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1. Introduction

It is well-known that a T-duality transformation applied to a circle which could
contract to zero size produces a singular geometry from a regular one. Recently,
it was noticed in [[l] that in a situation when the initial geometry contains a two-
torus a regular background may be generated by using a combination of a T-duality
transformation on one angle variable, a shift of another isometry variable, followed
by the second T-duality on the first angle. We will refer to the chain of these
transformations producing a one-parameter deformation of the initial background as
a TsT transformation. The observation of [[] can be easily generalized to construct
regular multi-parameter deformations of gravity backgrounds if they contain a higher-
dimensional torus [[ by using a chain of TsT transformations.

A TsT transformation appears to be very useful in a search of new less su-
persymmetric examples of the AdS/CFEFT correspondence [f. In particular, it was
successfully used in [[[] to obtain a deformation of the AdSs x S® geometry which was
conjectured to be dual to a supersymmetric marginal deformation of N' = 4 SYM
sometimes called a (§ deformation [fJ-[f]. Various aspects of the deformed gauge and
string theories, and the conjectured duality have been studied in [, §] by using the
ideas and methods developed to test the duality between the undeformed models
B, 1.

Strings in the more general three-parameter deformed AdS; x S® background [P,
and the dual nonsupersymmetric deformation of NV =4 SYM have been studied in
[CT)-[3]. Tt is unclear, however, if the nonsupersymmetric string background is sta-
ble,! and the double-trace operators are not generated in the deformed gauge theory,
thus, breaking conformal invariance as it happens for instance in nonsupersymmetric
orbifold models [[5].

TsT transformations have been also used to deform other interesting string back-
grounds [L1G]. Further related results can be found in [[7, [§.

A nice property of a TsT transformation is that it can be implemented on the
string sigma model level leading to simple relations between string coordinates of the
initial and TsT-transformed background [B]. The relations have been used to show
that classical solutions of string theory equations of motion in a deformed background
are in one-to-one correspondence with those in the initial background with twisted

Tt is known that the spectrum of string theory in the TsT-transformed flat space contains
tachyons [@] It does not imply that string theory on the deformed AdSs x S® is unstable because
the TsT-transformed flat space is singular at space infinity while the deformed AdSs x S® is regular
everywhere. In fact, it seems that a TsT-transformation produces a nonsingular background only
if the two-torus is of a finite size.



boundary conditions imposed on the U(1) isometry fields parametrizing the torus.
An interesting property of the twist is that it depends on the conserved U(1) charges
of the model.

The consideration in [J] was restricted to the bosonic part of type IIB Green-
Schwarz superstring action on the deformed AdSs; x S°. Dealing with the Green-
Schwarz superstring we face a new problem of how to define the TsT transformation
for fermionic variables. The answer is not immediately clear, because the operation of
T-duality must include a change of the fermionic chirality. The TsT transformation
involves the angle variables which transform under the commuting isometries of the
five-sphere. Generically, fermions of the Green-Schwarz superstring on AdSs x S°
also transform under the same isometries. A key idea which allows us to solve the
problem is to redefine the original fermions in such a way that they become neutral
under the isometries in question. After this redefinition is found we can perform the
TsT-transformations on the angle variables with fermions being just the spectators.
The very existence of such a redefinition is non-trivial and will be established in
section 3.

The aim of the current paper is to extend the discussion in [JJ] to the most general
case of a fermionic string propagating in an arbitrary background possessing several
U(1) isometries. We analyze a TsT transformation and show that if fermions are
neutral under the isometries then the relations are universal and do not depend on
the details of the background in complete accord with the expectations in [B]. In
the case of Green-Schwarz strings in the deformed AdSs x S® background our con-
sideration implies the existence of a Lax pair representation, and, therefore, classical
integrability of the model.

The plan of the paper is as follows. In section 2 we consider a general sigma model
action for fermionic strings propagating in a curved background. We assume that
the action is invariant under at least two U(1) isometry transformations. Each U(1)
transformation is realized as a shift of an angle variables with all other bosonic and
fermionic fields being neutral under the shift. We then perform a TsT transformation
on a torus parametrized by any two of the angles, and find a TsT-transformed action.
We show that the TsT transformation preserves the U(1) currents corresponding to
the angles, and, moreover, the TsT-transformed angles are related to the original
angles by exactly the same formulas as the ones derived for the pure bosonic case
in [ leading to the same twisted boundary conditions for the angle variables. This
implies that strings in the TsT-transformed background are described by the Green-
Schwarz action for strings in the initial background subject to the twisted boundary
conditions. We point out that if the original Green-Schwarz string action is integrable



then the TsT-transformed action is also integrable extending the consideration of [
to the general case. Further we discuss the chains of TsT transformations applied
to a background containing a d-dimensional torus, and show that the most general
deformation is parametrized by a skew-symmetric d x d-dimensional matrix which
determines twisted boundary conditions for the U(1) isometry variables. The results
obtained in section 2 have a partial intersection with those of [[§] where a general
bosonic string background was considered.

In section 3 we apply a sequence of TsT transformations to the Green-Schwarz
superstring in AdS; x S [[[J] to generate the Green-Schwarz action for nonsupersym-
metric strings in the v;-deformed AdSs x S° space-time. We explain how to redefine
the bosonic and fermionic fields so that the U(1) isometry transformations would be
realized as shifts of the angle variables. We then use the considerations in section
2 to find the twisted boundary conditions for bosons and fermions, and conclude
that the integrability of superstrings in AdSs; x S° [B0] implies the integrability of
the fermionic string in the ;-deformed AdSs x S® space-time. We use the Lax pair
for Green-Schwarz superstrings in AdS; x S° and the twisted boundary conditions
to derive the monodromy matrix for strings in the ~;-deformed AdSs x S°. The
monodromy matrix can be used to analyze the spectrum of classical strings in the
deformed background.

In section 4 we discuss the zero-mode part of the Green-Schwarz action for non-
supersymmetric strings in the 7;-deformed AdSs; x S° space-time. It describes a
particle with fermionic degrees of freedom moving in the deformed background. The
particle action is integrable, and generalizes the well-known Neumann model to the
fermionic case. The Lax pair for the model is induced by the Lax pair for strings in
the deformed background. Quantization of the fermionic Neumann model should de-
scribe the spectrum of type IIB supergravity on the nonsupersymmetric v;-deformed
background.

In Conclusion we summarize the results obtained and discuss open problems. In
appendices we collect some useful formulae.

2. The y-deformed action

We start with the following general sigma model action describing propagation of a
fermionic closed string in a background with several U(1) isometries
\/_

S =5 d7‘ (V0008030 GO, — €90,/ 03¢ BY, (2.1)
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Here g is the effective string tension which is identified with the 't Hooft cou-

pling in the AdS/CFT correspondence, ¢”! = € = 1 and v = v/—h h*?, where
h*% is a world-sheet metric with Minkowski signature. In the conformal gauge
728 = diag(—1, 1) although in the following we will not attempt to fix any gauge.
We assume that the action is invariant under U(1) isometry transformations geo-
metrically realized as shifts of the angle variables ¢;, i = 1,2,...,d. That means
that the string background contains a d-dimensional torus 7% We show explicitly
the dependence of the action on ¢;, and their coupling to the background fields GZ],
B?j and U) 3.i» VM which generalizes the usual coupling of bosons to the target space
metric and B-field. These background fields are independent of ¢* but can depend
on other bosonic and fermionic string coordinates which are neutral under the U(1)

isometry transformations. By £ . we denote the part of the Lagrangian which de-

rest
pends on these other fields of the theory. We will see in the next section that the
Green-Schwarz action for superstrings on AdSs x S° [[J] can be cast to the form
B.1).

The action has d global symmetries corresponding to constant shifts of ¢’s. The
corresponding Noether currents are

JE(0) = =VA(yP 050 G — €060 BY + 4708, — VR (22)

and they are conserved, d,J* = 0, as the consequence of the dynamical equations.

Now we perform a TsT transformation of the angle variables. To this end we
pick up a two-torus, for instance, the one, generated by ¢; and ¢,. The TsT trans-
formation consists in dualizing the variable ¢; with the further shift ¢o — @9 + Y1
and dualizing ¢; back. Application of the TsT transformation can be symbolically
expressed as the change of variables

(91, ¢2) (¢1, B2) . (2.3)

The procedure to construct the TsT-transformed action is explained in appendices A
and B. The corresponding action can be written in the same fashion as the original
one

\/_

§ = dT— [yaﬁaa&aﬁ&jczij—eaﬁaagz}iaﬁqéjBij (2.4)

+2aaq~$i (’yaﬁUﬁ,i - Eaﬁvﬁ,i) + 'Crest]

with the new fields G;, etc given in terms of the original ones. The explicit rela-
tions are listed in appendix B. Clearly, the new action also has the same number of



symmetries related to the constant shifts of the variables ¢'. The conserved Noether
currents have now the form

T () = —\a@aﬁaﬁcf;j Gij — €P0s¢? By; +~*PUs, — 6aﬁVﬁ,i> - (2.5)

The relation between the dual variables qg and the original ones ¢ can be found by
using the formulas from appendices A and B, and is given by

0a0' = 00" — %aﬁwﬁagﬁbiGn + 400’ Bz — %aﬁVﬁﬁU@ — Va2
0n0® = 0ad” + Yeapy™050' Gt — 4020' Bt + Feapr” Ugy + AV
0nd' = 0ud', 23 (2.6)

Using these transformation rules, one can check that the following relation holds

Ji'(¢) = Ji(0) . (2.7)

It shows that independently of the form of the action (2.I]) and the presence of
fermions the TsT transformation preserves the U(1) isometry currents corresponding
to the angles ¢;, thus, generalizing and proving the considerations in [P (see, also
[ where an arbitrary bosonic background was analyzed).

The equality (B.4) of the original and the TsT-transformed currents also shows
that the TsT-transformation is a particular example of the Bdacklund transformations.
Indeed, in full generality the Backlund transformation is defined as follows [R]]

R (2.8)

for some function y. Here J* and J* correspond to the global Noether currents
computed on the original and on the Backlund transformed solutions respectively.
Eq.(2.§) states that the difference between two currents conserved dynamically, the
original and the Backlund transformed, is proportional to the trivially conserved
topological current. The TsT-transformation simply corresponds to taking x = 0.
However, in our present situation we do not require that the Béacklund transfor-
mations should preserve the boundary conditions for the fundamental fields of the
theory.?

2Tt would be interesting to study the general Backlund transformation with a non-trivial function
x but without imposing the same boundary conditions on the original and transformed fields. This
should lead to an alternative proof of integrability of strings in the y-deformed background, in the

spirit of [R9, R1].



The relation (B.7) allows one to find a relation between the o-derivatives of the
original and transformed angles

W—dh=—vJ3, A=Vl (2.9)
2~ 2:%]{’
o—@ =0, 1>3.

Here J™ means the 7-component of the conserved current. This is the same relation
as was found in the bosonic case [F].

Since we consider the closed strings on the v-deformed background the angles ¢
have the following periodicity conditions

6:(2m) — 4(0) = 2mn;,  n; € L. (2.10)

Then integrating eqs.(R.9) we obtain the twisted boundary conditions for the original
angles ¢; and ¢9, and the usual periodicity conditions (R.10) for the other d—2 angles

61(2m) — 01(0) = 2w (ny + vJ2), (2.11)

where

is the corresponding Noether charge. We see that the twisted boundary conditions
are universal and do not depend on the details of the background and the presence
of fermions. They depend only on the angles involved in the TsT transformation,
and the total U(1) charges.

To understand better the meaning of the relations (B.7) and (B.9) we notice that
the time components of the U(1) currents coincide with the momenta canonically
conjugated to the angles ¢;: J7 = p; = 85/8¢;. Therefore, (223) and (B9 can be

written in the form

ﬁi:piv ¢;:¢;_72]pj7 i?j:1727”’7d7 (212>
where we take summation over j, and 7;; is skew-symmetric, v;; = —7;i, with just
one nonvanishing component equal to the deformation parameter: v;5 = 7.

It is obvious from the relations (:12) that up to the twisted boundary condi-
tions a TsT transformation is just a simple linear canonical transformation of the
U(1) isometry variables. It is the twist that makes the original and TsT-transformed



theories inequivalent. It is also clear that the most general multi-parameter TsT-
transformed background obtained by applying TsT transformations successively,
many times, each time picking up a new torus and a new deformation param-
eter, is completely characterized by the relations (B.13) with an arbitrary skew-
symmetric matrix «;;. Therefore, a background containing a d-dimensional torus
admits a d(d — 1)/2-parameter TsT deformation. In particular, the most general
TsT-transformed AdSs x S® background with TsT transformations applied only to
the five-sphere S® (to preserve the isometry group of AdSs) has three independent
parameters, and, therefore, is the one found in [P.*> The twisted boundary conditions
for the original angles ¢; in the case of the most general deformation take the form

QSZ(QW) — QSZ(O) =27 (nl — Vi) s Vi = —Yik Jk . (213)
Notice, that the twists v; always satisfy the restriction v; J; = 0.

In the next section we will discuss the most general three-parameter deformation
of the AdSs x S® background. For reader’s convenience below we specialize our
formulae to this case.

The general three-parameter y-deformed background is obtained by applying the
TsT transformation three times. We express the corresponding procedure as

(¢17 ¢27 ¢3) E) ((ﬁlv Q;27 &3) l ((ﬁlv Q;27 &3) E) ((517 QB27 QB3) . (214>
Since under every step the corresponding Noether currents remain the same we can
summarize relation between the angles in the following table

H—=—wl5 P =0 o — O =]
G — ¢ = 73] Oh—dh=-mJ]  Ph—dh=0 (2.15)
O — ¢, =0 Oy — & = nJg Oy — &y = —mJ]

From here we straightforwardly find the relation between the derivatives of the angles
¢; and the derivatives of ¢;, the latter being attributed to string on the ~-deformed
background:

We see from the formula that v;; = —¢;;57;. Integrating eq.(B.16) and taking into ac-

count that ¢;(21) —¢;(0) = 27n, , n; € Z, we obtain the twisted boundary conditions
for the original angles

QSZ(QW) — ¢Z(O) = 27T(7’LZ — Vi) s Vv, = Eijk'Vij . (217)
3Let us note that a Ts...sT transformation discussed in [@] is just a sequence of TsT transfor-

mations applied to the tori (¢1, ¢;). The two-parameter deformation of AdSs x S° they considered
is, therefore, a particular case of the general three-parameter deformation.




3. Green-Schwarz strings in ~;-deformed AdS; x S°

In this section we apply TsT transformations to the Green-Schwarz superstring in
AdS; x S° [19] to generate nonsupersymmetric Green-Schwarz action for strings in the
~vi-deformed AdSs x S° space-time. To this end we need to redefine the bosonic and
fermionic fields so that the U(1) isometry transformations would be realized as shifts
of the angle variables. We then use the considerations in section 2 to find the twisted
boundary conditions for bosons and fermions, and conclude that the integrability of
superstrings in AdSs xS® [B0] implies the integrability of the fermionic string in the ;-
deformed AdSs x S® space-time. We use the Lax pair for Green-Schwarz superstrings
in AdSs x S® and the twisted boundary conditions to derive the monodromy matrix
for strings in the ~;-deformed AdSs x S°.

3.1 Superstring on AdS; x S° as the coset sigma-model

The Green-Schwarz superstring on AdSs x S° can be described as the sigma model
whose target-space is the coset [[9]

PSU(2, 2/4)
SO(4,1) x SO(5)

where PSU(2,2|4) is supergroup of the superconformal algebra psu(2,2(4). In what
follows we will use the convention of [R3]*.
Consider a group element g belonging to PSU(2, 2|4) and construct the following

current
A=—gldg=A0 + A® L AW L AG) (3.1)
ox?gn o?d,d

We recall that psu(2,2]|4) admits a Z4-grading automorphism with respect to which
it decomposes as the vector space into the direct sum of four components: two of
them are even (bosons) and two are odd (fermions). In eq.(Bl) A2 are bosonic
elements, and A(13) are the fermionic ones. By construction the current A is flat,
i.e. it has the vanishing curvature. Then the Lagrangian density for superstring on

AdS;s x S° can be written in the form [[9, B
L = —% Astr (70‘5A(a2)A(62) + KE“BAS)A(B?’)) , (3.2)

which is the sum of the kinetic and the Wess-Zumino terms, and x-symmetry requires
k= *£1.

4See also [24] and [RF for the introduction into the theory of the superalgebra psu(2, 2[4).




The next step is related to an explicit choice of the coset representative g. As
was shown in [B3] a convenient parametrization is provided by choosing

9=9(0)g(z). (3.3)

Here g(0) = exp(f), where 6 is an odd element of psu(2,2|4) which comprises 32
fermionic degrees of freedom. The element g(z) belongs to SU(2,2)x SU(4). The
coordinates z = (x4,¥y,) with a = 1,...,5 parametrize the five-sphere and AdS;
respectively.

With parametrization (B.J) we get for the flat current the following representation

A =—gldg=—g " (2)g7 " (0)dg(0)g(z) — g™ (2)dg(z). (3.4)
Since
g(0) = cosh @ + sinh 6, g () = cosh — sinh 6
we see that
g H(0)dg(9) =F + B, (3.5)
where

B = cosh8dcoshf — sinh # dsinh 6,
F = cosh #dsinh § — sinh 6 d cosh 6 (3.6)

are the even (boson) and odd (fermion) elements respectively. Thus, the even com-
ponent of A is

Acven = =g (2)Bg(2) — g7 (2)dg(2) , (3.7)

while the odd component is
Agaa = —g H(2)Fg(z). (3.8)

It is interesting to note that for such a parametrization of the coset the even com-
ponent of the flat current is a gauge transform of the even element B, while the odd
component is conjugate to F with the bosonic matrix g(z).

To write down the final Lagrangian we have to find the projections A®. This
can be easily done by using an explicit representation for the action of the Z,-grading

— 10 —



automorphism and we refer the reader to R3] for the corresponding discussion. To
present further results we introduce two 8 x 8 matrices

K 0 ~ K 0
K - K e
8 ( 0 K) ) 8 < 0 _K) )
where K is a 4 x 4 matrix obeying the condition K? = —I. These matrices are used
to define

G-ty = (1) G=gRtr= (40 ).

As was discussed in B3], the 4 x 4 matrices g, € SU(2,2) and g5 € SU(4) provide
another parametrization of the five-sphere and the AdS space. On coordinates z
the global symmetry algebra psu(2,2]4) is realized non-linearly. In opposite, g, and
gs carry a linear representation of the superconformal algebra. Such realization of
symmetries makes an identification of string states with operators of the dual gauge
theory more transparent. We further find

2A0) = Aon + KAl Ky = —2¢7'dg— g7 (B—GB'G™' —dGG™) g,
2A® = Apen — KsAL Ky = —¢' (B+GB'G™1 +dGGY) g,

2AW = Agqq +iKsAL Ky = —g " (F - iéFtG_l) 9

2A®) = Aygq — iKzAl Ky = —g! (F + z'GFtG_l) 9. (3.9)
Substituting these projections into the string Lagrangian (B.J) we obtain®

1 _ _ _ _
- 5\/Xstr [yo‘ﬁ(Ba +GB'YG™ +0,GG 1) (Bs + GBEG '+ 09;GG™)
+ KeP(F, —iéFgG—l)(FﬁﬂéFgG—l)} .

By using the cyclic property of the supertrace the Wess-Zumino term can be further
simplified and we get

1
& = = SVstr [1(Ba + GBLG™! + 0,GG™)(By + GBYG™ + 9,GG ™)
n 2m€“ﬁFaéFgG—1] . (3.10)

The nice feature of this Lagrangian is that it depends only on fields which carry linear
representation of the superconformal group. In particular, we have three linearly

SFor convenience we rescaled the whole Lagrangian by the factor of 4.

— 11 —



realized U(1) isometries which are used to construct the Green-Schwarz superstring
on the vy-deformed background.

With a certain choice of the matrix K the matrix g, parametrizing S° can be
written as follows (see, e.g. [20]):

0 us Uy (%)

* *
—us 0  u; —uj

gs = , (3.11)

—up —uy; 0 uj
—up uy —uz 0

This is the unitary matrix glg, = I provided the three complex coordinates u; obey
the constraint |ui|? + |us|? + |us|* = 1. A similar parametrization of the AdSs space
is given by

0 (R} V1 V2
—v3 0 —wv;3 v}

3.12
—v; vy 0 wv3 (3.12)

9a =

—vy —vy —v3 0

Here g, € SU(2,2), i.e. it obeys gl Eg, = E with E = diag(1,1,—1, —1) provided
the complex numbers v; satisfy the constraint: |vi|? + |ve|? — |vs]? = —1.

3.2 Fermions twisting

The original fermions appearing in the Lagrangian (B.10) transform under the com-
muting isometries of the five-sphere. To apply the consideration in section 2 to
Green-Schwarz superstrings in AdSs x S® we need to redefine these fermions in such
a way that they become neutral under the isometries in question. After this redefi-
nition is found we can perform the TsT-transformations on the angle variables with
fermions being just the spectators, and use the general formulas derived in section
2. The twisted boundary conditions (2-17) for the original angles of AdSs x S° then
induce twisted boundary conditions for the original charged fermions of AdSs x S°.

Let us explore in more detail the invariance of the Lagrangian under the abelian
subalgebra of the superconformal group. In full generality the bosonic symmetry
algebra SO(4,2) x SO(6) has six Cartan generators: three for SO(4,2) and three for
SO(6). If we introduce the polar representation

up=r; e, v =pie?,

- 12 —



with r;, p; being real, then the six commuting isometries are realized as constant
shifts of the angle variables

¢ — ¢ +e, Y=t te.

Remarkably, it turns out that the matrices g, and g, enjoy the following factorization
property [B] (see also [Bq])

9s(r, ¢) = M(¢) gs(r) M(9) , 3.13
9ga(p, 1) = M()) ga(p) M (), 3.14
where
0 73 117y 0 ps p1 pe
= | DR = | 0 R sas)
—ry 11 13 0 —p2 p1 —p3 O

Here also M(¢) = e2®@) where ®(¢) = diag(®y, ..., ,) with

D = @1 + P2+ P3

Dy = —@1 — P2+ @3
O3 = @1 — P2 — P3
Oy = —¢1 + P2 — @3 (3.16)

The simplest way to see that all fermions are charged under the six commuting
isometries is to notice that any fermionic term in the Lagrangian (B.10) explicitly
depends on all the angle variable ¢; and ;. To find the fermion redefinition that
makes them neutral we represent the odd matrix 0 as

o (3)0() (3.17)

Then it is clear that to uncharge the fermions under all U(1)’s we have to make the
following rescaling

X = M(yi) X M(¢;) ™" (3.18)
Y = M(¢:)Y M ()~ (3.19)

This leads to the following transformation formula

o= (5 a9 (M5 o) 320

>

— 13 -



where the fermions 6 are uncharged under all U(1)s.

In what follows we restrict our attention to TsT transformations applied to
the five-sphere, and, therefore, we do not need to make fermions neutral under the
isometries of AdS;. The corresponding redefinition of fermions simplifies and takes
the following form

X =XM(g:)™", Y =M@Y (3:21)

o= (5 asioy )70 (3 ares) 522

Let us mention, however, that the fermions do have to be neutral under some isome-
tries of AdSs, in particular, shifts of the global AdS time t = 3, if one wants to
impose the uniform light-cone gauge that was recently used to solve the su(1|1) sector
of superstrings in AdS; x S° [27.

Now, to determine the twisted boundary conditions for fermions we just need
to take into account that the redefined neutral fermions do not transform under the
TsT transformations. Therefore, the original charged fermions in AdSs x S° satisfy
twisted boundary conditions which can be easily found by using (B-2]]), and the
twisted boundary conditions (B.17) for the angles ¢;:

X(27r) = X(0)e™ , Y (2r) = e ™Y (0), (3.23)

1 0 1 0
o0 = (§ 2 )a00) (3 ) (3.21)
where A is the following diagonal matrix A = diag(A4, ..., A4) with

AN =m(Jo—J3)+7(Js — 1) +73(J1— o) =11 + 0+ 13

Ay = i(Jo+ J3) = (i + J3) —=v3(Ji — Jo) = =11 — 12 + 13

Az = —n(Jo = J) +7e(r +J3) —w(hh + o) =v1 — 10 — 1

Ay = (o4 J3) — (s — 1) +73(J1 + J2) = =14 + 15 — 13 (3.25)

Obviously, the four variables A; depend on three v;’s precisely in the same fashion

as ®; depend on ¢;’s, c.f. eqs.(B.16). The formulas (B.I7) and (B.23) allow us to
analyze strings in the deformed background by using twisted strings in AdSs x S°.

3.3 Lax Pair and Monodromy Matrix

As was discussed in detail in [J]], the relations (P-f]) can be used to find a local peri-
odic Lax pair for strings in a TsT-transformed background if an isometry invariant
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Lax pair for strings in the initial background is known. The twisted boundary con-
ditions (B.I7) then can be used to get a simple expression for the TsT-transformed
monodromy matrix in terms of the initial monodromy matrix and the twist matrix.

We begin by recalling the structure of the Lax pair found in [20]. It is based on
the two-dimensional Lax connection . with components

Lo = AL + 0AD + Uyape AP + 6,Q7 + 0,Q7 (3.26)

where ¢; are functions of a spectral parameter, and Q* = A® + A®). The zero
curvature condition for the connection .Z,

O0nls — 03 L0 — [ L0, L3 =0, (3.27)
follows from the dynamical equations and the flatness of A, if ¢; are chosen in the
form

1+ a2 2x 1 T
0 ) 1= 12 2 811_ 5 3 S2m> 4 ng’

where z is the spectral parameter, and the constants s; satisfy

2 _ 2 _
55 =83 =1

81 + KS9S3 = 0.

Thus, for every choice of k we have four different solutions for ¢; specified by the choice
of s = £1 and s3 = +1. By using egs.(B.4) for A,, the Lax connection (B.26) can
be explicitly realized in terms of 8 x 8 supermatrices from the Lie algebra su(2,2|4).
However, as was explained in [27], in the algebra su(2,2|4) the curvature (B:27) of
%, is not exactly zero, rather it is proportional to the identity matrix (anomaly)
with a coefficient depending on fermionic variables. However, since psu(2,2[4) is
the factor-algebra of su(2,2|4) over its central element proportional to the identity
matrix, the curvature is regarded to be zero 24, B in the algebra psu(2,2/4).

The Lax connection (B.2G) cannot be used to derive a Lax pair for strings in
the deformed background because A, explicitly depends on ¢;, and, therefore, .Z,
is not isometry invariant. To get a proper Lax connection we need to make a gauge
transformation of .%, similar to the one used in [P] for the bosonic case.

The necessary gauge transformation can be found in two steps. First, we use
the group element ¢ and formulas (B-9) to derive a Lax connection %, which de-
pends only on the coset element . The transformed Lax connection still has an
explicit dependence on the angles ¢;, but it can be easily gauged away by using the
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factorization property (B.13) of G, and making the fermions neutral under the U(1)
isometries of S° by using (B21]). The resulting gauge transformation that converts
the Lax connection (B.26)) to an isometry invariant form, therefore, is

h=M1g, On— L0 —L=M" (aa - .5}2) M =h(0 — 2) h7(3.28)

where .2, = ¢.%,g~! +9.gg~" can be easily found by using (B.9) and (B.26), and the

8 by 8 matrix M is
1 0
M = .
(0 M(@))

The Lax connection %, depends only on the derivatives of ¢;, and, as was explained
in [, to get a Lax connection for strings in the deformed AdS; x S° all one needs
to do is to express d,¢; in terms of d,¢; by using the relations (B-6). The resulting
expression for the Lax connection %, is rather complicated, and it is difficult to
write down its explicit form.

The gauged transformed Lax connection A is, obviously, flat, and is invariant
under the U(1) isometries, and is periodic in o. It can be used to compute the
monodromy matrix T(x) which is defined as the path-ordered exponential of the
spatial component %, (z) of the Lax connection B9

T(x) = 7Dexp/0 ’ do Z,(z), (3.29)

The key property of the monodromy matrix is the time conservation of all its spectral
invariants. In particular, any eigenvalue of T(z), exp(ipx(z)) where pi(z) is called a
quasi-momentum, generates an infinite set of integrals of motion.

In the context of the AdS/CFT correspondence the monodromy matrix of the
Lax connection %, of superstrings in AdS; x S° was used in [B0, g to derive finite-
gap integral equations which describe the spectrum of classical spinning strings in
the scaling limit of [[L].

The derivation of the equations requires a careful analysis of various asymptotic
properties of the monodromy matrix T(z) and the quasi-momenta p(z) at small and
large values of the spectral parameter x. An important distinction of &, from &, is
that it does not vanish at large values of x, and that makes more difficult to study
the large x asymptotic properties of the monodromy matrix.

To analyze the asymptotics it is more convenient to use the nonlocal and non-
periodic Lax connection Z explicitly depending on the angles ¢; which satisfy the
twisted boundary conditions (R.17). In terms of the Lax connection the monodromy
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matrix T(x) takes the form

T(x) = M1 (27) ~Pexp/0 ' do Z,(x) - M(0). (3.30)

It is clear that the monodromy matrix is not similar to the path-ordered exponential
of the Lax connection .%,, because the matrix M is not periodic.

The quasi-momenta py can be expressed through eigenvalues of
21

T(z) = M(0)M~"(27) - Pexp /0 do Z,(x). (3.31)

It is not difficult to check that
10
MO)M~'(2r) = .
e = (4 )
where A is given in (B:25).
It would be interesting to analyze the properties of the monodromy matrix and

derive finite-gap integral equations for the deformed model analogous to those derived
for strings in AdSs x S° in B0, B§. It was done for the simplest su(2) sector in [{].

4. Spinning particle and Neumann model

In section 3 we established equivalence between strings on the 7;-deformed back-
ground and strings on AdS; x S° with twisted boundary conditions. This equivalence
allows one to construct an action for the “y;-deformed” spinning particle. Further
quantization of this action should lead to determination of the spectrum of I1B
supergravity compactified on the corresponding (generically non-supersymmetric)
background.

A spinning particle is the string zero mode. To obtain the spinning particle in the
~v-deformed background we have to assume that all the embedding fields describing
this background depend on the world-sheet time 7 only. Correspondingly, from the
point of view of the string on AdSs x S°, this means that the embedding bosonic
fields must have the following 7, o-dependence

u; = ry(7)e Mo vi = pi(7)e . (4.1)

Here ¢;(7) and v;(7) are the time-dependent phases and the o-dependence of u;
reflects the twisted boundary conditions. For the matrix G (and similar for G) this
implies the following structure

G(r,0) = (é 6_2A0> G(r) ((1) 6_2A0> | (4.2)

— 17 —



The zero modes of the fermionic fields are described in an analogous manner
X(r,0)= X(T)E%AU : Y(r,0) =e 22V (1), (4.3)

which is equivalent to

0(r,0) = ((1) 6_2A0> (r) ((1] 6%-0A0> . (4.4)

Upon substituting these formulae into the general string action (B.I() one can see
that the o-dependence cancels out leaving behind the dependence on the deformation
parameters ;. As the result we obtain an action for the spinning particle in the ~-
deformed background. Since the corresponding bosonic action is known [1J] to be the
same as the action for the so-called Neumann-Rosochatius (NR) integrable model,
we therefore obtain the fermionic generalization of the NR model.

If we restrict for the moment our attention to the purely bosonic case and intro-
duce the diagonal metric n = diag(1, 1, —1) we find the following action

3 3 3
: - . ; 2V
Lros = —2\/X”YTT < Z 7"2'2 + Ti2<f>2 + Z NijPipP; + Th'jp?iﬁ?) + —7” Z V?Tf
i=1 ij i=1
TO 3 .
— Qﬁ% Z vt (viy™ — 2977 ;) - (4.5)
i=1

As usual components of the world-sheet metric are non-dynamical and play the role
of the Lagrangian multipliers. In particular, equation of motion for 477 is equivalent
to the following Virasoro constraint

3
Z vir2 (Y, — ;) = 0. (4.6)
i=1

Assume now that our particle rotates both in five-sphere with angular momenta
J; and also in AdS; with spins S;.% Fixing J; and S; we can integrate all the time-
dependent phases ¢;(7), 1;(7) out by using their equations of motion. Indeed, we

have
1ijS; ; Ji ol

— bi=——F——— T Vi
AN Ny p? AN MyTTr? v

5The spin S3 coincides with the space-time energy of the particle.

i =
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Upon substituting this solution for all six angle variables we obtain the following
bosonic action

Lros = —2VMYT (i 75 75+ 5+ 5 — 43)
1 (Jf J2oJr 82 s g2
S S e W T | +—+————16)\ vrd). (T
sV At 3 3 pl o p3 Z 47

This is an action of the integrable NR system written in an arbitrary world-line
metric density 777. Notice that the second independent component of the metric
,}/’TO'
reduces to

cancels out from the action. On the other hand, the Virasoro constraint ({.4)

> v =0 (4.8)

with the general solution v; = €;;;v;J. Thus, if we would start with arbitrary param-
eters v; defining the twisted boundary conditions ([.1]), compatibility of the dynamics
with the Virasoro constraints would require that v; = €;;,7;Jk. This provides a new
interesting interpretation of the equation (E.§).

In the general fermionic case it is also possible to integrate out the angle variables
provided the fermions are redefined to be neutral under all U(1) isometries. This
redefinition has been already discussed in the previous section and therefore we will
not repeat it here. Introducing the 16 complex uncharged fermions 6 = {0, }a—1. 16
we integrate out the angle variables and obtain the fermionic generalization of the
NR model. Due to the complexity of the explicit answer, below we indicate the
structure of the quadratic fermionic action only. It reads

Loterm = VYT (eijkrjm(e*rj;é — G°Y10) + iz pr(0°TE0 — é*Tj,e))
+ VA (ri,ojHQ”Q + riij*Q”Q*) + 7—\/; rir;0*XY0

+ ﬁ@*(ﬂ +T15)6. (4.9)

Here the matrices Y, , are constant 16 x 16 anti-symmetric matrices. Matrices 2%

and X% are symmetric under ¢ < j and they depend on the deformation parameters

v;; they vanish if v; — 0. The explicit formulas for the matrices 77 and T, can be

found in appendix C. These matrices depend non-trivially on all the spins as well as
on coordinates r; and p; but they are independent of v;.

Since we have not attempted to fix the k-symmetry the action ([[.9) still depends

on 32 fermionic degrees of freedom and the kinetic term for fermions appears to be
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degenerate reflecting thereby the presence of the k-symmetry. Finally we note that
the fermionic NR model remains integrable, because the Lax connection for the string
on the y-deformed background admits further reduction to zero modes. It would be
very interesting to further investigate the integrable properties of the fermionic NR
model and ultimately to quantize it.

5. Conclusion

In this paper we have discussed classical strings propagating in a background obtained
from an arbitrary string theory background by a sequence of TsT transformations.

Assuming that the initial background is invariant under d U(1) isometries, we
have described a procedure to derive the most general d(d—1) parameter deformation
of the background, and the Green-Schwarz action governing the dynamics of the
strings.

We have shown that angle variables of a TsT-transformed background are related
to angle variables of the initial background in a universal way independent of the
particular form of the background metric and other fields. This has allowed us to
prove that strings in the TsT-transformed background are described by the Green-
Schwarz action for strings in the initial background with bosonic and fermionic fields
subject to twisted boundary conditions. Due to this relation for many purposes it
is not necessary to know the explicit Green-Schwarz action for strings in a TsT-
transformed background. These strings can be analyze by mapping them to twisted
strings in the initial background. We have stressed that our construction implies
that a TsT transformation preserves integrability properties of string sigma model.

We have discussed in detail type IIB strings propagating in v;-deformed AdSs x S°
space-time and found the twisted boundary conditions for bosons and fermions. We
then have used a known Lax pair for superstrings in AdSs x S, and the relation be-
tween the angles to derive a local and periodic Lax representation for the +;-deformed
model. The existence of the Lax pair implies the integrability of the fermionic string
sigma model on the deformed background generalizing the construction of []. The
twisted boundary conditions for string coordinates have been used to write down
an explicit expression for the TsT-transformed monodromy matrix in terms of the
AdSs x S® monodromy matrix, and the twist matrix.

It would be interesting to use the Lax representation and the monodromy matrix
to derive finite-gap integral equations for the deformed model analogous to those
derived for strings on AdSs x S° in [BJ]. These equations could be then compared
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with the thermodynamic limit of the Bethe equations for the deformed N =4 SYM
theory [, @, [d]. It has been already done for the simplest su(2), case in [q].

We have also discussed string zero modes and shown that their dynamics is
governed by a new fermionic generalization of the integrable Neumann-Rosochatius
model. Quantization of the model should give the spectrum of type IIB supergrav-
ity on the 7;-deformed AdSs x S® space-time. The knowledge of the spectrum is
important for checking if the nonsupersymmetric TsT-transformed background is
perturbatively stable.

The twisted boundary conditions for string coordinates may be also used to find
1/J corrections to the spectrum of strings in near-plane-wave backgrounds gener-
alizing the computation done in [BI] for the undeformed case. The Hamiltonian
formulation, and the uniform gauge of [BZ seem to be very useful to handle the
problem. It should be also straightforward to compute the spectrum of fluctuations
around simple spinning circular strings, and analyze 1/J corrections to their ener-
gies generalizing the consideration of [BJ]. In particular, it would be interesting to
determine the 7;-dependence of the terms nonanalytic in A recently found in [B4],
and their influence on the dressing factor of the quantum string Bethe ansatz [BY].
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A. T-duality Transformation and Rules

In this appendix we present the T-duality transformation [B@] for the most general
Green-Schwarz action in the form used in the paper. Our way of deriving a T-
dual Green-Schwarz action is very similar to the one used in [B7 where the part of
the Green-Schwarz action quadratic in fermions was also given in an explicit form,
and shown that the quadratic fermionic term couples to background fluxes through
generalized covariant derivative.
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We start with the following Green-Schwarz action

VA do
Y2 arZ

g —
2 2T

(V20,0 D¢ G — €*00,0' D3¢ B, (A1)

ij

+200¢" (v*Ug; — €V3s) + Li] -

Here "' = ¢ = 1 and v = /—hh*?, where h*? is a world-sheet metric with
Minkowski signature. The action is invariant under U(1) isometries realized as shifts
of the angle variables ¢;, i = 1,2,...,d. We show explicitly the dependence of the
action on ¢;, and their coupling to the background fields GY;, BY; and U ;, ViJ;. These
background fields are independent of ¢' but depend on other bosonic and fermionic
string coordinates which are neutral under the U(1) isometries. By LY we denote

the part of the Lagrangian which depends on these other fields of the model.

72’

We perform a T-duality on a circle parametrized by ¢;. To find the T-duality
rules it is useful to represent the action ([A.]) in the following equivalent form

S:—\/X/de—U
2

Uo, Vo, 1
pa 8a¢1+i _fyaﬁeﬁp Ps . ,yaﬁpapﬁ (A.2)
( a0, 2,

G
QTR i v RO 1 M T
where
(72,1 = U2,1 + 8a¢j G(l)j ) ‘70?,1 = Vo?,l + Oad’ B?j ) (A.3)
and L, denotes the part of the Lagrangian ([A7]]) which does not depends on ¢;.

Indeed, varying with respect to p®, one gets the following equation of motion for p®
P = 7a68ﬁ¢1G(1)1 + 7a6Ug,1 - €aﬁvé],1 . (A4)

Substituting (A4) into (EJ) and using the identity €*77,,e?® = v*#  we reproduce
the action ([A.1]). Let us also mention that up to an unessential multiplier p® coincides
with the U(1) current corresponding to shifts of ¢;:

P~ JT.
On the other hand, varying ([A.9) with respect to ¢; gives

Oap®=0. (A.5)
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The general solution to this equation can be written in the form
po‘ — eaﬁﬁﬁqzl , (A6)

where ¢, is the scalar T-dual to ¢;. Substituting (B.0) into the action (), we
obtain the following T-dual action

S=— f dT {qaﬁaa&aﬁgz}j Gii — €%0,0'05¢" By (A7)

+28aqzi (706[76,1' - Eaﬁf//vﬁ,i) + Eresti| .

with the new fields é,-j, etc given in terms of the original ones.

1 = GOGO. — BV.BY. . RO

G , Gy =GY — — = Gu= g, A8

nTan G gy ey W
g —po _ G?z ?j B B?ZG?] o> G(l)z

iy ij G(l)l ) 14 G(l)l )
- |74 U2,
Ua71 - G?LO’ 5 a,l % )

11 Gll

5— 0 G(l]zUao,l - B?zval

[e2Y 2 [e'R) G(l)l ?
o GV - B,

) ot G(l)l )

0 0 0 170 0 0 0 770

;C .= [,0 . Ua,lUﬁ,l o Va,lvﬁ,l + Eaﬁ Ua,lvﬁ,l - va,lUﬁ,l

res rest G?l G?l )
0 9p0" = VaﬁﬁﬁWGu — 930" BY; + 17U, — 7V (A.9)
¢ =0, i>2.

In principle these formulas can be used to find the T-duality transformed NS-NS and
RR fields (see e.g. [BY]) of the background in which strings propagate.

B. The background after TsT transformation

By using the formulas obtained in appendix A, and performing a TsT transformation
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one finds the TsT-transformed background fields G;, etc

el GY . BY%GY, — BYLGY, + BLGY
Gij — #7 Gi3 — 53 _'_;y 2314 1;) 2z+ 1243 (Bl)
+ 4*B}
Gsz = Gg3 + 7 Z) 122(333(;(1]3 B??,Ggg) + (B-2)

z) (G ((B23)” = (G)*) + Goa((B13)* — (G13)*) + 2GY,(G3Ghy — By Bay))

0 .

Bu = T2 4 L (B — (G + G Ch) (B.3)
By 4 10 10 0 0 0 A0

Biz = f + 5 (Blszs G13Gi2 + G23Gi1) (B-4)
ng 6/ 0 0 01,0 0 y/0

Uai = 5 (Bl2U PTGV — G2iva,1) (B.5)

Va,i = D % B?2V0 + G(l]zUaO,2 - GgiUg,l) (B-6)

0 (Y +9°B2) 1 ij 0 0 ij 120 770

Uaz = Ua,3 + D (EJGBVa,j - EJBBUa,j) + (B.7)

<2

i ij ij
+ D (5 ]Uao,i (G(2]3G(1]j - G(1]3G(2]j) +€ JVCS,i (_BS3G(1)j + B??,ng))
(5 +9°BY) i .
Vasz = Vo?,s + Tw (5 ]G?ZSUS,]' — ¢ ]B%Vo?,j) + (B.8)
22
i ij ij
+ D (5 jvo?,i (G(2)3G(1]j - G(1)3G(2)j) +e ]U(S,i (_BS3G(1)j + B??,ng))

(5 +4°B) 1 a
zest — DZ((]zst + Tw ( J(‘/E]OZVO U(())ZUO IBUg,iVﬁO,j)) + (B9>

A2

+ & (Geerny? (VO = USUS ;) + Ghetele Ul Ve

i (3,7 a,i” B,j a,i o 3,7

Here the indices i, j = 1,2 define the directions of a two-torus, while the index 3 is
singled out (in case we are dealing with more than three indices, 3 should be replaced
by a generic index [ different from 1 and 2.) . The element D is given by

D=1+ 2”73?2 + &2(G(1)1G(2J2 - (G(1]2)2 + (B?2)2) ) ﬁ = \/X”Y-
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C. The matrices

We choose the following parametrization of the fermionic element

00 O 0 775 776 7]7 778
00 0 0 ,,71 ,,72 773 774
00 0 o0 6'626304
00 0 0 6656768
glim)=exp | " 5 600 0 0 (C.1)
ne n2 —02 —6¢ 0 0 0 O
nr m3 —03 —67 0 0 0 O
ng ma —04 —0g 0 0 0 O

Here 6% and n* are 8 4+ 8 complex fermions obeying the following conjugation rule
1
2

and —% respectively [BJ]. This explains the notational distinction we made for the
fermions 7)’s and #’s. In what follows it is useful to introduce the unifying notation
6, for fermionic variables. We therefore identify 1, = 6,,5 with a =1,...,8.

0> * = 0, and n* * = n,. Under dilatation the fermions n“ and #“ have charges

In section 4 to describe the fermionic Neumann-Rosochatius model we have used
the following matrices

T}n = 0’3®]12® (—’iO’g) X o3 T; = (—'éO’g) & 01 ®H2®]I2
T2=0300® (—ioy) ® oy Ti:i02®03®1[2®1[2
TP=0301®LL @ (—ios) T8 =03Qi0, @1, ®1,

To present the matrices Q¥ we introduce the three auxiliary 4 x 4 matrices A;:

Aq A1 A
— —As _ A2 _ —Ao
A1 - —As ’ A2 - —As ) AB - As
As —As A4
With this definition the matrices Q¥ can be written as
—A; Ay EAY)
il _ —A; 2 -4 i3 __ A
Q"= Ay , 7= A , Y= AV
Al A'L _Az

Next we describe the structure of the matrix X% which depends on the deformation
parameters 7; and is symmetric under ¢ < j. We find that ¥ is block-diagonal,
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¥ = (—wY, —w", w", w"), where the symmetric 4 x 4 matrices w" read as
v1+v2+v3
v1 +vo — s
wll — 21/1 1 2 3 ’
V1 — V2 — V3
vy —v2+ s
v1+v2+v3
22 vy +v2 — 3
W™ = 2vy —v1 +v2+vs ’
—v1+v2 —v3
v1+v2+v3
33 __ —v1 — V2 + V3
W™ = 2v3 —v1 +v2+us ’
vy —v2+v3
V] — U2
12 _ v — 2
W =3 1 — o s
—v] — U2
v3 — U1
13 _ vy +vs
woo=1 v+ 3 ’
v3 — U1
vo — U3
—Vy — U
w23 =1 2 3
vy — V3
—vo — U3

Finally we collect the 16 by 16 matrices, 77 and T5:

Sz oS82 52 g Jz J? 1
Ty = <——;——§+—+—1+—§+—3)M1®M0+5153 <—2——2)
1 P p3 o Ti T3 T3 P1 P3
+ 515 |5+ | MM +51h (55 | MM +5L(5——= | MM
1 P2 LS 5] ry P
+ 51 55 | MM +S55|5——5 | M QM +SJi (55— | M M
rs P1 P3 P2 P2 T
+ S| 5 -5 | MM +SJ3| 53— 5 | MM +S3i | —5— =5 | M oM
Pz T3 Py T3 Pz T
1 1 0 3 1 1 0 1 1 1 1
+ 83| —5 -5 | MMM +S3J3 | ——5 — = | M @M — JiJ —2 — | M @M
P3 T3 P3 T3 L
1 1 1
+ 1J; <—2+—2) M1®M3+J2J3< +—2) M'® M?, (C.2)
T3 ra T3
T=G"M + .. +GM+ M @G+ ...+ M* @ G®. (C.3)
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Here the M'’s are the following diagonal 4 by 4 matrices

M° = diag(1,1,1,1), M = diag(1,1, -1, —1), (C.4)
M? = diag(1,—1,1,—1), M?* = diag(1,—1,—-1,1) (C.5)

and G and G are 4 by 4, symmetric matrices, with zeros in the diagonal. Decomposing
them in terms of the following orthogonal “basis”

0100 010 0 0010
1000 100 0 0001
O1=10001 ] O2=1o00 2] O3=1|1000]>
0010 00-1 0 0100
0010 0001 00 01
00 0-1 0010 00 -10
Os=V11000 | O=1o100] Os= 10100 (C.6)
0-10 0 1000 10 00
we can show their explicit dependence on the coordinates and the currents
S9.5 S8 S9.5. S1S 515 515
a0 — _ 2 320101_ 1 3;0202+ 2 320103_ 1 220304_ 1 220305_ 1 3P2O1
P2P3 P1P3 P3P2 P1P2 P2P1 P3P
S1J So J. S J. SsJ. SsJ. So J.
al — 1 35201 24301 O, — 1 30303 3 3/)104+ 3 3/)205 2 30306
P173 p27"3 plrg p3713 p37"3 p2r 3
S1J SoJ S1J S3J SsJ SoJ
o2 — 1 152014- 21P10 P 1p303+ 31p10 4 31p20 4 210306
P17y P27”1 p17’1 /)37"1 P37"1 P27”1
S SoJ: Sy J- Ss3.J- Ss.J. SoJ:
o8 — 1 25201+ 2 25102 1 2P303 3 2,0104+ 3 2,0205+ 2 2P306
P17 P27 pirs pr3 psry pary
~ Sy Jir SsJor SsJor SsJ3r SsJsr SsJir
a0 — _ 312201+ 322102_ 322303+ 33204_ 332105+ 312306
T1P3 T2pP3 T2p3 r3p3 r3pP3 r1pP3
~ Jo g1 JyJsr JiJr JyJor JiJor Jo Jsr
ar— 232101+ 132202_ 132203+ 122304_ 122305+ 232106
~ Sy Jir Sy Jor Sy Jor Sy Jar Sy Jsr Sy Jir
a2 _ 112201+ 122102_ 122303+ 13104 132105+ 112306
r1p1 T2pP1 T2pP1 r3pi r3pP1 TPt
~ Sy Jqr SoJar SoJar SoJar SoJar Sodir
3 22 12201_ 222102+ 222303_ 232204+ 232105_ 2 12306
r1p3 r2p3 r203 r3p3 r3p3 r1p3
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