, v, J, —, j, v)

= 5 .
When now expressing X ;. j, by the sum of (x;;,)* and (x;;,) ™ and x;_;, by (x7;,)" — (x7ju)~
(the same for all the other occurring terms) and performing the square in the exponential, we
realize that all terms that involve mixed ()* and ()~ terms as for instance (x;;,)* (x;;,)~ will
drop out, while the terms involving only ()* or ()~ respectively occur twice. Furthermore,
the A> functions do only depend on the variable (x;;,)”, consequently, we can rewrite the
integral as

18
/md XjojuF (Xj5jvs Niojv)
R

(B.6)

= fR ) d’ (x5 G1((xgp) s (ng0)7) /R ) d°(x7;0)"G2((xg70) ", (nyjn)7), (B.T)

where

<2 ¥ () =2 ) () + L) B0, To . 0. j.0) = (A) (o Jo.v. . )= (1150))
Gi((xyj)) i=e

-2 u% ()= 2 ()™ ()~ + L Isgn@0)(8)~ (To. Tov. . jv)

Gy((xyjy) ) i=e b
—sgn(o0)(A)~ (o, Jo,v,J, j,v)]—im(ny;,)7))

1 T - ~ ~
A2 ({(xjjv) iy [sgn(@0)(A)~ (o, Jo, v, J, j, v) — sgn(oo)(A)~(Io, Jo, v, J, j, v)]} ;
| O
5sgn(@o)eg, (v), no>

1 1
A2 <{(xlju)_v ESgH(Uo)eEU(U), no) . (B.8)
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Thus, we get

“2 Y ()= 2 g () + 5 [(AY (0. Tos0,d, o 0)— (A (g, Jo,0, . j,0) =i (170))

.J)
2 [@upyre -

=2 3 ()= % (ijv)i((pJ/'v)i"'];Tz [sen(Go)(A)~ (To, 7o, v, J,j.0)=sgn(e0)(A)~ (I, Jo,v,J,j,v) |—im (n;,)7))
[e)]

xe <k

| T - ~ o~ , - ,
A2 ((xjjv)_ - E[Sgn(oo)(A)_(IO’ Jo, v, J, j, v) — sgn(oo)(A)~ (o, Jo, v, J, j, v)]},
| -
Esgn(cfo)e;(o(v), no>

i 1
A2 ({(xljv)}a Esgn(ao)eKO(v), no)

9 =1 ¥ () (A (o Jo.v. J.jv)— (D) o, Jo.v. J . j))s) +2 3 ((pajn)*)?
) J,j,v)

229</%>e o G

+h Y (@) (To.Jo.v.J.jv)=(8) (To. Jo,v. ] j.v)?
e
22 5 (%) —4HE Y () (i) + o (A (o, To,0,0, ) —(AY (o, Jo,v,,j,0))
.j) ., j)

X e €Ly e €Ly

2° f d’(xy50)"

R
-2 3 (((X.ljv.')i)z_%(xljv)i((p.l/u)i"'ai[%Sgn(go)(A)7(70370:1}3]1]'«”)_%Sgn(o'o)(A)7(IUv-]va»-]-jvv)]_iﬂ(n./jv)i))
. J)
xe <

1 ~ 5 1 ~ -~
A2 ((xjjv)_ = TIA) (o, Jo. v, J. j.v) = (B)"(ho. Jo. v, J. j. )]}, 5sgn(00)eg, (v), no)

| 1
A2 ({(ijv)}v Esgn(ao)e,(o(v), no) (B.9)
with

1 1 3 1 1
A> ({(xjjv)}a 7 sgn(og)eg, (v), no) =T"3 I:)"z({(xljv)}) — A2 ({(xjju)
T
+ 5 Sgn(GO)(8)(_131"”)'(1(0."0’1))}):| (BIO)

22 (0D = 17 (y/Idet((x) 7)) 2.

The integral over (x,;,,)* is a usual (complex) Gaussian integral that can be easily performed
and yields a factor (y/7/2)°. Thus, the expectation simplifies to

I—
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(077 Lo | O i)
ToToKoGov ~ 18.J.0,j,L} loJoKooov = {g.J,0,j,L}
t 2
Vg, s0..4
+H oY

Y 10jo A0, T, Jo,J0,50,30,m0, 0,0, 4,0, j,B) —
v (J,0,))

4
e €V elL\Ly

> (A(IO,TO,10,70,00,50,1110,%0,1;,J,o—,j,f)))z
070 (o)

e eV eL\Ly
30
7
(VI 1L+ K ()1
9
(V)2 T
N2 59 al
T30 2
2 . 2 ~ ~ ~ ~ .
=Y Y (es)” —2UE Y Y nueju(Piejit s Ao Do, Jo. Jo.00.50.mo.fiio.v.J,0. . D))
i#v (J.0,j) i#v (J,0,))
E e v el\Ly e v eL\Ly
nyojz €L

— 1S (A (0, Tor0, 1,1 0)—(AY (o Jos v, 1, 0D+ X (@500 (A (o, To,0,,J,0)—(AY o, Jo,0, . j,0)))
J.j J.j
e (EL/U) e (eLJU)

2 . 2 ~ o~ . .
27 ¥ ((”Ijv)+)z —4Z Y () ((prjp) + I (A (o, Jo,v, T, )= (A) (Lo, Jo, 0,7, j,0)))
,J) ,J)
E e €Ly

e ely
(nyju)*ex

=5 Y (prj)~ (sgn@)(A)~ (T, Jo.v. . j.v)—sgn(00)(A)~ (o, Jo.v. . j.v)))
)
e €Ly

+5 3 ((9aj0)~ 20 @) (A)~ (To, Jo.v,J. j.v)—sgn(00)(A)~ (o, Jo.,v.J./.v)))
. j)
xe <

e €Ly

Z /dg(xljv)_

(anu)’EZRg

=22 )N =5 X (@A) (T, Jo,v. . v)=sgn(@0) (D)~ (To,Jo.v. T j.v))?)
.J) ()]
xe <

22 Y ()= 2 (paj)+ 5 [ Lsen@o)(A) (T, To,v,d, j,v)— L sen(00) (A)~ (o, Jo,v, J, j,v) | =i (n17)7))
. jv)
xe <k

1 T - ~ o~ )
A2 ({(xljv)_ — E[Sgﬂ(ﬁo)(A)_(Io, Jo, v, J, j,v)

| ~

—sgn(00)(A)~ (o, Jo. v, J, j. v)1}, ESgH(Uo)e,}O(U), no)
i 1

A2 ({(-xjjv)_}7 zsgn(ao)eKo(v)s nO)) )

(B.11)
where we used

— > DuejuAUo. o, Jo, Jo,00,60.mo,iig,v,J,0,j,v)
(J.0,j)
e €Ly

=5 2 ) (A (o, Jo,0,d,js0)= (A (T, Jo,v,J, ju0)+(pa )~ (520 Go) (A)~ (To, Jo,v,J. )
—e <
—sgn(00)(A)~(To,Jo,v. . j,v))

+HOY @rejuAUo. 1o, Jo,Jo,00,00,mo, 00,0, J,0, j,v)
(J,0.))
e €Ly
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+5 Y @) (A 0. Jo.v. T, j,0) = (D) o, Jo,v, T, j) +Hs )~ (sgn(G) (D)~ (T, Jo,v. . j,v)
.J)

=€ €Ly
—sgn(oo)(A)~ (lo,Jo,v,J,j,v)))
- (Projn)
(J.0.j)
e b
=2 ¥ Py +(prj) )P
)
= €Ly
5 Y (AU To.Jo,Jo.00.50.m0.fit0,v,J.0, j,v))?
(J.0.j)
eLy

(&
=5 Y (A (o Jo.v. J, jv)— (D) o, Jo.v.d. /. 0) 2 +(5gnG0) (A)~ (To, Jo.v.J. j.v) —sgn(@) (A)~ (o, Jo,v. ], j,v)?)

—e < (B.12)

Appendix C. Only the term with n j,;, = 0 matters

In the following, we will show that only the term with n,;, = O contributes and all other
terms are of order O (). Thus we consider the following estimation:

‘(.,.) (-, 2

[

= () (.1

2
TS R T

. ~ o~ ~ . ~ o~ ~ L2
HY Y @rejaAUo. o, o, Jo.00.50,mo g0, J,0,j,0) =53 > (AU, Jo,Jo,00.50.mo.fig,v.J,0, j,D))
veV (Jouj) BeV (J.ouj)
€L

€ L €

(VE) I + K, ()10
= (@)

12 9 =

R

Pﬂ

i 1 ~ o~ 1 ~ ~
Az ({(fcm)_ T ((Prj)7) = 7 [sen(@0)(A)~ — Sgn(Uo)(A)_]} » 55gn(00)e, (v), no)

| 1 T o~ 1
Az ({(J?ij) + 7 (pyjp) ) + S lsgn(00)(A)™ — Sgn(ffo)(A)]} » 5sgn(o0)e, (v), no)

(C.2)

Let us neglect the explicit J, j, v and introduce the following abbreviations in order to make
the expressions more convenient:

(xy0)” =), (psjv)” = ()", Njojy = (1)~ (C.3)

and use the expression of the A functions in terms of the determinants in equation (2.46)

yields
9
WM o [7
< |—2 — C4
njﬂjﬂ:()’ T3() 2 ( )

+ 5 A ,7,] ,7 ,00,00,Mm0,M0,v,J,0,j,0 ~ ~ ~ ~ L o\2
z (E,) ¢1ajo 0. o, Jo. Jo:G0,50.ma. Mo IO s s (AU T do.To.00.50mo 0.0, 1,0, 1))
€L

[ Y

‘(.,.) (-, 2

e eV (J,0,j)

(V) 1+ K ()
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2 2 . 2 ~ o~ ~ -
=T Y (nejn)” 20T X X niegn Projot 5 Ao To, Jo, Jo,00.50,mo. i, v, ], j, D)
t

#v (J.o.j) v (J,0,))
E e eV eL\Ly e eV eL\Ly
nJgjo#0

54

2T S () 4T Y () (P + Lo (A (o, T, j,0)—(A)* (o, Jo, v, ,0)))

,J) )
E e €Ly e €Ly

(njp)*#0
€x

22 Y () P —HE Y 50" (prje)+ L (sen@Go)(A) (T, To,v, . j,v)—sen(00)(A)~ (o, Jo,v,J, /,v)))
()

) J.j
E e €Ly e €Ly

-2 Y (@0)7)?
dE)7e 0D
R‘)

1 1 T ~
|:exp <ln (Z det ({(Sc)‘ + (P —irm )+ [52n(G0)(A)™ — sgn(oo)(A)~] })))

1 1 T o~
+exp <ln <Z det ({(fc) + ?((pf —iz(n)7) + 7 [sgn(50)(A)~ — sgn(og)(A)]
T _
- 5Sgn(%)(5)<J,j,v>,(l<o.no,v) })))}

1 1 T ~
|:6XP (hl (4_1 det ({(56)_ + ?((P)_ —in(n)") — Z[Sgn(ao)(A)_ - Sgn(Go)(A)_]})))

1 1 T ~
+exp <ln (Z det ({(fc)— +=((p)” = im(n)) = Zsen@)(E)” — sgn(o0)(A) "]
T
— @) @), MKJ)))} : (C5)

where we have used |a — b| < |a + b| for the exp functions. Let (wyy ;;) be a matrix
of complex numbers and define the norm to be [w|? = Y |y ‘],_I‘]|2. Then, certainly,
J.j

o+l < llw; || +llwz]l and [|w]| = |y ;| forall J, j. In particular, det({w(s, j}) < 6l|w].
Consequently, we get

1 T .
det <{(5C) + 7((17)7 —imr(n)”) + Z[Sgn(ﬁo)(A)f - Sgn(ffo)(A)]}>
T2 ~ 3
<6 <TI|(5C)_|| +Ip) I +x|)~ || + Tllsgn(Eo)(A)‘ - Sgn(Oo)(A)_ll)

T2 T2\’
<6 (Tll(ff)_ll +Ip) I +x|)~ || + T + T)

<OTINE N+ I1(p) "I+ 7 ()~ | + T2 . (C.6)
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Analogously,

1 T o~
det ({(i) + 7((19)’ —im(n)”) + Z[sgn(ao)(A)’ —sgn(op)(A)7]
T _
= 5 580(00) )y ) Ko.mo.) })
T? o~
<6 <TI|(56)|I +I(p) I +xll()" || + Tllsgn(ao)(A)’ —sgn (o) (A) ||
T2 ’
- 7”Sgn(ao)(8)(_].]‘,1,),([(0,,10,1,)”)
o _ o T? -~ T B
<6 <Tll(x) I+~ I +xli()" | + THSgH(Go)(A) |+ ZHSgn(Uo)(A) l
T2 }
+ 7 ||Sg[1((70) (8)(_1,]"1,),([(0,”0,1,) ”)

e B B T2 2 72 3
<6<T||<x> 1+ 1)~ 1+l () ||+7+7+7)

=6(TIE [+ 1) I +7 )|+ T*°. (C.7)

The same is true for the second term involving the determinants, thus we obtain

W2, \/; 9
n.h,ﬁ:oK T30 2( E) (C.8)

+ 5 A ,7 N/ ,7 ,00,00,Mm0,M0,v,J,0,j,0 ~ ~ ~ ~ L o\2
> X ueinAlo.do,Jo. Jo.00,50,mo,iio J:0) —E Y (AU To,do.To.00.5omoii0.0.0.0,).5))

[ T [

'(.,.) (., )

eV (Jo.j
e (EUL_/) e eV (J,0,j)
\30 30
DN+ K, (p)]
. A N ~ o~ ~ -
Y Y (uegp? A5 Y X nieji(paosot 5 Ao To.Jo.Jo.00.50.mo. 70,0, J.0.j. 1)
A (o)) by (o))
E e eV eL\Ly e eV eL\Ly
njej5#0
€x

27 S () 4T Y () (P + L (A (B0, Towv. . j.0)—(A)* (o, Jo 0, . .0)))

.J) .J)
E e €Ly e €Ly
(njp)*#0

ez

2T Y () P 4T Y () (prj)+ 5 (sgn@0) (A)~ (o, To.v. . j.v) ~sen(00) (A) (. Jo.v.J. j.v)

(] )
E e ely e ely

(n7jy)~#0
ez

=2 3 () )?
@) W

R9

1
[exp (m (Z6 (THE 1+ 1+l [+ TZ)B))

1
+exp (m <Z6(T||(5c)_ll + () I+l ()] + T2)3))]
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1
|:exp (m (16 (TH@ 11+ 1)l + 1) [+ T2)3>>

1 o B s
+exp<ln<z6(Tll(X) [+ 1)~ +ml|(n) ||+T)>>] (C.9)
and
(o0 L) (V)2 9< n)9
e S 2\5 C.10
'II.II2 112 ,,_,mzoi T30 2 ( )

exp | H Z Z </)JajaA(10,70, Jo, Jo, 00, 6o, mo, Mo, v, J, 0, j, D)

veV (.o
eL

t i~ Y ~ ~ .~
xexp | =5 Z Z (Ao, Lo, Jo, Jo, 90, Go, mo, g, v, J, 7, j, 0))? /

eV (J.0.))

T 30
<<\/;) [1+Kf<p>]3°>

72 2 ~ ~
L X e oin s (pragit e Ao T Jo To.00.G0.mo.ii0,0, .0, /.5)

i (J,0.]) [N
2 : e <V el\L e G
n16j570
54

22 S ()P 4T Y ) () + L (A (o, Tosv, ., j.0)—(AY (o, Jo v, ,0))
) .J)

W, j
E e €Ly e €Ly

(n7j,)*#0
[S/4

2 S () AT Y (100" (prj)~+ 5 (sgn @) (A) ™ (T, To,v, . j,v) =sgn(00) (A~ (o, Jo v, j,v)))
) [e)]

J.
E e €Ly e €Ly

(nyjy)~#0
4

7 o
/ e [% FTE R+ 1) 1+l + TZ} , C.11)
R’

where we used x < x?+ ] in the last step and [3] is the GauB bracket, i.e. the smallest integer

equal or lower than % hence [%] =1.
Estimation of the integral is

9

2 9+2(k—1

" < _) / Cre WP, = 226D oL e
4 R’ 4
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In our case, k = 2; therefore, we get I} = L= %. Using

1 2
<Z +T2NE 1P+ 1) I+l ()~ + T2>

1
= TH@E I+ 2721371 (Z + 2@ I+ 1)+l )]+ T2>

+ 1+T2||(fc)‘||2+||( )+ T+ 72 2 C.13
Z p ()~ || + , (C.13)

we get

2
f P @ e O [41‘1 ST P+ 1) I+l + TZ}
Rg

’ 1
(\/g) (T412 + 2T2 (Z + T2||(-%)_||2 + ||(p)_|| +7T||(I’l)_|| + T2> I

1 2
+ (Z +T2E I+ 1)+l )]+ TZ) 10)

4 ? 9 1 5 o
< 5) <<ZT2+Z+T2||(SC)||2+||(p)||+n||(n)||+Tz)) +ZT4)'

(C.14)
Hence, we have
'<., ) _ L) (C.15)
TR ERTEL

HY Y @rejnAUoTo,Jo, Jo,00,50,m0, 70,0, j,0)

o~ ~ L \2
veV (Jouj) —5 > (AU To. Jo, Jo,00.50,mo.iTig,v, ] 0. 7))
el

e e eV
30
T
(/Z) 11 + K, (p)120
2 L 2 N o
=Y Y (ejs)” 202 Y Y nueje(puejsts Al Do, Jo. Jo.00,50.mo. i, v, J,0, D))
i2v (Jouj) iy (Joj)
g e eV eL\Ly e eV eL\Ly
nygjp#0
(4

2 5 ()*) —4T Y () (P + L (A (o, Tosv, ., j,0)— (A (o, Jo,, ., ,0))
()] ,J)

E e ELU e €Ly

(nj_,'u)+#0
€x

27 Y () AT Y (100" () "+ (s2nGo)(A) ™ (T, To.v, . o) =sgn(00) (A)~ (o, Jo v, j.v)))
)

., .j
E e €Ly e €Ly

(n7jy) ™~ #0
54

N\ (/9 1 2 9
T 2 1 201 e — 12 — _ P 9 4
( 2) <<4T +4+T HE)T+I(p) " | +7|[(n) ||+T)> +4T> . (C.16)
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This is obviously of the order O(t*) for n,,;5 # 0. Consequently, up to order O (t*°) we
have

g, Mo t mo.no t
(075 % 50 Vet | Olinkoo Yis.10.1.11)

t 2

Wig.s.0.7.10]]
. s ~ - s ~ SN2
+HY Y @uejnAU0.do.Jo. Jo.00.50.mo. 10,0, J.0.j.8) —5 3 Y (AUo.do.Jo.Jo.00.50.mo.iii0,v.J.0. . D))

veV (J,0,j) veV (J0.j)
€L e eL

(VE) 11 + K ()]0
-2 %) ((}ij)_)z

12 9
R®

| 1 T _ o~ 1 - -
A2 ({(ijv) + T((iju)f) vy [sgn(G0)(A)~ — Sgn(Uo)(A)]} , ESgn(Uo)e,}o(v), no)

S

| 1 T — o~ 1
A2 ({(fjju)_ + 7((1911'1))_) + Z[Sgn(ao)(A)_ — Sgn(Go)(A)_]} , ESgH(Uo)eko(U), no) .
(C.17)

Appendix D. The expansion of the A functions

D.1. Calculation of the z 4 terms

As mentioned in the main text, we have to calculate the necessary z/, up to order
O(sT) and O(s?) respectively. For this purpose, we use the following index notation

Ajx=s ZM(Q_I);//,'(;C);M:
T Y~
tr(s(g™") " (¥)” + Zs(qfl)f[sgn(o'o)(A)* —sgn(op)(A)"])

T o~
=5 D @ £ %(q*l);m@gn(ao)(m;,m —sgn(00)(A) ). (D.D)

Thus

T _ 2
[tr(S(q_l)_(fc)_ + ZS(q_l)_[Sgn(Eo)(A)_ - Sgn(Uo)(A)_])}

2

20 —I\—  o—IN— mn— - ST -
=S (61 )Mm(q )N,,(X)Mm(X)NniT(q )Mm(q )Nn(x)Mm
o~ T)2 o~
x (sgn(Go)(A)y, — sgn(oo)(A)y,) + u(q*‘);m (@ Ny (520(G0) (A) 3y

16
— sgn(00)(A) 17,,) (sgn (@) (A)y, — sgn(o0) (A)yy,).
(D.2)

Moreover,

T . 2
tr ([s(q“r(fc)— + Zs(q“)‘[sgn(oom)— - Sgﬂ(Go)(A)_]:| ) =52 @ Dym

2T ~
X (%) pym E v £ ST(q");4,,(q‘l);,m(fcmm(sgn(ao)(A)&n —sgn(oo)(A)y,)
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T)? o~ o~
+ %(q”mn (@ )y (380(F0) (A) 37, — 520(T0) (A) 37,,) (520(G0) (A) y,, — sen(00) (A)y,)-
(D.3)
T o~
det (s(q‘)(fc) + Zs(q*‘)*[sgn(ao)(m* - Sgn(Uo)(A)]> (D.4)

1 T o~
= 3y€iskEom ((s(q‘)mm + Zs((q*‘)*[sgn(aoxm* - sgn(oo)m)])ie)

T ~
<(S(61_1)_(5C)_)jm + ZS((q_l)_[Sgn(go)(A)_ - Sgn(Go)(A)_])jm>

T — o~
((S(q_l)_(fc)_)kn + ZS((CI_])_[SgH(Go)(A)_ - Sgn(Uo)(A)_])kn>

3
S
= s3det((¢™")")det((¥)7) £ 7€k

T o~

[+ (Z(qhz,-[sgn(ao)(ng - Sgn(Uo)(A)Zg]) (@3 @) (@ DBy,
T ~

+ (Z(q‘l);lj[sgn(z?o)m);m - sgn(ooxA);M]) (@ DL ® )@ Dy ®y,)

T ~ _ o _ _
+ (Z(q_l)Nk[Sgn(UO)(A)Nn - Sgn(UO)(A)Nn]> ((q_l)Li(i)LZ)((q_l)Mj ()NC)Mm)iI
+0((sT)?). (D.5)

Hence, we obtain

T ~ ~
iren = 5@ i D £ S 620G0) @3 (B3, — 5200000 g ()37,
2
(@@ = @308 @i 7,

2T ~
£ (@ i@ = @50 @) D (520G (B3, — sen(@0)(A)y,)

(sgn(G0)(A)y,, — sgn(00)(A)y,)
3
+5% det((g™")7) det((¥)7) ;—,e,-,-keemn

T SO _ o o
[+ (Z@—')L,-[sgn(oo)m)u — sgn(ooxA)Lg]) (@3 ) (@ D E) )
T o~
+ (Z(qlm,-[sgnwo)m);m - sgn(ooxA);m]) (¢ L@ @y,

T o~
+ (Z(q‘);k[sgn(oo)(A)fv,, - SgH(Uo)(A)X/n]) (g Hy ®) ) Dy, (x);,m)]
+0((sT)% (D.6)

and

(Z;q’lxiA)z = Sz(q_l);/ln (q_l )le (i);/lm (j);ln

T ~
+ ST(q—‘);mw—‘);n()z)wsgn(&o)(mn — sgn(oo)(A)y,)
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3
+ 2@ L@ @8 = @D @ D) © i (O, B

3T ~
iST(q”),—v”((q”);M(q”)ze — (¢ D3e@™ L) (sen@0) (A)7, — sgn(0o)(A)z,)
X () ym v + 5@ 31m E) g det((@™H ) det((®)7) + 0((sT)?). (D.7)
Therefore, we get

T _ - 2
[det (1 +s(gH (@) £ Zs(q”)*[sgn(cro)(m* - sgn(aoxm]ﬂ
=1+ 2Z;q“xiA + (Z;“)cs:l:A)2
T - ~

= 1+25(q Dy @y £ %(sgn(a())(q”);mmm,,, —5g0(00) (@) g (A) 1)
+572@ D@ v = @ D@ D) E) i By + 257 det((@ ™) ™) det((%) )

ZT ~
+ %(2@‘1);4,,,@—‘);,, = @ D@ D) ) 37, (8050 (A) y,, — 580(00) (A) y,)

3
+ 2@ L@ @8 = @D @ D) @i (O, B

3

N
=+ 2yeijk €tmn

T o~

[+ <Z(6]1)Z,-[Sgn(<fo)(A)Zg - sgn(a())(A)z,Z]) (@D @) (@ D ®y,)
T o~

+ (Zw‘);ﬁ[sgn(ao)m);m - sgn(ao)(A),;m]> (I NIRRT E IV

+ G(q—‘);k[sgn@)(z);n - sgn(ooxm;v,,]) (@5 O @ D, (x);,m>]
+5%(q ™) 31 () 3 det((g ™) 7) det (1))

+ SSTT(q“)M(q‘]mm(q“)zg — (@ V(@) (sgn(@0)(A) 1, — sgn(o)(A)7,)

X () By + O((T)?). (D.8)
Now, we have to repeat this calculation for the second term involving the Kronecker deltas

T - T
t(s(g™) " (®)" + Zs(qfl)f[sgn(ﬂo)(A)f —sgn(ap)(A)~]) + Es(q’l)’

T - ~
X Sgn((fo)(5)(_Jﬁj,v),(;(m,,o,v) = S(qil);M(i);]m =+ ST(Sgn(UO)(qil);/[m(A);jm

T
—5g0(00) (@) 31 (A) 1) + %(q*),;,m $20(00) () vy, (Koo v)) Mim- (D.9)

Thus

T o~
|:tr (S(ql)(fc) + ZS(qfl)f[Sgn(Go)(A)f —sgn(op)(A)]

T _ 2 e
+55¢7h sgn(cm)(8)<J,j,u),(,<o,no,v)>} =52 )@ D @ g By

32

T o~ o~ _
+ 7(q—‘);mm‘l);noz);m(sgn(ao)(A)Nn — sgn(o0) (A)y,)

£ TG 3 @0 B a1 SENG0) (BN ) komowy )N + O(ST)?). (D.10)
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T o~
tr ( [s(q‘)m + Zs(q”)*[sgn(oo)(m* — sgn(op)(A)7]

T 2
+ 557" sgn(00) @), j,v),(,(o,no,v)} ) =52 3@ N ) ©

T -
i%(q”mn(q—')pm(mm@gn(&o)mmn — sgn(00) (A n,) £ 5T @ D@ D
X (%) 0 SO0 ((8) (1 vy (Komo.y)Nn + O((ST)?). (D.11)

T o~
det <s(q‘>(5c> + 25(q7) 7 [sen(G0)(A)” — sen(00)(A)7]
T
+ 557 sen(00) ), ,-,w,(Ko,,,o,v)) =5 det((g~")7) det((X)7)

§3
iﬁfzjkéemn

T o~
[+ <Z(6]1)Z,-[Sgn(<fo)(A)Zg - sgn(a())(A)z,Z]) (O TE IR (s P ED e
T o~
+ (Z@l);ﬁ[sgn(ao)m);m - sgn(aoxA);M]) (@ L@@ D@ v
T ~
+ (Z(q“)gk[sgn@)(m;n - Sgn(Uo)(A)X/n]> (R e NG (i);,,,,)]
3
S

+§€ijk€emn

T
[+ (5((;1);,- (sgn(00) (8) . j,v),<,<0,,,0,v))u) (@3 ® ) (@ DB y)
T
+ (5<q‘);4,-<sgn(oo>(6);,, j,v),(KU,nU,U))Mm) (@ L@@ D@y,

T
+ (5(q“);,k(sgn(ao)(8)(‘,,,-,,)),(,(0,,10,1,))Nn) (e NG (i);,m)]
+0((sT)?). (D.12)
Hence, we obtain

T _ ~
Zogivrars = 5@ Dy i ST(sgn(oo)(q");m(A);m = 5gn(00) (¢ ) 31 (A) 1)
sT =~ _ _

+ 7(‘1 )Mm Sgn(ao)((8)(J.j’v)y([(0,n0,v))Mm

2
+ (@@ D5 = @308 @ 5,

2T ~
+ %((q—lmm(q‘l);n — @ D @ D) E) g (580(G0) (A)y,, — 580(00) (A) )

32

T
+ T((q_l);/lm (q_l);]n - (q_l);ln (q_l);m)(i);/lm Sgn(UO)((8)&,j,v),(K0,llg,v))N”

+57 det((g™")7) det((¥)7)
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§3
+ 3y €idkEemn

T o~
[+ <Z(q‘>z,-[sgn<oo>(A)zz - sgn(cm)(A);g]) (@ D3 @) (@ D ®y,)

T _ o~
+ Z(qfl)&j[sgn(oo)(A)&m - Sgn(ffo)(A),Qm]> (I IR IAE IS

T ol B o S

+ (Z(Q_I)Nk[sgn(do)(A)Nn - Sgn(oo)(A)N,l]> (@ HL @)W Dy (X)M,,,)]
53
+§6ijk€emn
T

[+ (5((;‘); (sgn(00) (8) . j,v),(,(o,no,l,))u) (@3 ® ) (@ D))

T
+ (5((]1);/1j(sgn(ao)(8)(_j,j,v),(](og,m,v))Min> ((471)2[(i)Zg)((qil);/k(i);/n)

T
+ (5<q—‘)KN<sgn<oo><6)(,, j,w,(,((,,,,(,,v))Nn) ((q”),L(xm)((q“),M(fc)Mm)]
+0((sT)?). (D.13)
(Z;q”x:ﬁ:AﬂS)z = sz(qil);/[n(qil);/m (i);lm(i);n
2T -
+ ST(q*‘);lm(q”);n(fc);m(sgn(go)(A);,, — sgn(o0)(A)y,)

2T I _
+ @ D@ a1 5200 () 0y (kgm0 No

3
+ 2@ L@ @R = @ D@D O (O, I

s3_T_17 —1y— “IN— o —IN— o —1\— ~ R
+ 1 G NG D an @ Ve — @ Dare(q™ ) ) (sgn(oo) (A) 7,

3T
—5gn(00) (A) ) )y B yn + ST(q‘lm,,((q‘l);m(q‘l);e =@ Y@L @) i
X Sgn(UO)((8)(_].j’v)y([(0,n0,v))L€(52);/,1
+5°(q ™)y ®) g det((@™H ) det((F) ) + O((sT)?). (D.14)

Therefore, we obtain

T _ o~
[det (1 +s(g7H ()" + ZS(qfl)f[Sgn(Uo)(A)f —sgn(op)(A) ]

T i _ : /
+55( ) Sgn(%)(5)<J,j,v>,<1<o,no,v))} = 1422 i pes + gias)

T - o~ _ _
=1+25(¢ )y ®)apm £ %(sgn(aoxq—l)Mm(A)Mm —3gn(60)(q ") yym (D) ygm)
+5T (™) 31 SO0 ((B) ). ). (Komo.)) M
+572G D@ e = @ D@D ) E) i B

2T ~
+ “‘7(2(q—1);4m<q“>;n — @ 2@ D) E) g (380(50) (A) y,, — 520(00) (A) )

+52T 2@ DY@ e = @30 @ D ) E) it sgn(00)((8) (1 ;. 1), (Ko.mo,0)) N1
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+2s3 det((g™H)7) det((x)7)
S3
+ 2§€ijk€£mn

T ~
[+ (Z@-l)u[sgn(go)(mu - Sgn(ao)(A)Lg]> (@™ D3 ) (@ D3 E) )
T ~ _ o _ _
+ (Z(q"mj[sgn(ao)(A)Mm - sgn(ooxA)Mm]) (@ L@@ Dy ®y,)

T o~
+ (Z(q‘);k[sgnwo)m);,, - sgn(ao)m),—v,,]) (@ L@ Dy, (@;4,,,)]

3
N
+ 2§Eijk€£mn

.T
[+ (5<q—1>u (sgn(00)(8) . j,v),(Ko,no,UW) (@ @) (@ D By,
T
+ (5<q—‘)Mj<sgn(oo)(6)<], ,,v),(KO,nO,U))Mm) (@ L@ Dy,
T
+ (5<q‘>;k(sgn<oo>(5)@, ,,v),(KO,nO,U))Nn) (@ L@@ Dy, (fc);m)]
T

3
+ 2@ L@ @R = @D @) O (OR, D7 £ @7,

X (D@ D5 = @ D@D L) (52n@0) (A) f, — s2n(50) (A) L) E) i B wn

T

+ @ D@ D@ D1 = @ D@D 1) © i 52000 (BN 0y kg1 D

+54 (g™ 31 (), det((@ ™) 7) det((B) ) + O((ST)?).
We easily see that we have the following equality:

T o~
[det (1 +s(g7H (@ £ Zs(q—‘)—[sgn(ao)(m— — sgn(09)(A)7]
2
T | _ _
+5S(CI ) Sgn(oO)(8)(1,_/',U),(Ko,no,v)>i|

T ~ - 2
= [det (1 +s(g7H (@ £ Zs(q—‘)‘[sgn(ao)(m- - Sgn(Uo)(A)_])}

+5T (") 31 SEO0)((8) ().} 1) (Ko mowy) M

+5°T QG ) m @ D vn = @ D30 @D ) B 31 SEOD (BN ). Kooy N
s3
+ 2§6ijk6fmn

T
[+ (5(61_1)2,- (sgn(00)(8) . ,,v),(,(o,,m,v))u) (@D ® ) (@ D)y,
T
+ (E(q—‘mj(sgn(oo)(a)(,, j,v),(,(o,no,w)Mm) (@ L@@ D@y,
T
+ (E(q‘l)m(sgnwo)(a)(,, ,,v),<KO,nO,U))Nn) (@ L ® W@ Dy, (fc)Mm)]

+53_T(—1)7((—17 s [ S [
3 q In,\\g )Mm(q )Lg (q )Mg(q )Lm)('x)Mm

(D.15)
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X Sg(00) () o) (komoray) LD + O(T)). (D.16)

Considering the terms that contain Kronecker deltas, we get

(qil);lm((8)(_J,j,v),(l(g,ng,u))Mm = (q71);/[m8(_}l/l.m,v),(l(0,ag,v) = (q71)go’n0
B — (-l\= (==
@ i (B aam = (@77 — @7 (D.17)

@ () Dt = @ Vs = @ e

The only difference that occurs when considering the term z’

sq-x—A+s 1S the Ky, o9, no get

replaced by Ko, 5o, 7.
Consequently, by reinserting the above results into the expression for [det]?, we obtain
the following four expressions:

T ~ - 2
[det (1 +s(g7H @+ Zs(q”)*[sgn(oo)(m* - sgn(ooxA)]ﬂ

=1+25(q" )
(B + %(sgn(ao)(w—l);o% — (@™ D77,) — 3000 (@D m, = @ Dim,))
+5°2@ D@ Dvn = @ D30 @ D) O 3 By,
+ S%T(mm [2(sgn(ao)((q-1)§o%— (") o) — sgn(00) (@) Jme= @ Ve ))@ it
— (@ Dz, 520G (477, = @7, = @ Vi, 520000V (47D, — (q“),j,,,,))]

I(,m
+2s3 det((g~")7) det((¥)7)
s3
+2§6ijk

.T
[+ (Z[%mn sen(G0)((¢™ "7, = (@ )7,) = €mmn sg0(00) (¢~ = (q”)@-)])
(@™ @) (@ D3 By
+<Z[6r sgn(@)((¢ ™5 = (@75 ) = €men s2(00) (g7, — (q‘l)A)])
4 mon Joj Ioj mon Joj loj
(@ LD D ®y,)
T - _ _ . .
+ (Z[eemﬁo sgn(@) (g3, — (@™ D7,) — €ommy 580(00) (4734 — (q“),ok)]>
(™5 O@ Dy O |

3 3
5@ L@ a8 = @ D@ ) i (O, I+
(@ D [(q”);m(sgn(ao)«q‘l);m — (@ D55, — 52100 (G@ ), — (q“),;mon)
~(@ Dz, 580G (@3, = @ D7) = @ D 52000) (0D = @ D))
X () pgm O ] +51@ 7 31,0 (), det((g D7) det((D) ) + O(ST)?). (D.18)

T o~
[det (1 +s5(g™) (D) + Zs(qfl)f[sgn((fo)(A)* —sgn(op)(A)]

T B B 2
+75(a7) " seno0) (8) j,v>,<K0,no,v))]
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T - 2
= [det (1 +s5(g™) (D) + Zs(qfl)f[sgn(a'o)(A)f - Sgn(Uo)(A)])}

+5T sgn(00) (@ Vgony +5°T 58000) 2@ DV 0n0 @ DV atm — @ DV kom @ 1) E b
3
S
+2§6ijk

T
[+ (Eenomm—‘);oi Sgn(Uo)) (@ 3 O (@ @)

T
+ (—eemn @ Vg Sgn(Uo)) (@ @@ @)

2
T e R e T
+ (Eeﬁmn(,(q )Kok Sgn(“ﬂ)) ((q )L[(X)Le)((q )Mj(x)Mm):| + T

% 580(00) (@ (@D @ D xoms =@ D atne @D ko) E gy @y +O((T)?).  (D.19)

T - 2
[det (1 +5(g™H) () — Zs(qfl)f[sgn(go)(A)f - Sgn(Uo)(A)]ﬂ

_ —I\—  =y— _i ~ = == N —1y—
= 14250 )30 Oy — = (2@ (4755 = @75 = sen@0) (g™,

=@ D m ) *+ 5 G D@ D = @ D@D ) E g @y

—sz—T()?)f [2(s nG)((g H. — (@ H7.)— O e
5 O | 2(580(00) (g V5,50~ @ g, — 58000 jymy = @) fgm@) agm
— (@ Dy, 520G (@7, = @ D7) = @ Dy, 520000) (47D, — (q,l)l_om))]

3
—2%6”’]{

T o ~ ~ — —
|:+ (Z[Grﬁomn Sgn(OO)((q_l)joi - (q_l)’im-) — €momn sgn(oo)((q‘l)loi — (q_l)loi)]>

(@D @) (@ D3 By

+<Z[6r sgn()((g N7 . — (g7 ) — e sgn(oo>(<q—1)A—<q‘1)A)])
4 mon Joj Toj mon Joj Ioj

(g L@@ Dy @)

T - _ _ . .
+ (Z[eemﬁo sgn(@) (g3, — (@™ D7) — €ommo s80(00) (4734 — (q—1>,0k)]>

(™5 O@ D ©) |
3
+ 2@ L@ @8 = @D @) ©i (O3, I

_53_T —1y— —1y— ~ S NP N

L@@ D, 6@ (@D — @ D7)
= sgn(©0) (@) jym, = @ Digme))) = (@ iy, 520 G0N (g3, — (7))
_ (q“);lmU sgn(cro)((q_l);(Jm - (q_l)iﬂn))](i)&m@)&n]

+54(q ™) 3 ) g det((@™H ) det((F)7) + O((sT)P). (D.20)
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T .
[det (1 +s(g™) (@) - ZS(qfl)*[sgn(Uo)(A)f —sgn(og)(A)7]
T 2
+55(g7h) sgn(rm)(6)(,,1.,”,(,?0,%,”))

T o~ 2
= [det (1 +5(g7) (@) — ZS(qfl)f[Sgn(Uo)(A)f - Sgn(Go)(A)]):|

+5T sgn(G0) (¢~ Dz 7 +57T 52060 2@ 75 @ Dam = @ D7 @ D) g
3

T ~ o o
+2%6ijk [+ (56%"1"(61");{05 sgn(cm)) (@D @) (@ D3 Ey)

T ~ o - _
+ (Eem,l(q‘b;(o ; sgn(oo)) (g™ DL @)@ @)y,

T ~
+ (Eemmq‘)ak Sgn(Uo)) (¢ g (J%)a)((q‘);ﬁ(fc);l,n)}

+33Ts ~ —1\— —1\— s —1\— = ey — O((sT)?
- gn(00) (@ Ina(@ Dym @ Dty = @ i@ D g0) E g By + OUST))-
(D.21)

D.2. Expansion of the y and y; terms. estimation of the remainder in the expansion

1 1

In this section, we will estimate the remainder in the expansion of y%, v, ’ﬁ,}f around

y =y =75 =7 = L. For this, we use the tools developed in [13]. Here we have the case
. 1 . .

where L = 1 and M = 8. The expansion of Az [13] reads in this case

| 1 T o~ 1
Az ({(im)_ + 7 (psjp) ) + 1 lsgn(00)(A)™ — Sgn(Go)(A)_]} » 5 sgn(o0)e, (v), no)

_ aildet((p) )l

in
n k—1
{(y - ) <Z f%(k)(l) Z(y — D'y, — 1)k11>
k=1 1=0
+ [ %(n+1)(y)(y _ 1)n+1 _ f%(m-l)(yl)()ﬂ _ 1)(,,+1)] } D22)

remainder

1 1
By using the explicit expression for A’ in terms of y%, v and ')7%, Y, respectively, the
remainder in lemma 4.1 of [13] will lead to a Gaussian integral of the form

/ &)~ O (£ = D = £ G = D) (D.23)
R® ’ B B
for the one Az function, and

f ) e (£ G E = D = GG - D) (D.24)
R

for the other one respectively.
We come to the estimation of the two remainders now.
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First of all we need an estimation for zy,-11a, Zsg-1x—A» Zsg—'x+A+5 Zyg—lx—A+d:

1
Zgixa = (s(g ™))"+ M)+ S[(r(s(@ ) (D) £ A)

—tr([s(g7H™E) " £ A)H] +det(s(g"H)"(®)” £ A). (D.25)
‘We obtain
—I\— oy — ey L ST —1y— —1y— —1y—
ltr(s(g™ )~ (X) " £ A <sll@ ) IIGE) ”+T(|(q )5l 1@ D751+ 1) S|
+1@ D m ) <sl@™HTIE I +sTl@ D7 (D.26)

ltr(s(g™) ™ (®) ™ £ AP < (s H™ @ £ AP < s @ ) IPIE 11

s*T? —1y— —1y— —1y— = )2
T (1@ D751 +16@ D75 1 +16@ Dl 1@ D 70,1)
T
+ %n(q*)*n 1@ D745, +16@ D75 1 +1G@ D)+ 1@ 70,1)
<N HTIPIE I+ 25Tl D) 121G 1+ 2T g )71 (D.27)
1 2 2 1 2 2 s*T? 1\ — 1\—
ltr([s(g~) ™ @)~ £ AP < s21@ D IPIE +7(|<q— V| F 1@ D75 |
T
1@ g |+ 1@ Do) + %<|((q”)*(m*(q*‘r)w
+1((g™H @ (@) D7, (@@ @) s
+1((@H™ @@ D m) < S2@HIPIE )1
+2sTll (@ ) IPIE I+ 2T @ )11 (D.28)
T
|det(s(g™")~(®)” £ A)| < 65° (n(ql)n G+ Z(|(q*‘>§o%| +1(¢™ 75!
3
+|<q—'>hmo|+|<q“>,[,mo|)> <65’ (@ H IPIIE 1P
+3T (g D IPIE I +3T1E Mg DI + T lig ) I1P). (D.29)

With these intermediate estimations, we can estimate Zyy-1 44 and zy4-1,_A NOW:
|Zsg-1xteal < sl@ D NIE [ +sTlIg D
1
*+5 [+s*1@ ) IPIE I+ 25T @ ) IPIE 1T +s° T H ™ I1?
=@ D IPIE I+ 25T ) IP1E 1T +5° T2 g H 117
+65° (1@ O IPINE 1P +3T 1@ D IPIIE 12+ 3T 1 g H I
+Tl(g ™)1
=sll@ O IME I+ 18Tl ) IPIE) |l
+185°T (g™ ) IPIE 1P+ 657 Ig™ O IPIE " IP +sT (g DIl
+65° T3 (g I?
= u(||(®)7I, (D.30)
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then
ly —1] < 2u +u’ = P(x]) and |y—1|<2u +u’ = P(x|). (D.31)

In an analogous way, we obtain

|2sq-1xeans] < |2sg1vzal + TG )7+ T@™ )7 IPIE ™| =: ur(llx|) (D.32)
and

|Zgg-1eassl < |2sgxzal +5TNG DI+ TG D7 IPIE I = ur (x| (D.33)
Thus, we have

vt — 1] < 2uy +ui =: Py(|x]) and |5 — 1] < 2uy +uj =: Pr(|lx])). (D.34)

Since y and y and y; and y; respectively are estimated by exactly the same polynomials
P(|(®)~|) and P;(||(X¥)"]|) respectively, we can estimate the two remainders by the same
term. Thus

/ @) O (£ (= D = £ ) (1 = 1)“””)‘
R

< / & (xy,) e O3 8) D [ (@)~ N2 + 2P (| (%)~ ) D
RQ

+ P~ + 2P (1E) 71D ™) (D.35)

and

[ )0 (A E - ) — GG - 1)“””)‘
R

< / & () "e O3 g) D [P (@)~ N2 + 2P (| (F) ) D
R«J

+PL(I® D" + 2P (1@ T ID™D]; (D.36)

thus we can restrict our further estimation to one term only.
Express P(||(¥)7]|) as an arbitrary polynomial of the order sixth

6
PG =Y al@ 5. (D.37)

k=0
By the multinomial theorem, we obtain

|

! 0 ik”k
PA® D= Y m[ﬂak} e (D.38)
k=0

no+.Ang=n

Consider the Gaussian integral of the form

2’ 20 [ 2’
\/; / gd9(5c>—e-z”"”‘>"‘2||(fc)‘||"=Vg,/; / dre 27y = vg,/; Jnsss (D.39)
R 0

SN

where V,, = 1%’(2) is the volume of S™. Now
2
V2 w nl
J, = TﬂZ_%Z—' for n even
(5)! (D.40)

1w (n—1
7, =-2"" (" I forn odd.
2 2
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Introducing again the Gauf3 bracket [.], we can immediately check that

V2| 2!
n < T[[?]] (D.41)
Using n! < e( (nt) )("H), we may further estimate
(n+1) o o))
V2w V2 1\ ?
eV T eVam, (s , (D.42)
4 2(” D 4 e

where (” D < [4] <4
Fmally, if n < no, then

9 2 6
2 2 (9+6n 9+6n
(%) e 2@ )N —
/2 /d(x) UGN < Ve ( - ) [X_: an) = }
::K96<9+6n> ( 9+6n> D43)
’ 4e

Using the above estimate, we can bound the remainder from above

) IO (G E = DD — GG - DY)
R

/ & (xy5,) " e A TEGE ) D [p()(R)7 N + 2P ([|(®) )™

+ PN ™I + 2P (1E) I ]

4 (n+2)
<Koy | (2102 (P( m))
de 4e
9r6m+2 )\ 04 6(ns 1)\ 2
+(P1< ﬁ» +2<L+)>
4e de
or6m+D\\"" oo T\
x (P( —”)>) +(P1< L)) (D)
4e e

As pointed out in [13], for small values of n the error connected with the remainder is
proportional to s"*!. However, for larger values of n the size of the error becomes comparable
to the order of accuracy (in powers of s) up to which we have performed the expansion. Thus,
we are interested in the value ny from where onwards the error becomes so large that it does
not make sense to compute corrections. An estimate for n( can be derived from the condition

‘ng d9(xj_jv)_ e—2||(5c)*||2 (fé(n+2)(y)6; _ 1)(n+2) _ fé(n+2)(5;1)6~;1 _ 1)(n+2))‘

oo @ gy 21O T (A GG = 0w — FIV GG - Do)

Since the upper bound in equation (D.44) looks rather complicated ny cannot be computed
analytically. Nevertheless, the order of magnitude of o can be obtained under the assumption
that the value of n( is supposed to be quite large and therefore that the change of P (M)
as we replace ng by ng + 1 is much smaller than the value of ny itself. Under this assumption,
the value of ng [13] is given by

46( f0(3)7 )2 —9

o = Sll(fmv6) [ _3, (D.46)

> 1. (D.45)
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whereby 7((8) is of order unity[13]. Consequently, since (g,;,)" is of order unity, we conclude

as long as s = 127 is small, the value of ny > 1. Hence, the precise value of ny depends on
the chosen value for .

Appendix E. Explicit expressions for y, y;, ¥ and 7,

In this section, we will derive the explicit terms for y, y;, ¥ and v, that occur in the expansion
1 .
of the A2 functions up to order O ((s 7)3):

| 1 T ~ 1
A2 ({(fjju)_ + 7((191_,‘1))_) + Z[sgn(Eo)(A)_ - Sgn(Go)(A)_]} '3 sgn(og)eg, (v), no)

= "E| det((p) )1 { (v — y1)( g”a) + ff’(l)(y —y -2+ f?(l)((yl —1)?
+(— D1 — D+ —DH)} (E.1)

and

| 1 T ~ 1 ~ ~
A2 ({(fc/jv)_ + 7 (pyjp) ) + lsgn(00)(A)™ — Sgn(Uo)(A)_]} » 5 sgn(Go)eg, (v), no)

3
az

= Syl @OFE =00+ 1P OG =71 - 2)
+ff)(1)((il ~D*+G-DGE - D+G - DY)} (E.2)

The lowest order in the term (y — y;) and (¥ — ) respectively is sT. Since we have a global
term (y — y;) and (¥ — 7) respectively and the highest order we want to consider is s*T', we
will expand (y — y;) and (y — ) respectively up to order O ((s 7)?) and all the others terms
that are multiplied with these terms up to order O (s?). Using the definition of y, y;,y and 7,
in terms of the corresponding zy;-1x+a» Zsg-1x+A+8> Tsg-1x—a AN Zgg-1:_A4s, WE Obtain

Y = V1 = Zsgx+A — Tsqg~ ' x+A+S
= —sT sgn(00)(q gy = 5°T 520(00) 2@ )0 @ itm
3
s T

=@ k@ D) ®y = 2576k

1
[+ <§en0mn(q‘);0,- Sgn(ao)) (@ 3 ) (@ D)

1
+ (EEZOUn(ql)EOj Sgﬂ(oo)) (@ L)@ D ®y,)

1
- (Eezmzo(q‘l);ok sgn(oo)) (e N (G (2);4,,,)]

s*T —1y— —Iy— o —1y—
—ngn(%)(q )Nn((q )Mm(q )Koﬂn

=@ D@ D ko) ® y ®yy + O((STH). (E.3)

y = 1= Lsq—lx+A
T , ,
= 250 i i + 5 (580G (@75 = @ D7) = 5200 (@)

=@ 7w ) 572G ) @ D = @ D2 @) ) i By
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T
+ = @[ 520G (0775, — @ D7z,) = se(@) (@),
=@ Do) @ D — (@ Dy 520G (¢ 7H3, — @ D7)
= (@) gy 5€000) () — (@ D)) ]+ O, (E.4)

yi—1=0—=D+sTsgn©00)(@q@ Vg +5T (2@ Vo @ Ditm
3T
3

1
[+ (Eenomn(q“),(oi Sgn(oo)> (@ ) (@ D y,)

=@ D kom @V tng) ® g + 2

1
+ (zezoon(q‘)zo ; Sgn(ao)> (@ L@@ D@y,

1
+ (Ee@mno(w);ok sgn(oo>) (¢ 5 @@ iy, (50;4,,,)]
s*T —1\— B
+ T Sgn(GO) (q )Nn((q )Mm (q )K()I‘L(]

— @ D @ D ko) By ® iy + O (ST (E.5)
and
3; - 3;1 = Zsqg'x—A T Zsg-x—A+S
= —5T(q )y 520@0) (@ Dz — 5°T 52060 (2407 D77 @ Dt
3T

— @ D7, @ Vi) O = 25 i

1 ~
[+ (5%,1”@‘);0,. sgn(oo>) (@D @) (@ D3 ®y,)

1 ~ o _ _
+ <§6zﬁ0n(61_1),~(0j Sgn(UO)> ((q_l)Ll‘(X)L()((q_l)Nk(;C)Nn)

1 - o o

+ (EGZmﬁO(CI_I);(Ok sgn(cm)) (@ L@@ Dy, (fc)Mm)]
s*T ~ = —1y— -

- ) sgn(oo) (g )Nn((CI )Mm(q )Ko%

=@ D, @ D7) @ @y, + O(GT)?) (E.6)

')7 - 1= LsgTx—A
T

= 25430 @i — 5 (520G (@57, = @ 75,) = sen(@0) (@77,

=@ D 7m) * 572G D@ Dy = @30 @ D) @) ),
T - ~ —1y— —1y— —1y—

- T(x)Mm [Z(Sgn(GO)((q )7(),7“) - (q )707710) - Sgl’l((T()) ((C] )Jomo
=@ Do) @ Dot — (@ Dz, 380G0 (@™ D7, — (@77,
=@ 3ty 32000) (@) — (@ D)) ] + OGY) (E.7)
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Yi—1=G = D+sTsgn@)(q gz +5°T Q@ Dz @ i
3T
D

1 ~ _ _ _ _
[+ (T%mn(q“);(oi Sgn(do)) (@D @) (@ D By

=@ D7 @ D) @ g + 25 €i

1 ~
+ (Ee%n(qbio ; sgn(oo)) (¢ D@0 (@ D@,

1
+ <Eeemz0(q—1>;0k sgn(%)) (@5 O i m;l,,,)]

s°T ~N D= s f
+—5gn00)(q Ia (@ Dym @ iz,
— @ D @ D7) @i @y, + 0T, (E.8)
Since
yi—l=y—1+(1—y) YVi—1l=y-1+0G-79), (E.9)
we get
O —D*=0@-D*+200— D1 — )+ 1 —»)?
Gi=D=0-D+20-DGi =N +G1 —)°
G-Di—D=0-D+ -G -1
G-DOGI—D=0G-D*+Gi-NG-D.

Reinserting this into the expansion of the A functions, we obtain

| 1 T o~ 1
A2 ({(fcm) + 7 ((pyjp) ) + 4 lsgn(00)(A)™ — Sgn(ffo)(A)]} 5 sgn(o0)e, (V). no)

(E.10)

3)d Ik
_ azldetlp) DI et(i;p) ) O =y{(A" W+ fP MY = D+ (1= y)

+f§>(1)(2(y1 — D243y = Dy — D+ = »H)) (E.11)
and
1 B 1 B T — o~ B 1 - -
A? ({(xm) + 7 ((prj)7) = Flsen@)(B)” = sgn(on)(A) ]},Esgn(awe,?o(v),no)

id Mo - - o~
= S LG Sl + £ DG = D+ Gy~ )

+ff’(1)(2®1 —D243GF - DG = D+ G =P (E.12)

E.1. The leading-order term of Az functions

The leading-order term of Az is of the order sT/t due to the % in the denominator in
equations (E.11) and (E.12). Hence, the leading-order contribution of A? is given by

1 1 T o~ 1
A2 ({()chjv)_ + 7((}7”:})_) + Z[sgn(oo)(A)_ - sgn(oo)(A)_]} ) sgn(op)eg, (v), no)

_ a?ldet((p) )]

7 (E.13)

f)(l)(y — )

sT
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and
| 1 T o~ 1 - -
A2 ({(ijv) + T((iju)f) - Z[Sgn(Uo)(AY - Sgﬂ(Go)(A)]} '3 sgn(ao)eg, (v), no)

3 1
az|det((p)~)|+ ~ ~
=————"'MF - . (E.14)
in 8 T
whereby in (y — y;) and (J — ¥)) only terms of order sT are considered. Recalling
equations (E.3)) and (E.6), we obtain for the A? functions in leading order the following
result:

| 1 T JUN 1
A2 ({(J?ij) + 7 (pyjp) ) + 1 lsgn(00)(A)™ — Sgn(ffo)(A)]} » 5 sgn(o0)e, (V). no)

—ai |d€t§;lp)7)|z %(1)(1)( —sT Sgn(UO)(qil)Egno) (E.15)
and

| 1 T ~ 1 ~ ~
A2 ({(fcm) + 7 (pyjp) ) — lsgn(o0)(A)™ — Sgn(Uo)(A)]} » 5 sgn(Go)eg, (v), no)

_ Md‘?_(% DW= 5T sen@o) gz ) (E-16)

Appendix F. The next-to-leading-order contribution to the algebraic master constraint
expectation value

Here we expand each A2 function up to order O (s*T/t). Afterwards we take the product of
these two functions and consider all terms up to the order O ((sT/ 1)2s2).
The precise expression for the expansion reads

| 1 T JU 1
Az ({(fcfjv)_ + 7 (psjp) ) + S lsgn(00)(A)™ — Sgn(Oo)(A)_]} » 5 sgn(o0)e, (v), no)

| 1 T o~ 1 ~ ~
A2 ({(fcm) + 7 (pyjn)”) = lsgn(00)(A)”™ — Sgn(ffo)(A)]} » 5 sgn(00)eg, (v), no)

_ (a2 Idet(p) )1
- h

2
) -=y)G =)

(A7) + 7P FP MR = D+ 01 = D +2G = 1)+ G = D]
PO ORE = D430 = DOt = D+ 01 = »)*+2G - 1?
+3G = DO = D+ G =91+ (17 O) 120 = D+ 01 = D)
X120 =D+ G = DI+ f7 A7 D02G = D+ G = DI - D?
+30 = D1 =D+ = 1+R20 - D+ — DIRG - D*+3G -1
x Gi=D+ G = D2 +( ;”(1))2[2@— D?+3G - DG — D+ Gi— 17
X 2= +3(y = D1 = D+ 01 = D |70 + OG> T/, (1)

whereby ’.;2 (T means that only terms of maximal this order are considered, although
apparently higher order terms will occur due to, for instance, the squares and products of
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y, 1,y and 7, respectively. As before, we expand (y — y;) and (¥ — ;) up to order O ((sT)?)
while the other occurring terms have to be expanded up to O (s*) only. The separated terms
are given by

y—yi=—sTsgn(00)(q Vg — 5T 580(50) (200 ) gy @ Vit

1 1 3T
=@ Dk @) o) E) s — 23Sk
1
[+ <§en0mn(q‘);o,- Sgn(ao)) (@ ) (@ D )

1
¥ (fewn(ql);o ; sgn(oo>) (@@ )@ v @)

1
+ (Eezmnu(q‘l)xok sgn(oo)) (e NI @)Mm)]

s’T —1y— —I\— o —1y—
—ngn(ffo)(q )Nn((q )Mm(q )Koﬂo

=@ D@ D ko) ® iy ® iy + O (ST (F.2)

~

V=51 ==5T@ )y 380G0 (@ Nz — 57T sgn@) 2 D75 @i
3

S
~ @ D@ D) ®y = 256k

1 ~ _ _ _ _
[+ (Ee%mn(q“);(oi Sgn(oo)> (@D @) (@ D3y

1 ~
+ (5%,1@1);0 ; sgn(oo)) (¢ D@0 (@ D@y,

1
+ <§eem%(ql>;ok sgn(%)) (@5 @O0 i (50;4,,,)]

T ~ - —1\— —1\—=
5 sgn(00)(q~ Iy, (@ Dy (@™ ki,

— @ D, @ D7) @ @y, + OGT)?) (F.3)

20 =D+ 1 =) =45G" D3 ® i +25° 2@ D 3m @ i
=@ @ D) ) iy + O(57)
20 =D+ G =9 =45@ )3 ®m +2522@ D 31m @ Dy
=@ D@ D) E g @y + O(sY)
O =1 =45"@ D m@ D yn @3 @y, + 06D
=D =D =45 @ )y ® g, + O(sY)
G=DGI =D =453 @ @ pim @y, + 0. (F.4)

The terms (y; — y)? and (; — y) are already of order O(s?) and hence do not have to be
considered:

G =1 =452@ D@ Dnn @ g @y + 0. (F.5)
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The terms (3; — 7)? and (¥ — 1)(¥, — y) are of order O (s*) and will therefore be neglected
in the further discussion:

O =DG =D =452q") @ Dy ® 3 @y, + O
O=DG1 =D =45 m@ iy ® g, + 05 (F.6)
1= DG =D =452 @ D@ pm @y, + 0.

Thus, when neglecting the terms of order O (s%(sT/t)?), the expansion reduces to

| 1 T o~ 1
A2 ({()?ij)_ + 7 ((psjp) ) + 1 lsgn(00)(A)™ — Sgn(ao)(A)_]} » 5 sgn(o0)e, (v), no)

| 1 T -~ 1 ~ ~
Az ({(fcm) + 7 (pyjp) ) — lsgn(00)(A)” — Sgn(ffo)(A)]} » 5 sgn(Go)eg, (v), no)

_ <a3|det<(p)>|i

2
- ) 0 =G = W) + 1O 7P~ 1)

+n —D+2G - D+Gr - D]+ fé”(l)fg”(l)my —1D2+3(y — 1)
x (1 —D+2G = D*+3G — DGy — DI+ ( §2>(1))2[4<y - DE -1
+2(y — DG — D +2(1 — DG — DI+ 0> (sT/1)?). (F.7)

Reinserting these various terms into the expansion of the A2 functions, we obtain

1

1 T _ o~ 1
A2 ({(fjjv) + 7((1’1;‘1))7) + Z[Sgn(Uo)(AY - sgn(ao)(A)]} '3 sgn(og)eg, (v), no)

| 1 T ~ 1
A2 ({(fjju)_ + 7((191_,'1))_) - Z[sgn(Eo)(A)_ - SgH(Go)(A)_]} '3 sgn(Eo)e;(O(v), ﬁo)

3 1\ 2
_ <a2|det(rfp) )|4) oT)?

SZ

S,Gijk

(sgn(00) (@™ D gyme + 5 520(50) 20 D kine @ DVvn = @ D kon @ D yne) @ g +2

1
[+ (Eenomn(q“);oi sgn(oo)) (@ D3 ) (@ D@y,

1
+ (5%”@—'),(0,,- sgﬂ(Go)) (@ L@@ D ®y,)

1
+ (Eano(Cll)}Uk Sgn(ao)) (R CI (T (fc);m)]

2
+ = 52n(00) (@ 5@ i@ i, — (q“)M%(q‘1>,<om><)z>Mm(2)Nn>
2
N

(sgn(%)(q‘l)m 55802 Dz 5@ v = @ D, @ D) D +273;

€ijk
1 ~
[+ (56,10,”@‘);),. sgn(o@) (@™ D3 D) (@ Dy @)y,
! ~ . S
+ (5%,,@‘1);{0 ; Sgn(Uo)) (g™ DL @)@ Dy y,)

1 - o o
+ (Eeemao(q—l);(ok sgﬂ(do)) (@ L@ Dy, (fc)Mm)]
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-+§;sgn@n»(ql);n«ql>@m(q1>;mm-—<q1)&qu‘)zmgxx>&m<i>;n)
(7 ) + 5@ 30 03085 D 117 ()

452 D@ Dy = @ D@ D) O @, (7D £ (D)

57 D @ O O (011D £V (1) +32(£7 (D))

+O(s2(sT/1)?). (F.8)

We will order the expansion in powers of (¥)~ since this is quite useful for the later integration
over (¥)~. Moreover, we will neglect the linear powers of (¥)~, because they will cancel in
the integration when integrating against the even function exp(—2((5c)’)2). Let us introduce
the following shorthands:

CM" = @™
CMmN =2 @ D — @ D31 @ Dm
CKoaono = Sgn(ao) (qil)%ono

CMm,K()(TOnO = sgn(o,o)(z(q—l);/lm(q—l);Uno —_ (q_]);on(q_]);no).

(F.9)
Then we can rewrite the A2 expansion as

| 1 T — o~ _ 1
A2 ({(fjju)_ + 7((191_,‘1))_) + Z[sgn(o*o)(A) — sgn(og)(A) ]} '35 sgn(op)eg, (v), no)

T

3 — i\ 2
_ (auda«p))w) 6Ty

A2 <{()~Cljv)_ + l((pjjv)_) - g[sgn(Eo)(Z)_ — sgn(ao)(A)‘]} , % sgn(&'o)e;(o(v), ’ﬁ())
h
(CKU"U"O + 8 (%), CMM K000 G2 (2) 1 (B
[%CMWI,K[)U[)VLQCNI’! + %Eijk[enomncKoaOichcNk
+ E[OOnCKOngCLiCNk + ezmnoCl(()ckaLiCMj]):|
<C’N‘°‘7°ﬁ° +s()~c);4mCMm,f<osnzo +Sz()~c);4m()~c);n
|:%CMm,IN(gEg'rT0CNn + %Gijk [E;iomnCI?OEoiCMjCNk

+ GZZOnCKOGOj CLi CN/( + efmﬂOCKOUOk CLi CM]]) ]

REWDY+M@@$Wm@ﬁWDﬁWD>

+52(%) 7 Oy, [Cm N (@ 1D (1) £ (1))
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+CMmeNm (40 £ (1) £ (1) +32( f”(l))z)]] +O(s(sT/1)?). (F.10)
The expansion has the following structure:
sT 2 _— 2N —2 ~\—
- (op +05(%) ™ + 257 ((X) 7)) (Bo + Brs(¥)

+Bas* () )D (o + yis(F) ™ + 1257 (%) 7))
= apBoyo + 2 (X)) (a2 (Bo + o) + B2 (y2 + @) + ya (g + Bo)
+a1 1y + a1 oyt + aofiyi] +1in((X)7) + O(s*(sT/1)?), (F.11)

whereby lin((¥) ~) denotes all terms linear in (¥)~ which we do not show in detail as they will
not contribute to the final result, because they vanish when integrated against the even function
exp(—2((¥)7)?). Precisely, when considering what the «, 8 and y coefficients actually are,
we obtain

1 1 T ~
A2 ({(fjju)_ + T((p]jv)_) + Z[Sgn(go)(A)_ - Sgn(Uo)(A)_]} ,

—

sgn(op)e, (v), Vlo)

2
A (L + 2 - T 50)(A)~ N
({(xljv) +7((ij1}) )—Z[Sgn((fo)( )~ —sgn(op)(A) ]}’5

3 i\ 2
_ <a2|det<<p) >|4) 6Ty

sgn(Gpeg, (v), ﬁo)

h

[ Kooumo =Ko ( ff)<1))2 + sz(i);m@);n{ + (cf?o%% - ( ff)(l))2>

1 1 . . o
EcMm,Koo’onchn + yeijk[enomnckodochchk +€[00’1CK000']CL1CNk

. . 2
+e[mnﬂcK°“°kcL'ch])} + (cKWO + (fé”(l)) )

1 Py 1 = . P
ECMm,KQm)ngCNn + yeijk [GnomnCKoaotCM/CNk + GgﬁUnCK()JOJCLlCNk

+Ezm%cKO&’okcLich])]
+ (CKUUUV!O + Cl?uguﬁo)

[CM'" V(4R M) + e (40ff”(1)ff><1>+32( f><1>)2)]

+ CKoaonUCMm.KoaonOCNn

(8" rPm)
+ CIN(UEU%CMm.KOGOnOCNn (8f(1)(1)f(2)(1))

+ CMm.Koouno o:Mm. Koo (ff”(l)) H + OG2(T/1)?). (F.12)

When integrating the A functions multiplied with the Gaussian exp(—Z((fc);dm)z),

the integral is «/71/29 and (9/4)«/71/29 for the zeroth power and the
second power in (X)), respectively. Note that we have a factor

~ ~ ~ ~ L a02\ - .

exp(—% Y sev 2 oy (AU, 1o, Jo. Jo, 00, o, mo, fiig, v, J, 0, j, D)) in the expression
eL

for the expectation value. Therefore, we have to expand this function in powers of . The linear
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term in ¢ leads to the term having a minimal order of (s7)?/¢. This order is already smaller
than terms of the order s2(sT/t)?, because [s>(sT/t)*1[t/(sT)?] = s*/t = 1/1>* > 1.
Fortunately, we can neglect the linear term in ¢ in the expansion of the exp function.

Consequently, the final expectation value of ( Zgﬂ"lng)TA}’;‘}:}gO%v is given by
.1y t mo,no '
(075" = Vie oty | OhnkasonYis.s010)
Wi, sy
+H Y e A, [(] Jo, .Io 00,00,Mm0,Mo,v,J,0,j,0)
= J0.j)
1
a2 |det Ik ~ 2.9 o~ )
< | ((p) )| ) (ST)Z |:CKUlTonocKoGon0< 1(1)(1)) + _s2[ <CK0¢TUHU +( l(l)(l)> )
h g 4 g
M1

1 . . R
Mm,Kyoong ~Nn Koooi ~Mj ~Nk Koo Li ~Nk
EC oot + ;6,’jk[€,10mnc vt M C +6(500nc 0N CHEC

. . 2
+65m,10CKOUOkCLlCM]]):| + (CKoUono + (fl(l)(l)) )
8
1

~ o~ 1 P . =~ .
5CMWL,KOUOnUCNn + 5eijk|:6nomncKooozCM_/ CNk + GgﬁonCKogochlCNk

+6[mﬂOCI?OEOkCLlCM]]>:| + (CK(J”(Jn() + C[?o(?o?l‘g)
[ btmNn (4 2D gy @) Mum N 1) 1y £3) @11\
cMm. (4fé (] (1))+c e (407" () (1)+32( ! (1))

+(CK000"0CM’"71?OEO"TO + Cl?ogoﬁchm,Kgagno)CNn <8f|(1)(1)f](2)(1))
B B

~ 2
+CMm,K0(rOnUCMm,K(,(r(,nO (fg(l)(l)) ]] + 0(s2(sT/t)2). (F.13)

Recalling the definition of the master constraint, we have

al _ 10]01(0 mo,no
Co= Z Z Oy KoopvOmo.no

1(]]0K0 O'[)=+,7

4 _~
_ InJo Ko mo,ng
0= z : § : ;6 €tomono 010 JoKoogv*

InJoKo 0o=+,—

(F.14)

Using the fact that the expectation value of M can be expressed in terms of the expectation

m() }’l(] l— mg,ngo
value of (O75% - ) Iy JoKooov and that we have shown that the leading order agrees with the
classical master constraint, we have our final result given by

("Il{lg,J,a,j,Lt}|M|\Il{lg,2j,a,j,L}>:M+§s2 YIYY $©S T

i, s.05.0l veV (@ | IodoKo Ty3, Ko 00—t rm Gomtom

3

6:410,1108;710,170 + E €tomong € Loiorio
lo=1

IOJOK()EI()J(]KO

(sT)e Woh

)

<4ag |det((p) )| * ) +H Y oA, To.Jo,J0,00.80.mo, 0,0, 0,0, j, D)
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2 3!

o)
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