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B lack holes in the brane w orld : T im e sym m etric initialdata
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W enum erically constructtim e-sym m etric initialdata setsofa black hole in the Randall-Sundrum

braneworld m odel,assum ingthattheblack holeissphericalon thebrane.W e�nd thattheapparent

horizon iscigar-shaped in the 5D spacetim e.

I.IN T R O D U C T IO N

M otivated by Horava-W itten m odel[1],the so called

brane world m odel has been actively investigated [2].

Am ong several m odels, a sim ple, but very attractive

m odelwas recently proposed by Randalland Sundrum

[3,4]. According to theirscenario,we are living in a 4D

dom ain wallin 5D bulk spacetim e.The noteworthy fea-

turesoftheirm odelarethatin thelinearized theory,the

conventionalgravity can berecovered on thebrane[3{7]

and thata hom ogeneous,isotropic universe can be sim -

ply described ifweconsidera 4D dom ain wallm oving in

the 5D Schwarzschild-antide Sitterspacetim e[8].

O ne ofthe m ost non-linear objects in the theory of

gravity is a black hole, which should be also investi-

gated to understand the nature ofthe m odelsin strong

� elds. However,because ofthe com plexity ofthe equa-

tions,any realistic,exact solutions for black holes have

notbeen discovered in thebraneworld m odel,even with

help of num ericalcom putation so far. W e only know

thatthee� ective4D gravitationalequation on thebrane

isdi� erentfrom theEinstein equation [9](seeAppendix

A),so that the static solution for a non-rotating black

hole should not be identicalwith the 4D Schwarzschild

solution. Indeed, a linear perturbation analysis [5,7]

shows that a solution ofgravitational� eld outside self-

gravitating bodieson the braneisslightly di� erentfrom

the4D Schwarzschild solution.Cham blin etal.[10]con-

jecture that the topology ofblack hole event horizons

would be sphericalwith the cigar-shaped surface in the

5D spacetim e. However,nothing hasbeen clari� ed sub-

stantially.

In thispaper,asa� rststep towardself-consistentstud-

ies for black holes in the brane world,we num erically

com puteablackholespaceusingatim esym m etricinitial

valueform ulation;nam elywesolvethe5D Einstein equa-

tion onlyon aspacelike4D hypersurface.Thus,theblack

holeobtained hereisnotstaticnortheexactsolution for

the5D Einstein equation,im plying thatwecannotiden-

tify the eventhorizon. However,we can investigate the

propertyofthehorizon determ iningtheapparenthorizon

which could give us an insighton the black hole in the

braneworld.W efocuson theRandall-Sundrum ’ssecond

m odel[4],and assum ethattheblack holeissphericalon

the brane,butthe shape ofthe horizon isnon-trivialin

thebulk.W ewilldeterm inetheapparenthorizon on the

brane and show that the black hole is cigar-shaped as

conjectured in [10].

II.FO R M U LA T IO N A N D R ESU LT S

W e considertim e sym m etric,spacelike hypersurfaces,

�t, in the brane world m odel assum ing the vanishing

extrinsiccurvature;i.e.,

H �� � (�
�
� + t�t

�
)
(4)
r �t� = 0; (2.1)

where t� is the unit norm altim elike vector to �t and
(4)r � isthe covariantderivative with respectto the 4D

m etric on �t. In thiscase,the m om entum constraintis

satis� ed trivially,and the equation ofthe Ham iltonian

constraintbecom es

(4)
R = 16�G5(� +

(5)
T��t

�
t
�
); (2.2)

where (4)R isthe Ricciscalaron �t,and G 5(= �25=8�),

� and (5)T�� denotethegravitationalconstant,negative

cosm ologicalconstant,and energy-m om entum tensorin

5D spacetim e[cf.,Eq.(A1)].W echoosethelineelem ent

on �t in the form

dl
2
=

1

z2

h

‘
2
dz

2
+  

4
(dr

2
+ r

2
d
 )

i

; (2.3)

where ‘ =
p
� �2

5
� =6,z (� 1) denotes the coordinate

orthogonalto thebraneand r (� 0)istheradialcoordi-

nate on the brane.W e assum ethatthe braneislocated

atz = 1. Note thatwe sim ply choose this line elem ent

for convenience of the analysis. In this paper, we fo-

cuson a black hole which issphericalon the brane,i.e.,

 =  (r;z).Then,the explicitform ofthe Ham iltonian

constraintin the bulk (forz > 1)iswritten in the form
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(5)
���t
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t
�
: (2.4)

where0= @=@r,and (5)��� istheenergy-m om entum ten-

sorin thebulk,which isintroduced fornum ericalconve-

nience.

Equation (2.4)isan elliptic type equation and should

besolved im posing boundary conditionsatz = 1,z � 1,

r = 0,and r � ‘. The boundary condition at z = 1

is derived from Israel’s junction condition [11]as (see

Appendix A forthe derivation)

@z jz= 1 = 0: (2.5)

The boundary conditions at z � 1 and r � ‘ are ob-

tained from the linear perturbation analysis (see Ap-

pendix B).Forr� ‘and r> ‘z,itbecom es

 ’ 1+
M G 4

2r

h

1+
1

2

�
R

r

�2
+ O

�

(‘=r)
4

�i

; (2.6)

where G 4 = G 5=‘,M is the gravitationalm ass on the

brane,and R = (2=3)1=2‘.Forz � 1,

 ’ 1+
3

4

G 4M

Rz

�

1+
r2

z2R 2

��3=2
: (2.7)

To determ ine the existence ofa black hole,we search

forthe apparenthorizon. Here,we determ ine two hori-

zons[12].O ne isde� ned to be the sphericaltwo-surface

on thebraneon which theexpansion ofthenullgeodesic

congruencecon� ned on the braneiszero [13],i.e.,

�3 =
2

 3

�

2 
0
+
1

r
 

�

= 0: (2.8)

Theotheristheapparenthorizon in full4D space,which

isde� ned with respectto thenullgeodesiccongruencein

full5D spacetim eand satis� es[13]

�4 =
(4)
r is

i
= 0; (2.9)

where si isa unitnorm alto the surface ofthe apparent

horizon.Explicitequation fordeterm ining thisapparent

horizon isshown in Appendix C.

The procedure of num erical analysis is as follows.

First,wearti� cially putthe m atterof�h �
(5)���t

�t� >

0 in the bulk. This m ethod is em ployed because we do

not have to consider the inner boundary condition of

black holeswith thistreatm ent.Aslongas�h iscon� ned

around thebraneand insidethehorizon,itdoesnotsig-

ni� cantly a� ectthegeom etry outsidethehorizon.Then,

we solveEq.(2.4),and try to � nd the apparenthorizon

both on the brane and in the bulk. W hen the distribu-

tion of�h issu� ciently com pact,the apparenthorizons

exist.Itshould be noted thattwo horizonsdo notcoin-

cidently appear.In som e cases,the apparenthorizon on

the braneexistsalthough thatin the bulk doesnot.

FIG .1. Location of the apparent horizons on the brane

(�lled circle)and in the4D space(solid line).Arti�cialm atter

iscon�ned in the region shown by the dashed line.

FIG .2. Pro�le of � 1 on thebrane(solid line).Location

ofthe apparent horizon on the brane is shown. The dashed

line denotes � 1 = M =2r

Here,we show one exam ple ofnum ericalresults. W e

setG 4 = 1.In thisexam ple,an arti� cialm atterisputfor

0 � r � 0:2R and 1 � z � 1:2. Equation (2.4)issolved

using a uniform grid with grid size1200� 1200forr and

z directions,which coversa dom ain with 0� r=R � 17:1

and 1 � z � 18:1. In this case,the gravitationalm ass

on the braneisM ’ 0:29R,and both apparenthorizons

on thebraneand in thebulk exist.W enotethatthere-

sultsare essentially the sam e for0:25 � M =R � 0:5. In

Fig.1,weshow the location ofapparenthorizonsin the

bulk and on thebrane.Theapparenthorizon in thebulk

is apparently cigar-shaped. Due to this cigar-shape the

circum ferentialradiusoftheapparenthorizon isdi� erent

depending on thechoiceofthecircum ferencein thebulk.

In Fig.2,weshow thatthepro� leof � 1 on thebrane.

For r � R, � 1 behaves as M =2r,im plying that the

solution approxim ately agreeswith thatin the 4D Ein-

stein gravity,i.e.,the bulk e� ectissm all. However,the

existenceofthebulk issigni� cantforr� R asexpected.

Indeed, � 1deviatesfrom M =2rwith decreasingr.This

e� ectisin particularim portantforthelocation and area

ofthe apparenthorizon on the brane:In the case of4D

gravity withoutbulk,the apparenthorizon islocated at

rA H = M =2 with the area A A H = 16�M 2. However,in

thebraneworld m odel,they takedi� erentvaluesin gen-

eral.(In thisexam ple,rA H ’ 0:9M and A A H ’ 88:6M 2,
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and thecoe� cientsconvergeto well-know 4D values(0.5

and 16�)with increasing M ,im plying thatthe e� ectof

the existenceofthe bulk becom eslessim portant.)

III.SU M M A R Y

W enum erically com puted tim esym m etricinitialdata

setsofa black hole in the brane world m odel,assum ing

that the black hole is sphericalon the brane. As has

been expected,theblackhole(apparenthorizon)iscigar-

shaped in the bulk [10].

W e rem ind that we only present tim e sym m etric ini-

tialdata ofa black hole space. This im plies that the

black hole is not static and willevolve to other state

with tim e evolution. The quantitative features of the

� nalfatecould bedi� erentfrom thepresentresult.Self-

consistentanalysisforstaticblackholesshould becarried

outforfuture to obtain a de� nite answerwith regard to

black holesin thebraneworld.However,webelievethat

thepresentresultprovidesusa guidelineforsuch future

works.
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A P P EN D IX A :T H E ESSEN C E O F T H E B R A N E

W O R LD

W ebrie
 y review thecovariantform alism ofthebrane

world [9]. For the m atter source of the 5D Einstein

equation,(5)G �� = �25(
(5)T�� � �(5)g��),we choose the

energy-m om entum tensoras

(5)
T�� = �(�)[� �q�� +

(4)
T��]+

(5)
���; (A1)

where� = ‘lnz,� isthetension ofthebrane,q�� isthe

induced m etric on the brane,and (4)T�� is the energy

m om entum tensor on the brane. Due to the singular

sourceat� = 0 and theZ2 sym m etry,wecan derivethe

Israel’sjunction condition at� = 0 as

K �� = �
1

6
�
2

5�q�� �
1

2
�
2

5

�
(4)
T�� �

1

3
q��

(4)
T

�
�

�

; (A2)

where K �� = q��q
�
�D �n�,and D � and n� arethe covari-

antderivativewith respectto q�� and the unitspacelike

norm alvectorto the brane.In the text,weconsiderthe

cases in which (4)T�� = 0. Using (4+ 1) form alism ,the

e� ective4D equation on the branehasthe form

(4)
G �� = � �4q�� � E��; (A3)

where (4)G �� isthe 4D Einstein tensoron the brane,

�4 =
1

2
�
2

5

�

� +
1

6
�
2

5�
2

�

and E �� =
(5)
C����n

�
n
�
; (A4)

where (5)C���� is5D W eyltensor.In theabove,forsim -

plicity,we set (5)��� = 0. Equation (A3) im plies that

we can considerE �� asthe e� ective source term ofthe

4D Einstein equation on the brane,and aslong asE ��

is notvanishing,the geom etry on the brane is di� erent

from that in the 4D gravity even in the vacuum case.

O nly for very specialcase such as for the black string

solution [10,14],E �� = 0 holds.

From Eq.(A3),we� nd thattheM inkowskispacetim e

is realized on the brane when E �� = 0 and �4 = 0. In

thispaper,weset�4 = 0 to focuson asym ptotically 
 at

brane.Then,thejunction condition at� = 0isrewritten

to K �� = � 1

‘
q��. In the case when we choose the line

elem entas Eq. (2.3),the junction condition reducesto

Eq.(2.5).

A P P EN D IX B :A SY M P T O T IC B O U N D A R Y

C O N D IT IO N S

To specify the boundary condition atin� nities,wein-

vestigatethe linearized equation ofEq.(2.4):

’
00
+
2

r
’
0
+

1

R 2

�

@
2

z’ �
3

z
@z’

�

= �
�25

4
�h; (B1)

where  = 1+ ’ and ’ � 1. W e can obtain the form al

solution with aid ofthe G reen function G (x;z;x0;z0)as

’ ’ � 2�G4‘

Z

d
3
x
0
dz

0
G (x;z;x

0
;z

0
)�h(x

0
;z

0
): (B2)

Assum ing that �h is non-zero only in the sm allregion

around thebrane,wecan derivetherelevantG reen func-

tion as[5]

G (x;z;x
0
;z

0
)= �

Z
d3k

(2�)3
e
ik�(x�x

0
)

�

h
1

‘k2
+

Z
1

0

dm
um (z)um (1)

k2 + m 2

i

= G 0 + G K K ; (B3)

whereum (z)isthe m ode function given from the Bessel

functionsJn and N n as

um (z)= z
2

r
m R 2

2‘

�
J1(m R)N 2(m Rz)� N1(m R)J2(m Rz)

p
(J1(m R))

2 + (N 1(m R))
2

; (B4)
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where R = (2=3)1=2‘. G 0 and G K K are the G reen func-

tion ofzero and K K m odes,respectively.From Eq.(B2)

wecan derivetheasym ptoticboundary conditionsshown

in the text.

A P P EN D IX C :A P PA R EN T H O R IZO N IN T H E

B U LK

W ederivetheequation fortheapparenthorizon in the

bulk. After we perform the coordinate transform ation

from (r;z)to (x;�)asz = 1+ xjcos�jand r = ‘xsin�,

the surface ofthe apparent horizon is denoted by x =

h(�).Then,the non-zero com ponentsofsi iswritten as

sx = C and s� = � C h;�; (C1)

where C [�  2Ĉ =(1 + xjcos�j)]is a norm alization con-

stantcalculated from sisi = 1,and h;� = dh=d�. Then,

the equation forh can be written to the following ordi-

nary di� erentialequation ofsecond order

d2h

d�2
=

h2

 4Ĉ 2

��

4
@x 

 
+

3

h(1+ hjcos�j)
+
@xĈ

Ĉ

�

�

�

sin
2
� +  

4
cos

2
� � (1�  

4
)sin� cos�

h;�

h

�

+ h
�1

�

4
@� 

 
+ 3

hsin�

1+ hjcos�j
+ 2cot� + D

�

�

�

(1�  
4
)sin� cos� � (cos

2
� +  

4
sin

2
�)
h;�

h

�

+ 4 
3
@x (cos

2
� + h

�1
sin� cos�h;�)

+ h
�2
(1�  

4
)sin� cos�h;�

+ h
�1
(1�  

4
)cos(2�)� 4h

�1
sin� cos� 

3
@� 

+ f(1�  
4
)sin(2�)� 4sin

2
� 

3
@� g

h;�

h2

�

; (C2)

where

D = � Ĉ
2
[(1�  

4
)f1� h

�2
h
2

;�gsin� cos�

� h
�1
(1�  

4
)cos(2�)h;�

+ 2 
3
@� (cos� + h

�1
sin�h;�)

2
]: (C3)

Eq.(C2)issolvedim posingboundaryconditionsat� = 0

and �=2. In the lim it � ! 0,we im pose the following

boundary condition,

h = h0 + h2�
2
+ O (�

3
); (C4)

where h2 is evaluated at x = h0 and � = 0 from the

following equation;

h2 =
h20

6

�
8@x 

 
+

3

h0(1+ h0)
+
@xĈ

Ĉ
+

3

h0
(1�  

4
)

�

:

(C5)

At� = �=2,the boundary condition isim posed ash;� =

0.

Notethatin thelim it� ! �=2(i.e.,on thebrane),Eq.

(C2)iswritten in the form

d2h

d�2
= h +

‘2h2

 4

�
4@x 

 
+
2

h

�

; (C6)

whereweuseh;� = 0 and therelation @� = D = @xĈ =

0.Notethattheequation which theapparenthorizon on

the brane satis� esis4@x = + 2=h = 0 [cf.,Eq. (2.8)].

Thus,unlessd2h=d�2 = h at� = �=2,theapparenthori-

zon on the branecannotcoincidewith thatin 4D space.

Note thatthe black string solution [10,14]exceptionally

satis� esd2h=d�2 = h at� = �=2.
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