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Abstract

The spectrum of anomalous dimensions of gauge-invariant operators in maximally super-
symmetric Yang-Mills theory is believed to be described by a long-range integrable spin
chain model. We focus in this study on its s/(2) subsector spanned by the twist-two single-
trace Wilson operators, which are shared by all gauge theories, supersymmetric or not.
We develop a formalism for the solution of the perturbative multiloop Baxter equation
encoding their anomalous dimensions, using Wilson polynomials as basis functions and
Mellin transform technique. These considerations yield compact results which allow ana-
lytical calculations of multiloop anomalous dimensions bypassing the use of the principle
of maximal transcendentality. As an application of our method we analytically confirm the
known four-loop result. We also determine the dressing part of the five-loop anomalous
dimensions.
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1 Introduction

The success of gauge theories in accurately describing the laws of nature is based on the
availability of computational techniques, see e.g., Ref. [1], which allow for a systematic
improvement of approximations involved. Perturbative expansions in the gauge coupling
constant gy, are conventionally deduced from Feynman diagrams. However, due to uncon-
trollable proliferation of the latter at higher orders in gy, the rules quickly become un-
manageable, making direct computations already at four-loop order highly nontrivial and
require massive computer manipulations. On top of this, individual Feynman diagrams
obscure underlying properties of the theory and reveal simple results enjoying sometimes
enhanced symmetries only in their sum. One was therefore compelled to search for an
alternative approach which presented itself recently.

On the one hand, some time ago it was established that at weak coupling one-loop
spectra of anomalous dimensions of maximal-helicity gauge-invariant operators in QCD
coincide with energy spectra of a one-dimensional non-compact Heisenberg magnet [2] [3].
The latter can be diagonalized by means of the traditional Bethe ansatz formalism of
integrable systems and yields anomalous dimensions of the corresponding four-dimensional
gauge theory. These simplifications are echoed by higher loop contributions, especially in
supersymmetric gauge theories. It was found in Refs. [4] [5] that all single-trace operators
in planar, maximally supersymmetric gauge theory

O=tr (X(DIX)YZXAXF, (DiY)X...) (1.1)

can be described by a long-range integrable spin-chain model with elementary excitations
identified with the particle fields Y, Z, X etc. of the gauge theory and/or covariant deriva-
tives D, acting on them propagating on the vacuum state |0) = tr (X L). Less supersym-
metric Yang-Mills theories entertain integrability only in certain closed subsectors under
renormalization group evolution [6].

On the other hand, the AdS/CFT correspondence [7] conjectures that the strongly
coupled N/ = 4 Yang-Mills theory is dual to a free type IIB super-string theory on an
AdS5xS® background. The latter was found to be classically integrable as well [§]. Using
this conjecture as a virtue led to a suggestion of an integrable structure which interpolates
between weak and strong coupling regimes. Though the underlying spin chain model is not
known, a set of Bethe ansatz equations is nevertheless available [5, [9], which has passed
a number of non-trivial tests at weak coupling, see e.g. [9] and [I0], as well as at strong
coupling by positive comparison with perturbative string theory, see e.g. [11] and [12].

These findings suggest to use the putative integrable structure as an alternative to
the conventional Feynman diagrams technique for multiloop calculations of anomalous
dimensions. In this paper, we develop a practitioner’s formalism building up on earlier
considerations based on the all-order Baxter equation [I3], 14] for finding the spectrum of
twist-two Wilson operators

O =tr (XDYX) . (1.2)
These arise in all gauge theories albeit with a different field content, the scalar X being spe-
cific to supersymmetric cousins of QCD. Their anomalous dimensions have been obtained



diagrammatically to a considerably high-order [15, [16], 17, 18] [19].

The Baxter equation is advantageous over the Bethe ansatz formalism if one is interested
in a systematic analytical framework. However they both enter on equal footings for
numerical studies, and Bethe equations were used in the past together with the principle
of maximal transcendentality [20] to perform phenomenal computations [21], 22].

Our following consideration is a generalization of the study in Ref. [23] which was based
on a deformation of the solution to the one-loop Baxter equation. What will differ in the
current work is that we will introduce a new basis of functions used in the construction of
next-to-leading order solutions, the so-called Wilson polynomials. For comparison we also
present the basis of continuous Hahn polynomials used in [23]. Furthermore we obtain a
new form for non-polynomial contributions which is free from multiple sums involving Stir-
ling numbers. The latter property is essential for obtaining analytical results for anomalous
dimensions in terms of nested harmonic sums. Our subsequent presentation is organized
as follows. In the next section, we briefly review the formalism of the Baxter equation in
maximally supersymmetric gauge theory and then present a novel form of the solution in
two- to four-loop order in the gauge coupling. The non-polynomial parts of the Baxter
equation are analyzed in Section [ using the Mellin transform technique. We present the
analytic form of anomalous dimensions and then in Section [l we discuss the reciprocity
properties including the dressing part of the five-loop anomalous dimensions. Finally, we
conclude. Several appendices summarize basic definitions required in the main body of the
paper and details of calculations which are two lengthy to be presented in the main text.

2 Baxter equation

The spin-chain description allows one to calculate anomalous dimensions of Wilson oper-
ators as a function of the 't Hooft coupling constant] g* = g2, ,N./(47?). However, the
formalism based on the Bethe ansatz equations has the drawback that its predictions fail
when the order of the perturbative expansion in ¢? exceeds the length L of the operator
under study [24], 25]. This implies that for twist-two operators (L.2) the onset of wrapping
effects occurs starting from four-loops already and the complete anomalous dimension is a
sum of two terms

v(g) =7 (g) + 1P (g). (2.1)

The first contribution v®%) on the right-hand side is determined by the solution to the
asymptotic Bethe ansatz equations and can be written in terms of the Baxter function

Q(u) as [13] /
oy ot [l (1 @)
y Y (g) = ig /_1 - 1—t (l 0 (_% —gt)) . (2.2)

!Please note that we use a different convention for the coupling constant then in [23].




The latter is a degree-M polynomial in the spectral parameter u with zeros determined by

the Bethe roots wuy,
M

Qu) = [ J(u—ur(9). (2.3)
k=1
It obeys an equation known as the asymptotic Baxter equation

(2 Lem+@N=0EN O (y + §) + (z7)le” “)=OWIQ(u — i) = t(u)Q(u). (2.4)

Compared to the Baxter equation for the familiar non-compact nearest-neighbor XXX
Heisenberg spin chain

B[Qo] = (u")"Qo(u + 1) + (u™) Qo(u — 1) — to(u)Qo(u) =0, (2.5)

with factors (u®)l = (u + %)L accompanying the corresponding Baxter polynomials, Eq.
(Z4) possesses highly non-trivial dressingd factors reflecting coupling-constant dependent
dynamics of the four-dimensional Yang- Mills theory. First, the spectral parameter gets
renormalized [26] and reads = = z[u] = $(u + \/u? — ¢?), with the assumed conventional
notation 2+ = z[u*], and, second, the exponents o and © provide the interpolation between
weak and strong-coupling expansions [9] and read [14],

B LatlnQ(xL — gt) Vu? — g2
Ui(u)_/_l? V- <1_ u+t gt ) (26)

o=-5>" 3 () eut [ Avie (w Ay

r=2 s=r+1 -1 7 Q(_% - gt)

with the expansion coefficients given by

Jr—1(gv)Js-1(gv)
v(er — 1) '

Crs(g) = sin(5(s — r))/ dv (2.8)
0

Since the Bethe roots acquire dependence on the 't Hooft coupling, the Baxter function

can be expanded in a perturbative series Q(u) = Qo(u) + ¢°Q;(u) + ... and each term

found explicitly as a solution to Eq. (2.4]) as we demonstrate next. Notice that all sublead-

ing Baxter functions (Qyo(u) are polynomials in the spectral parameter of a degree two

units lower than the leading Qo(u). To four-loop order, the dressing functions admit the
expansion

1 1 1
o) =g"~ 9" |t () +a™) + 5% (2.9)

7
b qu? 43

2This nomenclature should not be confused with the dressing factor related to the phase ©(u), which
we also refer to in later sections.



1 1
#9°| Tk = 5 (s + 20 - )P - H0ga 4 x0)
1
+— (17 — w0 ((00)*+307) +67)
+...,

Ou)=g Cséﬁe{ 2%

where the expansion coefficients are introduced explicitly in Appendix [Al
Yet another unknown in Eq. (2.4) is the transfer matrix, which takes the form

t(u) = Re(z™ <2+an )Re(w ) Y Ri(9)S . (2.11)

k>1 k>1

1 £\2 + iy
—@((%) + o )+@%

i

—((w)’ +a+)} +..., (2.10)

Here the upper limits in the sums can exceed the length of the operator in question and the
emerging charges Q- along with YRy serve to compensate non-polynomial terms arising
in the left-hand side of the finite difference equation (2.4]) stemming from the expansion of
the renormalized rapidity parameter and dressing factors in Taylor series in the 't Hooft
coupling. The charges admit perturbative expansions

Q=% + g2l + g2l (2.12)
R =R + g? R + g R+
And the only non-trivial contributions for L = 2 operators up to four-loop order read
D= _mmr+1), (2.13)
Al =—(2M + 1)Re ] .
= —2M + 1)Re [4{] — LRe [3(7)2 + '],
Q[ l— —(2M + DRe (V5] + 3Re [a* ( V)2 +at) =g (677 +887 + () —4xT]
R = —Re [ ((0F)” + )]
m;’] =0 )
3
9‘{&] =1iRe [ ] -

MI)—l [N

Here 2[20] is the eigenvalue of the quadratic Casimir operator of the collinear conformal
subgroup in the basis of conformal Wilson operators such that the leading order transfer
matrix admits the conventional form for the two site non-compact Heisenberg spin chain,

to(u) = (ut)? + (u”)? + Q. (2.14)

Finally, the solution to the Baxter equation has to be supplemented with the condition of
the vanishing quasi—momentum

Q(+——gt) 0
\/1—t2 Q(———gt) ’

in order to pick out only cyclic, physical states.

(2.15)
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3 Wilson vs. Hahn

It is known for quite some time that the leading order solution )y for the non-compact
two-site Heisenberg magnet is given by the continuous Hahn polynomlalsﬁ 28],

—M, M+1, L+
Qo(u) :3F2( 11 2

1) . (3.1)

Proceeding to higher loops, it was demonstrated in Ref. [23] that subleading contributions
Qr>o(u) to the Baxter function can be obtained by a deformation of the leading order
result (B). The equations which these corrections obey remain of second order in finite
differences, but acquire inhomogeneous terms depending on lower-order functions. This
implies that the structure of all polynomial higher-loop contributions can be immediately
understood once the building blocks for the two-loop Baxter function are known. To find
the latter it suffices to expand both side of the Baxter equation ([2.4) to O(g?) and find

[(u")? = 30° (1 —ivou")] Qu+ 1) + [(u7)* = 3¢ (1 +ivou )] Qlu—1i)  (3.2)
=[(u)? + (")’ = ¢* + Q] Qu) ,

with the quadratic conformal Casimir Qs ~ —(M + 1+ 2¢%y0)(M + 39*70) renormalized
by the one-loop anomalous dimension vy = 2.51(M) to this order of perturbation theory.
Matching this to the equation obeyed by the continuous Hahn polynomials, we obtain the
result for the Baxter function with incorporated two-loop corrections

1) ) (3.3)

Expanding this in a Taylor series with respect to the 't Hooft coupling, we find for the
two-loop correction itself
1)
;=0
(3.4)

where we chose a spin-dependent form of the perturbative expansion of the normalization
constant N(g) ~ 1 + ¢?b; (M) with

—M, M +1+ g%y, 5 +iu+ 759+ 39%7%0

Q(u) = N(g)sF> ,
1+iv2g + 29%v, 1+ 19%%

—M, M+ 1426, 5+ iu+0,
14+01+00+03, 1+ — 03

Y

Q1(u) = 01Qo(u) + § (2005, — 85, — 35,) sF» (

bi(M) =45% + S, — 28, S, (3.5)

in order to reduce the degree of (); in accordance with the definition (23] such that
deg Q1 = (deg Qy—2). Here and below the nested harmonic sums (A4]) appear as functions
of two arguments

Sa170«27--- = Sal,az,---(M) ) Sa1,a2,--- = Sa17a27---(2M) :

3We summarize their basic properties in Appendix [Bl
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The Baxter function for twist-two operators in the basis of continuous Hahn polynomials
has been obtained analytically to three-loop order in [23]. However, as can be seen from Eq.
([B4) the number of deformation terms arising is quite substantial. This calls for a quest to
find a more concise representation. To this end one notices that the Baxter function for the
ground state is symmetric under the reflection u — —u, which is however not transparent
in the representation in terms of Hahn polynomials ([BI]) but becomes explicit in the basis
of the Wilson polynomials@

1) . (3.6)

Analogously to the previous consideration, matching the two-loop Baxter equation to the
equation for Wilson polynomials (B.7), we find the two-loop solution
1) , (3.7)

up to an overall coupling-dependent normalization constant N(g). Expanding this result
to order g? yields the two-loop Baxter polynomial Q;(u) in Wilson basis

M M+l 1.2 1 .. 1 _ -
—%5 3 1t397, 5 T, 5 —u
i 1

Q(u) = N(g)aF3 ;
L+ 59+ 197, 1= 759+ 39770, 3

M M+1 R B
-5, o=+ 01, 5 +iu, 5 —iu
= ay(M (27005, — 03,) 4 F: 2o BT 1
@ilw) = s (M)Qow) + 5200, = 05,) o ( L4601+ 02, 1 =0, 5 ) 81,00=0 ’
(3.8)
where the normalization constant is N(g) ~ 1 + g%a; (M) with
ay(M) =352+ 5, +5_5—25, 5. (3.9)

A few comments are in order concerning the relation of this representation to the one in
terms of continuous Hahn polynomials. First of all, there is one deformation less. As
a consequence, the number of polynomial contributions in higher loops will drastically
decrease. Second, the deformed parts in the two representations are not identical and
hence their degree reduction coefficients multiplying the leading order solution differ as
well. However, it should be noted that these degree reduction coefficients can, in both
cases, not contribute to the anomalous dimension by symmetry arguments. Although less
obvious, the same is true for higher-loop contributions.

Let us now turn to higher loops contributions and use the finding of this section to
devise an efficient formalism to determine perturbative solutions. We will present the
results both in the basis of Wilson and continuous Hahn polynomials.

4 Polynomial contributions

To start with, as we observed in the previous section in order to tackle higher order
corrections to the Baxter function it suffices to introduce a doubly-deformed function and

4We briefly review them in Appendix



its derivatives with respect to the deformation parameters
CMMAL s Ty Ly

- _ o 3 4.1
(p,9) a1 5243( 1+014+0d2, 1 =192, ( )

)

Then a straightforward scheme presents itself for the construction of the /—th order func-
tion Q(u). That is, Q,(u) is a linear superposition of the structures Ty, ¢,) with €1+, < ¢
accompanied by degree-d transcendental numbers of d = 2{—2/¢,—/¢; and a (Qg-proportional
term, such that the degree of @y is reduced to deg Q, = (deg Qy — 2).

Analogously, in the basis of continuous Hahn polynomials we have a triple- deformed

function
1)

In the basis of Hahn polynomials there are more possible deformations than in the
Wilson basis. As a consequence the number of terms at each order of the perturbative series
is also considerably increased. As was shown in Ref. [23] at three loops, a simple countingﬁ
gives a total number of eleven terms. Changing the representation from 3F, — 4F3 reduces
the number of contributions to the Baxter function by almost half. At four-loop order
this effect will decrease the number of contributions from 36 to 15 terms, as demonstrated
below.

In the following we will divide the contributions to the Baxter functions into polynomial
and non-polynomial contributions

Qe(u) = QP (u) + QY™ (u), (4.3)

respectively. The terminology used here needs clarification. Of course, at any given order of
perturbation theory, the Baxter equation is polynomial. However, it consists of two types
of terms, the first one explicitly polynomial in the spectral parameter u and the other
containing inverse powers of the spectral parameter u* accompanying Baxter polynomials
and thus appearing superficially non-polynomial. Indeed the inverse powers of u conspire
to cancel in the sum of the latter such that the net result is polynomial as it should.
However we choose to split the Baxter function according to this nomenclature inherited
from their source in the equation.

NI po =

61=02=0

—M, M +1+06, 2+ +iu+6y

(4.2)
1+01+0d0+035, 1405 — 03

T(py%r) = a§10g2 g‘; 3F2 (

01=02=03=0

4.1 Wilson basis

Following the strategy outlined above we find first the polynomial part of the perturbative
Baxter function in the Wilson basis. First, the three-loop Baxter function Qgp ) reads

;p) (u) = as Qo(u) + 5 (71 + a170) Ta0) — 5 (K2 + 2a1) Ty

®Note, that for this representation, there is a term T(0,0,3), which has a third- order derivative w.r.t.
the deformation parameter.



+ 57 20 — $70T0 + 55 T02) (4.4)

where the transcendental coefficient K5 of degree two is a linear superposition of anomalous
dimensions and inhomogeneities introduced in Appendix [A]

Ky=a+ 37 =3% — S-2, (4.5)

1 2
and the normalization function ay = as(M) reducing the degree of the higher-loop poly-

nomial depends on the non-polynomial contribution computed later in Section [Gl

At four-loop order a further transcendental function arises from the Baxter equation,
see Appendix [Al from the expansion coefficients of the dressing factors (Z.9). They appear
in a certain combination with a degree of transcendentality four,

Ky = =60 + 24x — e + 675 + 375 + 107071 - (4.6)
So that finally the polynomial part of the four-loop Baxter function is

z(ap) (u) = a3z Qo(u) + % (72 + a1 + a2v0) T o) — 4—18 (K4 + 3370 + 6a1 K5 4 12a3) T o)
+ 5 (27170 + a175) Ti2,0) — £ (n + a0 + 5K2%) T + 155 (76 + 2K2 4 2a1) Tio2)
3 9
+ w5070 — 157%Ten + 15570702 — 56103 (4.7)

with the degree-reducing coefficient az. In the last equation, the term proportional to (3
stems from the dressing factor.

4.2 Hahn basis

Let us also include for completeness the three-loop Baxter function obtained in [23], con-
verted to the notation of Eq. (£2)) and rescaled coupling,

QY (1) = b (M) Qo (u) + 3 (71 4 b1vo) Ta,0) — 5 (Ka =+ 2b1) (Tio2,0) + T(0,0,2))
+%7§T(2,0,0) - é%(T(m,O) + 102 + %T(o,o,?,))
+$(6T(0,2,2) + Ti0,4,0) + T(0,0,0)) - (4.8)

The appearing functions are the two-loop normalization constant for the Hahn basis b,
given in ([B.5) and the transcendental function K5 in (£H). We omit the precise structure
of the normalization constant by(M), as it will be of no use for us.

In the basis of continuous Hahn polynomials the four-loop result is quite lengthy and
reads in the conventions of Eq. (A2l),

Q:(J,p) =b3Qo(u) + 3 (Y2 + bim1 + b2v0) Ti1,0,0)
_4_18 (K4 + 3C370 + 601 K5 + 120) (T(0,2,0) + T(0,0,2))
+F}2K2 (Tt0,0,4) + T(0,4,0) + 6T (0,2,2))
— 290 (K2 — 21 + 2b1) (T,20) + 370,30 + T(102))
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+27 (71 4 b170) Ti2,00) + 155 (261 + K2) (T(0,0.4) + T(0,40) + 6T(0,2,2))

—ﬁ (T(0,0,6) + Tl0,6,0) + 15T{0,2,4) + 15T(0,4,2))

+$% (T(1,2,2) + %T(1,0,4) + %T(o,za,z) + %T(1,4,0) + %T(o,s,()))

—%73 (T(z,o,z) + Ti22,0) + %T(0,4,0) — %T(O,OA) + %T(L?),o)) + 4—1873T(3,0,0) . (4.9)

Again, we omit the definition of the normalization bs. K, is determined by (A.6]). These
expressions for the three- and four-loop Baxter functions (4.8]) and (A.9) in the Hahn basis
should be compared to their Wilson basis counterparts in Eqs. ([4.4]) and (4.7, respectively.
It is apparent that the Wilson basis enormously simplifies higher- loop computations and
should be the method of choice for subsequent loop-orders.

5 Non-polynomial contributions

In order to complete the solution to the Baxter equation we have to address the non-
polynomial contributions. According to the nomenclature of Section M, we collectively
label all inhomogeneities of the form (u*)=*Q,(u) with k& > 1 as non-polynomial. Recall
however, that the transfer matrix (2.11]) is chosen in such a way, that it compensates these
non-polynomialities and in the sum of all these contributions at a given loop-order the
polynomiality is restored.

Non-polynomial inhomogeneities in the Baxter equation of twist-two operators appear
for the first time at three-loop order, while wrapping effects set in at four loops. According
to our choice of splitting in (43) we will complete the three-loop Baxter function by
obtaining the term Qéi’;) in an novel form. The non-polynomial contributions at three-
loop have already been found in [23]. However, the representation used there is given in
terms of Stirling numbers, which complicates the computation of anomalous dimension.
Therefore we will present a novel representation of these terms here, which is based solely
on Mellin transform techniques of the (u*)=* with k& > 1. The procedure is different to the
one presented in [23], as there the effective polynomial of all non-polynomial terms has been
expressed in terms of Stirling numbers. Successively its contribution to the Baxter function
has been obtained by Mellin transformld. What will be different in our novel representation
is that we give the Mellin transform of all single non-polynomialities. This results in a
toolbox, which allows to simply construct the solution from a general set of expressions.
The advantage is, that the final representation does not depend on complicated coefficient
functions involving Stirling numbers, rendering the computation of anomalous dimension
more feasible.

Before we turn to the explanation of the method used in our calculation, let us sum-
marize the results of our analysis in this section. The non-polynomial contributions to the
three- and four-loop Baxter functions are given by the following expressions

P Z2§Re [Pi(w)] Ri(M) r{" (M), (5.1)

6This procedure is given as Lemma 1 in [23].



0 () =" 2Re[Pe(w)] Re(M) (1527 (M) + 1™ (a1)) | (5.2)

with expansion coefficients determined in Egs. (5.13)), and (5.39), (5:50), (5.51)) respectively.
These expressions complete the three- and four-loop Baxter function, which is given by

the sum of (£4) and (5.10), and (£7) and (5.2), respectively. The functions used in the
representation of the non-polynomial parts are given by

(—1FT(M + 1+ k)
KD2ZT(M+1—Fk)’

_ T(k+ 3+ iu)

(M) = Pilu) = KID(L + iu)

(5.3)

Details of the computation are presented in the following subsections, while the complete
dissection of the Mellin techniques is deferred to Appendix

5.1 Three loops

At three loops order, the non-polynomial contribution Us(u) to the Baxter equation

B[Qs] = + Ua[Qo] (5.4)

reads
U,[Qo] = m [Qofes-+1) = Qolaw)] + 1% Qolu+1) +cc. (5.5)

The procedure for finding a closed solution to this equation via the Mellin transform
technique together with a complete set of building blocks required for generic higher order
analysis of non-polynomial contributions is presented in Appendix [DI We refer to it for a
complete list of definitions of objects arising in this calculation. Below we merely assemble
specific terms at three-loop order.

Extracting the first, constant term from ¢y accompanying v, in Eq. (53] and introduc-
ing a new function éo via Eq. (D.73), we can decompose U, into a sum of two terms with
each of them being separately polynomial. Then, making use of Eqs. (D.90), (D.93) and
(D.93)) we can obtain solutions to Eq. (£.4]) stemming separately from both combinations

of non-polynomial contributions.
The first inhomogeneity in U, is of the form of (D.90) with L = 0, i.e.,

Pyo1(u)]

= Gout i) - = Gou—) = iy 2 g ). (5.6)

Then, matching the right-hand side of this equation to Eq. (D.18) provides via Eq. (D.25)
the contribution of this inhomogeneous term to the Baxter function Q2(u), which reads

iy 2Re[Py(w)] Rp(M) S3(k), (5.7)
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up to an overall factor £yy = £iv accompanying (5.6) in Eq. (5.H).
Now turning to the second inhomogeneity in U,, one notices that it is given as a linear

combination of Eqs. (0:90), (0.91) and (0.93) with L = 1 and Q(+1) = 0

L 5 s 5 (= oy S 2RelPpoi(u)]
e Qol + 1)+ g5 Qol =) QO<2>FZMH .
p=1 k=1

1 ~ 1 ~ O (i =\ 2Re[P,_1(u)]

@) + 7 Qolw) = —iQo(=3) % —

Z 2%elF Z Ry(M) Zi(p, k), (5.9)

p=1

and (D.95) with L =0

1 2
———:‘ZZ 2RelPya (1)) , (5.10)
respectively. Then, the sought-after combination of terms is
~ : 1 /= N , 1 1
(Qotw+1) - Qo(u)> + W(QO(U — i) = Qo)) + 2% (u—+ - u—_)
T2
=y Z Ri(M) Zy(p, k — 1)

—z'(@'o@— (-p) Y 2l g, 3 2Rl

p=M+1 p=1 p

L
(ut)?

And since iQ(+5) = £, the contribution of the infinite series ~ Y7>° |/ | cancels between
the last two terms and the result takes a polynomial form

(@otu )~ Golw)) + ﬁ(@’ow ~i) = Qo)) + 200 (5~ = ) G
zi Rel {Z Ri(M) Z: (p, —1)+2%}.

p=1

L
(ut)?

Combining this result with the one found earlier in Eq. (B.7]) multiplied by its proper relative
coefficient in Eq. (5.0) and identifying the expansion coefficients in the summand with By
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of Eq. (D.24), we can immediately write down the contribution of both inhomogeneous
terms to (o as

16y 2Re[ Py (u)] Rp(M)ry? (M) (5.12)

k=0

with réﬁf ) introduced in Eq. (D.29), taking the following explicit form

PP O0) = & (Vo () + Vo (k) + 200(Wa (k) — S5(k)) )

— 5 (Vo (k) + 290(Wa(k) = Ss(k))) (5.13)

determined in terms of the following sums

W.(k) :é W, (5.14)
Vap(k) :é Wl(M) m; R (M) Zy(r,m — 1), (5.15)
7. (k) :i W m; Rmﬂ(lM ) o rm— 1), (5.16)
Vaslk) =Z ST mZ Bon(M) Zy(r,m) (5.17)

with Z, introduced in Eq. (D.87). Restoring the overall coefficient ;= of (5.I1) in Eq. (E.5),
we recognize (5.12) as Eq. (51)).

5.2 Four loops

At four loops the number of non-polynomial contributions is greater, however, due to the
perturbative iteration, the contribution of inhomogeneities due to the two-loop Baxter
function )7 has the same form as in Eq. (BH), i.e., U3[@1]. The complete set of non-
polynomial inhomogeneities then consists of three terms,

B[Qs] = - + Ua[Q1] + Us[Qo] + Uy [anp)] , (5.18)

where U, | g”p )] arises from non-polynomial contributions to the three- loop Baxter function
()2 computed above and has the form

QS = (3 —ingu®) @S (u+i) + (3 —ivou™) Q5 (u—1)
— (14 2M +1)7) QY™ (w). (5.19)

12



While U; is another novel non-polynomial function of the leading order @)y,

(ut)

Ui = {% (Qulu+9) — Qo) + = (Qufu+ 1)+ Qu(w) (520
Qo(u +1) — n +% (o + ()% Qo(u)} +c.c.,

24+

where
B = 10(v5)? + 497 + 695 ™ — 29570% +&* (5.21)

Let us address all three contributions in turn, starting with the latter.

5.2.1 Inhomogeneity U;

Following the methodology developed at three-loop order, we split the inhomogeneity Us
into a sum of terms whose series representations can be matched into the generic types
analyzed in Appendix[Dl According to results given there, the inhomogeneity in Eq. (5.20)

is a linear combination of Eqs. ([D.90), with L =0,2,3 and éo(:i:%) = 0, namely,
_ Z 2 §Re
p

b3 2RI -0 - ) 20)

p=M+1 p

+3 (Q5(=3) — Q6(3) Z1(p) + § (Q4' (=

(ulT)Ax ﬁ (@o(u — i) - @o(U)> (5.22)

Z (M) (3260, % = 1) + L Z5(0,B)

multiplied by the factor of 3—12 The term

e (Qulu+ 1)+ Qo) = 5z (@t =)+ Qo) (5.23)
:iQ%e[i};—l(u)] i Rk(M)( Zy(p, k — 1) — 2 Z,(p, k;))
3 zéree[l?;_l u)] {i(@b(=1) + QD) Zim) - (@b + QD) |

accompanied by %VJ . And the terms

—Qo(u+z)——Q0u—z = Zme bt ]Rp(M), (5.24)

p=1

13



Qo) - —Gu(w) = S-S gy, (5.29

S

with the factors of % Bf and =3¢ [(7¢)? + o], respectively. Further, for the completion
of the last three equations we need as well Eq. (D.95) for L = 2 times éfyé’ ,and for L =0
entering with =B — L [(vF)2 + a*].

Combmmg all these expressions and considering contributions proportional to Zs(p),

we find that the infinite series present in separate terms cancel between the two equations
(5:22) and Eq. (D.99) for L = 2 and their net result is equal to

— Ly Z 2RelF ZQ( ). (5.26)

At the same time, the non-polynomial coefficients accompanying Z;(p) vanish since the
leading order Baxter polynomial is an even function of the spectral parameter. Turning to
the remaining two infinite-series contributions we deduce that they can be resummed into
a concise expression such that the total inhomogeneity Us admits the following form with
clearly separated polynomial terms

M

ilan] =- 3 - 2 et o (o + )] o) (5.27)
+3 Ri(M) [éZg(p, k—1)— 27;(%@, k—1)— 12 (p, k))
k=1

+87¢ ((g)* + 0&*)} + 8(%*@4* — 85*) + 27322(29)}

Here we used the identity

1 1 1 Zpalpk—1

7 (5.28)

to simplify intermediate results. Even though there are remaining non-polynomial contri-
butions, (the last line in Eq. (5.27)) that do not cancel on their own, they will after we
add terms stemming from Us[Q] as will be demonstrated in the next section following the
same lines of reasoning as in Section [5.1] upon the replacement Qq(u) — Q1 (u).

5.2.2 Inhomogeneity U,

To start with, we write the two-loop Baxter polynomial as

M

Qu(w) =Y Re[Py(u)] Ry(M)71 (M), (5.29)

p=0

14



with (see Ref. [23])

Fup(M) = B(M) +30(M) (S1(p + M) = S1(M) = 1 51(p)) = S:(p). (5.30)

and B

b(M) = by (M) — SP(M), (5.31)
where by was introduced in Eq. 33), such that 719(M) = Q1(3). Then we split Q; into a
constant piece and the rest (1 (u) starting from P,~o(u)

Q1(u) = F1o(M) + Q1 (u) . (5.32)

Then as in Section [5.], the inhomogeneity Us[Q)1] is written as a sum of three terms: first,
Eq. (5.6) multiplied by %75’ , where we merely replace )y by @1 and Ry by Ry, = R k;
the difference of Egs. (5.8) and (5.9), both multiplied by 1%, with the same substitutions;
and Eq. (E10) accompanied by 27771 .

In order to perform the reduction of the inhomogeneity Us to a polynomial form, it is
sufficient to transform the summand of Eq. (529) to a form involving just the polynomial
P,(u) itself rather than its real part, i.e., half the sum of P,(u) and P,(—u). In Mellin space
P,(u) corresponds to a polynomial in 2™ alone, but not (1 —2)™. As can be observed easily,

the terms proportional to b(M) and (M) are even functions of the spectral parameter
and, as a consequence, do not change after the substitution v — —u. On the other hand,
the term ~ Sy(p) in the right-hand side of (5.30) does not have this property. Indeed, from
Appendix D we have

SR (-u)Ry = > B (@R,(M)|[Vaolp) ~ S2(p) ~ 252(M)] . (5.33)

p=0

and deduce a complimentary representation of the two-loop Baxter polynomial

= Po(w)Ry(M)ri,(M) (5.34)

with

rip(M) = (M) +30(M) (Si(p + M) = Si(M) = £ $1(p)) = § Vao(p) + S-2(M) . (5.35)

Separating the infinite-series contributions from Uj of the form as in Eq. (5.27]), we find
that their coefficient conspire to give the same overall coefficient but with the opposite
sign, such that Us[Q1] can be cast in the form

Us[@Q1] mzf%epl {Eﬁu Jrik(M)Zy(p, k — 1) (5.36)
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1 1

— 4~ Ry(M)ry,(M) + 25+} — L (u—+ - u—_) (e —29g6%) .

Therefore, the result for the sum of the two inhomogeneities Us[Qo] + Us[@Q1] is free from
non-polynomialities and reads

—= w { [3B; — 875 ((vg)? + ) +8vf ri,(M)] R,(M) (5.37)
+3° Ri(M) [é Za(p,k — 1) = 2 (g + riu(M)) Zu(p, ki — 1)

+74 Za(p, k) + 8y ((0)* + Oﬁ)} — 16Cs0 + 27322(1’)} )

with C3 combining the functions C3y = 467 + ié‘* — %yar at. The corresponding contri-
bution to ()3 is then given by

§7(w) = 3" 2Re[Pu(u)] Ri(M)r{?” (M) (5.38)

where we give ré ,fp ) in the same order as the corresponding inhomogeneities appear in

Eq. (5.37)

i (i [& Bf = 1o ()% + %) | Ss(k) = 145 Ssa(k) = 75 Vas(h)
kg Vaalk) + & Vara(k) — 312 v Vaa(k)
—3790 ()7 + ™) Vig(k) + § Cs0 Wa(k) — 1578 Waa(k). (5.39)

It is expressed via the following nested sums

G =S (M), (5.40)
Was () =Z i 0. (5.41)
AL ii; Tl(M) 223 Fen@D) 7, s(rom 1), (5.42)
Vise(k) :i Z Ren(M) Zy(r,m) (5.43)
Vibo(k) :22 Z Repn(M) Zy(r,m —1). (5.44)



These are related to the previously introduced sums (5.14) — (5.I7) via
Walk) = Wao(k),  Vap(k) = Vano(k),  Vap(k) = Viso(k) . Vaa(k) = Vapo(k).

5.2.3 Inhomogeneity U,

Finally, we turn to the polynomial inhomogeneity (5.19]) of the non-polynomial part of the
three-loop Baxter function Qg"p ). Tt can be represented as a sum

U[QE™] = U[QE™) + U [RE™), (5.46)
with
UPIQY™ =4 (@5 (w+ i) + Q5 (u— i) = 20§ (w)) . (5.47)

UMY == (1 QY (1) — iu” Q™ (u — i) + (2M + QI (w)) . (5.48)

From this, it is immediate to find the corresponding contribution to )3 to be

QY"1 (u Z Rel Py(u)] Re(M)riHP (M), (i=10,1), (5.49)
where
(pnp).[0] S(np) = £ORSY (M)
) = BT ) () + Wak)) = 3 L (5.50)
m=1 m
(prp).[1] + 2w L (mp)
"3k (M) =27, Z { 2pe1 (M) = =13 (M)} ) (5.51)
~ lp+M ™ p
and

6 Anomalous dimensions

Making use of the explicit solution to the Baxter equation to four loops, we can immediately
calculate its derivatives at the argument u = :I:% (see, e.g., Appendix [C)) and find the
corresponding anomalous dimensions by means of Eq. (2.2)) expanded to the required order
of perturbation theory. The results ar

’70:251 s (61)

7All results are given for even values of M. An analytical continuation to complex values can be found
in [27].
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Y

1= —S3 — 5_3 + 25_271 — 251 (SQ + S_g) s (62)

Yo =295+ 35_5 —25_35 + 25 553 —245_ 5111 —65_41 —65_32 —6S5_23

(asy

V3

+ 125 511 4+ 125 510+ 125501 4 (S2 +257) (35_5 + S3 — 25_51)
+ 51 (85_4+ 5%, + 4855 5 + 255 + 35, — 125_57 — 105_25 4+ 16S_511) , (6.3)

) =4 5_7 +6 S7 + 2 (S_371,3 + 5—3,2,2 + 5—3,3,1 + 5_274,1) +3 (—5_275
+S 939)+4(S_914—S_2_92-921—S5S212-2—5221-2—5S1-213

— 81222 — S1,-231) +5(=S_34+ S_2_9_3) +6(—S5-2

+ 51,04 —S_9 21,9 —S1,-2-2-2) + T(=5_9 5+ 53 22

+ S5 9 30+ 5 9 _23)+8(S 412+ S_421—S5-2— 5 43

— S 91,22+ 51-211,-2) +953_2_9—1051 29 2+ 115 355 5

PRkt ]

+12(—S_61+ S_22-3+ S14-2+Ss-21+51,2—5311-2—522_21

—S11.23 = S113-2 —S11,32 —S1213 — S1,22-2 — S1222 — 1231 — S1,3,1,—2
—S1312 = 51321 — S2,-212 — 52,221 — 521,13 — 2,122 — 2,122

— 82131 — S22,1,—2 — S2212 — S2221 — S2.31,1 — S31,1,—2 — S31,12 — S3,1.2,1
—S3911) + 1353 935 —1455 21 9+ 15(S23_2+ S32,_2)

+16 (S_41,—2+ S—21,-4 =S—2 212 —S-2-221 —S-21,-22 —S—21,1,-3

—S1,-31,2 —S1,-321 —S1,-2, 22— S22 21+ S 211,21+ S1,1,-21,-2
+ 511,212+ S11,-221) =175 52+ 18 (=543 — Se1 + S1,-33)
+20(=S1,—6 — S1,6 — Sa3+ S—511 + S_a,-21+ S—3-922+ 5241

+ S5 9,32+ S133+ 5313+ Ss31 — S11,-23 — S12,-2-2 — S2.1,-22)

— 2185544+ 22(S1,—0—4+ 5223+ S232+ 5322+ S322) +23(—5_3_4

— S50+ S2-0-3) +24(=S_4 3+ S1,—4—2— 51312 — S11,14 — 11,41

IR ]

—S13,-21 = S141,1 —53,-211 — S31,-21 — Sa111+S-2 2111+ 5 21,211

5Lyt IR ]

+51,22-211+51-21,-21 + 511,221+ S1,11,-2-2 + S112-21+ S121,-21

) 14ty

+S211,-21) +2552 3 -2+26(—S25+ S142+ S241 + Ss12+ S121)
+ 28 (S124 4+ 5214 — S-31,-21 —S—21,-31 — S1,-21,-3) + 30551 _3
+32(S151+ S511 —S-3-211— 52311 — S1,-3-21—S1-2-31

—S99.21+ 512,211+ 521,-211 — S1,11,-2,11) + 36 (S1,1,5 + S13,-3

+531,-3 — S1,1,-3-2 —S1,1,-2,-3 —S1,1,2,-3 —S1,2,-22 —O12,1,-3 —S2,1,-22
—S211,-3) +38S5_5 31 +40(—=S1 411 — S2,-311 + S1,11,-22)

— 41855 4 +42(—Sy 5+ S1—42+ S1-3-3) +44(S1,—51 + S2.—32+ S3.-31)
+46 S99, 3+ 485112311+ 60 (S11,-5 — S11,-32) + 6255 41+ 64511131

+ 68 (S1,2,—4 + 52,1,—4 — S12,-31 — S21,-31) — 72.51,1,1,-4 — 80.S11,-41
—(351(83 — 53 +285 91). (6.4)
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These agree with expressions found from explicit calculations of Feynman diagrams at one
[4] and two loops [15], and three [17] and four-loop [25] results obtained with the use of
numerical solution of Bethe equations and the principle of maximal transcendentality.

7 Five-loop dressing and reciprocity

Finally, let us partially address the five loop order, namely, the one stemming from the
dressing phase O(u). The dressing part of the five-loop Baxter polynomial can be written
in terms of contributions with decreasing transcendentality as

O (1) = & QW) + Q™) + G (w). (7.1)

where we decomposed the term accompanying (3 according to the nomenclature of poly-
nomial and non-polynomial inhomogeneities. Their calculation in the Wilson basis echoes
the one performed in the previous section and yields for polynomial contributions,

Qé’;’(U) =y, Qo+ 55 51 Ty (7.2)
Qé’;)(u) = afﬁg Qo + c(1,0) T(1,0) + c2,0) T2,0) + c0,1) T(0,1) + ca,1) Tia,1) + co,2) T(0,2) - (7-3)

Here
C1,0)=— 25 — 152524-51151 ) (7.4)
C(2,0) = 5 15—251>
C0,1) = %S 15152 15251 - 1—165—3 - 1—1653 + ésl,_g + éSl,g + %52’1 ,
can =551,

C(O 2) 96 Sl )
and the degree-reducing constants are

a1 =—551 (82 + 5a) (7.5)
— 1350 1 45,5 — §268 + 185,88 15,68 4 5,69 435,59 — §_557 +
—S587 — 35_5515% + 825157 — 25181157 — 152,81 + 15281 + S_2S1S1 +
— S 45 + 2855551 — 84S — S_28,51 + 18 35 5 + 1S5S, + 15,85 +
+i5253 - %5—251,—2 - %5251,—2 - %5—251,2 - 55251,2 - %5—252,1 - %5252,1 .

a47C3

Finally, the non-polynomial term, obeys the equation
BQ,") = —i 57 Ug [Qol, (7.6)

with

Qo(u+1i) — Qo(u)  Qo(u — i) — Qo(u)

U Qo] = 220 . (7.7)
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The polynomial lep ) can be computed according to the method spelled out above. It

reads
i

QU (u) = 257 Z Re| Z 5 Rl Z Ru(M). (7.8)

Substituting these findings in Eq. ([2:2)) expanded to fifth order in the 't Hooft coupling,
we find the dressing part of the five-loop anomalous dimensions of twist-two operators,

1Y = G+ G (7.9)

with spin-dependent functions 7z* and 7§5 obeying the principle of maximal transcenden-
tality (as well as the absence of —1 indices in nested harmonic sums)

= 25—4 — —54 — 5—3,1 — 55 99 — %Sl,—ii + 251,3 + 353,1 +

+10S 511 + 551,_2,1 , (7.10)
Ve =—S 64 Sg+115 51 4+4S 4 2+208 42+9S5 5 3+14S 55+

445 5 4445 94+ 381 5—3S1s+48s 4 — 4894 — 355250+

—4 849 —3851 =325 411 —8S5 3 21 —105 31 2 —285 312—285 321+

—6S5_9_31—25_9_22—105_51 _3—105_513—65_22_2—125 955+

—105_931 —20851,-41 — 651,32 —2451 32 —8S51,-2-3— 105 23 —4S5S11,-4+

+45114—2512-3+2S5123+28513-2+25132+25141—1455 31 =255 _9_o+

—1059 90 —2521 _3+285213+25231 —2S53_91+2531_2+25512+2S5391+

+45411+365_3111+459 911 +85 21921 ++1285 911 2+125 5112+

+125 91921 +125 9911 +3651,-311+851,2-21+851,-212+2051 212+

+2051 2221+ 1651131 +4 511,22+ 12511 22 +4512-21+16S53 211+

+4 551,21 — 2451 2111 — 16511211 (7.11)

7.1 Parity invariance

As we have seen in Section 2, the conserved charge £, acquires perturbative corrections
which shift the bare total conformal spin of Wilson operators by their anomalous dimension
7(g) to the renormalized one,

jo=M+1 — j=M+1+3v(g). (7.12)

This phenomenon implies that the anomalous dimensions can be defined more naturally
as functions of the renormalized rather than bare spin, such that one can define a new

function P of argument J,
v=P(M+ %7) . (7.13)
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The parity invariance property of anomalous dimensions is then formulated as invariance
of P(j) under the reflection map J — —J with J? = jy(jo + 1) [29, [30]. This condition
results in an infinite number of relations for coefficients accompanying odd powers of the
Lorentz spin in the large-M expansion in terms of corresponding even powers. For finite
M this property gets translated into the presence of parity-even combinations of nested
harmonic sums €, ,... only, which can have positive even and negative odd k;’s [31 [32].
These functions are defined as follows. For a single-index harmonic sum, they do coincide
with usual harmonic numbers, while for more than one index, they are defined recursively,

Doy =Sk s ke =Wt (Do) s Dby babes = Wi (Qkaa) 5 - - - (7.14)

with the involved map defined by

wkl(Skz,k37---) = Sk17k27k3,--- - %Ssign(kl)sign(kg)(\kl\+|k2\),k3... . (715)

Let us establish the parity invariance property for the dressing part of the five-loop
twist-two anomalous dimensions we determined above. Expanding Eq. (TI3) in the ’t
Hooft coupling and taking into account that dressing appears firstly at four loops, we find
the five loop dressing contribution to P(M)

Ps = — 1% — 50am, (7.16)

where the hat on symbols denotes that we consider only their dressing parts. Explicitly,
we use

11 =251, (7.17)
N1=51(5_3 — 53 —25_91) (5, (7.18)
:)75 =(3 ”)/53 + (5 ”)/55 . (7.19)

A long but straightforward calculation gives
Py =GP + G, (7.20)
where

Pé = —2(Qoy =23 — 2031 — 8911 — 40 21),

PP =—30 620 4 »—20 5 4+ Q3+
+2(4Q 410+ Qoon3 + Qoozn +4Q a1 + 201 23+ 301 g+ Qi3 ot
01+ Q31,-2) +4(Qon 211 + 2021 21 +30011,-2+ 20 2 21+

byt

+20 01 2+ Q1 2-9) =8B 2111 +201 211) +

+2C (= + (3 4+ Q31) +2(30 011 + 291,01+ Q1 22)) +
+7C M, (7.21)

which indeed obeys the parity-invariance properties spelled out at the beginning of the
section.
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8 Conclusions

In this work we have developed an improved formalism for the analytical solution of the
multiloop Baxter equation. As a demonstration of the efficiency of the framework, we
found the four-loop Baxter polynomial and derived in a completely analytical form the
resulting anomalous dimensions. This was possible largely due to an improved treatment
of superficially non-polynomial terms in the Baxter equation. While in the previous con-
sideration, the latter yielded multiple sums with Stirling numbers of the first and second
kind involved and, as a consequence, hampering straightforward analytical calculation of
derivatives of the Baxter function at fixed points which enter the definition of anomalous
dimensions. They were treated making use of the principle of maximal transcendental-
ity [20] by writing down the most general expression in terms of nested harmonic sums
and then fitting the multiplicative rational coefficients to numerical data. In the current
analysis this difficulty was overcome.

Next we found a more concise representation of the polynomial contribution to Baxter
function by using the basis of Wilson rather than continuous Hahn polynomials. The
complexity of these expressions was reduced roughly in half. Nevertheless it should be
stated that our analysis of the non-polynomial terms is still in favor of a representation in
continuous Hahn polynomials. It might still be interesting to completely restrict also the
non-polynomial terms to a Wilson basis. As such it would be possible to compare one-
to-one the analytic properties of the Baxter function of twist-two and -three operators, in
order to pin down the origin of the asymptotic character of the Baxter equation as well as
the Bethe ansatz.

Finally, we provided further evidence towards parity invariance of twist-two multiloop
anomalous dimensions by calculating the dressing contribution to the five-loop result and
showing that they obey the same theorem as was established earlier.

What we did not address are the wrapping effects in twist-two operators, which emerge
starting from four loops. The latter are known to be described by a generalized Liischer
formula which reads for the case of twist-L operators [21],

(wrap) [\ _ .4 2 - 9 LTZ(Zan) O (2(L+3)
7O (g) = ~ig'yg ;Zr:e; Rlem) PO (8.1)

22 4+ n?
It is written in terms of
R(zm) = Qo (5 — 40— 1)) Qo (52 + 30— 1)) Qo (32 + 30 + 1)) Qo (32 — 3n +1) .

(8.2)
and the function

n—1 1 i .
sz2—s(n—1)4+1m
T(zn) =Y ?0(2 : 2~ 1) 1) — (8.3)
[(m = 3n) = 32] [(m+1—3n) = 32]
These correspond to one-loop corrections in a sigma model. The explicit formula for twist-
two operators was found in Ref. [21] and reads

AT = G2 (5(s — 48 5(3 — 285 + 285 + 484, — 4895 9 + 45 5 53— 855 _51) . (8.4)

m=0
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Our method can be viewed as a first step towards the analytical computation of the
five-loop twist-two anomalous dimensions. Wrapping contributions are not included here.
However the knowledge of the asymptotic prediction derived with it will allow one to ana-
lyze its analytical structure in the complex spin M plane and constrain potential wrapping
structures. These questions will be addressed elsewhere.

This work was supported by the U.S. National Science Foundation under grant no. PHY-
0757394 (A.B.) and by the Russian Foundation for Basic Research through Grant No. 07-
02-00902-a (A.K.). S.Z. thanks the DAAD for a short term lectureship and the University
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A Inhomogeneities

The inhomogeneities of the four-loop expansion of the Baxter equation appear with the
following multiplicative functions

at = lQ E; , (A.1)
i QY (%)
TN
QG ) )
X =716 g(%) + 16 Qo(%) + 15 Qo(2)
b Q1(3)
T Q)
o+ Q (%)
Q)

and analogous expressions whose argument has reverse sign being related to the above via

« = =
X =()=x"=Ex, 0 =(07)=0"=4,
e =—(e")'=—"=—¢. (A.2)

They can be written in terms of harmonic sums making use of the explicit solution to the
Baxter equation and read

_’S(l2 + 5—2 ) (Ag)
ﬁ(S? — 53 + 3517_2 — 35_271) ,
%(5—4 —S1— 8 31+ 5 9_2—S29—S51_3+ 51352+ 522+ 531)

o
g
X
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+S 911+ 5112 —S112—S121— 5211 +251111
+i%(5—3 — 85 —S_91+ 51,2+ S12+ 521),
d=a,
e=—(S_a+ S2) + 2(S_3 — S3 — 25_21) + 24,51,

expressed in terms of nested harmonic sums

M . £ : L1 :
B (_1)51gn(a1) (_1)51gn(a2) (_1)51gn(ak)
Sal ~~~~~ ap — Sal ~~~~~ ak(M> = Z Iz 022 e T (A4)
£=0 1 l2=0 2 0,=0 k
B Continuous Hahn and Wilson polynomials
Continuous Hahn polynomials are defined as [33]
o (at+c)n(at+d), -n,n+a+b+c+d—1, a+iu
pn(u,a,b,c,d) =1 o 3 by ate atd 1). (B.1)
They obey the functional relation (P(u) = p,(--+))
(c—iu)(d—iu)Plu+i)+ (a+iu)(b+iu) P(u—1i)+ (B.2)

u*—i(a+b—c—d)u—n*+(—a—b—c—d+1)n—ab—cd)P(u)=0,
(c—iu)(d—iu)[Plu+i) — Plu)+(a+iu)(b+iu) [Plu—1)— Plu)+ (B.3)
—(n*+n(a+b+c+d—1)Pu)=0.
Wilson polynomials are defined as

Wn(uz, a,b,c,d)=(a+b),(a+c)(a+d),

—n,n+a+b+c+d—1, a+iu, a—iu
X4 F3
a+b, at+c, a+d

1) . (B4)

They obey the functional relation (P(u) = W,(u?,--))

(¢ —iu)(ia + uw)(ib + u)(id + u)(2u — i) P(u + 1) (B.5)
—(c+iu)(u—ia)(u —ib)(u —id)(2u + i) P(u — 1) + 2iu AP(u) =0,

with

A=2u* +u? (—4n* —4(a+b+c+d—1n+a+b+c+d+
—2ab — 2ac — 2bc — 2ad — 2bd — 2¢d) +
—n?+ (—a—b—c—d+1)n — abc — abd — acd + 2abed — bed . (B.6)
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It can also be rewritten as

n(n+s—1Y(u)=Bu)[Y(u+i) =Y (u)]+ B(—u)[Y(u—1)—-Y(w)], (BT7)

with
Blu) = — (u+ia)(u + ib)(u —|— ic)(u +1id) . (B.8)
2u(2u + 1)
The relation 111 L1 1
Pum (u, 3305 5) = constant x Wy (u, 35 5,0) , (B.9)

is immediately proved since the two recurrence relation are equal for the above choice of
parameters. Looking at the normalization, one can check that the constant is indeed equal
to one.

The comparison of the two-loop Baxter equation and equations obeyed by polynomials
yield the identifications for the continuous Hahn

n:M, a:c:%—l—%g—l—igzyo, b:d:%—%g—l—igzyoj (B]_O)

and Wilson polynomials,

b=1+ <=9+ 19", c=5— 759+ 19, (B.12)

respectively.

C Derivatives of the Baxter functions

The n-th derivative of Q©® (u) evaluated at u = i/2 is a combination of harmonic sums
with uniform transcendentality n and multi-indices containing only 1 and +2. The first
cases are

Qo) =—21i 5, (C.1)
/0,(%) =—4 (5—2 — Sy + 25171) , .
0 (%) =—244 (S_o1 — S1,—2+ S12+ So1 — 251,11, (C.3)
(4)(%) =96 (S_9 92— S92 —S52 2+ S22+25 511 —25 21 +2511,2+
—25112—25121— 28311 +451111), (C4)

((]5)(%) =—9607(S_2-21 —S-21-2+S-212+ 59221+ 51,-2-2— 5122+
—S12-2+ S122+ 5221 — 52124+ 5212+ 521 —25 2111+
251 2211 — 251121 +25111,—2 — 251112 — 251121 — 251211 +
—25111+4511111), (C.5)
86)(%) = —5760 (S_9,_2,2— 5222 =5 229+ S5_922—52_2_2+
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+S2 09+ 529 _9—5200+25 9 _911—25 91921 +25 91192+

5Lyt

—25 9112 =25 91921 —25 92211 +251 221 — 251,212 +

PRk ekl )Ly

+251 912+ 251,221 +2511,9-9—251122—25112-2+251122+

s L9y

+251 9291 — 281212+ 251212+ 251221 —25 211+ 251,21+

IR ] 14y Ly

—25911,—2+25 112+ +252121 + 25211 +4S_21111 — 451 2111 +

byt byt

4511 211 —45111,-21 + 4511112 — 4511112 — 4511121 — 45112100 +

IR ] ytsdydy sbytyty yLy L&y

—4S12111 — 4521111 +8S111.1.11)- (C.6)

14y Lyt sty dy sty tydy

Let us write the two-loop Baxter polynomial as

Q1(u) = a1 (M) Qo(M) + 0Q1(u), (C.7)

where a; is the same as in Eq. (3.8). The derivatives of Q™ (u) are expressed in terms of
the derivatives of Q(®(u) and those of 6Q"(u). The n-th derivative of Q™ (u) can be
expressed in terms of harmonic sums with uniform transcendentality n + 2. The first cases
are

Q1 (3) =0, (C.8)

5@1(%) =—2i (253 —35_91 — S1,-2 — S12— S21) , (C.9)

0Q7(%)=8(S—31+ S22 —S1,-5— S13— Sz—2 — 2522 — S31+ (C.10)
—25 9114+ 25 21+ 25112+ 25112 +25121 + 25211),

0Q) () =—24i (2541 — S_32+5S 32+ S o 3+ S 93— So_3+ (C.11)

+352,3 + 53,_2 + 35372 + 254,1 — 85_3,171 — 45_2,_2,1 + 25_2,17_2 +
—6S5_912— 65291 —45113— 25129 — 65122 — 45131 — 25,12+
—655,120 — 65221 — 45311 + 1059111 — 251,211+ 251,21 +

IR ]

+6S511,1,—2 + 651112+ 651121+ 651211+ 65111),

PRk k] PRkt ] byt

SQ\Y(£)=384(S 5 35— S 35— S35+ Ss3— S 5 91 +25 3510+ (C.12)
+2S8 301+ S 213 +25 020+ S 231 — 51,41 — 251,32+
—S1,—2-3+ S12-3— 25123 — 25132 — S141 — 5231 — S22+
+S91,-3 — 25913 — 35222 — 25231 + 5391 — 25312 — 25391 +
—35_3111— 52121 — 352112 —35 2121 — 352211+ 351311+

sLyty sLyty 14y Ly

+251 9,01 — S1-21,—2+ 251 212+ 251,221+ S11,-31 + S11,-22 +
—S111,-3+ 351113+ 51122+ 451122+ 351131+ S121,-2+

PRkt ] byt

+451 212+ 451221+ 351311+ 52,211+ S211,-2+45 112+

IR ]

+4521921 + 452211+ 35111 4521111 — 4512111 +

)Ly syt byt

—451111—2—4511112—451112,1—451,1,2,1,1—4512111—4521111)-

sty sty sbytyty 5Lyt 14y Ly ty sbytyty
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D Mellin transformation

In this appendix we devise a very efficient formalism for finding solutions to the second-
order finite difference Baxter equation focusing on non-polynomial inhomogeneities. The
results that we will present are very general, covering all possible powers of non-polynomial
contributions, (u*)~*Q,(u), and are therefore applicable to any order of perturbation the-
ory. The restriction and application of the machinery to three- and four-loop non- poly-
nomial inhomogeneities, which are the main objective of the current study, are given in
sections 5.1 and [5.2] respectively. We also employ it to the dressing-induced five-loop
non-polynomial part in section [7. Below, we first introduce the Mellin transform for the
Baxter function and accompanying (inverse) polynomial dressing factors in the spectral
parameter. Then we perform a variable transformation which is particularly convenient
for carrying out Mellin convolutions and inverse transform.

To start with let us introduce the Mellin transform of the main ingredients. For the
Baxter function Q(u), where the loop-order subscript is dropped being irrelevant, it takes
the form [28]

Qu) = K/OOO dow™'Q(—w), K= F(z’u)f‘zl )

While for the function with the argument shifted by 4, i.e., Q(u £1), we find that in Mellin
space this yields a multiplication by a power of w

Quti)=-K /000 dww™ M {wTQ(—w)} = K/OOO dww™ ' {-wT'Q(-w)} . (D.2)

(D.1)

Next, turning to terms where Q(u) is accompanied by a positive power of a polynomial in
the spectral parameter of the form (u + b))l = AL, we get at first

(u+bi)- Qu) =\ K /000 dw w?1WPQ(—w). (D.3)

Then, we can re-express the product \w™~! by a differential operator acting on the
exponent, i.e., —i(d/dww)fw?~! and subsequently integrate by parts to find

(u + i)~ Qu) = K/OOO dww™ W™ [Zw%r {wQ(—-w)} . (D.4)

Similarly, for the Baxter function with the shifted argument @(u=1i), we get the expression

(u+ b)) Quti)=K /OOO dww™ 1w {w%] ’ {-"F'Q(-w)} . (D.5)

In the same vein we can consider terms with inverse powers of the same polynomial,
i.e., (u+ bi)~L. First, notice that for L = 1, its Mellin integral representation

1 —
u+bi

el .
+zf0dww“‘1b

- [0 iu—1—>b
—1 fl dw w

ﬂ/ dwwi“_l_bﬁ(:thiw):{ ,  for  b<0, (D.6)
0
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is given in terms of the the Heaviside step function 6(z), defined conventionally as

1, for x>0;
9(‘”)_{0, for <0. (D-7)

The other observation is the well-known fact that the Mellin transform of a product of
functions is realized as a convolution of their Mellin transforms. Namely, if a function
M;(u) is expressed in terms of its Mellin transform

M;(u) = /000 dww™ ' Fy(w), (D.8)

then the product of M;(u)Ms(u) corresponds to

My (u) Ma(u) = /Ooodwwm—l /OOO%FI(M)@ (i) | (D.9)

Wi Wi

which we will write formally as
i © 4
M) M) S [T ) (i) , (D.10)
0

-1
where the symbol M, implies the inverse Mellin transform. Putting the two results to-
gether, leads to

1 M1 . o dwl w - w
T b Qu) — +iK /0 o Q(—w1) <—) 0 (:l:l F w—1>

—b
0 dw w
+iK [F2 (2) 7 Q-w)
—b
W dwy w
=ik [ (2) Q)
Now, upon differentiating both sides of this equation w.r.t. b, we obtain the final result

(iR e (ns) (2) 7 Q)

., for  b<0. (D.11)

L! M—1
———Qu) — _ : for bs0.
L L b
(ut ) Hop K g () (2) Qe
(D.12)
And for the shifted Baxter polynomial Q(u = ), this is replaced by
L!
—_— +1 D.1
Q) (D13)
L —b
ot [ [ (n2) (2) e Q)]
- L b y for b § 0
e Ci:“ (m2) (2) " Far™Q(-w)



D.1 Change of variables

To proceed further, we introduce the variable z as in [28§],

w = (D.14)

such that the Mellin transform (D.II) takes the form
1
Qu) = Kl/ dz 2712 (1 = 2)7 Y2 () (D.15)
0

where we introduced a new function (see Ref. [23])

Qz) = Vz(1—2)¥(2), (D.16)
with the corresponding normalization factor
Ky - ! (D.17)
P I(3 —iu)l(5 +iu) '

The latter leads to the unit normalization factor in Eq. (3)).
Absorbing all terms of the all-order Baxter equation beyond one loop into inhomo-
geneities ()(u) on the right-hand side, we can write it as

(W)?Q(u + ) + (u7)*Q(u — i) — to(w)Q(u) = Q(u) . (D.18)

While the corresponding equation in Mellin space reads (we omitted the overall factor
Ki+/2(1 — z) on both left- and right-hand sides)

2(1— 2)0"(2) + (1 — 22)W(2) + M(M + 1)¥(z) = ¥(z), (D.19)
and where the primes on V(z), e.g., W'(z), correspond to the differentiation w.r.t. the

variable z.
The functions Q(u) and ¥(z) admit perturbative expansions

Qu) = Y ¢*Qu(u),  W(z) =Y ¢*W(2), (D.20)
=0 =0
with their coefficients taking the form
M M
Qe(u) = D Rup(M) Pu(u),  Wy(2) = Y Rep(M) 2" (D.21)
k=0 k=0

In the following, we will reserve the convention Ry (M) = Ry(M) for the leading order
term, with the functions Ry (M) and Pg(u) introduced in Eq. (53).
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Note that the solution of (D.I9) can be written as a sum of the zF- and (1 — 2)*-
expansions, i.e.,

() = %Z [ (1= 2] Rusaa). (D.22)

which corresponds to the real part of its Mellin transform counterpart (D.21)), i.e.,

M
Qe(u) = Y Re[Pi(u)] Rex(M), (D.23)
k=0
and is the solution that is sought for.

D.2 General properties

Consider the polynomial solution (D.2])) to the Baxter equation (D.19). The left-hand side
of the latter can be cast in the form

Z_ {(k: + 12 Ry (M) — (M — k) (k+ 1+ MRy (M) | 2%, (D.24)

k=0

and contains the maximal (M — 1)-th power of the z-variable compared to the solution
(D.21)) which is a M-th order polynomial.
It is convenient to introduce the new coefficients ry ;41 (M) as

rep(M) = }z:(%) ; (D.25)
with Ri(M) given in Eq. (5.3]). Then, since it obeys the recurrence relation
R) = (M) i (D.26)
we can replace (D.24) by
M—1
> 2 Ru(M) (k4 1) repa (M) — (M) | (D.27)
k=0

At leading order of perturbation theory, the right-hand side ¥(z) of Eq. (D.19) vanishes,
and the equation for ry, is simply

Tz7k+1(M) — TZJC(M) =0. (D.28)
The solution is

’/’g’k(M) = T&(](M) y R07k(M) = T&(](M) . Rk(M) y (D29)

30



where ry0(M) is a constant. The possible presence of nontrivial contributions from the
(1 — 2)* part of the expansion in the right-hand side of Eq. (D.19) does not alter any of
the above results because its left-hand side is symmetric under the exchange z — (1 — 2).

Note that in order to have the solution of Eq. (D.19)) in the form of (D.21), the inho-

mogeneities Q(u) and W(z) should be expanded in the same basis of functions

M-1 M-1
Pk Bk—l—l y Bk+1 Z (D?)O)
k=0 k=0
and, respectively,
M-1 _ M
Re[Pe(uw)] Boyr,  W(2) = = [z+1—z}B . (D31
2 k1 (2) = 3 kZ:O )"| Bis1,  (D.31)

if the (1 — 2)*-expansion constitutes a nontrivial contribution.
Going beyond leading order of perturbation theory, the inhomogeneities in the Baxter
equation affect the recurrence relation for the expansion coefficients (D.25) as follows

Bjt1
o1 (M) = rop(M) = . (M;(k el (D.32)
such that the iterative solution to it reads
k B,
rer(M) = ro0(M) + Z ROE (D.33)
=

Here, the first term in (D.33)) corresponds to the general solution of the homogeneous
equation and the second one is a particular solution of the inhomogeneous equation (D.19).

D.3 Polynomial inhomogeneities

Starting from two-loop order, the right-hand side of Eq. (D.18)) is nonzero and contains
power-series contribution in ~ (u®)* with & < 1. The terms ~ u! and ~ u° induce
polynomial contributions. The bulk of them can be calculated directly in the wu-space
(see Section 4). However, it is instructive to consider their calculation also in the Mellin
transform z-space, because, starting from 4-loop, nonpolynomial effects from lower orders
of perturbation theory will re-emerge through these terms as well.

For simplicity and since this is all one needs for the present analysis, we limit our
consideration to contributions at n-th order of perturbation theory from Baxter functions
of one loop order lower. All other cases can be treated similarly since the only difference
will be in the coefficients accompanying u! and u°.
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D.3.1 Contributions ~ u!

For the case at hand, the corresponding inhomogeneity in the right-hand side has the
following form (see also Eq. (5.48))

Wt Qr(u+ i) — iuQr(u—14) + (2M + 1)Q: (u), (D.34)

with a function Q;(u). After the Mellin transformation to z-space (similar to Eq. (D.15))
and cancelling the overall coefficient K3 1/z(1 — 2), we find

(1 —22)W(2) + 2M W, (2) . (D.35)

Let now Q;(u) and ¥, (z) have the following expansions (analogous to (D.22) and (D.23))
M M

Q) = Y RelA@)] Bik),  Tu(x) = 2 S [Fr0-2f Bk (D306)
k=0 k=0

Then, the corresponding particular solutions, @, (u) and W,(z), of the Baxter equation and
its Mellin analogue, can be found in terms of the expansion coefficients F} (k)

Qi(w) = S Re[P(w)] Fi(k),  Ti(s) = %Z Fra-2 Ak, 037)
k=0 k=0

where the coefficients Fj (k) are determined by Fj(k) by Eqs. (0.32) and (D.33).
It is possible to consider the expansions in z* and (1 — 2)* independently. Addressing
the z*-expansion first, we have from (D.35) and (D.36)

M-1

3o [(k; + 1) Fu(k + 1) +2(M — l{;)ﬁl(l{;)}

k=0
M-1 -~ ~
_ k filk+1) 2f1(k)
_;z Ry (M) (k +1)? el ey (D.38)

where we factored out the R, dependence and as a result introduced new coefficients
Fi(k) = Re(M)fi(k),  Fi(k) = Re(M)fu(k). (D.39)
Next, putting Eqgs. (D.30), (D.32) and (D.38)) together, we get for fi(k) the following

representation

Jim) _ 2fi(m ~ 1)

D.4
m+ M (D-40)

filk) = [0)+ Y [

Finally, when we set @1(u) = Qo(u), i.e. to the leading order Baxter polynomial, the
coefficients can be found explicitly and read

Ay =1,  fi(k)=Si(k)+ 2(51(1{: M) — 51(M>) . (D.41)

In this way we thus reproduce the 7g-part of the ()1 Baxter function in (5.30).
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D.3.2 Contributions ~ u°

For the u° term, the corresponding right-hand side has the following form (see also Eq.
(5.48))

C?2(“ + 1) + @2(“ — i) — 2@2(“) ; (D.42)

in terms of a function @2(u), which we will specify later. After the Mellin transform and
again cancelling the overall coefficient K7 1/z(1 — z), we find for the z-space counterpart

of the above inhomogeneity
1 ~
— VU . D4
Z(l — Z) 2(Z> ( 3)

Here Qs(u) and Wy(2) have the following expansions

Oolw) = 3 Re[Pu(u)] Fah) - %Z[ (1— 2] Bk).  (D.44)
k=1

k=1

As it was discussed in the previous section, the expansions (D.44]) prevent the appearance
of negative powers of z and/or (1 — z) in the right-hand side of the Baxter equation. Then
the corresponding particular solutions @Q,(u) and Wy(z) to the Baxter equation can be
found in a similar fashion

Z?RePk Fy(k), :%Z[ (1— 20| B(k),  (D.45)

k=0

where the coefficients Fy(k) are determined by Fy(k).
In the following, it is convenient to separately consider the cases of symmetric and
non-symmetric functions Qo(u) and Wy(z) with respect to the replacements u — —u and
— (1 — z), respectively.

Symmetric case. In this case, Us(1 — z) = Wy(2) and Eq. (D43) is equal to

1~ 1 =
~ Uy(z) + 1= Uy(z). (D.46)

Considering only the zF-part of the expansion, we find from (D.46))

M-l
FE(k+1). (D.47)
k=0
Then, introducing new coefficients via
By(k) = Re(M)fo(k),  Fy(k) = Re(M) fo(k), (D.48)

33



we deduce from Egs. (D.30), (D.32) and (D.47) the following representation

k) = fol0) + 23 22 (D.19)

If Q2(u) = Qo, the coefficients read
falk) =1, fa(k) = 25:(k), (D.50)
and, thus, they reproduce the Q; Baxter function, when ~o = b(M) = 0 (see (G.30).

Non-symmetric case. As in the symmetric case, we can cast it in the form of the z*-
expansion,

Z 2 Fy( Z Zm1 Z 2 Fy(k) = Z 2 F Z 271 (D.51)

k=1 m=0 k=1 k=1 p=k

[\
l\D

where p = m + k, however, now being an infinite series rather than a finite sum. Splitting
the series ), into two parts

Z > o+ Z , (D.52)

M [e%S)
ST hy(p)+ Y T Oy(M), (D.53)
p=1 p=M+1
where
—~ p —~
Dy(p) = 2(k) - (D.54)
k=1
Then, Eq. (D.53)) can be represented as
M o0 M =
S _ ) e = B,(M)
p—1 _ p—1 _ p—1 _ 2
> Balp) = B0 + o) Y 2 = 3 [Balp) = Ba(M)| + S
p=1 p=1 p=1
(D.55)
As a consequence, Eq. (D43)) reads
1 1 ~ ~ Dy (M)
— Pl P | Dy(p) — By(M)| + ———.  (D.
z(1 —z) 2 ; <Z =2 ) [ 2(p) 2 )} * 22(1 — 2) (D-56)
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To proceed further we have to address the nonpolynomial term in Eq. (D.56). Notice
that if we add to the left-hand side of (D.I9) the Baxter equation obeyed by the solution
Q1(u) with the formal condition vy = 0, this will yield the following contribution to the

inhomogeneity
Ky

2(1—2)

where Wq(2) is the leading order solution of the Baxter equation with the property

Wo(2), (D.57)

M
Up(z) = 1+Tg(z),  Tolz) = Y 2FR(M). (D.58)
k=1
Put together, we now have the right-hand side in the form

% pé <z1"1 +(1— z)’”) [62(1?) — Dy (M) + 2K, Rk(M)} + [‘52(1\4) + QKz] 2 —2)

(D.59)

Choosing Ky = —®5(M)/2, we cancel the unwanted term ~ 1/(z(1 — z)) and find that the
resulting Baxter equation is obeyed by the function

Qa(u) — § D3(M) Q1 ()]0 (D.60)

which admits the following Mellin-space transform
M
1 _ _ ~ ~
5> (zp L (1) 1) [(I)g(p) - <I>2(M)<1 + Rp(M))] . (D.61)
p=1

Next, using Egs. (D.30), (D.32) and (D.6I]) we find the coefficients fo(k) to be

fa(k) = f2(0) + Z #m(m ; (D.62)
where R R
By, = Bo(m) — By(M) (1 + Rm(M)> . (D.63)

Finally, taking the solution for @;(u) from Eq. (5.30) with vy = 0, we find the solution for
Q2(u) in the form of Eq. (D.62) with

By, = Bo(m) — Oy (M) — b(M) Ry (M) . (D.64)

D.3.3 Another form for Q;(u)

As we explained earlier, the solution to the Baxter equation in the Mellin space is a sum
of zF- and (1 — z)*-expansions (see Eq. (D.2I))). However, the application of this form
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as the input to inhomogeneities on the right-hand side of the Baxter equation is not very
convenient. It is a better choice to cast it solely in terms of the zF-expansion,

M

Uy(z) = Y 2 Rep(M). (D.65)

k=0

For the four-loop calculation, considered in this study, the non-polynomial inhomo-
geneities contain only the functions Wo(z) and ¥;(z). Moreover, the function ¥y(z) and
the b(M) as well as the 5o part of ¥, (z) are symmetric under the interchange z < (1 — z)
and do not represent a difficulty on their own. Thus it is necessary to address the issue
of non-symmetric contributions only for the remainder of the function W;(z), with the
coefficient ~ Ry (M) Sa(k).

Our goal is to find a relation of the form

% Z [zk +(1—2) ] Ry(M = Z R )+ K3¥(2), (D.66)

where we also added the solution of the homogeneous Baxter equation with a coefficient
K3. To start with, we note that the left-hand side of Eq. (D.66) is a solution of the Baxter
equation with the following right-hand side

M

1 3 [zk_l + (1= 2" Ru(M). (D.67)

2
k=1

The second term here, ie. S o (1 — 2)*~* Ry(M), leads to the solution of the Baxter
equation in the form ZkMZO (1 — 2)* Ry (M) Sy(k). Thus, we merely have to replace the
(1 — z)*-expansion by the z*-expansion. Indeed, one can show, that

M

N

M -1
(1—2)" ' R(M Z FENT R (M), (D.68)
=1 1

3
I

k=1

and Eq. (D.67) can be represented as

> AN R (M), (D.69)

m=1
Thus, the general solution to Eq. (D.67) admits the form

M

2
k=0

where V5(k) is given by Eq. (5.40) in the main text and the coefficient K3 is fixed from
numerical agreement between the left- and right-hand sides of Eq. (D.72)
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The corresponding u-space form is then given by
M
Z Re[ Py (u M) Sy(k) = Pu(u) Ri(M) Vao(k) + K3 Qo(u) . (D.72)
k=0

D.4 Non-polynomial inhomogeneities

Let us now address non-polynomial inhomogeneities emerging in the Baxter equation. To
start with, we split the Baxter function (and its Mellin transform) at ¢-th order as

Qu(u+ ai) = Roo(M) + Qu(u+ai),  Wy(z) = Reo(M) + Uy(2), (D.73)
with Roo(M) = 1, where

= > Ru(M)Pi(u),  W(z) = Ky Y Ru(M) 2, (D.74)

k=1 k=1
Then the inverse Mellin transform of a generic inhomogeneity is given by

#@(uﬂ) + (=1)F* L)'L+1 Qo(u — i) (D.75)

M L+1K/ dwl( L)L<:2b{wﬁ1@z(w1)}
L+1K/ der (ln—) (w%) {—wﬁl@(—wl)}-

After the substitution (D.I4)) for w — z, we have for the r.h.s. of Eq. (D.73])

«4V“kav€ﬁi?5{§ézﬁi(mfgifﬁ)L@4a>

2 z1(1 = 2)

1 body 21(1 = 2) L
1 v, . (D.76
fig [ et () e o
The Baxter function Q(u) and its Mellin transform W(z) possess symmetry properties
preserved to all order of perturbation theory:

Q(—u) =Q(u), V(1 —2)=V(z). (D.77)

Thus, in all calculations we will focus on just one term in Eq. (D.76]), say, the first one
on the right-hand side, and then get the complete result for the Baxter function obeying
the required symmetry properties (D.77) by adding contribution with reflected argument.
With this argument in mind, Eqs. (D.75) and (D.76) can be rewritten as

L A . L+1
W Qe(u+1)+(—1)

L ~ N M
(o Qi(u—1i) — (D.78)
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—9(—i) K, (-2 /0 dz (m M) ’ Ty(21).

z 1

To calculate the integral in the right-hand side of (D.78)), it is convenient to re-express the
integrand involving the logarithm as a rational function of its argument via

In 2(1—2)\" ad Pz —2)\°
z2(l1—-2)) — \de (1 —2)
Now, using the expansion for W,(z), after some algebra we obtain
00 1
dz [(2(1— zl)) [ - k 8)
it el Sl R v e)
/o 21 <Z1(1—2) p; p+1—5 Z we(M
(D.SO)

The first term on the right-hand side of this equation is obviously polynomial, but the
second one is not. Note, however, that for p > M we can represent it as

(D.79)

e=0

> i k a)
Z 2P ng ETre— (D81)
p=M+1 F(p+1 —€) k=1
- el(p) T(k—¢)
AR Vo Ui )
vt Flp+1—¢) — k!

where the inner sum in the last term can be cast in the form

> Rio(M) % = Qr(u=1+ic) = Q(u=L+ic) — Rys(M). (D.82)

k=1

Thus, we have

- _Z zp—g((]; )1(11 :;) Qe (u=1+ie) . (D.83)

To get back to the integrand in question, we have to differentiate both sides w.r.t. £ and
set it to zero. Then one immediately finds that the last term becomes

L g g A\ (T(p)D(1—e)
~N "¢k ZRQW (4 <_) {—p } : (D.84)
; Lp:%:ﬂ p ot 2 \de Fp+1—¢) )|,
where we introduced notations for
" Lt O, d\" ~ iy OO (i L
Cr = TR (£3) = (@) Qc(u==%%), QY (1) = Qu+i), (D.85)



and for the coefficients

an - (£) {HE=9)

which are expressed in terms of harmonic numbers as follows for a few low values of L,

: (D.86)
e=0

Zo(Pa ]f) =1,

Zy(p, k)= S1(p, k),

Zy(p, k) =St (p, k) + Sa(p, k),

Zs(p, k) =S} (p, k) + 3S1(p, k)S2(p, k) + 2S53(p, k),

Zi(p, k) =S{(p, k) + 657 (p, k)Sa(p, k) + 8S1(p, k) Ss(p, k) + 355 (p, k) + 654(p, k) ,

Zs(p, k) = S7(p, k) + 1057 (p, k) Sa(p, k) + 2057 (p, k) Ss(p, k) + 1551(p, k) S5 (p, k)

4305, (p, k)Sa(p, k) + 2085 (p, k)Ss(p, k) + 2455(p, k) , (D.87)

where

Si(p, k) = Si(p) — Sc(k) (D.88)

and Zp(p) = Zi(p,0).
Assembling all results, we have

CD™ Bu—i)
WQz(u+z)+ () o(u — 1)
2= Kay/z(1 - 2) [Z ZZ) {Rpfa(LM) + (Lil)l 2 RH;CM Zr-1(p k 1)}
=1 k=1
-2 k'(Li— k). 3G 2 = ZL-k(p)] : (D.89)

1

- —2<—i>L“[ y Bt {R”’Z(M) oty Y e ZL_l(p,k;_l)}

= P p* (L—1)! &
SN ()
- ;m 23 p:ZMH ) ZL_k(p)}, (D.90)

where P,_;(u) is given in Eq. (5.3). Note that for L > 0, Eq. can be simplified to

1 - . (_1)L+1 - i
WQ@(U—FZ)—F (o) Qo(u —1)
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L- = p
L -k 0o
: S0k i Bp-1(u)
-y O Zp-r(p)|.  (D.91)
— k(L — k)! P
Repeating all above calculations, it is possible to obtain in an analogous fashion
1 . (_1)L+1 .
(ut)LH Qelu) + (u )L+ Qe(u) (D.92)
M _1 p—1
- 1 p=1 Ry o(M
R Rl S D) DRSPS
T p=1 p k=1
S F w2
+Z (L — R (—3) Z ’ ZL—k(p)},
k=0 p=M+1
and as a consequence
1 - (_1)L+1 .
WQZ(U)WLWQZ(U) (D.93)
M p—1
1 P,
S Ta ED SRS SENEHEATES
: p
p=1 k=1
L L 00
i SO By (u)
P o@D 2 T 2|
k=0 p=M+1
Last but not least, as a particular case of (D.92) and (D.93), we find
1 (=1)FH . = !
()i + e 2—i)" MK V(1 -2) ) Z(p) (D.94)
p=1
1 (== N\ L+1 - Ppoi1(u)
()i + T = 2(—i) Y Pp Zi(p) . (D.95)

E On the degree reducing constants

We have seen that the polynomial-type contribution to the Baxter functions takes the form
of a linear combination of higher derivatives T(, .. ..) plus a constant times the leading order
Baxter polynomial Qy. This constant is fixed by the requirement that the monomial u™
cancels in the total contribution. Thus, the following ratios are all we need to determine
the degree reducing constant

coefficient of u™ in T4y, )

Plabe,...) = (El)

coefficient of u™ in Q,
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Here, we list the cases which are needed for computing as, and as. The notation is

St = Sap. (M), Sap..=Sup. (2M), Sap.. = Sap.. (M/2).

P(1,0) = 25, — 351,

p0,1) = 255,

P20 =952 — 125,54+ 452 + 55, — 45,

P(1,1) = —651.95 + 4555 — 295,

P2 = 1252 + 125,

P = —275 + 545,52 — 36525, — 455,55, + 36555, +
+85% — 1855 + 30955, — 245,55, + 165,

P2,1) = 185,52 + 12555) — 245,5,5) + 252 + 85,52 +
11085555 + 654 — 8535, — 85,95,

p12) = —365,52 + 245,52 — 24855, — 365,5s — 2455 + 245,59,

p0.3) = 12053 + 3605,5; + 2405,

In the case of b, we need the ratios

£(0,0,2)
£(0,0,4) =
£(0,0,4) =
£(0,0,4) =
£(0,0,6) =
£(0,2,0)
P0,2,2) =
P(0,2,2) =
P(0,2,4) =

£(0,3,0) =
£(0,3,2)
£(0,4,0)
£(0,4,0)
£(0,4,0)
£(0,4,2)

£(0,5,0) =

=25,
1253 + 1284,
1255 + 1284,
1255 + 128,
12053 + 3605,5, + 2405,
=457 +28,,
85557 4+ 16535) + 453 + 125y,
85557 4 16535 + 453 + 125y,
=245 + 485755 + 192515355 + 168545, + 9653 + 48575, +
+1925,S5 + 2408,
—85% —125,5; — 4854,
—165557 — 485357 — 24538, — 725,85 — 325,53 — 485,
165} + 4859557 + 325935, + 1253 + 128,,
165} + 485,57 + 32535, + 1252 + 125,
1657 + 485,52 + 32535, + 1252 + 125,
325,51 4+ 1285353 + 965557 + 2885457 + 2565,5935) +
4384555 + 2455 + 6452 + 168555, + 2408,
= 3257 — 1605,5% — 1605357 — 120525, — 1205,S; — 805,53 — 4855,
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£(0,6,0) = 06459 + 480555} + 640535; + 7205557 + 7205457 + 96055535 +
45765551 + 120535 + 16052 + 360555, + 2405,

P(100) =51 — 251,

p(1,0,2) = —4515 + 25,8, — 25,

Poa) = —24515% + 125157 — 24555, — 24515, — 2455 + 12545,

P1.20) = —8S; + 45157 — 8551 — 253 + 25,5,

p22) = — 165557 — 408557 + 89,5157 — 16525; — 485,S; + 165935, 51 +
—165,S5 — 2455 + 4525, + 125,5),

p30) = 16S) — 8515} + 3659257 + 20955; — 12595151 + 657 + 65, — 4555,

Pa0) = —3257 + 165, ] — 12859557 — 1125357 + 485,55, 57 — 72528, +
—725,5) + 3259551 S; — 405,55 — 2455 + 125825, 4 125,54,

P00y =457 — 45,8 + S? + 28, — S,

P(2.02) = 8S5S? + 85935) — 85925151 + 652 + 25,52 + 65, — 4535 — 25555,

P20y =168t — 165157 + 45787 + 325,57 — 45,57 + 16555, +
—16555,S) + 652 + 259,57 + 65, — 4555, — 25,55,

P3.00) = —853 + 125,57 — 6575; — 125,5) + 65,5; + 5§ +
—4S5 + 6555, — 3515, + 255.
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