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We study parameter estimation of supermassive black hole binary systems in the final stage of inspiral
using the full post-Newtonian gravitational waveforms. We restrict our analysis to systems in circular orbit
with negligible spins, in the mass range 108M� � 105M�, and compare the results with those arising from
the commonly used restricted post-Newtonian approximation. The conclusions of this work are particu-
larly important with regard to the astrophysical reach of future Laser Interferometer Space Antenna
measurements. Our analysis clearly shows that modeling the inspiral with the full post-Newtonian
waveform, not only extends the reach to higher mass systems, but also improves in general the parameter
estimation. In particular, there are remarkable improvements in angular resolution and distance measure-
ment for systems with a total mass higher than 5� 106M�, as well as a large improvement in the mass
determination.
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I. INTRODUCTION

Supermassive black hole binary systems, in the mass
range 108M� � 105M�, will be detectable by the Laser
Interferometer Space Antenna (LISA) [1–3] throughout
the entire Universe. Observations of gravitational waves
from this class of sources are among its highest priority
targets. By measuring these gravitational waves we will
have detailed information regarding general relativity itself
and the behavior of space-time [4–9], precision measure-
ments of the Universe as a whole [10–13], the formation
and growth of massive black holes in galaxy evolution
[11,14,15], and black hole astrophysics [16,17].
Detection of gravitational waves will provide complemen-
tary information to conventional astronomy.

Supermassive black hole binaries are long lived sources
in the LISA band. The whole coalescence of a compact
binary system is commonly divided into three phases: the
adiabatic inspiral, the merger, and the ringdown. Most of
the signal-to-noise ratio (SNR) accumulates during the last
days prior to coalescence and during the merger phase, but
one critically relies on long integration times to disentangle
the source parameters, in particular, to resolve the source
position in the sky and measure its luminosity distance
[18]. This is due to the motion of LISA around the sun that
breaks the degeneracy in the parameters. Thus, in this
paper we restrict our attention to the inspiral phase since
this is the most interesting for parameter estimation.

Because of the complexity of the problem, most analysis
carried out so far to address how accurately LISA can
measure the source parameters and the implications for
astronomy and cosmology, have considered only the in-
spiral restricted post-Newtonian waveforms [7,11–13,18–
23], where all amplitude corrections are discarded and only
post-Newtonian (PN) contributions to the phase are taken
into account. Thus, the restricted-PN waveform consists of

just the dominant harmonic at twice the orbital phase. Only
in a few cases, it has been reported the importance of
including higher order PN terms to the amplitude and the
phase [24–27]. In the context of ground-based detectors, it
was found that the consequences of amplitude correction in
the templates are considerable [28–30].

The main purpose of the present analysis is to investigate
in detail the impact of full versus restricted-PN waveforms
for parameter estimation, by exploring a vast parameter
space, specifically in the context of LISA, extending pre-
vious results. The waveform we use is described by 11
parameters. Therefore extensive large-scale, CPU-
intensive Monte Carlo simulations have been required for
such an exhaustive study.

The conclusions of this work are particularly important
with regard to the astrophysical reach of future LISA
measurements. Our analysis clearly shows that modeling
the inspiral with the full post-Newtonian waveforms, as
compared to the restricted-PN ones, not only extends the
reach to higher mass systems, up to 108M�, as discussed by
Arun et al. [26], but also improves the parameter estima-
tion. Improvements in angular resolution and distance
measurement are remarkable for systems with a total
mass higher than 5� 106M�. These results are in agree-
ment with those recently found in [27].

The organization of this paper is as follows. In Sec. II,
we discuss the LISA detector output, and we provide the
total LISA noise curve employed in our analysis. In Sec. III
we describe the gravitational wave signals from binary
systems. Section IV reviews the basic concepts of signal
parameter estimation in matched filtering. In Sec. V we
spell out the assumptions about the waveform and the
observations on which our analysis is based, we present a
detailed description of the waveform model and all key
steps to compute the SNR and the estimation of the pa-
rameter errors. Section VI presents the results of our
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investigations, where we compare the impact on parameter
estimation of supermassive black hole binaries using full
post-Newtonian inspiral waveforms versus the restricted
ones. The results are presented for a given source location,
exploring a vast parameter space, we also study how source
location errors in terms of advanced warning times, and the
errors dependency with redshift. Finally, Sec. VII con-
cludes with a summary of the main results of this paper
and present pointers to future work.

II. LISA RESPONSE TO GRAVITATIONAL WAVES
AND DETECTOR NOISE

LISA consists of three spacecrafts arranged in an equi-
lateral triangle orbiting the sun. The arms of the triangle
are approximately L � 5� 106 km in length, and the
triangle is inclined at an angle of 60� to the ecliptic. The
entire triangular configuration spins as the antenna orbits
the sun, rotating once during a single orbit. A gravitational
wave interacting with the configuration causes the length
of the three arms to oscillate.

For the supermassive black hole binary inspirals consid-
ered in this paper, most of the SNR accumulates at fre-
quencies f < 10 mHz, so it is adequate to use the low-
frequency approximation to the LISA response function
derived by Cutler [18]. In this approximation, LISA can be
regarded as two independent gravitational wave detectors
with 90� arms and rotated 45� with respect to one another.

The strain h�t� produced at the output of the LISA
Michelson interferometer by a gravitational wave (GW)
signal characterized by two polarization states h��t� and
h��t� is

 h�i��t� �

���
3
p

2
	F�i�� �t�h��t� � F

�i�
� �t�h��t�
; (2.1)

where F�i�� and F�i�� are the time-dependent antenna pattern
functions, the factor

���
3
p
=2 comes from the 60� opening

angle of the LISA arms, and the i � I, II labels the two
independent Michelson outputs. The response functions
F�i�� �t� and F�i�� �t� depend on the direction and orientation
of the source in the sky and they vary with time because
during the observation, the interferometer changes orien-
tation with respect to the source. We refer the reader to [18]
for further discussions and details.

The total noise that affects the observation of radiation
emitted by binary systems is given by the superposition of
instrumental sources, Sinst

n �f�, and astrophysical fore-
grounds of unresolved radiation, Sconf

n �f�, the so-called
confusion noise. The total noise spectral density Sn�f� is
therefore the sum of these two components

 Sn�f� � Sinst
n �f� � Sconf

n �f�: (2.2)

The noise contributions in each data stream I and II are by
definition the same.

A good fit for the instrumental noise, for f � 5 mHz, is
given by [31,32]
 

Sinst
n �f� � 6:12� 10�51f�4 � 1:06� 10�40

� 6:12� 10�37f2 Hz�1 (2.3)

where f is in Hz. This is derived from the online sensitivity
curve generator [33], which is based on the noise budgets
specified in [1].

For the confusion noise we adopt the same analytical
approximations given in [31], considering only noise from
short-period galactic SGWD

n and extragalactic binaries SEWD
n

(due to white dwarfs binaries), assuming they are all un-
resolvable, i.e., the worst case, and we ignore the effects of
captures of compact objects. That is, we estimate the total
effective noise density as
 

Seff
n �f� � minf	Sinst

n �f� � SEWD
n �f�


� exp��T�1dN=df�; Sinst
n �f� � SEWD

n �f�

� SGWD
n �f�g (2.4)

where we take �T�1 � 1:5 yr�1,

 

dN
df
� 2� 10�3f�11=3 Hz�1; (2.5)

 SGWD
n �f� � 1:4� 10�44f�7=3 Hz�1; (2.6)

and

 SEWD
n �f� � 2:8� 10�46f�7=3 Hz�1: (2.7)

III. BINARY BLACK HOLE COALESCENCE
WAVEFORMS

The coalescence of binary black holes is commonly
divided into three successive epochs in the time domain:
inspiral, merger, and ringdown. During the inspiral the
distance between the black holes diminishes and the orbital
frequency sweeps up. The waveforms are well modeled
using the post-Newtonian approximation to general rela-
tivity. Eventually the post-Newtonian description of the
orbit breaks down, and the black holes cannot be treated
as point particles any more. What is more, it is expected
that they will reach the innermost stable circular orbit
(ISCO), at which the gradual inspiral ends and the black
holes begin to plunge together to form a single black hole.
This is referred as the merger phase. At the end, the final
black hole will gradually settle down into a Kerr black
hole.

In recent years, a series of breakthroughs has occurred in
numerical simulations of binary black hole systems [34–
36]. Long-term evolutions of inspiralling black holes that
last for several orbits have been obtained with several
independent codes [37– 46], and accurate GW signals
have been computed, including the merger and ringdown
phases. Still, the post-Newtonian approximation to general
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relativity is the best available method for calculating the
vast majority of the GW signal cycles observed by LISA.
See [47] for a review and extensive references.

For nonspinning black holes, the best PN waveforms
currently available have been calculated at 2.5PN order in
amplitude and 3.5PN order in phase [48–53]. These wave-
forms in the two polarizations h� and h� take the general
form
 

h�;� �
2M�
DL
�M!�2=3fH�0��;� � v

1=2H�1=2�
�;� � vH

�1�
�;�

� v3=2H�3=2�
�;� � v

2H�2��;� � v
5=2H�5=2�

�;� g; (3.1)

where we have set G � c � 1, as we will do throughout
this paper, v � �M!�2=3, ! is the orbital frequency, DL is
the luminosity distance to the source, and M and � are the
observed total mass and the symmetric mass ratio respec-
tively, defined in Sec. V. The explicit expressions for
H�m=2�
�;� ,m � 0; . . . ; 5 can be found in [50,54]. They include

contributions from several harmonics of the binary’s orbi-
tal motion.

For black holes with significant spins, the state of the art
is somehow less advanced and the corresponding wave-
forms have been calculated through 2.5PN order [55,56].

Equation (3.1) corresponds to the so-called full wave-
form (FWF). Given its complexity, together with the fact
that the second harmonic contributes most strongly to the
waveform over most of the inspiral phase, it is common to
make some simplifications and work only with the re-
stricted waveform (RWF), in which one neglects all am-
plitude terms except the Newtonian quadrupole one, but
keeping the phase to some specific PN order, i.e., keeping
only H�0��;� and throwing out the rest H�m=2�

�;� for m> 0.
It is the goal of this paper to revisit the problem of

parameter estimation for supermassive black hole binaries
studying the improvement in error estimation by using
FWF and compare with the previous results obtained
with the RWF.

IV. REVIEW OF SIGNAL ANALYSIS AND
PARAMETER ESTIMATION

In this section we briefly review the basic concepts and
formulas of signal parameter estimation relevant to the
goal of this paper; we refer the reader to [57] for a more
detailed analysis.

The signal s�i��t� as measured by the detector i is a
superposition of noise n�i��t� and gravitational waves
h�i��t;��

 s�i��t� � h�i��t;�� � n�i��t� (4.1)

where � represents a vector of the unknown parameters
(location, masses, spins, etc.) that characterize the actual
waveform and that one wishes to estimate from the data
stream.

For sake of simplicity we shall made the standard as-
sumptions that the noise n�i��t� has zero mean and it is
stationary and Gaussian. Within this approximation, the
Fourier components of the noise are statistically described
by

 E	~n�f�~n
�f0�
 �
1

2
��f� f0�Sn�f�; (4.2)

where E	
 denotes the expectation value with respect to an
ensemble of noise realization, the 
 superscript denotes
complex conjugate, Sn�f� is the one-sided noise power
spectral density, and tildes denote Fourier transforms ac-
cording to the convention

 ~x�f� �
Z 1
�1

ei2�ftx�t�dt: (4.3)

With a given noise spectral density for the detector, one
defines the ‘‘inner product’’ between any two signals g�t�
and h�t� by

 �gjh� � 2
Z 1

0

~g
�f�~h�f� � ~g�f�~h
�f�
Sn�f�

df: (4.4)

With this definition, the probability of the noise to have a
realization n0 is just

 p�n � n0� / e��n0jn0�=2: (4.5)

The optimal signal-to-noise ratio (SNR) �, achievable
with linear methods (e.g., matched filtering the data) is
given by the standard expression

 �2 � �hjh� � 4
Z 1

0

j~h�f�j2

Sn�f�
df: (4.6)

In the limit of large SNR, which is typically the case for
LISA observations of supermassive black hole binary sys-
tems, the probability that the gravitational wave signal
h�t;�� is characterized by a given set of values of the
source parameters � � f�kg is given by a Gaussian proba-
bility of the form [58]

 p��jh� � p�0���� exp
�
�

1

2
�jk��

j��k
�
; (4.7)

where ��k is the difference between the true value of the
parameter and the best-fit parameter in the presence of
some realization of the noise, p�0���� represents the distri-
bution of prior information (a normalization constant) and
�jk is the so-called Fisher information matrix defined by

 �ij � �@ihj@jh�

� 2
Z 1

0

@i ~h

�f�@j ~h�f� � @i ~h�f�@j ~h
�f�

Sn�f�
df; (4.8)

where @i �
@
@�i .

The inverse of the Fisher matrix, known as the variance-
covariance matrix, gives us the accuracy with which we
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expect to measure the parameters �k

 �jk � ���1�jk � h��j��ki: (4.9)

Here the angle brackets denote an average over the proba-
bility distribution function in Eq. (4.7). The root-mean-
square error �k in the estimation of the parameters �k can
then be calculated, in the limit of large SNR, by taking the
square root of the diagonal elements of the variance-
covariance matrix,

 �k � h���k�2i1=2 �
��������
�kk

p
; (4.10)

and the correlation coefficients cjk between two parameters
�j and �k are given by

 cjk �
h��j��ki
�j�k

�
�jk���������������

�jj�kk
p : (4.11)

Returning again to the two detector case, we have that
the largest value of the SNR is

 �tot �
�����������������������������
��I�2 � ��II�2

q
; (4.12)

 ��I;II�2 � �hI;IIjhI;II�; (4.13)

and we can write a total Fisher matrix as the sum of the
individual Fisher matrices for each detector

 �tot
ij � �Iij � �IIij : (4.14)

In this paper we will use Eq. (4.9), along with the FWF
and RWF models for the binary black hole coalescence,
and the LISA noise spectrum discussed in Sec. II, in order
to estimate how well LISA will be able to measure the
source parameters. We refer the reader to [59,60] for a
detailed discussion about the conditions required for the
Fisher-matrix formalism to be applicable.

V. OBSERVATION OF SUPERMASSIVE BLACK
HOLE BINARY SYSTEMS

We consider observations of supermassive black hole
binary systems of massesm1 andm2 at luminosity distance
DL. For later convenience we define the following mass
parameters: total mass M � m1 �m2, reduced mass � �
m1m2=M, the symmetric mass ratio � � �=M, and M �

�3=5M2=5 � M�3=5 the chirp mass. We focus on binary
systems in the mass range 108M� � 105M� and we do not
consider here the case of binaries with an extreme mass
ratio, e.g, a black hole of 10M� orbiting a supermassive
one. The reason is that some assumptions about the wave-
form that we will be considering would be rather unreal-
istic for such an astrophysical system.

Before presenting the results, in this section we spell out
the assumptions about the waveform and the observations
on which our analysis is based, together with a detailed
description of the post-Newtonian inspiral waveform we
use.

A. Assumptions

The waveform model we consider is based on the fol-
lowing assumptions:

(i) As signal we consider only the inspiral phase of the
whole coalescence, neglecting all information com-
ing from the merger and the ringdown phases. We
terminate the inspiral when the binary’s members are
separated by a distance 6M; this very roughly corre-
sponds to the point at which the post-Newtonian
expansion ceases to be accurate.

(ii) We restrict ourselves to circular orbits by omitting
the orbital eccentricity; this hypothesis is consid-
ered rather realistic for the supermassive binary
systems visible in the LISA band we consider.

(iii) The contributions of spins are negligible or they are
oriented in such a way that no spin-induced pre-
cession of the orbital plane takes place; we take
care of spin contributions only into the waveform
phase. We choose this hypothesis in order to con-
trol the complexity of the problem and focus on the
comparison of the FWF versus RWF.

(iv) We approximate the waveform at the 2PN order,
both in amplitude and in phase, considering up to
six harmonics in the case of FWF. This simplifica-
tion is motivated by computational reasons due to
our limited computational resources and does not
affect in any significant way the final results.

(v) Out of the 17 parameters on which the most general
waveform depends on, the 2PN approximation we
are considering here depends only on 11 parameters:
the luminosity distance, four angles defining the
constant source position and orientation of the bi-
nary in the orbital plane, two mass parameters, two
parameters related to the spin-orbit and spin-spin
coupling, and one arbitrary phase and time.

We assume that the observations are carried out accord-
ing to the following:

(i) We consider sources at cosmological distances, as
the event rate of massive black hole binary systems
in our local Universe is likely to be negligible and
only taking into account the whole Universe it be-
comes of significant importance; moreover there is a
great interest in carrying high redshift surveys; in-
deed, unless differently stated, we consider fiducial
sources to be at redshift z � 1, in a flat universe
described by the following cosmological parameters:
H0 � 71 km s�1 Mpc�1, �m � 0:27, and �� �
0:73; the corresponding luminosity distance is there-
fore

 DL�z� �
1� z
H0

Z z

0

dz0���������������������������������������
�m�1� z

0�3 ���

p : (5.1)

All the parameters considered here are the observed
ones; they differ from the values of the parameters as
measured in the source rest frame according to
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f !
f

1� z
t! �1� z�t M ! �1� z�M

M! �1� z�M �! �1� z��: (5.2)

(ii) Unless differently stated, we consider that LISA
observes the inspiral for a whole year before it
reaches the ISCO. This corresponds to different
frequency ranges depending on the harmonic. For
every choice of source parameters these frequencies
are computed in advanced and we also impose a
low-frequency cutoff to the instrument at 5�
10�5 Hz.

(iii) The total noise that affects the observation is given
by Eq. (2.4), that is, we take both the instrumental
and confusion noise contributions.

(iv) We compute the expected mean-square errors
h���k�2i1=2 and the angular resolution of the instru-
ment, which we define as

 ��N � 2�
��������������������������������������������������������������������������
h� cos	2

Nih�

2
Ni � h� cos	N�
Ni

2
q

;

(5.3)

where �	N;
N� are the polar angles in the solar
system barycentre frame of the source location in
the sky, with one and with both detectors, but we
only report the results for the combined case.

(v) The analysis is done in the frequency domain using
the stationary phase approximation: we first com-
pute analytically the derivatives @j ~h�i�, where j �
1; . . . ; 11, then compute numerically the Fisher ma-
trix �ij and the variance-covariance matrix �jk; the
integration and matrix inversion are performed us-
ing numerical routines of the gsl library.

(vi) To provide an overall picture of the instrument
performances, we study not just a few cases in
detail but we also do extensive Monte Carlo simu-
lations, by varying the relevant source parameters,
in particular, the position and orientation of the
source, as it turns out to affect very significantly
the parameter measurements.

B. Post-Newtonian inspiral waveforms

In this section we derive explicit ready-to-use analytical
expressions for the signal measured at the LISA detector
output for inspiral binary systems in circular orbit within
the 2PN approximation, that could easily be expanded to
include higher order terms.

For our analysis, it is convenient to expand h�i��t� as a
summation of different multipole terms, which can be
written schematically as

 

h�i��t� �
X6

j�1

h�i�j �t� �
X6

j�1

���
3
p

2
2M�

1

DL
x2

�

�
�u�;jF� � u�;jF�� cos

�
j
2

�� ’D

�

� �w�;jF� � w�;jF�� sin
�
j
2

�� ’D

��
; (5.4)

where ’D is the LISA’s Doppler phase, fu�;�; w�;�g con-
tain an internal summation over all PN orders (see Eq. (5.6)
below), x is the PN expansion parameter

 x � �M!�1=3; (5.5)

being ! the orbital frequency and � is given in Eq. (B5).
In general, u��;��;j and w��;��;j can be written (at least,

up to 2PN) as Eq. (5.6). Analyzing those terms, given
explicitly in [50], one realizes that all of them have a
common factor ��j� that only depends on the multipole j
we are working with, regardless of the PN order considered

 

u��;��;j �
X4

n�0

xnu�n�
��;��;j � ��j�

X4

n�0

xnû�n�
��;��;j

� ��j�û��;��;j

w��;��;j �
X4

n�0

xnw�n�
��;��;j � ��j�

X4

n�0

xnŵ�n�
��;��;j

� ��j�ŵ��;��;j:

(5.6)

This notation is very convenient for computing analytically
the derivatives of the waveform. All �û; ŵ��n�

��;��;j can be
found in Appendix B 2. The factors ��j�, for each multi-
pole, are

 ��j � 1� � s
�m
M

��j � 2� � 1

��j � 3� � s
�m
M

��j � 4� � s2

��j � 5� � s3�m
M

��j � 6� � s4;

(5.7)

where s � sin� �j L̂� N̂ j and c � cos� � �L̂ � N̂. The
source location in the sky N̂ and the orbital angular mo-
mentum L̂ can be described by the polar angles �	N;
N�
and �	L;
L� with respect to the solar system barycentre
frame.

With all these considerations, the gravitational wave-
form, given by Eq. (5.4), can be rewritten as follows

 h�i�j �t� �

���
3
p

2
2M�

1

DL
x2Aj cos

�
j
2

�� ’p;j � ’D

�
; (5.8)

where
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Aj �j ��j� j 	�û�;jF� � û�;jF��
2

� �ŵ�;jF� � ŵ�;jF��
2
1=2;

’p;j � tan�1

�
��ŵ�;jF� � ŵ�;jF��

�û�;jF� � û�;jF��

�
:

(5.9)

Note that ��j� cancels in ’p;j expression, which prevents a
lot of divergence problems in the numerical computation of
the Fisher matrix. See Appendix B 1 for further details
regarding the waveform in the frequency domain.

VI. RESULTS

The signal model considered here depends on 11 inde-
pendent parameters, and it is rather natural to consider the
choice

 � � fcos	N;
N; cos	L;
L; lnDL; tc; 
c; �;�; lnM; ln�g

(6.1)

that we adopt in this study, in order for easy comparison
with previous existing results. tc and 
t are the time and
phase at coalescence, and � and � are the so-called spin-
orbit and spin-spin parameters. We usually set tc � 
c �
� � � � 0 in our analysis.

The code we use to compute the Fisher matrix is an
extension of a previous one developed by Vecchio [61].
Our code allows for multiple choices: selection of PN order
in amplitude and phase, number of harmonics, and also
different sets of independent parameters. In particular, for
the FWF it is more convenient to consider a different
choice of the mass parameters to avoid divergences.
Therefore, sometimes we consider the mass parameter
combination f�m;Mg, where �m � m1 �m2 instead of
fM; �g, although we always express the results for com-
parison with respect to the later choice. The relation of the
variance-covariance matrix components, with respect to
the different parameters, are
 

�MM �

�
@M
@�m

�
2
��m�m �

�
@M
@M

�
2
�MM

� 2
@M
@M

@M
@�m

�M�m; (6.2)

 

��� �

�
@�
@�m

�
2
��m�m �

�
@�
@M

�
2
�MM

� 2
@�
@M

@�
@�m

�M�m; (6.3)

 

�M� �
@M
@�m

@�
@�m

��m�m �
@M
@M

@�
@M

�MM

�

�
@M
@M

@�
@�m

�
@M
@�m

@�
@M

�
�M�m; (6.4)

where

 

@M
@M

�
M

20�

�
5�

�m2

M2

�
; (6.5)

 

@M
@�m

� �
3M

10�
�m
M
; (6.6)

 

@�
@M
�

1

4
�
�m2

4M2; (6.7)

 

@�
@�m

� �
�m
2M

: (6.8)

Unfortunately, for the equal mass case, the Jacobian of
the transformation between f�m;Mg and fM; �g is singu-
lar, and also the Fisher matrix presents a coordinate singu-
larity depending on the choice of mass parameters and the
waveform model used. Since we are still interested in the
errors in lnM and ln� we convert them using the same
previous formulas. For the unequal masses, we find that
computing the errors in f�m;Mg and then converting gives
the same result as simply computing the errors in fM; �g
directly. Further details are discussed in Appendix A.

We have checked that our results agree with Vecchio’s
code for the RWF, and with Sintes and Vecchio [24] at the
0.5PN–2PN order in amplitude and phase, respectively.
We use numerical integration and matrix inversion routines
from the gsl library that, for some particular cases, we
have checked against Mathematica.

We work with the full 11� 11 Fisher matrix for both
RWF and FWF. There are parameter configurations for
which either the numerical integrations or the inversion
of such a large matrix tend to fail (or the results do not have
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FIG. 1 (color online). SNR versus total mass for the mass
ratios of 1, 0.1, and 0.01 for an integration time of 1 year. The
solid lines correspond the FWF and the dashed lines to RWF.
The sources are at redshift z � 1, corresponding to a luminosity
distance of DL � 6:64 Gpc, with fixed angles given by cos	N �
�0:6, 
N � 1, cos	L � 0:2, and 
L � 3.
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FIG. 2 (color online). Errors versus total mass for the same case as Fig. 1. The solid lines correspond to FWF and the dashed lines to
RWF.

LISA OBSERVATIONS OF SUPERMASSIVE BLACK . . . PHYSICAL REVIEW D 77, 024030 (2008)

024030-7



the desired accuracy). The reason is that the Fisher-matrix
is often ill conditioned. Because of that, we have limited
our study up to a mass ratio m2=m1 � 0:01.

A. Impact of the FWF: General trends

Given the extensive parameter space to be explored, we
start by considering sources with a fixed location and
orientation given by cos	N � �0:6, 
N � 1, cos	L �
0:2, and 
L � 3. This is the same choice as in [26], and,
as we will point out later, it corresponds to a case for which
the SNR and the mass errors are similar to the typical
average ones. Note that best and worst cases can span
several orders of magnitude. For this set of angles, we
consider sources at redshift z � 1, corresponding to a
luminosity distance of DL � 6:64 Gpc and we study the
effects on the SNR and parameter estimation using the
RWF and the FWF as function of the binary total mass.

In Fig. 1 we plot the SNR computed using the RWF and
the FWF as a function of the total mass of the binary
system. For systems whose total mass M< 4� 107M�
the RWF overestimates in general the SNR by a few
percent. This was already pointed out in [26]. It is also a
known fact that the Newtonian amplitude is about 7%
higher than the 2.5PN order amplitude and also than the
amplitude obtained by numerical simulations over the last
few orbits before merger. For binaries with M> 4�
107M� the second harmonic is no longer visible in the
LISA band and higher harmonics, and therefore the use of
FWF, play an important role extending the mass reach for
supermassive black holes. The ‘‘jumps’’ at high masses are
due to the low-frequency cutoff to the instrument at 5�
10�5 Hz. In the case of the FWF we have limited our study
to systems with M> 2� 104M� due to our limited com-
putational resources.

For the same configuration, in Fig. 2 we represent the
errors of the most relevant parameters as function of the
total mass for different mass ratios. The Fisher matrix has
been evaluated assuming the black hole spins to be zero, so
that the spin-orbit and spin-spin parameters, � and �,
respectively, are equal to zero. In all cases, the errors are
smaller for the FWF. For a total mass M< 105M� the
improvements are modest, except for the mass estimation
for nearly equal masses, for which the errors in M and �
are of the same order; while these improvements are con-
siderable for M> 5� 106M�. This betterment is not due
to an increase of SNR, but to the higher harmonics that
contribute to disentangle the source parameters. For the
equal mass case, the errors in � improve up to 3 orders of
magnitude atM � 105M�. In general the measurements of
the masses improves by more than an order of magnitude
for M> 106M�. We find interesting to add the case
m2=m1 � 0:9 obtained by the FWF (dotted dark line, in
the lower right panel) for comparison. Using the FWF the
luminosity distance can be measured to better than 10% up
to 3� 4� 107M� for this particular source location, while
using RWF the errors are several orders of magnitude
larger for these large masses. Similarly, the error box in
the sky improves significantly at 107M�, although this sky
position, as we will see below, was not one of the most
favorable ones.

Using the FWF and a mass ratio ofm2=m1 � 0:01, there
were several cases in which the errors we obtained did not
have the desired accuracy. Those cases have been marked
in Fig. 2 by replacing the solid line by a dotted line.

LISA will also be able to measure gravitational waves
from massive black hole coalescences to large redshift,
making possible to study the merger history of black holes.
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FIG. 3 (color online). The luminosity distance as a function of
redshift for a flat universe described by the cosmological pa-
rameters: H0 � 71 km s�1Mpc�1, �m � 0:27, and �� � 0:73.
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Therefore, it is interesting to extend the analysis to higher
redshifts. Figure 3 shows the luminosity distance as a
function of redshift for a flat universe described by the
cosmological parameters:H0 � 71 km s�1 Mpc�1, �m �
0:27, and �� � 0:73. In Figs. 4 and 5 we plot the SNR
versus total mass for redshifts z � 1, 10, and 20. The
results we obtain are the expected ones since, modulo
overall amplitude, the gravitational waves that we measure
from a binary with masses fM; �g at redshift z are those of

a local system with masses f�1� z�M; �1� z��g. The
SNR decreases with z, not only due to the distance, but
also because the frequency of the signal is redshifted and
the total effective noise for LISA is higher at lower
frequencies.

In Fig. 6 we plot the distance measurement error, angu-
lar resolution, and mass measurement errors for LISA
observations of the final year of supermassive black hole
inspirals. The fiducial sources are at z � 1, 10, and 20. The
waveform considered are the FWF at 2PN order and the
RWF with cos	N � �0:6, 
N � 1, cos	L � 0:2, 
L � 3,
and � � � � 0. For simplicity we display the curves
corresponding to the equal mass case, but, as expected,
other mass ratios follow the same trend. All curves drift
with the redshift, but qualitatively the impact of FWF
versus RWF is the same as for z � 1, but for different
mass ranges.

B. Exploring the parameter space

As we mentioned in the previous section, the error
measurements are very sensitive—they vary by orders of
magnitude—to the true value of the source parameters; in
order to give meaningful results, one therefore is forced to
explore a large parameter space. We do this (i) by consid-
ering sources on an isotropic grid in the sky with a fixed
orientation, and (ii) by extensive Monte Carlo simulations
for all possible location and orientation of the source with
respect to LISA.
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FIG. 6 (color online). Distance measurement error, angular resolution, and mass measurement errors for LISA observations of the
final year of equal mass supermassive black hole inspirals. The fiducial sources are at z � 1, 10, and 20. The waveform considered are
the FWF at 2PN order (solid lines) and the RWF (dashed lines) with cos	N � �0:6, 
N � 1, cos	L � 0:2, 
L � 3, and � � � � 0.

10
3

10
4

10
5

10
6

10
7

10
8

10
0

10
1

10
2

Total Mass (M
SUN

)

S
N

R
z = 1
z = 10
z = 20

FIG. 5 (color online). The same as Fig. 4 for a mass ratio
m2=m1 � 0:01.
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Figure 7 is a sample of a sky map of SNR for LISA
observations of the final year of inspirals using FWF. The
sources considered correspond to m1 � m2 � 107M� at
redshift z � 1, with orientation angles cos	L � 0:2 and

L � 3. For all sources we assume the location of LISA at
the time of coalescence is 
LISA � 0. The SNR over the
entire sky covers a range �100� 900. The SNR is higher
for sources located orthogonal to the plane of LISA at the
time of coalescence, which corresponds to �
N �
0�; 	N � 120�� and �
N � 180�; 	N � 60��, or in general
�
? � 
LISA; 	? � 	LISA � 30�� and �
? � 
LISA �
180�; 	? � 	LISA � 30��, since the LISA constellation is
inclined at an angle of 60� with respect to the ecliptic. The
reason is that most of the SNR is accumulated in the last
days before merger. The reader can notice also the nearly

symmetric 	�	;
� ! ��� 	;
� ��
 profiles of Figs. 7–
10. The small asymmetry shows the relative importance of
the Doppler phase modulation.

Figure 8 shows the angular resolution, and the error in
the measurements of the luminosity distance and masses
over the entire sky for the same case as Fig. 7. To summa-
rize, the parameters of two 107M� black holes spiraling
toward the final merger at z � 1 can be measured very
accurately depending on the sky location: ��N up to
�10�4 srad, the luminosity distance to better than 1%,
and the masses between 1% and 10%. Although it is true
that for a given source, the higher SNR the better the
parameter estimation, e.g., by changing the distance, this
cannot be generalized comparing the SNR at different
locations in the sky. It is not just a matter of SNR but
long observation times that contribute to disentangle and
improve the parameter estimation.

In Fig. 9 we show the gain in angular resolution compar-
ing the results obtained using FWF versus RWF for the
case m1 � m2 � 107M� as in Fig. 8. The benefit of using
FWF is clear. For all those sky locations in which we obtain
the best angular resolution, ��N � 10�4 srad with the
FWF, the corresponding gain is up to 3 orders of
magnitude.

Figure 10 represents also the improvement in angular
resolution for the unequal mass case m1 � 107M�, m2 �
106M�. In this case the optimal gain is of �2 orders of
magnitude, and those correspond to the same sky locations
as in the equal mass case analyzed before.

In order to cover completely the full parameter space,
we proceed to perform Monte Carlo simulations according
to the following: we consider an ensemble of fiducial
sources all at redshift z � 1 (which sets the luminosity

FIG. 8 (color online). Sky maps for the angular resolution, distance measurement error, and mass measurement errors for LISA
observations of the final year of inspirals using FWF. As in Fig. 7 these correspond to m1 � m2 � 107M� at redshift z � 1, with
orientation angles cos	L � 0:2, 
L � 3, and � � � � 0. For all sources we assume the location of LISA at the time of coalescence is

LISA � 0. The dark blue dot corresponds to cos	N � �0:6, 
N � 1, mentioned in the text.

FIG. 7 (color online). Sky map of SNR for LISA observations
of the final year of inspirals using FWF. The sources considered
correspond to m1 � m2 � 107M�, at redshift z � 1, with ori-
entation angles cos	L � 0:2 and 
L � 3. For all sources we
assume the location of LISA at the time of coalescence is

LISA � 0.
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distance DL � 6:64 Gpc), with zero spins � � � � 0 and
we select the value of the masses m1 and m2. For each set
of mass parameters we select randomly the four geometri-
cal angles (	N , 
N , 	L, and 
L) from an uniform distribu-
tion in cos	N , 
N , cos	L, and 
L, and as far as for the
other two parameters, we chose them as tc � 
c � 0. The
Monte Carlo is done on a 1000 different sets of angles. We
present the results in terms of probability distributions.

We have studied six different pairs of masses:
(a) m1 � 107M�; m2 � 107M�, (b) m1 � 107M�; m2 �
106M�, (c) m1 � 107M�; m2 � 105M�, (d)m1 � 106M�;
m2 � 106M�, (e) m1 � 106M�; m2 � 105M�, and
(f) m1 � 105M�; m2 � 105M�. Figure 11 and Table I
summarize the results.

The key result, is that using the FWF the errors are
smaller than with the RWF. There are big improvements
for the 107M� � 107M�, and 107M� � 106M� in angular
resolution and distance measurement: the angular resolu-
tion improves in average 25 and 7.3, respectively; and the

luminosity distance by factors of 62 and 6.7, respectively.
One should also notice that, in those two cases, those
parameters were poorly determined using only the RWF.
For the other sets of masses the averaged improvement in
angular resolution and luminosity distance are more mod-
erate, between 1:3� 3 for ��N , and 1:7� 2:7 for
�DL=DL. In all cases the masses are determined much
more accurate, even by several orders of magnitude in the
case of �, using the FWF. For the equal mass cases, the
errors in M and � are of the same order using the FWF.

Because of the different harmonics, the FWF has a much
greater richness than RWF that clearly improves the pa-
rameter estimation. It is worth mentioning that similar
level of improvements were obtained in [24] where the
waveform considered was only at the 0.5PN–2PN order in
amplitude and phase, respectively, i.e., adding the first and
third harmonics. This suggests that the improvement in
parameter estimation is mainly due to the inclusion of
the third harmonic, which also increases the mass reach
of LISA. The importance of the different PN orders has
been discussed in detail recently by Arun et al. in [26,27]
for some particular cases, and also for ground-based de-
tectors [30].

In Fig. 12 we compare the distribution of the measure-
ment errors for a waveform containing only the second and
third harmonics, keeping both amplitude and phase at the
2PN order, with the FWF and the RWF, for the pair of
masses m1 � 107M� and m2 � 106M�. This figure shows
how a substantial improvement in parameter estimation
is obtained by adding the third harmonic. In this case,
the mean and standard deviation of the logarithm of the
measurement errors are the following: log10��N=srad �
�2:33� 1:06, log10��L=srad � �2:05� 0:46,
log10�DL=DL ��1:22� 0:27, log10�tc=s � 2:96�
0:19, log10�M=M � �2:44� 0:17, and log10��=� �
�1:57� 0:36. These results are very close to those ob-
tained for the FWF as can be seen from Table I and are also
in agreement with the level of improvement found in [27]
when considering only the 0.5PN order in amplitude.

C. Premerger localization

From an astronomical point of view, one of the most
attractive features is the possibility that LISA might have
enough angular resolution to locate the galaxy or galaxy
cluster where the coalescence of a massive black hole takes
place and therefore identify potential electromagnetic
counterparts. The angular resolution is deduced primarily
from the detector’s motion around the sun, so one expects
that the uncertainty in the angular resolution will not
change so much during the last days before merger.
Therefore, as discussed in [13], we are interested in ana-
lyzing the time dependence of the angular resolution and
SNR, as a function of some lookback time tISCO � tf prior
to coalescence, and measure the importance of the FWF
versus RWF.

FIG. 9 (color online). Gain in angular resolution comparing
the results obtained using FWF versus RWF for the equal mass
case m1 � m2 � 107M� with the same assumptions as in Fig. 8.
The dark blue dot corresponds to cos	N � �0:6, 
N � 1.

FIG. 10 (color online). Sky map of the gain in angular reso-
lution for LISA observations of the final year of inspirals using
FWF versus RWF corresponding to m1 � 107M�, m2 � 106M�,
and z � 1. We assume all source have the same orientation
cos	L � 0:2, 
L � 3, zero spins � � � � 0 and that LISA is
at 
LISA � 0 at the time of coalescence. The dark blue dot
corresponds to cos	N � �0:6, 
N � 1.
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FIG. 11 (color online). The probability distributions of SNR and measurement errors for observations of the final year of
supermassive black hole binaries at z � 1 by LISA. For each pair of masses, the histograms show the result of two Monte Carlo
simulations, where 1000 sources have been randomly located and oriented in the sky. The plots compare SNR and the errors for the
FWF (front histograms) and the RWF (histograms in the back).
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For fiducial sources at z � 1 and a given sky location
and orientation, Figs. 13 and 14 confirm the importance of
the FWF, in particular, for those systems with a higher total
mass: 107M� � 107M� and 107M� � 106M�, while there
is not much difference for the 106M� � 106M� one. For
equal masses, only the even multipoles (2, 4, 6) contribute
to the FWF, while for the unequal masses there is contri-
bution from all the six harmonics. The ‘‘jumps’’ in the
progressive accumulation of SNR correspond to those
times in which a new higher harmonic enters into the
LISA band and it is related to the lower-frequency cutoff
at 5� 10�5 Hz we have imposed. For example, in the
107M� � 107M� case the contribution of the fourth har-
monic becomes relevant around 10 days before coales-
cence while the second harmonic rapidly increases the
SNR 2 days before coalescence. For the unequal mass
case 107M� � 106M� we clearly see the contributions of
the second, third, and fourth harmonics.

Using the FWF, not only the uncertainty in sky location
decreases but also allows earlier warnings.

VII. SUMMARY AND OUTLOOK

We have considered LISA observations of supermassive
black hole systems in the final stage of inspiral. We have
restricted our analysis to systems in circular orbit with
negligible spins, modeling the radiation at the full 2PN
order, and we have compared with the restricted-2PN. With
both waveform models we have determined the mean-
square errors associated with the parameter measurements
of black hole binaries in the mass range 108M� � 105M�,
for equal and unequal mass cases, for a wide range of
source locations and orientations.

The conclusions of this work are particularly important
with regard to the astrophysical reach of future LISA
measurements. Our analysis clearly shows that modeling
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the inspiral with the full post-Newtonian waveforms, as
compared to the restricted-PN ones, not only extends the
reach to higher mass systems up to 108M�, as previously
shown in [26], but also improves in general the parameter
estimation, and allows for early warnings for systems with
a high total mass. There are remarkable improvements in
angular resolution and distance measurement for systems
with a total mass higher than 5� 106M�, as well as a large
improvement in the mass determination. For ��=�, the
improvement is more than three orders of magnitude in the
case of equal masses.

For binary systems of 107M� � 107M�, and 107M� �
106M� at redshift z � 1, the angular resolution improves
in average 25 and 7.3, respectively; and the luminosity
distance by factors of 62 and 6.7, respectively. Moreover,
for the equal mass case 107M� � 107M�, for all those sky
locations in which we obtained the best angular resolution,
��N � 10�4 srad with the FWF, the gain in ��N is up to

3 orders of magnitude. These results are in agreement with
those recently found in [27].

These improvements are related to the fact that the FWF
has a much greater richness than the RWF, due to the
presence of the higher harmonics and, in particular, the
main contribution to this improvement is associated to the
third harmonic.

There are a number of issues that influence these obser-
vations: the instrumental lower-frequency cutoff we have
imposed and the confusion noise model we have used are
two of them. It would also be very interesting to revise
these conclusions, by considering black holes with large
spins and precession, since it is known that the presence of
spins reduces the errors with which the source parameters
are measured [19].

Another issue is the fact that the largest improvement
happens for systems with a total mass of 5� 106M� and
higher, and although, we are still in a regime of large SNR,

TABLE I. Characterization of the probability distributions of SNR and measurement errors of Fig. 11. For each pair of masses and
waveform model used, the mean and standard deviation of the SNR is given, as well as the mean and standard deviation of the
logarithm of the measurement errors. The gain factors are computed as hSNRiFWF=hSNRiRWF and 10�hxiRWF�hxiFWF�, for the SNR and
measurement errors, respectively.

RWF FWF Gain factor RWF FWF Gain factor
x hxi � �x hxi � �x hxi � �x hxi � �x

(a) m1 � 107M�; m2 � 107M� (b) m1 � 107M�; m2 � 106M�
SNR 370� 183 322� 160 0.87 258� 127 237� 110 0.92
log10��N=srad �0:38� 0:92 �1:78� 1:67 25 �1:63� 0:84 �2:50� 1:07 7.3
log10��L=srad 0:40� 1:20 �1:26� 0:79 46 �0:84� 1:20 �2:29� 0:51 28
log10�DL=DL 0:96� 0:24 �0:83� 0:39 62 �0:56� 0:32 �1:39� 0:27 6.7
log10�� 4:02� 0:23 0:78� 0:18 1750 2:07� 0:22 �0:21� 0:14 190
log10�� 2:06� 0:22 1:12� 0:18 8.8 1:48� 0:22 0:14� 0:12 22
log10�tc=s 5:28� 0:23 3:42� 0:19 72 4:11� 0:22 2:84� 0:14 18
log10�M=M 1:02� 0:23 �1:46� 0:17 300 �0:70� 0:22 �2:64� 0:12 87
log10��=� 2:85� 0:23 �1:46� 0:17 20 000 1:01� 0:22 �1:77� 0:30 600

(c) m1 � 107M�; m2 � 105M� (d) m1 � 106M�; m2 � 106M�
SNR 90� 42 85� 36 0.94 405� 200 365� 181 0.90
log10��N=srad �2:29� 0:48 �2:42� 0:49 1.4 �2:58� 0:70 �2:89� 0:93 2.1
log10��L=srad �1:50� 1:01 �2:23� 0:16 5.4 �1:85� 1:02 �2:40� 0:36 3.5
log10�DL=DL �1:05� 0:27 �1:40� 0:14 2.3 �1:34� 0:37 �1:60� 0:23 1.8
log10�� 1:35� 0:18 �0:27� 0:23 41 0:64� 0:20 �0:90� 0:20 34
log10�� 0:99� 0:18 �0:20� 0:13 15 0:24� 0:20 �0:42� 0:20 4.6
log10�tc=s 4:42� 0:18 3:35� 0:13 12 1:84� 0:19 1:39� 0:19 2.8
log10�M=M �1:31� 0:18 �2:85� 0:18 34 �2:65� 0:19 �3:61� 0:18 9.1
log10��=� 0:34� 0:18 �1:31� 0:27 46 �0:46� 0:20 �3:61� 0:18 1420

(e) m1 � 106M�; m2 � 105M� (f) m1 � 105M�; m2 � 105M�
SNR 348� 170 356� 152 1.0 680� 640 620� 310 0.91
log10��N=srad �2:64� 0:63 �3:10� 0:87 2.9 �2:45� 0:69 �2:80� 1:00 2.2
log10��L=srad �1:82� 1:22 �2:98� 0:41 15 �1:66� 1:21 �2:14� 0:48 3.0
log10�DL=DL �1:35� 0:44 �1:78� 0:29 2.7 �1:26� 0:45 �1:48� 0:25 1.7
log10�� �0:30� 0:17 �1:17� 0:19 7.4 �0:40� 0:18 �1:62� 0:19 17
log10�� �0:19� 0:19 �0:89� 0:16 5.1 �0:44� 0:19 �1:07� 0:20 4.4
log10�tc=s 1:57� 0:19 1:11� 0:16 2.9 0:97� 0:29 0:80� 0:44 1.5
log10�M=M �3:26� 0:17 �4:05� 0:16 6.1 �3:86� 0:17 �4:68� 0:17 6.6
log10��=� �1:22� 0:18 �2:21� 0:23 9.6 �1:44� 0:18 �4:68� 0:17 1760
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one could question the validity of the Fisher-matrix ap-
proach. Other investigations are currently underway using
alternative methods [62].
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APPENDIX A: MASS PARAMETERS
TRANSFORMATION

As discussed earlier in Sec. VI it is traditional to pa-
rameterize the masses using lnM and ln� because of their
appearance in the waveform phase. However the higher
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FIG. 14 (color online). Time-dependence angular resolution as
a function of a lookback time for the same sources as in Fig. 13.
The solid lines correspond the FWF and the dashed lines to
RWF.
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them, by mean of Eqs. (6.2), (6.3), (6.4), (6.5), (6.6), (6.7), and
(6.8), into fM; �g, and crosses correspond to compute the errors
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order PN amplitude terms depend on the mass difference
�m and total mass M. It is a matter of choice to work with
one or another set of parameters. Errors in fM; �g can be
computed easily, in principle, given the errors in f�m;Mg
by mean of Eqs. (6.3), (6.4), (6.5), (6.6), (6.7), and (6.8).
Unfortunately the Jacobian of the transformation between
fM; �g and f�m;Mg is singular when �m � 0 leading to
problems in evaluating the Fisher matrix.

For unequal masses, we find that computing the errors in
f�m;Mg and then converting gives the same result as
simply computing the errors in fM; �g directly, and this
result is independent of the waveforms used FWF or RWF,
as it is shown in Figs. 15 and 16. However, depending of
our choice of mass parameters and waveform model we
use, there appear divergences when evaluating the Fisher
matrix for equal masses. In particular, for the RWF we do
not trust the f�m;Mg parameterization, and for the FWF
we do not trust the fM; �g. That is, we trust the solid lines

in Figs. 15 and 16, but not the crosses for equal masses, that
either do not coincide with the solid lines for the FWF or
could not even be computed using the RWF. Because the
solid lines did not present any misbehavior nor disconti-
nuities when approaching the equal mass case, we decided
to use (independently of the masses) the fM; �g parame-
terization for the RWF and the f�m;Mg for the FWF.

Another aspect we want to study in more detail, is the
fact that using the FWF, for equal masses, �M=M and
��=� become identically the same, but this is not true for
the RWF, nor for unequal masses. This is a consequence of
setting �m � 0 in Eqs. (6.3), (6.4), (6.5), (6.6), (6.7), and
(6.8). In Fig. 17 we show that this is not an artifact of our
mass transformation due to the Jacobian being singularity
at that point but a fact.

APPENDIX B: SOME EXPRESSIONS RELATED
WITH THE 2PN INSPIRAL WAVEFORM

1. Time, frequency, and phase evolution

A coalescing binary system evolves by loosing energy
and angular momentum L through emission of gravita-
tional waves of increasing frequency and amplitude.
Working with the post-Newtonian approximation, taking
into account possible spin motions of each object, S1 and
S2, the signal frequency of the second harmonic, F �
2forb, evolves, up to 2PN order, according to
[7,19,22,29,30,50]
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where x is the PN expansion parameter defined in Eq. (5.5),
and � and � are the so-called spin-orbit and spin-spin
parameters, respectively
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Integrating Eq. (B1), one can derive the time evolution of
the gravitational radiation
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and the phase evolution of the gravitational waveform. For
the second harmonic this is

 

� � �c �
3

128�
x�5

�
1�

20

9

�
743

336
�

11

4
�
�
x2

� �16�� 4��x3 � 10
�

3 058 673

1 016 064
�

5429

1008
�

�
617

144
�2 � �

�
x4

�
: (B5)

The gravitational waveform can be computed in the
frequency domain using the stationary phase approxima-
tion
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where ~hj �

���
3
p

2
2M�

1

DL
x2Aj. Using Eq. (B1), �dF=dt��1=2

can be written to 2PN order as
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where coefficients kn are defined as follows
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2. û��;��;j and ŵ��;��;j up to 2PN

In Sec. V B we have seen a general form to expand the
GWamplitude, of a particular multipole, as a summation of
its different PN contributions. The analytical expression of
all the terms appearing in Eq. (5.6) can be obtained from
[50]. Here we explicitly give all the nonvanishing terms
û�n�
��;��;j and ŵ�n�

��;��;j up to n � 4.
Contributions to û�;j
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û�4��;1 � �
�
8
�5� c2�

 

û�0��;2 � ��1� c
2�
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ŵ�4��;1 �
1

40
	11� 7c2 � 10�5� c2� ln2
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