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W e num erically construct tim e-sym m etric initial data sets of a black hole in the R andall-=Sundrum
braneworld m odel, assum ing that theblack hole is sphericalon the brane. W e nd that the apparent

horizon is cigar-shaped in the 5D spacetin e.

I. NTRODUCTION

M otivated by HoravaW itten m odel ], the so called
brane world m odel has been actively investigated E].
Among several m odels, a sinple, but very attractive
m odel was recently proposed by Randall and Sundrum
E,H]. A ccording to their scenario, we are living In a 4D
dom ain wallin 5D bulk spacetin e. T he notew orthy fea—
tures of theirm odel are that in the linearized theory, the
conventionalgravity can be recovered on the brane E{ﬂ]
and that a hom ogeneous, isotropic universe can be sim —
ply described ifwe consider a 4D dom ain wallm oving in
the 5D Schw arzschid-antide Sitter spacetim e ].

O ne of the m ost non-linear ob fcts In the theory of
gravity is a black hole, which should be also investi-
gated to understand the nature of the m odels in strong

elds. However, because of the com plexity of the equa—
tions, any realistic, exact solutions for black holes have
not been discovered In the brane world m odel, even w ith
help of num erical com putation so far. W e only know
that thee ective 4D gravitationalequation on the brane
isdi erent from the E instein equation Iﬂ)] (see A ppendix
A), so that the static solution for a non—rotating black
hole should not be denticalw ith the 4D Schwarzschild
solution. Indeed, a linear perturbation analysis Eﬂ]
show s that a solution of gravitational eld outside self-
gravitating bodies on the brane is slightly di erent from
the 4D Schwarzschild solution. Cham blin et al. ] con—
Ecture that the topology of black hole event horizons
would be spherical with the cigarshaped surface in the
5D spacetim e. H owever, nothing has been clari ed sub-
stantially.

In thispaper,asa rststep tow ard self-consistent stud-
jes for black holes in the brane world, we num erically
com pute a black hole space using a tim e sym m etric initial
valie form ulation; nam ely we solve the 5D E instein equa—
tion only on a spacelike 4D hypersurface. T hus, the black
hole obtained here is not static nor the exact solution for
the 5D E instein equation, I plying that we cannot iden-
tify the event horizon. However, we can investigate the
property of the horizon determ ining the apparent horizon

which could give us an insight on the black hole in the
braneworld. W e focus on the R andall-Sundrum ’s second
m odel H], and assum e that the black hole is spherical on
the brane, but the shape of the horizon is non-trivial in
the buk. W e w illdeterm ine the apparent horizon on the
brane and show that the black hole is cigarshaped as

conjctured In E].

II.FORM ULATION AND RESULTS

W e consider tin e sym m etric, spacelike hypersurfaces,
t, In the brane world m odel assum ing the vanishing
extrinsic curvature; ie.,

H ( +tt)%r t =0; 2.1)
where t is the unit nom al tim elke vector to + and
@y is the covardant derivative w ith respect to the 4D
metric on . In this case, the m om entum constraint is
satis ed trivially, and the equation of the Ham iltonian
constraint becom es

@R =16 Gs( +“T tt); (22)
where R isthe Ricciscalaron ¢, and Gs(= 2=8 ),

and ®’T  denote the gravitationalconstant, negative
cosm ological constant, and energy-m om entum tensor in
5D spacetine [cf, Eq. @)]. W e choose the line elem ent

on t in the form

1 h i
df = = “dz’+ ‘@’ + rd ) ; 223)
Z
P —_— .
where / = £ =6, z ( 1) denotes the coordinate

orthogonalto the braneand r ( 0) is the radial coordi-
nate on the brane. W e assum e that the brane is located
at z = 1. Note that we sin ply choose this line elem ent
for convenience of the analysis. In this paper, we fo—
cus on a black hole which is spherical on the brane, ie.,
= (r;z). Then, the explicit form of the Ham iltonian
constraint in the bulk (for z > 1) is written in the fom



h i
2 3 3
O = % — @7 Ze.  f+3@ )°
r 2 z
2
= =25 tt: (2.4)
4

where “= @=Qr, and ® is the energy-m om entum ten—
sor In the bulk, which is introduced for num erical conve—
nience.

E quation @) is an elliptic type equation and should
be solved in posing boundary conditionsatz = 1, z 1,

r= 0,and r ‘. The boundary condition at z = 1
is derived from Israel’s junction condition ] as (see
Appendix A for the derivation)

@ 3-1=0: 25)
T he boundary conditions at z land r ‘ are ob-

tained from the linear perturbation analysis (see Ap-—
pendix B).Forr ‘and r > ‘z, it becom es

MG,2 1R 2 . i
"1+ 1+ - — +0 (=) ; (2.6)
2r 2 r
where G, = Gs=’, M is the gravitationalm ass on the
brane, and R = (2=3)l:2‘. For z 1,

3G 4M r? 3=2
> L= .
4 Rz z?R 2

"1+ 2.7)
To determ ine the existence of a black hole, we search
for the apparent horizon. Here, we determ ine two hori-
zZons E]. One isde ned to be the spherical two-surface
on the brane on which the expansion of the null geodesic
congruence con ned on the brane is zero ], ie,

(2.8)

T he other is the apparent horizon In f1114D space, w hich
isde ned with respect to the nullgeodesic congruence in
full 5D spacetim e and satis es]

2.9)

where s’ is a uni nom alto the surface of the apparent
horizon. E xplicit equation for determ ining this apparent
horizon is shown in Appendix C .

The procedure of num erical analysis is as follows.
First,we arti cially putthematterof , © tt >
0 in the buk. Thism ethod is em ployed because we do
not have to consider the inner boundary condition of
black holesw ith thistreatm ent. Aslongas  iscon ned
around the brane and inside the horizon, it does not sig—
ni cantly a ectthe geom etry outside the horizon. T hen,
we solve Eq. @), and try to nd the apparent horizon
both on the brane and in the buk. W hen the distribu-
tion of j issu ciently com pact, the apparent horizons
exist. Tt should be noted that two horizons do not coin—
cidently appear. In som e cases, the apparent horizon on
the brane exists although that in the buk does not.
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FIG.1. Location of the apparent horizons on the brane

( lled circle) and in the 4D space (solid Ine). Arti cialm atter
is con ned in the region shown by the dashed line.

[aV]

10

e ALl B R
E r=M/2 ]
S &——r=AH(brane)

1= =

0l e E

> E 1
L Dust ]

001 | J
04001 - \\HH‘ L \\HH‘ Lol \\HH‘
0.01 0.1 1 10

r /R
FIG.2. Pro kof 1 on the brane (solid line). Location
of the apparent horizon on the brane is shown. The dashed
line denotes 1=M =2r

Here, we show one exam ple of num erical results. W e
etG, = 1. In thisexam ple, an arti cialm atter isput for
0 r O02Randl z 12.Equatior] (}4) issolved
using a uniform grid w ith grid size 1200 1200 for r and
z directions, w hich coversa dom ain w ith 0 r=R 171
and 1 z 18:1. In this case, the gravitationalm ass
on the brane isM '’ 029R, and both apparent horizons
on the brane and in the bulk exist. W e note that the re—
sults are essentially the same for 025 M =R 05. In
Fig. 1, we show the location of apparent horizons In the
buk and on the brane. T he apparent horizon in the buk
is apparently cigar-shaped. Due to this cigarshape the
circum ferentialradius of the apparent horizon isdi erent
depending on the choice of the circum ference in the bulk.
In Fig. 2, we show thatthepro Xk of 1 on the brane.
Forr R, 1 behaves as M =2r, I plying that the
solution approxin ately agrees w ith that in the 4D E in—
stein gravity, ie., the buk e ect is an all. H owever, the
existence of the buk issigni cantforr R asexpected.
Indeed, 1 deviatesfrom M =2r w ith decreasingr. T his
e ect is in particular In portant for the location and area
of the apparent horizon on the brane: In the case of 4D
graviy w ithout bulk, the apparent horizon is located at
Tagp = M =2 with thearea A,y = 16 M 2. However, In
the brane world m odel, they take di erent values in gen—
eral. (In thisexample, rag ' 09M and Ay / 88%6M 2,



and the coe cients converge to wellknow 4D values (0.5
and 16 ) with increasing M , in plying that the e ect of
the existence of the buk becom es less In portant.)

III.SUM M ARY

W e num erically com puted tin e sym m etric nitialdata
sets of a black hole in the brane world m odel, assum Ing
that the black hole is spherical on the brane. A s has
been expected, the black hole (apparent horizon) is cigar—
shaped in the buk [id].

W e rem Ind that we only present tim e sym m etric ni-
tial data of a black hole space. This Inplies that the
black hole is not static and will evolve to other state
with tim e evolution. The quantitative features of the

nalfate could bedi erent from the present result. Self-
consistent analysis for static black holes should be carried
out for future to obtain a de nite answer w ith regard to
black holes in the brane world. H ow ever, w e believe that
the present result provides us a guideline for such future
works.
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APPENDIX A:THE ESSENCE OF THE BRANE
W ORLD

W ebrie y review the covariant form alisn of the brane

w orld E]. For the m atter source of the 5D E instein
equation, ®'G = é(mT ®lg ), we choose the
energy-m om entum tensor as

Ot = ()L g+ @1 1+® @1)
where = ‘Inz, isthe tension ofthe brane,q isthe

induced m etric on the brane, and ‘)T
mom entum tensor on the brane.

is the energy
Due to the singular

source at = 0 and the Z, symm etry, we can derive the
Israel’s junction condition at = 0 as
1, 1o 1 (4)
K = = - T - T 2
6 5 g9 5 5 3q i A2
whereK =ggD n ,andD andn are the covari-

ant derivative w ith respect to g and the unit spacelke
nomn al vector to the brane. In the text, we consider the

cases in which WT = 0. Ushg (4+ 1) form alisn , the
e ective 4D equation on the brane has the form

Y6 = 4 E ®3)
where 4G is the 4D E instein tensor on the brane,
1 1
4=—§ +—§2 and E = ®¢ nn ; A4)
2 6
where ®'C is 5D W eyltensor. In the above, for sin —

plictty, we set ©) 0. Equation B3) implies that
we can consider E as the e ective source term of the
4D E instein equation on the brane, and as long as E

is not vanishing, the geom etry on the brane is di erent
from that in the 4D gravity even in the vacuum case.
Only for very special case such as for the black string
solution fI4[I4,E = 0hols.

From Eq. 8 3), we nd that theM inkow ski spacetin e
is realized on the brane when E = 0and 4= 0.In
this paper, we set 4, = 0 to focus on asym ptotically at
brane. T hen, the junction condition at = 0 isrew ritten
to K = 1g . In the case when we choose the line
element asEq. ), the junction condition reduces to
Eqg. @).

APPENDIX B:ASYMPTOTIC BOUNDARY
CONDITION S

To goecify the boundary condition at in nities, we in—
vestigate the linearized equation of Eq. @):

2 1 3 Z
I(D+_IO+_2 @Zzl _@ZI — _5 ni ®B1)

r z 4
where =1+ "' and’ 1. W e can obtain the form al

solution w ith aid of the G reen function G (x;z;x%z°% as
Z

2 Gt Pz x;z;x%20 ) &°

iz B2)
A ssum Ing that , is non—=zero only in the an all region
around the brane, we can derive the relevant G reen func—
tion as E]

d’k o
e ese0.50) ik xx )
G X;2z;Xx;2) = o )3e
by L e @ )
k2 0 kZ2+ m?2
=Go+ Ggx B3)

where u, (z) is the m ode function given from the Bessel
functions J, and N, as

, MmR?
2[
JimR)N,mRz) N mR)J, mRz)
T mR)Zt ML mR))P

;i B4)




where R = (2=3)1"2. G, and Ggx are the Green func-
tion of zero and K K m odes, respectively. From Eq. @)
w e can derive the asym ptotic boundary conditions show n
n the text.

APPENDIX C:APPARENT HORIZON IN THE
BU LK

W e derive the equation for the apparent horizon in the
buk. A fter we perform the coordinate transform ation
from (r;z) to (x; )asz= 1+ xjocos jandr= ‘xsin ,
the surface of the apparent horizon is denoted by x =
h( ). Then, the non—zero com ponents of § is written as

sx = C

and s = Ch ;

g

Cc1

where C [ 2CA=(1 + xJjoos 7] is a nom alization con—
stant calculated from s's; = 1,and h; = dh=d . Then,
the equation for h can be written to the follow Ing ordi-
nary di erential equation of second order

&’h h? @x 3 @ C
— = = 4 + - + —
d ? 4s2 h(@+ hjcos I ¢

sin® + *cod (L 4)sjn cos —

1 @ h sin

+h 4— + 3——— + 2cot + D
1+ hijcos j
4. . h
a )sin cos

s + *sn® )
h

+43@X (0052 + h' sin cos h)
+h? @ Y)sin cos h
+h? @  %cos@ ) 40 sn cos °@
h,
+£0  Y)shE ) 4sh e gvz i (€2)
w here
D= C¢%[@ “fl h®higsh cos
h' @ %) cos@ )h
+2 °@ (cos +h' sn h )% (€3)

Eqg. @) is solved In posing boundary conditionsat = 0
and =2. nthelmi ! 0, we Inpose the ollow ng
boundary condition,

h=nho+hy 2+ 0 (3); (C4)
where h, is evaluated at x = hy and = 0 from the
follow ing equation;
h? 8e 3 e, 3
hy= 2 ==
6 ho (1 + hp) C 0
(C5)

At =

0.
Notethat in the Iim it !

@) is written in the form

=2, the boundary condition is inposed ash =

=2 (ie., on the brane), Eq.

d?h

12 hZ 4@X 2

y + 7 + E H (C6)

whereweuseh, = Oand therelation@ =D = @,C =

0. N ote that the equation which the apparent horizon on

the brane satis esis 4@ = + 2=h = 0 [cf, Eq. (2.8)].
T hus, unless d’h=d 2= hat = =2, the apparent hori-
zon on the brane cannot coincide w ith that in 4D space.
N ote that the black string solution @ ,@] exceptionally
satis esdh=d = hat = =2.
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