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ABSTRACT: We study a subsector of the AdS,/CFT3 correspondence where a class of solu-
tions in the bulk and on the boundary can be explicitly compared. The bulk gravitational
theory contains a conformally coupled scalar field with a ¢* potential, and is holographi-
cally related to a massless scalar with a ¢% interaction in three dimensions. We consider
the scalar sector of the bulk theory and match bulk and boundary classical solutions of the
equations of motion. Of particular interest is the matching of the bulk and the boundary
instanton solutions which underlies the relationship between bulk and boundary vacua with
broken conformal invariance. Using a form of radial quantization we show that quantum
states in the bulk correspond to multiply-occupied single particle quantum states in the
boundary theory. This allows us to explicitly identify the boundary composite operator
which is dual to the bulk scalar, at the free theory level as well as in the instanton vacuum.
We conclude with a discussion of possible implications of our results.
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1. Introduction and motivation

The deep relationship between quantum field theory and gravity via holography has pro-
vided a very strong drive in the current research in string theory. In particular, classical
field dynamics in AdS spaces has enjoyed a large amount of attention over the last few
years and an enormous amount of work on classical supergravities in various dimensions
has found important applications in classical gravity, Standard Model phenomenology, and
Cosmology.

Progress, however, has been limitied by what is also one of the virtues of AdS/CFT [i—
B, namely the fact that it is a weak/strong coupling duality. In practice this means that
the boundary field theories, being strongly coupled, are usually not under control. There
are very few examples where the holography of controlable quantum field theories can be

I might be such an example as

studied in perturbation theory. Higher-Spin gauge theories
it has been argued that they provide the holographic dual of free-field theories. On the
other hand, there are examples where the boundary field theory is basically unknown, such
as the holographic dual of the M2 brane.? Both examples above involve the AdS,/CFT3
correspondence, which in many respects seems rather special.

The crucial observation that has sparked our investigation is the existence of classical
instanton solutions to the equations of motion both for the bulk and for the boundary
theories and that there is an apparent relationship between them: bulk instantons restricted
to the boundary are the square of boundary instantons. Remarkably, this toy model touches
upon both Higher-Spin gauge theories, which possess a conformally coupled scalar with a
quartic self-interaction, as well as the low-energy action of the M2 brane [f]. We hope that
our results might help shedding more light on the above two important problems.

One of the aims in this work is to present a simple toy-model of the AdS;/CFTj
correspondence where both the bulk and boundary theories are under control. This model,
already studied in [fj], contains a conformally coupled scalar with ¢* interaction in the
bulk of AdS,, which is holographically related to a massless scalar with a ¢% interaction
in three dimensions. Despite the drastic simplification of the boundary theory to a single
scalar field, we find that it reproduces the bulk results remarkably well for a large class
of solutions. In particular, there are bulk instanton solutions that preserve AdS boundary
conditions and correspond to the expectation value of a composite operator of dimension
1 in the boundary theory, which is reproduced by a classical computation in the model
CF'T. Since we will be interested in this single boundary operator, we restrict to the scalar
sector in the bulk. We further simplify the model by neglecting the back-reaction which is
partly justified in our linearized approximation since we expand around exact solutions of
the equations of motion whose improved stress-energy tensor is identically zero [BJ]. A full
holographic analysis, for example the discussion of the boundary two-point functions, does
require the inclusion of back-reaction of the fluctuations in the case of instanton solutions.
In the bulk, such effects can be introduced systematically and these results will be presented
in the followup paper [BJ].

!See [E] for a recent review and further references.

2See [H] for a recent discussion.



Our model should be viewed as a subsector of the usual AdS,/CFT3 correspondence.
Issues such as the counting of the degrees of freedom or the stress-energy tensor of the
boundary theory should be analyzed in the coupled scalar-gravity system. The same is
true for the boundary theory, where a more refined definition may be needed in order to
compute more general observables. We will leave such issues for the future.

Since our goal is not to explore the microscopic boundary theory directly, which as
explained is very difficult in the case of AdS,/CF T3, we proceed by constructing an effective
theory on the boundary and showing that it reproduces the bulk results in the subsector
that is being studied. This theory will be a semi-classical theory, therefore both sides of
the duality should be under control. As we will explain, a key feature which makes this
possible is the existence of bulk and boundary instanton solutions with a large conformal
symmetry group. In order to distinguish this type of holography, where classical solutions
can be matched, from the usual one, where a classical theory for the strongly coupled fields
is not known, we will denote it conformal holography. Of course, conformal holography is
a particular case of classical holography where conformal invariance and the use instanton-
like solutions allow us to formulate a classical effective theory for the strongly coupled
fields. For the types of models under consideration, this way of doing holography may
bring us into a broken phase of the holographic boundary theory.

We now summarize our main set-up and results. We consider the ¢* scalar field the-
ory in the bulk, which is classically invariant under four-dimensional Euclidean conformal
transformations, O(5,1). The way our solutions are constructed is by demanding that
they preserve a large symmetry group. It turns out that in the interacting theory the
only solution invariant under the full Poincare group is the trivial one. Thus we look for
solutions that preserve a subgroup of the symmetry group, namely O(4,1). Notice that
the solution is unique once one demands which symmetry one wants it to preserve. Here it
is crucial that we are dealing with an interacting theory and not with a free theory, as it is
the interactions which determine the solution. The solution is the analytic continuation of
the well-known Fubini-Lipatov scalar field solution [[j, §]. Such solutions have finite action
and are subdominant at weak coupling, whereas at strong coupling they will plague the
vacuum. Although we cannot claim to have full control over interactions, nevertheless one
can argue that taking into account other effects like back-reaction shouldn’t drastically
change our picture.

The next question is whether there is a classical boundary theory whose solutions
reproduce the bulk instanton solution. When restricted to the boundary, we still have a
large symmetry group, O(3, 1), which is the (Euclidean and global) conformal group in two
dimensions. Here it becomes clear that the boundary theory we are looking for is not in
its normal vacuum, but in a broken one. It turns out that there is such a theory, namely
a massless scalar field theory with a ¢® interaction. We find it an encouraging sign that
we find precisely this theory, which has earlier been advocated as a possible candidate
for an effective theory on the boundary [, . It turns out that also this theory has a
unique instanton solution that preserves O(3,1). As mentioned at the beginning, the bulk
instanton solution is the square of the boundary instanton.

After having discussed our vacuum state and found agreement between bulk and



boundary, we set out to discuss fluctuations. At this point we no longer have exact so-
lutions, but this is irrelevant as we have already expanded around an exact vacuum and
all we are interested in is the fluctuations around it. In the interacting case we find once
more that the bulk solution is the square of the boundary solution, but it involves a mixing
of modes with different conformal dimensions. The reason for this is that the instanton
breaks dilatation invariance.

Having the classical correspondence between the bulk and boundary modes, we then
quantize them using radial quantization. In this way we are able to identify the composite
operator of dimension 1 in the boundary theory as the normal-ordered product of two
elementary operators of dimension 1/2:

Dot = {o()?} (1.1)

Is is gratifying to also find that the classical bulk theory is automatically compared to a
renormalized operator

Finally, we discuss how the instanton can be seen as a tunneling solution between two
local vacua. The fluctuations around the instanton find themselves surrounded by a local
effective de Sitter geometry where they acquire tachyonic mass. These considerations may
add some cosmological interest to our model.

2. Classical holography

In this section we review the conventional holographic picture, where correlation functions
of composite CFT operators, and sources for these operators, are obtained from classical
computations in the bulk of AdS. We will describe the holography of instantons in our toy
model, and present our proposal for the boundary theory to which they can be explicitly

compared.

2.1 The model

Our toy model is a conformally coupled scalar field on a fixed AdS, background with action

1, 1 A
I:/d435\/§<§9“ 8u¢8u¢—ﬁ¢2+ﬂ¢4> . (2.1)
We take the Poincare patch of Euclidean AdS, with metric
L2
ds® = g, dotdz” = — (er + de) , = (r,%), r>0. (2.2)
r

We rescale the metric and the scalar field as

_ r
Guv = Q Q(x) Ny P(z) = Q) (I)(x) » Qz) = I’ (2'3)
and the action becomes
1 1 0o 1 A
I == /d%z_ 2 (z) +/ d*z (— " 0,® 0, ® + —~ <1>4> , (2.4)
2 T € Ri . 2 4'




where we have momentarily restricted the holographic variable to ¢ < r < oo. The first
term on the right-hand side of (R.4) is a boundary contribution and the second term is the
flat space action of a massless ¢* theory on the half-space Rill—,e with € < r < 0co. Notice
that for the conformally coupled scalar on a fixed AdSy background the only remainder of
the bulk curvature is the first divergent term. This is not true for any other value of the
bulk mass.

We term Classical Holography the procedure of calculating the on-shell value of the
bulk action and its subsequent interpretation as the renormalized generating functional of
a boundary CFT [fl]. In particular, one aims in obtaining a finite quantity when ¢ — 0 and
to achieve that in our case we subtract the first term on the right-hand side of (R.4):

]

1 A
— /R4 d*z <§ " 0,2 0,® + 5 <1>4> . (2.5)
s !

. 1 L1
Lren = lim [[6 -3 / d3x " 2 (z)

For the conformally coupled scalar, holographic renormalization with a single counterterm
is enough. This would no longer be true for any other value of the bulk mass [[(].> Hence,
Classical Holography of the conformally coupled scalar is a classical field theory problem
in a flat space with a boundary. The on-shell value of the action (R.5) is

- 1 . )\
Jon-shell _ i/di”ma@(o T /d% ot (2.6)
where we need to solve the equation of motion
A
(aﬁ + 52) O, 7) = 5 ¥, 7). (2.7)

with Dirichlet boundary conditions at r = 0. Equation (R.7) can be solved perturbatively
in A\ using the standard Green’s function for the Dirichlet problem in half space as

B(r.d) = 0o(r ) + 3 [ d'yGlay) ). 23
where
<83 + 52) Oy(r, @) =0, <3§ + 52) G(z,y) =z —y), G(z,9) 6Ri: 0. (2.9)
The asymptotic behavior of &y near the boundary is
Oy(r, @) = a(Z) + 7 B(Z) + - (2.10)

with a and § arbitrary functions and the dots standing for higher powers in r. Requiring
that the solution is regular at r = oo gives the textbook formula

1 T _,
(IDO(Ta f) = ﬁ/dgg [7“2 + (f—g)Z]Q (X(y)
1 1

3See [E] for a review of holographic renormalization.



which determines essentially the relation between « and ( and yields the boundary two-
point function. Using the above result we can expand the solution (P.§) in powers of
A and substitute back into (R.6). This gives a functional of a which is identified with
minus the generating functional for connected correlation functions of a operator Oy in a
three-dimensional CFT that lives on R3

1
12 a] = Wianlol = 5 [ 7a(@) 5(2) + 00N (212)
eWrenlo] — / (D] e StoIHSimelaOa] =g o, Oy = / BTa0,. (2.13)
In most examples of holography the boundary CFT is strongly coupled and the action S[¢]

is unknown. Then, one finds from (P.13) using (R.§)

%Vi;ri‘z;[)a] = B(Z) = (O2(2))a = /d3fl (Oo(T)O0(71)) a(@1) + O(N)
1

The above show that the scalar operator Oy has dimension A = 2.

(O2(%1)02(%2)) = (2.14)

Choosing « as the boundary source is not the only possibility for the conformally
coupled scalar. We could have chosen to express the boundary on-shell action in terms of
(G and still get a consistent generating functional. The correct way to do that is to consider
the Legendre transform of Wyen[a] as [

ST[A]

oW la]
enla] =T , - : = —a(x). 2.1
Wien[] [A] + /aA 5o(z) A(z) SA(x) a(x) (2.15)
Setting A(Z) = B(Z) this will give the generating functional of the Dual boundary CFT as
— T 1 3-3- C1 N oy _
M0 = Wiald] = 5 [ @505 =2 B0 A + O, Cr=ge (216)
The 1- and 2-pt functions of the Dual boundary CFT are
Wren [0 , O O () B
e = o) = Oy = [ B0 0@ +OW).

1
27T2(fl — fQ)Q '

Therefore, the Dual boundary CFT has a scalar operator O; with dimension A = 1. This

(O1(21) O1(22)) = (2.17)

is the operator we will consider in this paper and we will denote it hereafter by O = O;.

2.2 Instantons and the vacuum structure of the boundary CFTs

The vacuum structure of the boundary CFTs is probed by the external sources. For
example, setting «(Z) = 0 we find that the standard boundary CFT is in its normal
vacuum where (O2) = 0. Equivalently, setting §(Z) = we see that (O) = 0 for the Dual
boundary CFT as well. Two other interesting boundary configurations are

Cs

Standard CFT : a(Z) = 63(Z) = B(Z) = = = (02(2)02(0)) (2.18)
Dual CFT: (7) = 8*(7) = a(f) = —% — 0@ 00)  (2.19)



Notice that a delta function source for O in the Dual boundary CFT corresponds to negative
values of the field at the boundary.

The Legendre transform functional I'[3], being an effective potential for the standard
boundary CFT, determines its vacuum structure. For example, in the absence of external
sources for Oy we have

STLA]
50 lo ™ 0. (2.20)

For ap = 0 we have the normal vacuum, for oy # 0 we have a broken vacuum. In the latter

(Oa(F))a=0 = ao(Z),

case, the expectation value of Oy(Z) is non-zero and in translationally invariant theories it
is a constant.

In the Dual boundary CFT the roles of I'[3] and Wiyen[a] are interchanged. Now the
latter becomes the effective potential as is seen from

T8 _ )= @)y, Wenlol _ g
5o — 0@ =0@)s, =5 o =A@ (2.21)

Then, 8 = 0 is the extremization condition for the effective potential of the Dual boundary

CFT and determines its vacuum structure.
IWla]
O v =0 — — T ) —
O@)amo = ~a0(d) . Fo&
Hence, the vacuum structure of the Dual boundary CFT can be found by extremizing
Wren[a]-

The above discussion finds its application in our toy model. When A < 0, a real
solution of (B.7) exists and is given by the Fubini-Lipatov instanton [[f,

B a8, b
@) =\ prere (223)

This depends on an arbitrary parameter b with dimensions of length, the instanton size.

0. (2.22)

@Q

The case A > 0 will be discussed in section 5. The instanton action is independent of b and
is evaluated to

82
Ip=——. 2.24
=2 (2.21)
We expand around the solution (2.23) as
&(7) = @o(7) + B(7) (2.25)
and obtain
Lien = I, +/d3f&>a d (OO+/ e (Lo, 80,5 — 126° %+ V(P)
ren — 40 T 00 Ri 277 1% v (bz+r2+—»2)2 )

(2.26)
where the potential V(®) contains cubic and higher terms in ®. To calculate the on-shell
action we need to solve the equation of motion for the fluctuations ® . We restrict ourselves
to the linearized fluctuation equations

3,, +0°+ m ‘ID(T',.%') =U. (227)



The general solution of (2.27) behaves near r = 0 as

D(r, %) ~ Og(T) +7O1(T) + -+ . (2.28)
In Classical Holography we should solve (B.27) imposing Dirichlet boundary conditions at
r = 0 and regularity at r = oo as

B(0,7) = Bo(7), ®(r=o00,)=0. (2.29)

This is done in appendix [D} Then, the quadratic on-shell action as a functional of the
boundary conditions is

on-shell[ 1 _ 8m? 1 3 s =
— I a] = Wienla] = ~ + 3 A’z (7)) D1 (Z) (2.30)
where we have denoted
a(Z) = Oo(%) + ¢(7) . (2.31)
Clearly, da = 6® and we find
5Wren[a] _ l&) (f) + l /d3 &)(—») 5(§1(g) (2 32)
Sa(z) 2 W T [ VRWSEG '

In appendix [D we show that setting ®(#) = 0 also gives ®1(Z) = 0, therefore the boundary
effective action is minimized (recall that A < 0), when

Oé(f) = Oéo(f) = ‘I’Q(f) . (2.33)
We define the Legendre transform functional T'[4] as

OWien|]
oo

ST A]

=4 o

MMM:HA+/&M§+%M, ~ (atag), (230)

and we interpret it as the generating functional for composite operators coupled to the
source A in the Dual boundary CFT. Then we see that the theory described by I'[A] has a
vacuum state in which the operator coupled to A gets a non-zero expectation value, after
having switched off the external source, given by

oI'[A . . 8 b
ME:E% A0 (O@))a=0 = —ao(@) = _\/_:Am- (2.35)

2.3 The proposal for the dual boundary CFT

The dual boundary CET of our toy model is a CFT which has a scalar operator with
dimension A = 1. A natural candidate for this is provided by a massless scalar in three
dimensions. Indeed, the elementary scalar field ¢ (i.e. the one appearing in the Lagrangian)
in three dimensions has dimension A = 1/2, hence one might consider the composite
operator ¢? as a candidate for the operator O. Clearly, this is is not a very strong argument
since as we discussed previously in Classical Holography O(Z) is just an arbitrary function.
Nevertheless, instantons provide more solid evidence for such correspondence. In this case,



the value of O is fixed at the boundary to be (R.35). Can this value be related to the value
of p? in some boundary theory? The answer is, remarkably, positive.
Consider the massless scalar in three dimensions with a ¢° interaction

§— / P [5(0u0) + 24, (2.36)

When the dimensionless coupling constant g < 0, the equations of motion have the real

. 360 1/4 c 1/2

where the instanton size ¢ is an arbitraty parameter with dimensions of length. These

instanton solution [f]

instantons have finite action, independent of ¢, which is

372 [10
So=—4/—. 2.38
0=y e (2:38)
The results (R.33) and (R.37) are consistent with the correspondence between O and 2.
Since the bulk Hilbert space is a product of two boundary Hilbert spaces one expects that

the actions (2.24) and (R.3§) are related as
1 321
=25 =-=-"—=. 2.39
0 0 g 45 \2 ( )
Then we can identify the bulk instantons with the square of the boundary instantons after

a rescaling by a dimensionless paramater « of their size and position as

2
c=rb, RrF)=—(0@) = r* = o

(2.40)

Therefore, qualitatively our proposal is that the bulk model (R.1]) with negative values for A
is holographically dual to the model (B.36) with negative coupling constant given by (2.39).
We should remark here that the holographic comparison of the finite part of the action is
subject to the usual renormalization scheme ambiguities. In the next few sections we will
add evidence to the above proposal.

For positive values of g, the theory (R.3G) is only well defined in the context of some
large-N expansion [[J]. We expect that the explicit form of the bulk/boundary correspon-
dence of our model (R.1]) will involve some large-N expansion which, however, we shall not

try to identify here.

3. Conformal holography: free case

In the previous section we reviewed the standard holographic procedure, termed Classical
Holography, in which the on-shell bulk action is interpreted as the renormalized generating
functional of the boundary theory. In this section we show how in our toy model we can
go one step further and, after we match bulk and boundary classical field configurations,
upon quantization we can identify quantum modes in the bulk with quantum modes on
the boundary. This way we reproduce the results of section 2 for the expectation value of
the operator of dimension 1, but we also find a microscopic description of it in the bulk.
In this section we restrict ourselves to the free case, i.e. A = 0.



3.1 Geometric set-up for radial quantization

Four-dimensional FEuclidean anti-de Sitter space is a hyperboloid in 5-dimensional
Minkowski space with metric nap = diag(—1,1,1,1,1) specified by the constraint

napyy® = -y + i+ = -L?, (3.1)

where y* = (yo,7,v4) and 7 = (y1,%2,y3). Its isometry is group O(4,1). Notice that this
space has two disconnected branches, yo > L and yg < —L.
We solve the above constraint by introducing the following set of global coordinates

Uzyo+y4zc

0sf’
L2
e T
7= LtanfQy, (3.2)
where €3 as usual parametrizes the unit 2-sphere, with volume element dQ3 = dy? +

sin? ¢ dw?. In these coordinates, the AdS, metric takes the form

L2

ds? = ———
5 RZCOSQH(

dR* + R*dQ3) , (3.3)
where dQ3 = d6? + sin20d03, and 0 < 0 < 5. Defining R/L = e™/L we also obtain

ds® =

CO; ; (dr® + L*dQ3) . (3.4)
The above is seen to be conformal to a “half-cylinder” R x Si with Sﬁ’r being half a 3-sphere.
The latter space has a boundary at § = w/2, which is the conformal boundary of AdSy .
Unlike the Lorentzian case where 7 is a global coordinate, we see that here 7 € (—o00, 00)
only covers the region R > 0. Whereas the boundary of Lorentzian AdSy is (S x S?)/Zs,
in the Euclidean case the boundary is non-compact and topologically (R x S?)/Zy. This
is easy to see; sending y4 — oo (equivalently, § — 7/2) while preserving (B.1)), we get the
constraint
=g’ =1, (3.5)

where 5 are now coordinates on the boundary, obtained by a proper rescaling of the bulk
coordinates. We can solve this as

7o = cosh T
74 = sinh T
g=G. (3.6)

7 is related to R as before. (R,,w) parametrize R x S? on the boundary. However,
they do not solve the constraint (B.H) completely. We sill have to divide out the Zs action
§a ~ —ia, which is R ~ —R, Oy ~ —,. Thus, the boundary is topologically (R x S2)/Zs.

,10,



For later convenience, we list here the two O(4,1) discrete symmetries that we will use in

this paper:
T:y4_)_y4a %—}%
P:yy— —yo, R— —R and g’—>—§',f_2)2—>—§_2‘2 (3.7)

T is the time reversal operation in Euclidean time 7, and generates inversions in R. It
will be an important ingredient of radial quantization. P is the parity operation, which
takes a point x = (R,H,ﬁg) to its antipode Px = (—R, ¥, —ﬁg). When it acts on g, it
interchanges the two disconnected branches of AdSy. The boundary of AdSy, as obtained
above, is R x S? moded out by the action of P.

3.2 Classical correspondence

That a conformally coupled scalar ¢ in AdS, is related to a massless scalar in three dimen-
sions can already be seen at the classical level. Considering for simplicity the free case,
using the metric (B.d) we find that the equation of motion for the rescaled bulk scalar
D(R,Q3) = ¢(R,Q3)/Rcos b is just Laplace’s equation in radial coordinates

3 1
:<812%+E‘93+_A51>¢:0' (3.8)

R2
Had we considered the full sphere S3, where 0 < § < 7 the general solution of the above

would be given in terms of the hyperspherical harmonics Vj;,,, (see appendix A) as

0
(R, 0,0,0) =D ). Z <c(1 jim B+ C2)jim RM) Viim(0:,9),  (3.9)
7=0 1=0 m=—1
where ¢y and c(y) are arbitrary coefficients. However, on Si we have 0 < 6 < 7/2 and
the hyperspherical harmonics with either j 41 even or j 41 odd, separately form complete
bases. This means that the general solution is still given by linear combination of terms of
the form (B.9) with even and odd j+{. This one-parameter family of solutions corresponds
to the freedom to choose the boundary conditions at § = 7/2 as we discuss below.

Notice that the equation of motion for the field ® is invariant under O(5,1). The
subgroup that preserves the background is of course only O(4,1). Moroever, the action of
the P, T, operations on the classical field is determined by the coefficients ¢(;) and ¢(y). For
example, PT transforms a mode R’ Yjim into (—)jHR*j Yjim- In radial quantization these
operations are connected to Hermitian conjugation and we already see that j + [ even or
odd would correspond to two different quantization schemes.

Classically the difference between the j + [ even and odd emerges when one considers
the behavior of the field ® near the boundary at § = 7/2 which is

(I)(Ra 0, ¢7 SD) ~ (I)(O) (Ra ¢7 SD) + (COS 9) (I)(l) (Ra ¢7 SD) +-- (310)

This is determined by the YVj;,,’s. In particular, as § — 7/2 for j+1 even the hyperspherical
harmonics reduce to the standard two-dimensional spherical harmonics

— 11 —



The constants a;; and some more details on the hyperspherical harmonics are given in
formula (B.7) in appendix B. For j + [ odd, the hyperspherical harmonics go to zero
as cosf. Of course, this discussion simply corresponds to the two quantization schemes
discussed in [[14, [5], and agrees with the general analysis in [[Lf]. Restricting j + 1 to be
even or odd amounts to making the walls reflective or transparent respectively. Hence, for
j + [ even we have an operator with dimension 1 on the boundary, while for j 4+ odd the
boundary operator has dimension 2. For general integer values of j 4+ [ we have both an
operator and a source term on the boundary.
Consider the case when j 4 [ is even. At 6 = 7/2 we get

o
O. O. 1
PR, Q) = E tI)h (R, Q) = g E g <C(1 ]sz t ¢(2)jim W) Yim(€2)
7=0 7=01=0 m=—1

(3.12)
where we have reabsorbed the constants aj; in the definition of the coefficients ¢y and
¢(1)- Since the theory is scale invariant, R can be chosen to be dimensionless. Notice that
the above scalings Ay = j + 2, A_ = —j follow from the holographic relationship AL =
d;21 + 4/ % + m? applied for a set of scalar fields in d = 3 with masses m? = j(j + 2).
The formula suggests that these scalar fields are dual to operators in a two-dimensional
CFT with dimensions Ay = j + 2.

We will now show that this agrees with the classical solutions of the equations of
motion of the three-dimensional boundary action (P.36)

2
D¢:a§¢+§83gp+ Agp=0. (3.13)

R2

Expanding ¢ in spherical harmonics we find the general solution of the above

S l
1
o) = 3 3 (rmn R+ an e ) Yonl2),
{=0 m=—/{
= (o7 (B, ) + ¢, (R, D)), (3.14)
=0

where ¢(1) and p(g) are arbitrary coefficients. It is then straightforward to establish the
classical relation

MR, D) = (of (R, ) + (¢ (R,22))7,  j=20. (3.15)

This is done using standard properties of spherical harmonics summarized in the ap-
pendix [Bf as

(¢7 (R.))* = R¥ > eyem P(1)ems Z Z A Vi Q) 5

mims2 =0 m=—1
_ 2 mim.
(o7 (R, Q)" = R2”2 Z P(2)ema P( 2)€maz Z G2 Y (Q) . (3.16)
mims2 =0 m=—1
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Matching this to the holographic bulk field (B.13) we find

l
00
C(l)jlm = Z Clmm1m2 SD(I)Zml @(l)fmg

mi,ma=—1

!
C@2)jim = Z cff;mlm P(2)tmy P(2)ms > (3.17)

mi,mo=—1

with j = 2¢. Notice that the condition £+ ¢ +1 = even satisfied by the nonzero coefficients
cffﬂmlm? given in the appendix is exactly the condition j 4+ [ = even that we have in the
bulk for the theory with an operator of dimension 1. Upon quantization, (B.17) will become
an operator relation between creation and annihilation operators in the bulk and on the
boundary and will determine the relationship between the bulk and boundary Hilbert
spaces.

A priori nothing stops us from comparing the full bulk and boundary fields, instead
of comparing single modes as in (B.1§). So let us try to see whether we can compare ®}

with ¢?, including terms with ¢ # ¢. For example, we can expand

040
! o
o op =R Y Z emy Py erma Coa ™™ Vi, (3.18)
I=|0—¢'| m=—1

Comparing this to @;{Ol, we have to turn the sum over j into a sum over ¢,¢. This is easy
to do:

=0 m=—1

oo J l
Py =D > D cwiim B Yim
=0 1=0
oo f+

l

L+0
£,'=0 1=0 e + 6/ +1

m=—1

The factor of £+ ¢ 4+ 1 in the denominator is simply the multiplicity of terms contributing
to £+ ¢ = j. In our earlier formula (B.17) there was no such factor — indeed, if we restrict
ourselves to the sector £ = ¢’ from the outset (and we will do this in the rest of the paper),
there is just one term contributing at each j.

There is an important difference when we compare (B.1§) and (B.19). In the latter,
there are contributions from terms with 0 < [ < [¢ — ¢/|, whereas these are absent from
B

The missing terms notwithstanding, we can still compare both sides for the individual
modes. We then get:

cyjim =L+ +1) 3 o ™™ 0 P(1)ms (3.20)

mima2

where now j = ¢ + ¢'. In fact, this equation makes sense for any £, ¢’! The point is that
the left-hand side depends only on j = £ + ¢’ and not on their difference, but in fact so
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does the right-hand side. Indeed, using the definition of the coefficients cff;;mlmQ given in

appendix B (see formula (B.9)), the right-hand side is easily seen to be symmetric in ¢, ¢/,
hence it is only a function of £ + ¢/. Thus at the level of single modes, we can get mixed
modes from the bulk using (B.2(). Quantum mechanically, equation (B.2(0) becomes an
operator relation but we leave for the future its further exploration.

3.3 Radial quantization in the bulk

Having at hand the general solution (B.9) we may proceed with its quantization. The
expansion in (B:g) is in eigenmodes of the dilatation operator D = R(9/R), hence it
is natural to use radial quantization [[4]. The arbitrary coefficients appearing in (B.9)
become creation and annihilation operators. Hermitian conjugation is the earlier discussed
PT operation. Since we are in the sector where j + [ is even, we simply have [[7]

1 1
O(R,) ==& (,0 3.21
(DR ) = 7@ (5. ) (3.21)
In particular, this ensures that the field is real when we go back to Lorentzian signature.
Without loss of generality we require that the creation operators multiply the modes that
are regular at R = 0. The anihilation operators multiply the modes that are regular at
R = oo. Loosely speaking, “in” states are created at R = 0 and “out” states at R = oo.

Finally, the Hermitian field operator takes the form

. a;rlm P @1
Jlm
where j + [ is even.
The operators aﬁn)l and ag.fn)l satisfy

[aﬁm]T =a

_ _ + _
G Gl =00 Olafin = 0. (5, @] = 0wy (3:23)

while all other commutators vanish.

Now, our general holographic interpretation combined with the radial quantization
allows us to take the relationship (R.17) one step further and identify the operator ([3.29),
when 6 = 7/2, with minus the composite operator O of dimension 1 in the Dual boundary
CFT

) <R, g,w,w) = _O(@) (3.24)

Using (B.23) we can then calculate the boundary one- and two-point functions of the
operator O. Choosing for simplicity R > R’ and the angles such that w = ¢’ =’ =0, we

obtain

(n|Oln) =0 (3.25)
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for all multiparticle states |n). This is an important property which we should maintain
when we try to construct O using boundary operators. We also get

T(+j+2) )2 21+ 1 Py(cosyp) RY

oo J
(0|O(R, Q2) O(R', 0)|0) = ZZNﬂ < —I+1)I(2+2)) 4r j+1 Ri+2

7=0 I=

1 R 1 1
= o L O R = s 1320

This is a non-trivial result. The sum in the rhs of the first line in ) is split into two sums,
each one involving terms with either j,I both being even or j,I both being odd. These
sums are done using the “summation theorems” over even and odd integers for Gegenbauer
polynomials [1§. (B.26) coincides with the holographic result (2.17).

In the above computation, summing over all integer j’s gives the expected holographic
result. In the next section we will match the bulk and boundary Hilbert spaces for even
7’s. The odd-j sector can be included as well, but the analysis is more involved and we will
not do this in this paper. If one restricts the above sum to the even j’s, one gets instead:

1 1 1

(0l0(7) O(F)[0) = ﬁﬁ N )] (3.27)

that is we get a sum of two images, which now diverge not only at coincident points but
also at antipodal points on the boundary.

3.4 Mapping of the Hilbert spaces

Having defined the quantized bulk field ® and seen that it reproduces the 2-point function
of the composite operator O(z) we ask next whether we can identify this operator explicitly
in the boundary theory. The previous discussion points towards a relationship of the form
O(x) ~ ¢(x)?,, where ¢ is the boundary elementary scalar. We radially quantize the
boundary field (B.14) by promoting the coefficients to operators, as before

R QQ Z m <bzm Rt Yz;n(QQ) + by —— R }/gm(Qg)> . (328)

Complex conjugation is defined as before, but with weight one: ¢(R)" = }—1% #(1/R). The
action of by, and bzm on one-particle states |n)y, is defined as usual

blm’n>lm - \/ﬁ’n - 1>lm
bl = Vi = v/ [0 - (3.29)

In the present case, PT invariance requires £ to be integer.
We compute the two-point function of this field. Using

20+1
T

Z Yo () Yem () = Py(cos ), (3.30)

m=—/
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where 6 is the angle between Q and ', we get

1 < R}
(Ol (R1, Q) p(Ra, %)|0) = = > e Py(cos ), (3.31)
=0

where R; > Rs. Using standard resummation formulas for the Legendre polynomials, we
get for the radially ordered product:

(OIR (p(z)p(a")) |0) =

where = (R, () and |z — 2/| = \/R? + R? — 2R1Rycosf. The above is of course the
Green’s function in three dimensions.

1

3.32
At|z — 2!|’ (3.32)

After having defined the two-point function of the elementary boundary field ¢, we
proceed to define the composite field ()2, This is subtle because of the obvious divergence
when the two elementary operators approach each other. We will use the standard normal
ordering prescription. Additionally, in order to compare to the bulk operator, we will
renormalize : ¢(x)? : such that it has zero expectation value on any state, as we will
explain presently.

We start with the normal-ordered operator product : p(x)p(z’) : and take the limit
x — 2. In the normal-ordered product we find four terms. Let us denote them as follows

p()p(a') == {p(x)p(’)} + A1 + Ag (3.33)

where

oo I+l
/ blmbl’m’
el =3 > Z(bm RiRé+7Rl+lRl/H> x
1 2

W L=|l-U| M=—L mm/
W'mm’
X LM Y (Q
NEEDED et ($22)
bll / Rl
A = Ly (Q9) Yy (O
' u%;n \/21+1 (2 +1) Ry*! )
! b Rl
A=Y L 2V () Yy (€0)) . (3.34)

= /@ + )2 +1) R

Notice that A; and A are normal ordered. In {p(x)p(z')} we already took the limit
Qo = Q). The limit Ry = R» is also harmless and sets A7 = As, hence we take it and
define

co I+l W'mm/

/ b b/ /
Topt I+l lm 2" m LM
=3 S 3 (tthrt+ ) Ay 0

W L=|i—I'| M=—Lmm’
(3.35)

Next we discuss the explicit mapping of the bulk and boundary Hilbert spaces. This

is easiest to see in the Fock space picture. The bulk operator ®y, corresponds to the
composite operator {¢(z)?} which is quadratic in the b’s:

Db 10) = [V @ [ - (3.36)

,16,



Therefore, the correspondence should in principle be between bulk one-particle states and
boundary two-particle states. However, the restriction (B.17) implies that from the set of
boundary multi-particle states, we restrict to the subset that involves particles with the
same quantum numbers ¢ and m. This amounts to restricting to the following class of
correlation functions:

lm(n/| T |n>lm (3'37)

where, crucially, [, m are the same on both sides.

It is on this subspace of the boundary Hilbert space that our boundary operators act.
Notice now that on this subspace the expectation value of A; and As may not be zero. In
fact, A; and Ay act are c-number operators. We get

N R{l * / .
N RE . :

for any state with non-zero occupation number. N is a number operator, and id is the
identity operator on the space L, M.

Subtracting A; and Ay from the definition of the renormalized operator {p?(x)}
amounts to requiring that the expectation value (n|O(z)|n) be zero not only in the vacuum
but also on any state |n)g, of the reduced boundary Hilbert space. On the other hand,
(m|O(x)|n) as well as any of the higher-point functions of O(x) are generically non-zero.
An operator with such properties can then be compared with the bulk field ®y,,. This pre-
scription is in accordance with the usual AdS/CFT analysis where the boundary operator
is expanded into pure creation and pure annihilation operators (see for example [29, BQ)).
There are no cross-terms in this expansion. This is possible if we make the following
identification:

§ : 2mim
Ajlm = clm 1z bEml bémg

mimso
Y24
a}lm = Y lmm B, Bl (3.39)
mi1mso

that holds when j = 2¢.
Hence we conclude that on this Hilbert space, we indeed have

Phol(x) = {(2)*} (3.40)

This is in fact the quantum mechanical counterpart of (B.I§)! Thus, the absence of cross-
terms in that equation automatically ensures that the renormalized operator {p(z)?} is
finite. This is in accordance with the general expectation that bulk quantities correspond
to renormalized boundary quantities. Quantum mechanically, the need to compare bulk
and boundary quantities mode by mode corresponds to the statement that the operator ®
is evaluated on single-particle states.
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Having shown the equivalence of bulk and boundary at the level of operators, in the
sub-sector of single-particle states, it now follows that we can get any correlation function of
{?} from a quantum mechanical computation in the bulk. In summary, we have identified
the operator of dimension 1 in the boundary theory

Ppot = —O(2) = {p(2)?} (3.41)

Having studied the normal vacuum |0)s,, and the excited one-particle states |n)em,
we can ask whether we can compute the one-point function of O(x) in the presence of a
source. It is now clear how to do this: this corresponds to computing the expectation value
of O(z) in some other vacuum |0)4,, under which the expectation value of the dual operator
is not zero. Which vacuum this is will depend on the details of the source we add, but it
could for example be a coherent state. Whether the expectation value of O(z) is finite in
that case will depend on the details of the source. When we study the interacting case,
we will naturally encounter states under which O(z) has a non-zero expectation value.
The above map between the bulk and boundary Hilbert spaces also allows us to compute
holographically any higher-point function of O(x) from the bulk.

4. Instantons and conformal holography

In section f] we studied the standard holographic picture for the ¢* bulk theory, which is
perturbative in the coupling constant. In section 3 we saw that for the free theory there
is another holographic picture, which we called Conformal Holography, where one can
compare bulk and boundary quantities exactly. In this section we show how this picture
persists in the interacting theory if we expand around the right vacuum.

We will discuss an exact solution of the equations of motion [ﬂ] with special properties.
It is the unique non-trivial solution wich preserves a large symmetry group. We first briefly
recall some of its properties. For more details see [f].

Written in cylinder coordinates (B.2), the solution of the equation of motion

A
Dqﬁ—ggbg:o (4.1)

Pe) = \/fii R (42)

Our application of this solution will be different from the original one. The idea in [ was to

takes the form

start with a conformal theory in flat space and break conformal invariance spontaneously.
The vacuum should preserve a subgroup of the conformal group, but in particular it should
break dilatations. Such a vacuum is given by the expectation value of the scalar field as
above. The equation of motion for the scalar field in flat space preserves the full conformal
symmetry in four dimensions, namely O(5,1).

It is easy to see that there are no solutions that are invariant under the full conformal
group. One can look for solutions that are invariant under its largest possible subgroup.
In flat space, it would be reasonable to demand that this subgroup is the Poincare group
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in four dimensions. This would require ¢ to be a constant. But in the presence of interac-
tions (f.1), constant solutions do not exist, and the only Poincare invariant solution is the
trivial one! Now instead of demanding invariance under the Poincare group, the next best
thing is to demand that the solutions are invariant under a twisted subgroup of O(5,1);
namely, it is possible to find a solution invariant under the six four-dimensional Lorentz
rotations and four “modified translations” which are transformations generated by a linear
combination of four-dimensional translations and the special conformal generators. The
resulting symmetry group is then O(4,1), which should not be confused with the AdS,
group. Notice that in the original conformal group O(5,1) inversions, although not a part
of its connected part, play a very special role [[19] since they connect translations with
special conformal transformations. Those same inversions continue to play an important
role also in the smaller symmetry group O(4,1) since they map “modified translations” to
themselves. In particular, they coincide with the inversions of the AdS background if the
scale introduced in [ff] is identified with the AdS radius, i.e. b = L. We should mention
the fact that the original group that one starts with is higher-dimensional, O(5,1). This
suggests that these theories might have a natural realization in five or six dimensions.

4.1 Fluctuations around the bulk instanton

The linearized fluctuations around the instanton solution satisfy the equation

24b?
where the O is in flat 4d-space metric, and z? = 72 + #2. Crucially, this equation is
independent of the bulk coupling A\. We can follow the standard holographic recipe and
solve ([[.3) perturbatively in 7 to obtain the 2-point function on the boundary. This will
be SO(3,1) invariant since that is the symmetry preserved by the boundary theory. We

do this in the appendix. Notice, however, that it is convenient to go to polar coordinates
R=Vr2+ 7%, Q3= (6,¢,w). In terms of these, the above equation becomes

1 24h2
ﬁASS_F

3
O+ =0 ————— | ®(R,0 =0. 4.4
<R+R R+ (b2+R2)2> ( ) 7¢7SD) ( )
In order to solve this equation, it is easiest to rescale the field by an overall factor of R,
and go back to the Euclidean time coordinate R/b = ¢”. We can then separate variables
as before )
P = E Z lem(T) yjlm(Qg) . (45)
jlm

We find the following radial equation for c;;, which is reminiscent of the Schrodinger

equation for a Posch-Teller potential with energy levels E; = £(j + 1)

" 6

Ciim (T) + Cjim(T) = E5 cjim(1) = 0. (4.6)

cosh? 7

In order to solve ([.6), it is easiest to notice that a further coordinate transformation
z = tanh 7 brings this equation to the associated Legendre equation [L§] with coefficients
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p=+(j+1), v =2 We give the details in appendix [J. We find the following general
solution

R? — 12
Y= ma e T
" is the usual associated Legendre polynomial, and P/ is a modified associated Legendre
polynomial defined in formula ([C.]) of appendix [J.
Let us now discuss the symmetries of the solutions ([.7). The associated Legendre

ciim(R) = c1)jim Pt (2) + C(2)jim A (2), (4.7)

equation has an obvious symmetry z — —z. In equation ([.§), this corresponds to the
inversion symmetry R2/b> — b?/R?. Therefore this equation is invariant under both
R/b — 4b/R, which are the two O(4, 1) inversion symmetries we discussed in section B.1].
We now notice that the associated Legendre functions have the following properties:

Pyt (—2) = (-1 Pyt ()
QL (—2) = (=Y Q)T () . (4.8)

We see that some modes are even under R?/b?> — b%/R? and some modes are odd, de-

pending on j. Of course, this is as in the case of an expansion in sines and cosines, where
the sines are odd under parity whereas the cosines are even. If we want the solution to
have a definite parity, we keep only half of the modes. Of course, combined 9 — —o,
this corresponds precisely to the classification under parity discussed in section B.1. This
is the interacting version of the two quantization schemes discussed in [[[4] for the free field
theory. The above will become crucial when we discuss quantization of these solutions
later.

4.2 Fluctuations around the boundary instanton
We now go to the classical boundary theory. As in the bulk case, we expand around the

instanton solution

Y = pot+

at = ()" () 49)

where we have identified the arbitrary bulk and boundary instanton sizes. We find the
following linear equation for

1562

Wt

(4.10)

which also does not depend on the boundary coupling g. We will solve this equation again
in cylinder coordinates restricted to the boundary. We set R = /22 + y2 + 22. Doing

similar manipulations as in the bulk case, we finally find

b l+% l+% R2 _ b2
(R, Q) = i) Z Pyim Py o’ (2) T 2im Qg5 (2) ) Yim(Q2), 2= e (4.11)
lm

Again, ¢(1) and p(y) are arbitrary coefficients.
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4.3 The bulk-boundary correspondence

In this section we compare the classical solutions of the fluctuation equations around the
instanton in AdS, with the classical fluctuations around the boundary instanton. In the
free case, comparison between the bulk and the boundary was relatively straightforward.
We obtained the relation

Prol = ©° (4.12)

as a relation between bulk and boundary modes. In the interacting case, this relation
seems to survive, but it is much more involved to establish. The reason is that dilatations
R — AR have been broken on both sides. Therefore, one cannot expect one single bulk
mode to correspond to a mode on the boundary with the same energy. There will be some
mixing. Since the analysis is rather involved, we have carried it out explicitly only for half
of the solutions, namely the P’s. We will show this explicitly.

Thus, we are set to compare the bulk solutions to the square of the boundary solutions.
To start doing that we write the P-Legendre part of the bulk solutions ([.q) in terms of
the P modified associated Legendre as

oo J
O (R, Q) = %ZZ S™ P jim Vi, (4.13)

0+
(P+(Ra QQ) - E Z Z P3/22 P)em Yom - (414)

]52j+1(z) is a linear combination of P;(jﬂ) (z) and P;(jﬂ) (—2). The superscript + reminds
us of the fact that we are dealing with half of the modes, and not with the full solution.
We will get back to this when we discuss quantization. It is easy to see that the R = 0
and R = oo limits agree (this is true for the @Q’s also). Namely, for j > 2 PZJ 1 and Q%Jrl
diverge like ~ 1/R/T at R =0, and as ~ R/T! at R = co. For details, see formula ([C-§)
in appendix [d.

However, we seek an exact relation. We first consider generic modes j > 2, £ > 2. The
following relation holds

o+
[.’.l gl+l ~ i1
Py (2) Py jy * (2) = Z djw PI7(2), (4.15)
Jj=2

where P is defined in (@) of appendix [B, and djpe are constants which are completely
fixed by the above relation. Using mathematica, we have checked the above relation and
computed djzr for values of £,¢' up to £ + ¢’ = 10, and up to 2¢ = 16 in the diagonal
case £ = (. Equation (f.19) is a non-trivial statement about associated Legendre functions
which has not appeared in the literature. An analytic proof of it based on properties of
the hypergeometric function will be given in appendix [i| by Tom Koornwinder. We also
notice here that (P /2)2 and P, have the same behavior at z = £1 (which corresponds
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to R = 0,00), and their only other singularities in the complex plane are a branch cut
at Imz < 1 and a pole at z = co. Recalling that in the original coordinates z = y4/yo,
analyzing the singularity structure at z — 0o means going beyond |yg| > L, i.e. it amounts
to analyzing the singularity structure in the embedding Minkowski space-time.

It is easy to understand why in ([.1§) only terms with j < £+ ¢ appear and not higher.
Whereas we have broken dilatation invariance R — AR, the two fixed points of dilatations,
R =0 and R = oo, are still preserved by the solutions. In fact, they are related by an
inversion. This implies that the leading divergence comes from j = £ + ¢'.

Having established the relation between the bulk and the boundary for the radial
dependence, the important point now is to match the coefficients. We proceed as in the

free case, by squaring the full field ({.13). Using (B.§), we get

( R Q2 Z SDg SDZ/ ; (416)
0.0 =

and the bilinears are
1 e+ 041
()02_%02; = E Z P3/22 P3/2 PR)emP)em! Yo Yom:

AN

1 il
== Z P3/22P /2 <P( YemP(1)em’ Z Z cze 'y,
mm/ L=|¢—0'| M=—L

0+
1 z+ o4 Z Z
L=|4—¢'| M=—L

where c%/[ = e PP 1) m /C%M . As in the free case, they vanish if ¢ + ¢/ + L is

not even. So, we finally compare the square of the boundary field

0 oo L+l YA

= tob = J+1 g

SIS S WIS Z Yo (418)
46'=0 U’ 0j=0 L=|¢—¢'| M=—L

to the bulk result
1 co J l .
P+
q)hol = E Z Z Z PZJ lemYZm . (419)
§=0 1=0 m=—1
Using orthogonality of the Yj;,’s, we can integrate them out. Then we can compare the
Py’s mode by mode. We are left with the following relation:

[e%¢)
Z djgg/ Clgfﬂ = lem (420)
£,0'=0

where the sum runs over j < £ + /. Also, from the boundary we get the restriction
L > |¢ — |, otherwise the left-hand side is zero. Therefore the ¢ should be chosen to
be zero if this condition is not satisfied. Thus, we get

Z dj%’ Z CfﬁlmlmQ P)emy P(1)'me — Cjlm - (421)

L= mima
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As before, let us now restrict to the single-particle states £ = ¢/, leaving for the future the

correspondence for the non-diagonal states. We get:

o
17
Cjlm = E djee E o P (1) ey P(1)ema 5 (4.22)
(=3/2 mima

where as usual j is even. Here, we have used the fact that the boundary sum is restricted
by j < 2¢, as we see from ([.1§). This is an important relation that we will quantize later.
We note here that we can invert (4.15) and express the bulk j’s as linear combinations of
boundary #’s. The bulk-boundary relation (f.23) will be inverted as well: pairs of boundary
states with energy ¢ will be expressed in linear combinations of the bulk states.

In the left-hand side of equation ([l.23) we have the bulk constraint [ < j, which does
not have an obvious parallel on the boundary. Apparently, we can only compare modes
with total angular momentum less than j. However, for the spherically symmetric states
I = 0 we can compare all the modes, and it is for these modes that we have full access to
the boundary from the above bulk computation. Notice that this does not mean that the
boundary field is spherically symmetric, but only that the total angular momentum is zero.
For the remaining, non-spherical modes, the bulk result is reproduced from the boundary
provided that we restrict [ < j.

It would be interesting to see whether this constraint can be relaxed.

Since the bulk-boundary correspondence is most naturally interpreted at the quantum
level, we will discuss the meaning of ([.29) after we discuss quantization in the next section.

Of course, we recover the free case when we replace the associated Legendre functions
by monomials. This corresponds to setting d;i = d;/20 above. In that case the above sum
collapses to just the first term.

We notice here that a similar comparison for the @)’s is more subtle, due to the ap-
pearance of logarithms in the boundary computation. In the bulk though we also have
logarithmic terms for j = 0,1. It seems likely that both logarithmic terms can be related
to each other. We have not looked at this interesting problem, which we will leave for the

future.

4.4 Quantization

Quantization will proceed very close to the free case. It is clear that we will promote the
arbitrary coefficients c(y) i, and c() i, to operators that create and annihilate states with
quantum numbers jlm. However, we need to decide which one is the creation and which
one is the annihilation operator. In fact, the discussion proceeds as in the free case. The
coefficient that multiplies a mode R’ that is regular at R = 0 will create a state of energy j.
Indeed, this corresponds to a mode e/ in the time coordinate, which after Wick rotation

7t and is the mode associated with a creation operator. This means that the

becomes e
modes that are regular at R = 0 will couple to creation operators, and the ones that are

regular at R = oo will couple to annihilation operators.
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We will now impose these regularity conditions. Recall that we had the solution

b
(I)jlm(Ra Q3) = ( C(1)jlm P (R) +c (2)jlm Q2 ( )) yjlm

R
= (R,Q3) + @5, (R, Q3),, (4.23)

]lm jlm

where ®7 is the part of the field that is regular at R = 0, and ®~ the one regular at R = oo.

Using the asymptotics of the associated Legendre functions worked out in appendix [J, we

find

i1l (5 2
(B 0s) = (=P 5 <P£“<R> T ® )> Vim
1 /_. 9 .
P, (R, Q3) = = <P2]+1(R) B ETEE] Q%H(R)) Yjtm - (4.24)

By construction, and using the fact that j 4+ [ is even, these coefficients satisfy

(@, (R, Qg)) = 3, (R,Q)

( i (B 93)) o4, (R, Q3), (4.25)

where hermitean conjugation is the inversion property discussed earlier: ¢(R)"= #gb(l /R).
Thus, we finally get

(R, Q) = > (951, (R) Yy (23) + af @5, (R) Vi (25)) (4.26)
jlm

Quantization is now standard and proceeds as in the free case. Also, quantization of the
boundary theory proceeds analogously, by replacing the arbitrary coefficients in (£.11) by
operators. In that case, the Hermitian conjuation operation has weight one: ¢(R)T =
Lo(1/R)

The key element in comparing the bulk and boundary results is the relation (4.15)
between the classical solutions, and the relation (f.23) between the free coefficients which
is derived from it. The latter becomes an operator relation. As explained earlier, in this
paper we quantize the case £ = ¢/ so we have

mim
Ajlm = E dje E S 2 bomy bemy
= ]/2 mima

Y24
a}lm — Z dje Yy i Db, Dl - (4.27)
l=j/2 mima

This is the exact modification of the relation (B.39) when we include interactions.

Let us now discuss the physical picture that emerges from the bulk-boundary relation.
Clearly, creating a particle in the bulk is like creating a pair of particles on the boundary.
More precisely, in the sector £ = ¢’ under consideration, an excitation of energy j in the
bulk corresponds to a pair of indistinguishable bosonic excitations with energy j/2 on the
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boundary. Another way to say this is that the bulk Hilbert space is in the tensor product
of two copies of the boundary Hilbert space.

As is familiar from AdS/CFT, the energies are given by eigenvalues of the dilatation
operator. This picture however gets modified when we include the instanton. The instan-
ton breaks dilatations, and indeed what we find is that every energy level is contributed
by different eigenvalues of the dilatation operator. Stated differently, every energy state
contributes to an infinite number of dilatation eigenvalues. This is true in the boundary
theory as well, and that is in fact the meaning of (J.27). A state of energy j in the bulk
corresponds to a superposition of boundary states with any j/2 and higher. Although
the infinite summation range in (f£.27) maybe somewhat unexpected, this is really nothing
but the statement that states with energy ¢ on the boundary have non-zero intersection
with any state in the bulk with energy up to 2¢. We should remark here that (4.13) and
therefore also our final result ([l.27) for the operators can be inverted — we then express
the boundary states of energy 2¢ as superpositions of bulk states of different energies. This
bulk-boundary map is therefore somewhat non-local, if very explicit.

4.5 Quantization of the special modes

The discussion in the previous section was not entirely complete, for various reasons. In this
section we discuss some additional subtleties that appear in the quantization procedure.

In the interacting case there is a special phenomenon concerning normalizability of the
modes. As discussed earlier, in Euclidean quantization we associate operators that create
particles with positive frequencies to modes that are regular at R = 0, and operators
that annihilate particles with positive frequencies to modes that are regular at R = oo.
This procedure therefore clearly distinguishes modes that vanish at R = 0 and blow up at
infinity, from the ones that do the opposite. The relevant linear combinations are listed in
(#.24). For j = 0,1, however, something special happens, because in that case the Py’s are
normalizable (in fact, they go to zero) both at R = 0 and R = co. They are self-dual under
R — 1/R. The @Q’s, on the other hand, blow up at both ends. So, any solution that is
regular at one end will be regular at the other end as well. This means that it is impossible
to separates modes that create particles from modes that annihilate them. If we quantize
such modes, the field ® will always have a non-zero expectation value in the vacuum. Since
we are comparing only the even j modes with the boundary, this means that the j = 0
mode has a special meaning in the boundary theory and corresponds to coupling the system
to a background that sources non-zero expectation values of the composite operator.

There is a mirror of this story on the boundary. The modes £ = 0,1 are again special
because they are normalizable at both ends. They acquire an expectation value whenever
we try to quantize them. Explicitly, we have

(Pyy/*(2))? = az P}(2)
(Py3%(2)? = a1/2 P3(2) P3(2)
(Py/s (2))? = a2 2 P}(2) + a3 (+* = 1) Q}(2)
(Pyls(2))? = asz (Py3(2) — Py%(=2)) + a5 2 P3(2) + a6 22 Q3(2)  (4.28)
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What we called “special” here are only the first two modes, which are indeed written in
terms of the special j = 0,1 bulk modes. The last two modes are special in that their
expansion differs from the general expression (f.1), but are otherwise non-normalizable
at both ends and should not be quantized.

Thus, the square of P3_/;/ 2 corresponds to the 5 = 0 bulk mode, as expected. For these

modes, the above interpretation applies. On the other hand, the square of Pg_/g/ ? s itself
quadratic in the bulk 7 = 0 and j = 1 modes. This seems to violate the condition j = 2¢
and we do not have any explanation for this fact.

The discussion in section f.4 was also limited for the following reason. We established
the quadratic relation ([.1) between the bulk and the boundary modes only for the P’s.
On the right-hand side of ({.18), only 152j Ty appear, which have a definite symmetry under
R — 1/R (z — —z; see the definition (C.1)). That makes them non-normalizable both at
R =0 and at R = co. This means that they are associated to linear combinations of cre-
ation and annihilation operators. In order to get a linear combination that is normalizable
at one of the two ends, we need to do as in ({.24)), which also involves the @’s. Keeping
only the P’s is like doing quantum field theory with only half of the modes, the sines or
the cosines. A composite operator built from only half of the modes will again have a non-
zero expectation value in the vacuum. Thus, to complete the discussion of quantization, it

would be essential to construct the map between P;/gﬂé) (or Q?/;%) and Q%H.

Finally, we should comment on the possibility of adding classical sources. By this we
mean sources on top of the instanton solution which already acts as a source and gives O(z)
non-zero expectation value. Classical sources are arbitrary, and in particular they can be
given by any of the non-normalizable modes of the fluctuation equation. A particularly
interesting case is that of ¢ half-integer, which is allowed in a classical theory where we
violate PT invariance. It seems that much of the bulk-boundary analysis should go through

for such modes, and it would be interesting to understand this in detail.

5. Instanton decay and de Sitter space

Our focus in this paper has been the construction of the exact holographic map between
the ¢* theory in the bulk and the boundary ¢% theory. The use of instantons was motivated
by the fact that they can be regarded as non-perturbative vacua of the theory. Of course,
their physical interest is that they describe tunneling from one solution to another. In
this section we explain what may be the relevance of these solutions to tunneling between
solutions, leaving a more detailed analysis for the future.

The best way to think of the fluctuation equation in terms of an unstable solution is
to notice that it is the equation for a massive scalar field in Euclidean de Sitter space (in
other words, a sphere). Indeed, both in the bulk and boundary theories, the equations of
motion for the fluctuations around the instanton, equations (.() and ({.10), are those of
a tachyon on a 3- or 4-dimensional sphere, respectively, of the radius of the instanton size
(which in the bulk is the scale of AdS). Both in the bulk and in the boundary theories,
we can have a rough picture of an effective expanding bubble inside which the scalar field
behaves as a tachyon. We stress the word “effective” here, because this is a description of
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the fluctuations of the scalar field only. Let us see how this comes about. We write the
D-dimensional sphere in the following coordinates

4h?

dSzzw(

dR? + R*d0,_)) (5.1)
where Q = b? + R%. Consider now a massive scalar field on this sphere:
(O-m*)¢=0. (5.2)

Redefining ¢ = (R/b)/2® and R = be”, we get the equation of motion:

" 2 — m2b?
(1) + (Ags —1) (1) + —=—P(7) =0 (5.3)
cosh” T
if D=4, and
1 3 — 4m?2p?
" (1) + <A52 - —> B(r) + — 2 B(r) =0 (5.4)
4 4 cosh” y

if D = 3. Comparing this to the instanton fluctuation equations (f.4) and ({.10), we get
the following tachyonic values of the mass

4
mzz—b—Q if D=4
2 3 .
m” = =43 if D=3. (5.5)

It is possible to take A to be positive. In this case, in order to obtain a real solution
we also need to analytically continue b — i b. The solution then looks like:

48 b
#= \Em - (5.6)

This solution has very interesting properties. Again, there is a boundary solution that is
the square root of the above. The fluctuation equations can be studied the same way in
this case, and in fact they correspond to the equations of motion of a scalar field in anti-de
Sitter space. Now the solutions of the fluctuation equations where A > 0 can be obtained
from the ones with A < 0 by replacing z by 2/ = 1/z. Thus, we get the bulk solutions
P;(jﬂ)(z’) and @Q}'(2’). The boundary solutions are Pf;;% (') and P;/(QH%)(Z’). Again,
they are related by the squaring relation.

The seemingly innocent transformation 2z’ = 1/z has dramatic consequences. In the
case A < 0, the singular points z = £1 corresponded to the fixed points of dilatations,
that is to future and past infinity. The singularity at z = oo was a point in 5-dimensional
Minkowski space outside the AdS hyperboloid. When A > 0, the singularity occurs at a
real value of R, R = b, which is where the boundary of the new (effective) anti-de Sitter
space is.
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6. Discussion and outlook

In this paper we have studied a toy model which, despite its simplicity, seems to capture
many interesting physical properties that deserve further study. Apparently, in this model
we are able to probe both sides of the AdS/CFT duality semi-classically and get exact
agreement. We found that, already in the free theory with no potential, classical bulk
fields are given by the square of the boundary fields. This picture persists if we include the
potential. The bulk instanton solution is the square of the boundary instanton solution.
Then we considered fluctuations around the instanton background, and again found exact
agreement for the bulk and boundary P-modes. In this case there is a mixing of modes
with different conformal dimensions, due to the fact that the instanton breaks dilatation
invariance.

The bulk-boundary correspondence appears to be much more natural upon quantiza-
tion of the solutions in the bulk and in the boundary theories. Using radial quantization
in the bulk, we reproduced the two-point function of the dual composite operator O(z) on
the boundary. But since we have agreement between the bulk and the boundary mode by
mode, we were able to go one step further and identify the composite boundary operator
O(z) as a normal-ordered product of the elementary boundary field ¢(z), which in turn
gets holographically related to the quantized bulk field ®y,,. This was done for any state in
the Hilbert space of one-particle states on the boundary. We found that the bulk Hilbert
space is the tensor product of two copies of the boundary Hilbert space, projected onto
a diagonal subspace of observables. It is a very interesting open problem to identify the
multi-particle states from the bulk, and we gave some indications of how this might work.
Having the explicit map, one may expect to be able in principle to match also higher-point
correlation functions in this one-particle subsector. Moreover, the fact that the quantized
bulk field gets identified with the renormalized boundary composite operator explains the
absence of certain mixing terms in the comparison of the classical solutions. We gave the
explicit definition of this renormalized field.

We also discussed the physical effect of the instanton background on the fluctuations.
We found that the instanton cloaks the fluctuations to find themselves surrounded by an
effective de Sitter space. The masses of the fluctuations are tachyonic, which points to the
fact that the model describes a decay effect. Indeed, when continued back to Lorentzian
signature, the solution is time-dependent. For a full discussion of this issue and its physical
implications, the back-reaction of the fluctuations should be taken into account. We note
though that the solution itself is an exact solution of Einstein’s equations in AdS [29].

This toy model seems to be giving us some insight in a special class of theories where
both sides of AdS/CFT might be under better control. In our view, this is intimately con-
nected to classical conformal invariance in the bulk and the existence of instanton solutions.
Bulk conformal invariance guarantees that normalizable modes can reach the boundary.
As is well known, massless particles in AdS can reach the boundary in finite time, whereas
massive particles are bound to oscillate in the bulk. It is therefore conceivable that there
exists an effective theory for the massless modes constructed by a simple rearrangement of
the bulk degrees of freedom reduced to the boundary. This is indeed what we find in this

,28,



paper. The second important point is that the model has instanton solutions. So we are
able to find exact vacua of the theory in the interacting case and expand around them.

Let us note here that bulk conformal invariance is a fundamental property of Higher-
Spin gauge theories in the frame-like formulation of Vasiliev []. These theories may also
contain instanton-like solutions similar to the the ones considered here RJ]. We believe that
the type of holography described in our paper is the appropriate one for the holography of
Higher-Spin gauge theories.

A natural extension of our work would be to explicitly compute the 2-point function
of the operator O(z) in the instanton background and compare it with the boundary
theory, as we did in the free case. Another interesting continuation of our work would
be the study of the standard gauge theory instantons in AdS; and their holography (see
e.g. [@, @]) As in the case of standard gauge theory instantons, the Fubini instanton
has no back-reaction on the background [RJ]. The fluctuations of course do, however the
effects of back-reaction can be incorporated systematically in the linearized approximation.
At the linearized level, back-reaction introduces a source term on the right-hand side of
the fluctuation equation ([L.J). Therefore, the simple form of the holographic dual we have
studied in this paper seems to contain information about the solution of the homogeneous
equation only. This points to the fact that, in the instanton vacuum, the CF'T couples to a
source. This situation is then somewhat reminiscent to the discussion in [24] where similar
effects were found. Notice that in the trivial vacuum ¢ = 0 discussed in section 3, this
effect is absent and at the linearized level the back-reaction can be neglected altogether,
its effects appearing only at second order. We are currently investigating such issues.

It would be very interesting to see whether a simple relation between classical solutions
exists for other operators in the boundary theory — for the stress-tensor, say. This would
already be quite interesting even in the absence of the scalar field. Whereas we do not
know the answer to this question, one would expect that, if such a relation exists, it will
hold for a restricted class of bulk solutions. In this context it would be interesting to study
bulk gravitational instantons.

As is well known, the case of A < 0 is an approximate solution of N' = 8 supergravity in
four dimensions [ff]. Here we pointed out another form of the solution where the potential
is bounded and A > 0. Using the results of [PJ], this model can be lifted to M-theory,
where the value of A is completely determined by the geometric set-up [PJ].

While this paper was being finished, [2§] appeared, which discusses closely related
issues in a different set-up.
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A. Conventions and coordinate systems

Here we give the explicit coordinate transformation from Poincare coordinates (r, &), where
the metric takes the form

0? ~
ds? = > (er + de) , (A.1)
to embedding coordinates (yo, . ..,y4) and cylinder coordinates (R, ,,w). We have
.f'Q
u=r+—
r
€2
v=—
,
l
y= -7 A2
y=_7 (A.2)

and

x = R sinfsinysinw

y = R sin0sin 1 cosw

z = R sinf cos ¢

r = R cosf . (A.3)

The range of the angles is 0 <0 <7/2, 0 <9 <7, 0 <w < 27.

B. Hyperspherical harmonics and holography in cylinder coordinates

The hyperspherical harmonics YVji,,’s satisfy

Asgyjlm = —j(j+2)yﬂm , 3=0,1,2... (B.l)
/S3 A0V}, (23) Vjrrm (23) = 855001 Smms (B.2)
l
. 20+ 1 . .
Z yjlm(Qg)yﬂm(Qg) =~ N]‘Ql (sin @ sin Gl)l X (B.3)

m=—I

X C]li}(cos 0) C]lir} (cos ') Py(cos(p — ¢'))  (B.4)

Viim(Q3) = Nji(sin H)lC;tll(cos 0)Y1m(Q2) (B.5)
Ny = 2Tl +1) <2(j: 1)>2 <£8;§1;;>2 (B.6)

where Y,,(22) are the standard two-dimensional spherical harmonics, C)(t) are Gegen-
bauer polynomials and Pj(t) are Legendre functions.

When reduced to the boundary, the hyperspherical harmonics reduce to the spherical
harmonics as in (B.11]). The proportionality constants are given by

(4 1)

Ly ()" (B.7)

aji = Nj
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if j 4+ [ is even, and zero otherwise.
Recall the multiplication property of spherical harmonics
Jitj2 M

Viimy () Yjomy () = 3 > M V() - (B.8)
L:‘jlij‘szL

The cl]f/](/[”m,’s are given by 7]

W _(_)M\/(21+1)(2l’+1)(2L+1) 1L 11 L
LM 4 000 ) \mm’ — M

abe » e p!

(000> CFVAL b)(p—a)!(p—b)!(p—C)!
(a+b—0c)l(b+c—a)(c+a—D>)
(a+b+c+1)
I+ L
2

A(abe) =

P (B.9)

The coeflicients vanish unless j; + jo + L is even, a property that will be crucial when
comparing with the bulk.

Expanding in hyperspherical harmonics captures the normalizable bulk modes. In
AdS/CFT one also considers non-normalizable modes, which correspond to classical sources
on the boundary. We now provide the relevant analysis in cylinder coordinates (for the
standard Poincare analysis, see section [0)). This analysis is also relevant to the theory with
an operator of dimension 2. The idea is to solve the second order differential equation for
the holographic coordinate 6. To that end we write the Laplacian on the three-sphere as a
circle fibration over the the S2. Thus we solve the differential equation

1 1
89 (sin2 0 6@ CI)jj) 6(6 + )

sin2 9 T Tainle T —Jj(i+2) P, . (B.10)

Rescaling ®, and performing a coordinate transformation z = cos 8, we get the associated
Legendre equation (C-2) in appendix [Qwith v = j + 1, u = ¢+ 1. The general solution is

1

1 (a1
! <d(1) Pjig (cos®) + da) PjJr(?ﬂ(cos 9)) . (B.11)

Dj0(0) = Jond

As expected, the behavior at § — 7/2 distinguishes two cases: j + £ even or odd. In the
even case, the asymptotics as  — 7/2 is

4

P

(cosf) ~ cosf

VLN

~

1
2 (cosh) ~ 1, (B.12)
2

whereas in the odd case these two get interchanged. Taking into account the fact that ® has
been rescaled by r = R cos 6, the mode that goes asymptotically to a constant corresponds
to the expectation value of an operator of dimension 1, and the one that vanishes as cos 6 is
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the operator of dimension 2. Alternately, we can think of a single theory with an operator

and a source.

1
Imposing regularity at = 0 rules out the Pj:f modes in both cases. We are left with
the mode , ’
1 —(t+3) _ \/52 G =0 e el
Tond Pj+% (cosf) = o P (sin6)” C; 7, (cos 0), (B.13)

and we of course recover the hyperspherical harmonics (B.§). In conclusion, if we are in
the theory with the operator of dimension 1, then j + ¢ has to be even.

C. Solutions in the interacting case

We first define two sets of associated Legendre polynomials used in the main text:
P z) = By V() 4 (-1 Ry U (2
Pz = B V@) + (1P B U () (1)
for j > 2. For j = 0,1, PJ*' = pJ*' = pJ*!.
Next we find the solutions of ([.G). Performing a coordinate transformation z =
tanh 7/b, we can bring the radial equation to the following form

d

2
&(1—22)%@—% <1/(1/+1)— 152'2)(’0:0 (C.2)

where v = 2 and p = +(j+1). This is the associated Legendre equation with solutions P/’

and QV. Since v and p are integral, we have to distinguish the cases j = 0,1 and j > 1 [[[§.

j=0,1 We discuss this case first. We have the two independent solutions

Pit(z), QM(2) . (C.3)
In particular,
R? —1? 1262 R?
P{R)= —-6bR———— . P)R)= ——— 4
2(R) 6 R(R2+b2)2’ Q(R) (R2+b2)2? (C )

which was used in the main text.

It is easy to see that under parity symmetry z <+ —z, we have
P (—2) = (VTP (), Q3 (—2) = (V@5 () (C.5)
j > 2 The independent set of solutions is now
B UTGE), ) (C.6)

However, P, "(z) does not have any definite symmetry under 2 — —z. We can
construct a solution with the desired symmetry by taking a linear combination of
P, *(z) and P, *(—z). Thus, we replace the P’s by either of the two sets Pi+1, pJ ™!,
defined in (C.). Which one one decides to use is a matter of convention. In the
rest of the appendix we will consider P. Thus, our set of independent solutions is
]52j+1(z), Q%H(z) for any j. By construction, they satisfy

P (=) = (AT ), Q) = (7 Q). (e
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Asymptotics of the solutions. Here we list the asymptotics of the Legendre functions,
which we used in deriving the regularity conditions (4.24)

Pyt (R) = %leﬂ : R—0
Py U(R) = ﬁﬁ R — o0
PItY(R) = %Riﬂ , R—0
PR = (S R, R
AR = S R—0
Q) = -y LR, R o0, (€3)

for any j > 2, and as usual we defined P}'(R) = P/'(z) with z = gz—ﬁ Of course, taking

into account the rescaling of ® with an overall 1/R, we recover exactly the behavior in the
free case, (B.9).

It is now easy to see why we needed to introduce the P’s. P has the same behavior at
zero and at infinity: it falls off with the same power at both ends, so it is regular at zero
and it vanishes at infinity. @, on the other hand, falls off with different powers, and in
fact it diverges both at zero and at infinity. Now the most general solution of the equation
consists of two modes. If we want to separate the mode that is regular at zero and diverges
at infinity from the one that diverges at zero and is regular at infinity, we need to replace
P by P. Now both modes diverge at both ends, and the linear combinations (E29) have
the desired regularity properties.

In the special cases j = 0,1, since P by itself was regular at both ends but @ diverges,
there is no way to construct a general solution that is regular at either end but to drop @
for j = 0,1. The asymptotics of P at R — 0 is

P21(R) = aoR
P}(R) = a1 R? (C.9)
and at R — oo,
PYR) = -2
> (R) 7
a1
P (R) = 25, (C.10)

with ag = 6, a; = 12.
Translating the above for the regularized modes @;}m(R) and ©; (R) of (E23), we
find the asymptotic behavior at R =0

2

®jim(F) = G+ 1) i
0l) = (- I (©.11)
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At R = oo, we have

q)j;m(R) = (—)/*! MRJ

(j+3)!
o3, (R) = ﬁ# . (C.12)

Of course, the parity properties imply that their boundary values are related.

D. Fluctuation equation in Poincare coordinates

In this appendix we solve the fluctuation equation in the standard Poincare form, which
we use to prove the claim that if we impose the regularity condition ‘i>(7“ = 00,Z) =0 and
at the same time set ®(&) = 0, then also ®;(#) = 0, made in section 2.2. For notational
simplicity we drop the tildes.

The general solution of the fluctuation equation in Poincare coordinates (2.27) is ob-
tained as usual [[L(]:

@(7", 1’) = CI)(O) (1’) +r ‘13(1) (.%') + r? @(2) (1‘) + ... (Dl)
We get:
24b?
2(1)(2) (:C) + Dq)(o) (3:) + 7(1)2 n 562)2 @(0) (3:) =0
24b?
6@(3) (1‘) + D‘I)(l)(.%') + 7(1)2 n 562)2 ‘13(1)(.%') =0
24b? 2
12‘13(4) (1’) + D‘I)(Q) (.%') + 7(1)2 T 1‘2)2 (13(2) (.%') — 7(1)2 T 12)3 (13(0) (.%') =0. (DQ)

These equations should be viewed as determining ®(5) and @), etc., once @) and Py
are provided, as usual. So @) and ®(;) have the interpretations as source/operator in the
instanton background. Notice that, if we set @) = 0, we get an expansion in odd powers
of r, whereas the expansion is even if ®(;) = 0. In fact, we can solve the equations to all

orders:
o
O(r,x) =Y 1" By () - (D.3)
n=0
We get the following solution:
24b? 2k
(n+1)(n + 2)P(,40) (2) +0P(p () + (b2 +a2)? Z k:' | (02 +22)2mF P (14 2k—4m) =0
(D.4)
where the sum runs over k =0,...,m, and n + 2k — 4m > 0. This simplifies to:

1 27y

q)(n+2)(.%') = —m D‘I)(n) (x) + 242 Zp: W (I)(anp) () (D.5)
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with ¢, = Zm<p %, and the sum again is such that n — 2p > 0.

In the absence of the instanton, we can in fact resum the series. We get:

O(r,z) = cos(r\/ﬁ)Cb(O) (x) + % sin(r\/ﬁ)@(l)(x), (D.6)

which is the Fourier transform of the usual sinh and cosh solutions that correspond to
Dirichlet and Neumann boundary conditions.

The proof of the claim in section 2.2 now straightforwardly follows from the decoupling
of the even and odd r-powers. To analyze the behavior at r = oo now, it is convenient
to use the Euclidean time coordinate 7 in (JL6). At 7 = oo, we can neglect the potential
of the fluctuation equation, and we get a free wave equation with solution: ® = Ael™ +
Be Ut27 Regularity imposes A = 0. Now going back to the coordinate r, we write
e/t = r/by/1+ 22/r2. Thus, for odd values of j, the expansion will contain both even
and odd powers of 7. But this cannot happen if we set @) = 0, therefore setting ®) =0
also requires B = 0, hence & = 0.

E. Proof of formula (d.15) (by Tom Koornwinder?)

Recall the Pochhammer symbol (a) :==a(a+1)...(a+k—1) =T(a+k)/I'(a) (k nonneg-
ative integer), the Gauss hypergeometric series

2 <a’cb§z> = Z (a)/;k(Z)'k £ (]2l <),

k=0 (C

its transformation formula
b - —-b
o (a; ;Z> = (1 - Z)C_a_b oI <c a,cc ;Z>, (El)

and Gegenbauer polynomials expressed in terms of hypergeometric series:

Cp(@) = = 2F1<_”’”J§2A;%(1—x)>. (E.2)

See formulas 9.100, 9.131-1 and 8.932-1 in [[L§].
We will express the associated Legendre functions occurring on both sides of (4.15)
in terms of Gegenbauer polynomials. First we deal with the associated Legendre function
1
Péj_; (2) on the left-hand side of (4.1§). Formula 8.723-1 in [I§] writes P}'(z) for large
positive z as a linear combination of two hypergeometric functions of argument % — %z(z2 —

1)7%, but the second term vanishes if ;4 — v — 1 is a nonnegative integer because of a factor

4University of Amsterdam, e-mail: thk@science.uva.nl
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1/T(v — p+ 1) in its coefficient. Thus we obtain for integer [ > 2 and for large positive z:

P—v) (VA1) 2F1<”+l_%’_”_l+%.1<1— - >>
(277)%F(—2V—l+1) (22_1)i u—i—l—i—% )2 221

I’(—% —v) 9

—{+2,2v+1
— - (Z _1)7511—% 2F1< +3, V+ ’%<1_ z >>
W e 2v—1-1) 5tV z22—1

v 1) (1 — 1,1 z
= (r(l—)ugl s (22_1)_5%(%1( z2—1>'

Pyl =

-

Here we used ([E.I]) in the second equality, and (E.J) together with the duplication formula
of the gamma function in the third equality. Now put v := 3/2:

I+1 /2 _5 _5/2 z
P3/22 (Z) =3 ; (—1)l(l — 2)' (2’2 — 1) 4 Cl—/Z <722 = 1) . (E3)
Next we deal with the function pzj +1(z) on the right-hand side of (.15). Consider
8.723-1 in [i§] for v =2 and = j — 1 (j integer > 2) and apply (E.T) to both hypergeo-
metric series occurring on the right-hand side. We obtain for large positive z:

i 2_1)3/2 —j+2,j+4 z
pi 1 :_(Z r ’ O
2" (2) 15021 > /2 2 21

D on (Y- ) w

(7+3)! —3/2 ’
By (E.2) the first hypergeometric function in (E.4) is proportional to the Gegenbauer
polynomial 0?72(2(2'2 — 1)_%) and the second to Cff3(z(z2 - 1)_%) (except that the
normalization in (E.J) would introduce an artificial singularity in this second case). We

[N

know that C)(x) is even or odd in x, of the same parity as the degree n. Hence the first
term on the right-hand side of ([E.4) has the same parity in z as j — 2, and the second term
has the same parity in z as j + 3. Hence, by (C.]) and by (E.3) we obtain from (E-4) for
integer 7 > 2:

~ - 22 — _3/2 z

PIt () = - 16 ((j ~ ?1)_))1 s, <722 — 1) , (E.5)
y 52 _ —7—=3,7— z

Pl :6((]' . 3)1!) 2F1< J _??3/32 1; 1 (1 - e 1) ) (E.6)

Now substitute (E.3) and (E.§) in the conjectured identity ({.I]). Then we see that
this identity indeed holds with summation only over j = 2,...,l + 1’ with [ +1' — j even
and with the coefficients d;; ; uniquely determined by the expansion

. djiv
9= 2 - 2) (2 — 1) @) €A = Y G i 3 C?_y(x). (E.7)
G=2,. 41 ’

[+1'—7j even

Indeed, on the left we have a polynomial of degree [ +1' — 2 in x, even or odd according to
whether [ 41’ is even or odd.
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In principle, the coefficients d;; 7 can be computed from the known analytic expressions
for the coefficients in Dougall’s linearization formula

min(m,!l)

Co@)CM@) = ) ax(k,Lm)C () (E.8)
k=0

(see [28, Theorem 6.8.2]), in Gegenbauer’s connection formula

(37
Co(@) = bau(n, k)Ch_ () (E.9)
k=0

(see [R§, Theorem 7.1.4]), and in the recurrence relation

?CH(x) = cu(n,n +2) Cl o o(x) 4+ cu(n,n) Ch(x) + cu(n,n — 2) Ch_y(x) (E.10)

n

(iterate the recurrence relation [R§, (6.4.16)]). However, it seems improbable that the
resulting expression for the coefficients d;;; can be reduced to an analytic expression not
involving a sum.
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