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Abstract. We use a bisection method [B. Parlett, The Symmetric Eigenvalue Problem, Prentice-
Hall, Englewood Cliffs, NJ, 1980, p. 51] to compute the eigenvalues of a symmetric Hg-matrix M.
The number of negative eigenvalues of M — ul is computed via the LDLT factorization of M — ul.
For dense matrices, the LDL” factorization is too expensive to yield an efficient eigenvalue algorithm
in general, but not so for Hy-matrices. In the special structure of Hy-matrices there is an LDLT
factorization with linear-polylogarithmic complexity. The bisection method requires only matrix-size
independent many iterations to find an eigenvalue up to the desired accuracy, so that an eigenvalue
can be found in linear-polylogarithmic time. For all n eigenvalues, O(n?(logn)*log(||M||2/¢cev))
flops are needed to compute all eigenvalues with an accuracy eev. It is also possible to compute only
eigenvalues in a specific interval or the jth smallest one. Numerical experiments demonstrate the
efficiency of the algorithm, in particular for the case when some interior eigenvalues are required.
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1. Introduction. In The Symmetric Figenvalue Problem, Beresford N. Parlett
describes a bisection method to find the eigenvalues of a symmetric matrix M € R™*™
[19, p. 51]. He calls this process “slicing the spectrum.” The spectrum A of a real,
symmetric matrix is contained in R and so the following question is well posed: How
many eigenvalues A; € A are smaller than p? We will call this number v(u) or
v(M — uI). Obviously, v is a function R — {0,...,n} C Ny. If the function v(-) is
known, one can find the mth eigenvalue as the limit of the following process:

i. Start with an interval [a,b] for which v(a) < m < v(b) holds.
ii. Determine v, := z/(“T*b) If vy, > m, then continue with the interval [a, aT“’],
else with [2F2, b].

iii. Repeat the bisection (step ii) until the interval is small enough.

The function v(-) can be evaluated using the LDL” factorization of M — ul, since
Sylvester’s inertia law implies that the number of negative eigenvalues is invariant
under congruence transformations. For dense matrices the evaluation of v is expensive.
So this method is not recommended if no special structure, like tridiagonality, is
available.

Here we consider Hy-matrices, which have such a special structure. H,-matrices
can be regarded as the simplest form of H-matrices [13]. They include, among others,
tridiagonal and numerous finite-element matrices. We will see in the next section that
the LDL” factorization for H,-matrices (for all shifts) can be computed in linear-poly-
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logarithmic complexity. We will further see that
(1.1) O (n2k2 (logn)* log (HMHg/eev)) flops

are sufficient to find all eigenvalues with an accuracy of €, where k is the maximal
rank of the admissible submatrices.

There are other eigenvalue algorithms for symmetric H,-matrices. In [9], an eigen-
value algorithm for H,(1)-matrices based on divide-and-conquer is described. This
algorithm, if combined with an efficient strategy based on an efficient solver for H,-
matrices like proposed in [5], has a total complexity of O(n2 (logn)”). Further, in
[7] a transformation of H,- and the related hierarchical semiseparable (HSS) matrices
into semiseparable matrices is presented, symmetry is not needed. For semisepara-
ble matrices there is a QR algorithm [20]. Both steps have quadratic or quadratic-
polylogarithmic complexity.

The complexity of the LDLTslicing algorithm is competitive with the existing
ones if we are interested in all eigenvalues. If we are interested only in some (interior)
eigenvalues, the algorithm will be superior, since the two others mentioned in the
previous paragraph have to compute all eigenvalues. The LDLslicing algorithm is
fundamentally different from the two other algorithms. The computational complexity
depends logarithmically on the wanted accuracy, so that it is really cheap to get a
sketch of the eigenvalue distribution. In contrast, the algorithm can compute one
eigenvalue, e.g., the smallest, second smallest, or 42nd smallest, without computing
any other eigenvalue in almost linear complexity.

In the next subsection, we will cite some definitions. Especially the definitions
of Hy- and H-matrices will be used in the following sections. Further, we will make
a small change in the definition of H,-matrices, which increases the computational
efficiency. We allow the matrices on the lowest level to be of size nyin X nmin and not
only of size 1 x 1.

1.1. Definitions. Hierarchical (H-) matrices were introduced by W. Hackbusch
in 1998 [13]. In that paper the H,-matrices are mentioned in section 2.2.2, too. The
He-matrices can be regarded as the simplest form of H-matrices. The Hy-matrices
are investigated, among others, in [12].

The following definition of He-matrices is given in [14, p. 43] and [9].

DEFINITION 1.1 (He-matrix). Let I = {1,...,n} be an inder set and n = 2°
with ¢ € N. A matrix M € RI*L s called an He-matriz of blockwise rank k, short
M € Ho(k), if it fulfills the following recursive conditions:

L.ng=1/0=0: M€ Ho(k) if M € R"™™! and
2. ng = 2% M is partitioned in

M1 Mo
M =
[le Mzz]

with My, Moy € ’Hgfl(k), Mo = Ale, and My, = BgAg, where A;, B; €
R =15k pith k' < k.
We are interested only in symmetric H-matrices, so we have Mo = M2, A = Ay
and B; = Bs. A symmetric ‘Hz-matrix is depicted in Figure 1.1.
We will need the concept of H-matrices. We will give a short definition of H-
matrices here; for details see [14] or [10]. We define some necessary terms first. A
hierarchical tree, short H-tree, T of an index set I is a tree with special conditions:

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/21/12 to 193.175.53.21. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

COMPUTING EIGENVALUES OF SYMMETRIC H,-MATRICES A487

Fy | B2AT
B4AZ
ABT| Fs
BgAg
Fs | BgAY
A4BI
A¢BY| F;
Fy |BioAT,
B Af,
A10BY)| Fii
AsBY
Fi3 [B1aAT}
A2 BT,
\A14BT,| Fis

Fic. 1.1. Structure of an Hz-matrix.

e The index set I is the root of 77 and
o A vertex r € Ty is either the disjoint union of its sons s € S(r) or a leaf of
T7.

The set of sons of a vertex r € T is called S(r). We denote the set of leaves (vertices
without sons S(-) = 0) of the H-tree T; by L(T7). The H-tree T has a depth ¢,
which is the maximum length of the paths from the root to each leave. If cardinality
or geometrically balanced clustering is used, the depth of the tree is in O(logn)
[10, p. 320ff].

A hierarchical product tree, short H«-tree, T7«; is a special H-tree over the index
set I x I and can be regarded as the product T7 x T;. Every vertex of Ty« is the
product of two vertices of the same level of the H-tree T7.

Now we are able to define the set of hierarchical matrices based on the H-tree
T« 1 with maximum blockwise rank k£ and the minimum block-size nmin by

H(Trxr, k) = {M e RIX!

Vr x s € L(Trxr) : rank M5 < k}

or #’f’ S Nmin OT #S S Nmin

The low rank matrices M, 5 are stored in factored form ABT. There are a lot of arith-
metic operations for H-matrices with linear-polylogarithmic complexity [14, 2, 11].

We divide the set of leaves into admissible leaves £7(T') and inadmissible leaves
L~ (T). The submatrices corresponding to admissible leaves have at most rank & and
will be stored as so-called RF-matrices ABT with k = rank AB”. The submatrices
corresponding to inadmissible leaves will be stored in the standard way as dense
matrices without any approximation.

LEMMA 1.2. If M € Hy(k), then M is a hierarchical matriz of blockwise rank k,
too.
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Proof. The minimum block-size nyi, is 1. The H-tree T7 is a binary tree which
divides each node r = {i1, ..., im} intory = {i1,...,imo} and ra = {im/o41, .- im}
on the next level. In the H«-tree only nodes of the type r x r are subdivided. The
other nodes r x s, with r N's = (), correspond to blocks Mjs or My, which have at
most rank k. ad

In the format of hierarchical matrices, blocks of size lower than n.,;, are stored in
the dense matrix format. The hierarchical structure is not efficient for small matrices,
since the overhead costs are too large. We will do the same for H,-matrices. We
change condition 1 in Definition 1.1 to

(1) £=0: ng < npin and M € Ho(k) if M € Rmoxno,

So the size of a matrix M € H, is increased to n = 2fny. Lemma 1.2 holds for
matrices fulfilling the new definition, too.

Each tridiagonal matrix T' € R2°*2 is an H,-matrix. Due to that inclusion
we should not expect to find faster eigenvalue algorithms for #,-matrices than for
tridiagonal matrices. The best known eigenvalue algorithms for symmetric tridiagonal
matrices have quadratic complexity. In the next section we will detail how to compute
all or some eigenvalues of symmetric Hy-matrices.

2. Slicing the spectrum by LDL? factorization. In this section the details
of the slicing algorithm, mentioned in the first section, will be explained. Essentially
we use a bisection method halving the intervals [a;, b;], which contain the searched
eigenvalue )\;, in each step. This process is stopped if the interval is small enough.

We will employ Algorithm 1. If the function v is computed exactly, the algorithm
will choose the part of the interval containing A;. The algorithm needs O(log,((b —
a)/€ev)) iterations to reduce the interval to size €oy. We know A; € [ai, bi], bi—a; < €ey
and \; = (b; — a;)/2. So it holds that

N 1
(2.1) i — Al < 566\,.

The evaluation of the function v(+) is the topic of the next subsection.

ALGORITHM 1. Slicing the spectrum [19, p. 50ff].
Input: M € H(Trxr), with |I| =n and a,b € R, so that A(M) C [a, b];
Output: {5\1, e ;\n} ~AM);
fori=1,...,ndo
b, :=0b; a;:=ua;
while b; — a; > €., do
pi= (b — ai)/2;
[L, D] := LDLT factorization(M — ul);
v(M — uI) = [{j|Ds; < O}
if v(M — ul) > ithen b, ;= pelse a; :=p ;
end
)\i = (bz — ai)/2;

© 00 N O oA W N e

-
S
]
=
=

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/21/12 to 193.175.53.21. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

COMPUTING EIGENVALUES OF SYMMETRIC H,-MATRICES A489

2.1. The function v(M — pI). We recall some basic linear algebra facts.
DEFINITION 2.1. Two square matrices M and N are congruent if there exists an
invertible matriz P such that

(2.2) PTMP = N.

Further, we will use Sylvester’s inertia law.

THEOREM 2.2 (Sylvester’s inertia law, e.g., [19, p. 11]). Fach square matric M
is congruent to a matriz diag (—I,,0¢, In_,—¢), where v is the number of negative
eigenvalues, € the number of zero eigenvalues, and n — v — & the number of positive
eigenvalues. The triple (v,&,n — v — &) is called M’s inertia.

If M — ul has an LDL  factorization M — ul = LDL" with L invertible, then
D and M — ul are congruent. Since D is diagonal we can count easily the number
of positive or negative eigenvalues. Sylvester’s inertia law tells us that the number
of negative diagonal entries in D is equal to the number of negative eigenvalues of
M — pl, that is, v(D) = v(u).

If a diagonal entry of D is zero, we have shifted with an eigenvalue. In this
case one of the leading principal submatrices of M — ul is rank deficient and the
LDLTfactorization may fail, which in this case is a welcome event as an eigenvalue
has been found.

We investigate the LDLT factorization of H-matrices in the next subsection.

2.2. LDL  factorization of Hy-matrices.

DerFINITION 2.3 (LDLTfactorization [8]). If M € R"*" is a symmetric matriz
and all the leading principal submatrices of M are invertible, then there exists a unit
lower triangular matriz L and a diagonal matriz D = diag (d1, ..., d,) such that M =
LDLT. We will call this factorization LDL” factorization or LDLT decomposition.

There is an algorithm to compute LDL7 factorizations for hierarchical matrices,
first described in [17]. The H-LDL” factorization is block recursive; see Algorithm 2.
For a hierarchical matrix M € H(T, k) this factorization has a complexity of

(2.3) (@) (nk2 (log n)Q)

in fixed rank H-arithmetic. We note that the LDL7 factorization for H-matrices is
much cheaper than for dense matrices, where O(n?) flops are needed. In standard
arithmetic, the stability of the factorization is improved by, e.g., Bunch-Kaufmann
pivoting [6]. Since pivoting would destroy the hierarchical structure, pivoting cannot
be used here. Many practical problems lead to diagonal dominant matrices and at
least for them pivoting is not necessary for good results. Here we need only an
exact evaluation of v(u), and for this we not necessarily require a highly accurate
LDLT factorization.

We will use Algorithm 2 for Hg-matrices, too. In this case the solution of the
equation

LoD LY, = My,
is simplified, since My = ABT. If Dy has a zero entry the solution will fail. But in

this case we know that zero is an eigenvalue of M. After the computation of Ly an
update is performed. This update in general increases the rank of the submatrix Mss.
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In fixed rank H-arithmetic the update is followed by a truncation step, which reduces
the rank again to k. For H,-matrices we will omit the truncation, since the growth of
the blockwise ranks is bounded. The next lemma provides this bound, which will be
used for the complexity analysis of Algorithm 2.

ALGORITHM 2. H-LDL”-factorization M = LDL”.

1 H-LDLT-factorization(M);

Input: M € H(T)

Output: L € H(T), D = diag (dy,...,d,) with LDLT = M and L lower
triangular

if M =) 172] ¢ L(T) then

[L11, D1] := H-LDLT-factorization(My;);

Compute the solution L21 of LQlDlL,{l = Mgl;

[Lag, Do) := H-LDLT -factorization(Mag — Loy D1 LY));

else

Compute the dense LDL”-factorization LDLT = M, since inadmissible

diagonal blocks are stored as dense matrices.

8 end

9 return L, D;

N 0 ok WwoN

LEMMA 2.4. Let M € Hy(k). If the assumptions of Definition 2.3 are fulfilled,
then the triangular matriz L of the LDLT factorization is an Hg(k()-matriz. Further,
the complezity of the computation of L and D by Algorithm 2 is

(2.4) O(nk? (logn)*).
Proof. A matrix M belongs to the set My, ; if

rank (M| =k

7—’><T)
with 7/ = I'\ 7; see [12, Definition 4.1].

Analogous to [12, Lemma 4.2], we get for the LDLT factorization of M = LDLT
that L € My, » if M € My, .. Together with Remark 4.4 and Lemma 4.5 of [12], we
get L € H(kL).

With Lemma 1.2, (2.3), and £ = O(logn) we conclude that the complexity of
Algorithm 2 is in O(nk?(logn)?). O

Remark 2.5. One can further show that the rank of a block in the lower triangular
of L is equal to the number of blocks on the left-hand side of this block times k. Since
this does not lead to an improved complexity estimate, we do not show the proof
here.

The main difference between the LDLTfactorization for He-matrices and H-
matrices is that the factorization for H,-matrices can be done without truncation
and so exact up to round-off respecting IEEE double precision arithmetic.

Remark 2.6. In the case of stronger conditions on M, one can reduce the bound
on the blockwise rank from k¢ to k. For instance, if the matrix M € H,(k) fulfills
the following conditions (here exemplary for Hs(k) with the same notation as in
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range (A4) C span <[Zﬂ : [XGD ,

Figure 1.1),

Fy| 0 0
range (Ag) C span 8 , Aolo , 0 , and
0 0 Agp

Fiz| [0
range (A12) C span <[ 0 AlJ) ,

or an analogue generalization, then L € H,(k). Tridiagonal matrices, generator repre-
sentable semiseparable matrices, diagonal plus semiseparable matrices [21], and HSS
matrices are of this structure. For all these special structures there exist good eigen-
value algorithms.

2.3. Start-interval [a, b]. The interval [a, b] must contain the whole spectrum.
This is the case for a := —||M||2 and b := || M||2. The spectral norm ||M||2 can be ap-
proximated from below using the power iteration [11]. Multiplying the approximation
by a small factor 1+ § will give an upper bound for | M]||2.

2.4. Complexity. For each eigenvalue \; we have to do several H-LDL” factor-
izations to reduce the length of the interval [a;, b;]. Each factorization halves the inter-
val since we use a bisection method. So we need O(log(||M||2/€ev)) H-LDLT factoriza-
tions per eigenvalue. One H-LDL” has a complexity of O(nk?(logn)*). Multiplying
both complexities gives us the complexity per eigenvalue O(nk?(logn)* log(||M||2/€ev))
and the total complexity for all n eigenvalues:

(2.5) O(n*k*(log n)* log(|| M |2/ ecv)).

3. Numerical results. We have implemented Algorithm 1 with the LDL” fac-
torization for H-matrices (see Algorithm 2) using the #Hlib [16]. The #lib can handle
He-matrices, too, since Hy-matrices are a subset of H-matrices. We use the fixed rank
arithmetic of the Hlib with the known maximal blockwise rank k¢ for H,(k)-matrices.
Further, we choose a minimum block-size of nyi, = 32. The computations were done
on two Intel Xeon Westmere X5650 with 2.66 GHz and 48 GB DDR3 RAM, but we
used only one core.

To test the algorithm we use a randomly generated series of Hy-matrices of block-
wise rank 1. The size of the matrices is varied from 64 to 1,048,576. We normalize
the matrices to ||M||2 = 1, since || M|z is part of the complexity estimate.

For the matrices up to dimension 32,768 we compute their corresponding dense
matrix and use the LAPACK function dsyev [1] to compute the eigenvalues. The
difference between the results of dsyev and the results from our new LDLslicing
algorithm are the errors in Table 3.1 and Figure 3.1. The time dsyev needs is given
in the table, too.

Figure 3.1 shows the absolute errors of the computed eigenvalues of the matrix
H5 r1 € Hs(1) of size 1024. All the errors are below the expected bound.

Table 3.1 shows the computation times and the errors for the example series if
we compute all eigenvalues or only the 10 eigenvalues A, /445, .., Ap/aq14. (Similar
results will be obtained when choosing other subsets of the spectrum.) The compu-
tation times grow more slowly than expected. Figure 3.2 compares the computation
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TABLE 3.1

Comparison of errors and computation times for the Hy example series computing

eigenvalues (n/4+5,...,n/4+ 14) and all eigenvalues.

only 10

Name n | tpap. ins 10 eigenvalues All eigenvalues
(all ev.) | abs. err. tins | abs. err. tins
H1rl 64 <0.01 | 5.36E-09 0.01 | 1.33E-08 0.06
H2 rl 128 <0.01 | 5.91E-09 0.03 | 1.76E-08 0.32
H3 rl 256 0.01 | 6.52E-09 0.07 | 2.37E-08 1.78
H4 rl 512 0.09 | 5.32E-09 0.19 | 3.69E-08 9.40
H5 rl 1024 0.65 | 5.74E-09 0.50 | 5.22E-08 46.44
H6 rl 2048 4.96 | 5.79E-09 1.20 | 7.18E-08 219.13
H7 rl 4096 40.04 | 4.49E-09 2.58 | 9.86E-08 991.74
H8 rl 8192 318.41 | 3.92E-09 6.39 | 1.87E-07 4001.82
H9 rl 16 384 2578.40 | 5.72E-09 13.76 | 2.48E-07 15727.87
H10 r1 32768 21544.30 | 4.89E-09 26.06 | 3.63E-07 48 878.33
H11l rl 65536 — — 47.18 — 139 384.10
H12 r1 131072 — — 104.80 — —
H13 r1 262 144 — — 237.39 — —
H14 r1 524 288 — — 485.45 — —
H15r1 | 1048576 — — 1167.69 — —
H9 rl 16 384 2578.40 | 5.72E-09 13.76 | 2.48E-07 15520.59
H9 r2 16 384 2623.36 | 4.72E-09 36.26 | 2.41E-07 43553.35
H9 r3 16 384 2813.56 | 7.46E-09 68.73 | 2.05E-07 90 788.42
H9 r4 16 384 2569.13 | 5.55E-09 108.63 | 2.62E-07 141 035.10
H9 r8 16 384 2622.41 | 5.67E-09 345.52 | 2.60E-07 459 240.80
H9 r16 16 384 2574.00 | 5.23E-09 998.93 | 2.70E-07 | 1375369.00
1077 = I I E|
F —=— abs. error |
1078 — St E
o = =
2
z 10—9 il i
= - 1 } \
8 10_10 o 2 I 3
< k
< B |
10~ E
10-12 \ \ \ \ \ \ \ \

o

Eigenvalue

Fi1Gc. 3.1. Absolute error |\; — 5\1

|
100 200 300 400 500 600 700 800 900 1,000

for a 1024 x 1024 matriz (H5r1), €ev = 1078,

times with O(n (log n)'B), 6 =0,1,2,3,4, too. There we see that the 5 in the exam-
ple series is rather 2 than 4 like in (2.4). This confirms the estimated computational
complexity from (2.4) and shows that there is probably a tighter bound. The absolute
errors in the tables are computed as the maximum values of

€abs = HA'L - )\1

2

taken over all computed i
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10% | 7 E
| omogn)h ;
10° | O(n (logn)*) 2
B O(n( ]
w 10%2F O(n E
k= i o ]
E 10t :
3 i 1
107 E
10—27\T Lol (| ! \\\\\\\7
102 103 10% 10° 10°
Dimension
Fi1G. 3.2. Computation times for 10 eigenvalues of HC r1 matrices (£ =1,...,15).

The table shows that the computation of all eigenvalues with the LDL”slicing
algorithm is more expensive then using LAPACK. But since the transformation into
a dense matrix requires n? storage, we are able to solve much larger problems by using
the LDLslicing algorithm. For higher blockwise rank one gets similar results, which
we present with further examples in the preprint [3] and in the second part of Table 3.1.

4. Possible extensions. In the last two sections we described an algorithm to
compute the eigenvalues of Hy-matrices. In this section we will discuss what happens
if we apply this algorithm to hierarchical matrices. Further, we will describe how one
can improve the LDL” slicing algorithm for #,-matrices.

4.1. LDLY slicing algorithm for H-matrices. Does Algorithm 1 work for H-
matrices, too? Yes, the algorithm will converge for H-matrices, too. But we are not
able to prove linear-polylogarithmic complexity per eigenvalue. We have no accuracy
estimation.

We have to use the H-LDL” factorization for H-matrices. In general there is no
exact H-LDL” factorization like in the , case. So truncation is required to keep
the blockwise ranks at a reasonable size. But still we get admissible blocks of large
rank for some shifts if we use fixed accuracy H-arithmetic. This will increase the
computational as well as the storage complexity.

We have done some example computations to illustrate the rank growth for differ-
ent shifts. We use FEM discretizations of the two-dimensional Laplacian as example
matrices, called FEMX, where X is the number of discretization points in each direc-
tion. These matrices are generated using an example of the Hlib [16]. Table 4.1 shows
the maximal blockwise rank of the factors after the LDL” factorization of FEMX ma-
trices for different shifts. If the shifted matrix is positive definite, the ranks will stay
small. For shifts near, e.g., eigenvalue 4, we get large ranks for large matrices. We
observe that the maximal blockwise rank is doubled from one column to the next.
This contradicts the first statement from Lemma 2.4 since the rank grows faster than
Lk for large matrices. It follows that the complexity is not in

(@) (nk2 (log n)4) ,
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TABLE 4.1
Mazimal blockwise rank after LDLYT factorization for different shifts and different FEM matrices
(e = 1075, blockwise rank 8 before LDLT factorization).

Shift FEMS8 | FEM16 | FEM32 | FEM64 | FEM128 | FEM256 | FEM512

0 8 10 11 11 11 11 11

4.1 8 11 16 32 61 126 173

4.001 8 11 16 32 64 128 190

l 1 3 5 7 9 11 13

n 64 256 1024 4096 16384 65536 262144
TABLE 4.2

Ezample of finding the 10 eigenvalues \;, i = n/4+5,...,n/d+14, of FEMX, e = 1075, €c =
10~%; italic entry is larger than expected.

Name n | tpap, ins abs. err. rel. err. tins tbtil N]:fil
FEMS8 64 <0.01 | 3.26E-005 | 9.54E-006 <0.01

FEM16 256 0.01 | 5.72E-005 | 1.98E-005 0.13 — | 189.63
FEM32 1024 0.61 | 5.84E-005 | 2.19E-005 1.68 | 12.92 42.32
FEM64 4096 39.64 | 3.65E-005 | 1.41E-005 12.52 7.45 11.61
FEM128 16 384 2566.10 | 5.21E-005 | 2.03E-005 77.88 6.22 7.41
FEM256 65536 — — — 774.52 9.95 6.82
FEMb512 | 262144 — — — 4473.07 5.78 8.24

and so for large matrices the computation time grows faster than the expected costs
Ni = |EV| C’SpCidni(log ni)4,

like we see in Table 4.2. Still, the computation time is much better than using
LAPACK and we can solve eigenvalue problems not solvable otherwise.

But there is a second problem: The inexact computation of the LDL7 factorization
leads to a perturbed matrix D =D+ E. If the perturbation F is large enough, then
the sign of one or more diagonal entries in D may change and so we get a wrong value
(M — pI). This wrong v(u) can cause wrong decisions, so we continue the search for
eigenvalue ¢ in an interval not containing A;.

To overcome this problem one can use an estimate p on || E||, to give lower and
upper bounds on v,

{100 <) <o {ou <o}

If ¢ resides outside this interval, then the decision will be correct, independent of the
exact v. If i is contained in the interval, then we have to recompute v with higher
accuracy.

The problem here is the estimation of || E||,, since the error depends on the con-
dition number of M — ul, on the H-matrix accuracy €, and on the growth factor of
the shifted matrix. A detailed investigation of this problem is for future research and
exceeds the scope of this paper. At least in the example in Table 4.2 we see that the
error in the computed spectrum is in O(e).

4.2. Parallelization. If we search more than one eigenvalue, then we can par-
allelize the algorithm. After the first LDL7 factorization and the computation of
v(M — ul) = v, we have two intervals. The interval [a, u] contains v eigenvalues and
the interval [u, b] contains n — v eigenvalues. The computations on the two intervals
are independent. This is an advantage of the simple structure of the bisection method
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TABLE 4.3
Parallelization speedup.

Name n t1 core t2 core tlc/tQC t4 core tlc/t4c t8 core th/tSC
H2rl 128 0.33 0.18 1.83 0.10 3.30 0.06 5.50
H4 r1 512 9.44 4.87 1.94 2.57 3.67 1.43 6.60
H6 r1 2048 219.28 114.69 1.91 60.27 3.64 33.88 6.47
H8 rl 8192 | 4022.8 | 2151.6 1.87 1170.6 3.44 676.57 5.95
H10 r1 32768 49012 25376 1.93 15402 3.18 10007 4.90

compared with other eigenvalue algorithms like the QR algorithm. If we search eigen-
values in both intervals, then we can use two cores, one for each interval, and continue
the computations independently. If we have more cores, we can increase the number
of working cores on the next level to four, and so on.

We used OpenMP [18] to parallelize the program code used for the numerical ex-
amples. This leads to a simple parallelization which is probably improvable. Table 4.3
shows the timing results on an Intel Xeon Westmere X5650, but now we use up to
eight cores. The speedup for the use of four cores instead of one is about 3.3. This
is a good value compared with the parallelization of other algorithms; e.g., the paral-
lelization of the LAPACK function dlahqr (QR algorithm for unsymmetric eigenvalue
problems) has a speedup of 2.5 [15]. The only drawback of this simple parallelization
is that each core requires the same storage as the single-core variant of the program.

4.3. Eigenvectors. Often, the eigenvectors of some eigenvalues are of interest,
too. The LDL” slicing algorithm does not compute the eigenvectors. In [4] the appli-
cation of preconditioned inverse iteration to hierarchical matrices is investigated. A
method for the computation of inner eigenvalues also is given there. Since we have a
good approximation to the eigenvalue, we expect fast convergence.

If the eigenvectors are clustered, we can compute the corresponding invariant
subspace by a subspace version of preconditioned inverse iteration.

Besides the eigenvector, this will provide an improved approximation to the eigen-
value. This may be used to detect and remedy the wrong decisions in the case of
approximative arithmetic.

5. Conclusions. We have discussed the application of the old and nearly for-
gotten slicing-the-spectrum algorithm for computing selected eigenvalues of symmet-
ric matrices to the class of H-matrices. The LDLslicing algorithm uses the spe-
cial structure of symmetric Hy-matrices, which makes the repeated computation of
LDLT-factorizations (which is the obstacle to its use for general dense matrices) a
computationally feasible task. In particular, the LDLslicing algorithm enables us
to compute an interior eigenvalue of a symmetric Hg-matrix in linear-polylogarithmic
complexity. Numerical results confirm this. For the computation of a single or a few
interior eigenvalues the algorithm is superior to existing ones. It is less efficient for
computing all eigenvalues of symmetric H,-matrices, but due to the efficient use of
memory, it allows us to solve much larger dense eigenproblems within the considered
class of matrices than simply applying the methods available in LAPACK.

We may also use the LDL”slicing algorithm for computing the eigenvalues of
general, symmetric H-matrices. But then the algorithm is no longer of linear-polyloga-
rithmic complexity. Nevertheless, again the computation of a few interior eigenvalues
is possible for problem sizes that by far exceed the capabilities of standard numerical
linear algebra algorithms for symmetric matrices.
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For special classes within the set of H,-matrices, like HSS matrices [22], there
might be even more efficient variants if the special structure is exploited in the LDL”-
factorization. Such a variant is described in [3].

Finally, we have seen that multicore architectures can be exploited easily and lead
to fairly good speedup and parallel efficiency.
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COMPUTING ALL OR SOME EIGENVALUES OF SYMMETRIC
H,-MATRICES™
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Abstract. We use a bisection method [B. Parlett, The Symmetric Eigenvalue Problem, Prentice-
Hall, Englewood Cliffs, NJ, 1980, p. 51] to compute the eigenvalues of a symmetric Hg-matrix M.
The number of negative eigenvalues of M — ul is computed via the LDLT factorization of M — ul.
For dense matrices, the LDL” factorization is too expensive to yield an efficient eigenvalue algorithm
in general, but not so for Hy-matrices. In the special structure of Hy-matrices there is an LDLT
factorization with linear-polylogarithmic complexity. The bisection method requires only matrix-size
independent many iterations to find an eigenvalue up to the desired accuracy, so that an eigenvalue
can be found in linear-polylogarithmic time. For all n eigenvalues, O(n?(logn)*log(||M||2/¢cev))
flops are needed to compute all eigenvalues with an accuracy eev. It is also possible to compute only
eigenvalues in a specific interval or the jth smallest one. Numerical experiments demonstrate the
efficiency of the algorithm, in particular for the case when some interior eigenvalues are required.

Key words. symmetric hierarchical matrices, eigenvalues, Hy-matrices, slicing the spectrum
AMS subject classifications. 65F15, 65F50, 15A18
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1. Introduction. In The Symmetric Figenvalue Problem, Beresford N. Parlett
describes a bisection method to find the eigenvalues of a symmetric matrix M € R™*™
[19, p. 51]. He calls this process “slicing the spectrum.” The spectrum A of a real,
symmetric matrix is contained in R and so the following question is well posed: How
many eigenvalues A; € A are smaller than p? We will call this number v(u) or
v(M — uI). Obviously, v is a function R — {0,...,n} C Ny. If the function v(-) is
known, one can find the mth eigenvalue as the limit of the following process:

i. Start with an interval [a,b] for which v(a) < m < v(b) holds.
ii. Determine v, := z/(“T*b) If vy, > m, then continue with the interval [a, aT“’],
else with [2F2, b].

iii. Repeat the bisection (step ii) until the interval is small enough.

The function v(-) can be evaluated using the LDL” factorization of M — ul, since
Sylvester’s inertia law implies that the number of negative eigenvalues is invariant
under congruence transformations. For dense matrices the evaluation of v is expensive.
So this method is not recommended if no special structure, like tridiagonality, is
available.

Here we consider Hy-matrices, which have such a special structure. H,-matrices
can be regarded as the simplest form of H-matrices [13]. They include, among others,
tridiagonal and numerous finite-element matrices. We will see in the next section that
the LDL” factorization for H,-matrices (for all shifts) can be computed in linear-poly-
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logarithmic complexity. We will further see that
(1.1) O (n2k2 (logn)* log (HMHg/eev)) flops

are sufficient to find all eigenvalues with an accuracy of €, where k is the maximal
rank of the admissible submatrices.

There are other eigenvalue algorithms for symmetric H,-matrices. In [9], an eigen-
value algorithm for H,(1)-matrices based on divide-and-conquer is described. This
algorithm, if combined with an efficient strategy based on an efficient solver for H,-
matrices like proposed in [5], has a total complexity of O(n2 (logn)”). Further, in
[7] a transformation of H,- and the related hierarchical semiseparable (HSS) matrices
into semiseparable matrices is presented, symmetry is not needed. For semisepara-
ble matrices there is a QR algorithm [20]. Both steps have quadratic or quadratic-
polylogarithmic complexity.

The complexity of the LDLTslicing algorithm is competitive with the existing
ones if we are interested in all eigenvalues. If we are interested only in some (interior)
eigenvalues, the algorithm will be superior, since the two others mentioned in the
previous paragraph have to compute all eigenvalues. The LDLslicing algorithm is
fundamentally different from the two other algorithms. The computational complexity
depends logarithmically on the wanted accuracy, so that it is really cheap to get a
sketch of the eigenvalue distribution. In contrast, the algorithm can compute one
eigenvalue, e.g., the smallest, second smallest, or 42nd smallest, without computing
any other eigenvalue in almost linear complexity.

In the next subsection, we will cite some definitions. Especially the definitions
of Hy- and H-matrices will be used in the following sections. Further, we will make
a small change in the definition of H,-matrices, which increases the computational
efficiency. We allow the matrices on the lowest level to be of size nyin X nmin and not
only of size 1 x 1.

1.1. Definitions. Hierarchical (H-) matrices were introduced by W. Hackbusch
in 1998 [13]. In that paper the H,-matrices are mentioned in section 2.2.2, too. The
He-matrices can be regarded as the simplest form of H-matrices. The Hy-matrices
are investigated, among others, in [12].

The following definition of He-matrices is given in [14, p. 43] and [9].

DEFINITION 1.1 (He-matrix). Let I = {1,...,n} be an inder set and n = 2°
with ¢ € N. A matrix M € RI*L s called an He-matriz of blockwise rank k, short
M € Ho(k), if it fulfills the following recursive conditions:

L.ng=1/0=0: M€ Ho(k) if M € R"™™! and
2. ng = 2% M is partitioned in

M1 Mo
M =
[le Mzz]

with My, Moy € ’Hgfl(k), Mo = Ale, and My, = BgAg, where A;, B; €
R =15k pith k' < k.
We are interested only in symmetric H-matrices, so we have Mo = M2, A = Ay
and B; = Bs. A symmetric ‘Hz-matrix is depicted in Figure 1.1.
We will need the concept of H-matrices. We will give a short definition of H-
matrices here; for details see [14] or [10]. We define some necessary terms first. A
hierarchical tree, short H-tree, T of an index set I is a tree with special conditions:
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Fy | B2AT
B4AZ
ABT| Fs
BgAg
Fs | BgAY
A4BI
A¢BY| F;
Fy |BioAT,
B Af,
A10BY)| Fii
AsBY
Fi3 [B1aAT}
A2 BT,
\A14BT,| Fis

Fic. 1.1. Structure of an Hz-matrix.

e The index set I is the root of 77 and
o A vertex r € Ty is either the disjoint union of its sons s € S(r) or a leaf of
T7.

The set of sons of a vertex r € T is called S(r). We denote the set of leaves (vertices
without sons S(-) = 0) of the H-tree T; by L(T7). The H-tree T has a depth ¢,
which is the maximum length of the paths from the root to each leave. If cardinality
or geometrically balanced clustering is used, the depth of the tree is in O(logn)
[10, p. 320ff].

A hierarchical product tree, short H«-tree, T7«; is a special H-tree over the index
set I x I and can be regarded as the product T7 x T;. Every vertex of Ty« is the
product of two vertices of the same level of the H-tree T7.

Now we are able to define the set of hierarchical matrices based on the H-tree
T« 1 with maximum blockwise rank k£ and the minimum block-size nmin by

H(Trxr, k) = {M e RIX!

Vr x s € L(Trxr) : rank M5 < k}

or #’f’ S Nmin OT #S S Nmin

The low rank matrices M, 5 are stored in factored form ABT. There are a lot of arith-
metic operations for H-matrices with linear-polylogarithmic complexity [14, 2, 11].

We divide the set of leaves into admissible leaves £7(T') and inadmissible leaves
L~ (T). The submatrices corresponding to admissible leaves have at most rank & and
will be stored as so-called RF-matrices ABT with k = rank AB”. The submatrices
corresponding to inadmissible leaves will be stored in the standard way as dense
matrices without any approximation.

LEMMA 1.2. If M € Hy(k), then M is a hierarchical matriz of blockwise rank k,
too.
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Proof. The minimum block-size nyi, is 1. The H-tree T7 is a binary tree which
divides each node r = {i1, ..., im} intory = {i1,...,imo} and ra = {im/o41, .- im}
on the next level. In the H«-tree only nodes of the type r x r are subdivided. The
other nodes r x s, with r N's = (), correspond to blocks Mjs or My, which have at
most rank k. ad

In the format of hierarchical matrices, blocks of size lower than n.,;, are stored in
the dense matrix format. The hierarchical structure is not efficient for small matrices,
since the overhead costs are too large. We will do the same for H,-matrices. We
change condition 1 in Definition 1.1 to

(1) £=0: ng < npin and M € Ho(k) if M € Rmoxno,

So the size of a matrix M € H, is increased to n = 2fny. Lemma 1.2 holds for
matrices fulfilling the new definition, too.

Each tridiagonal matrix T' € R2°*2 is an H,-matrix. Due to that inclusion
we should not expect to find faster eigenvalue algorithms for #,-matrices than for
tridiagonal matrices. The best known eigenvalue algorithms for symmetric tridiagonal
matrices have quadratic complexity. In the next section we will detail how to compute
all or some eigenvalues of symmetric Hy-matrices.

2. Slicing the spectrum by LDL? factorization. In this section the details
of the slicing algorithm, mentioned in the first section, will be explained. Essentially
we use a bisection method halving the intervals [a;, b;], which contain the searched
eigenvalue )\;, in each step. This process is stopped if the interval is small enough.

We will employ Algorithm 1. If the function v is computed exactly, the algorithm
will choose the part of the interval containing A;. The algorithm needs O(log,((b —
a)/€ev)) iterations to reduce the interval to size €oy. We know A; € [ai, bi], bi—a; < €ey
and \; = (b; — a;)/2. So it holds that

N 1
(2.1) i — Al < 566\,.

The evaluation of the function v(+) is the topic of the next subsection.

ALGORITHM 1. Slicing the spectrum [19, p. 50ff].
Input: M € H(Trxr), with |I| =n and a,b € R, so that A(M) C [a, b];
Output: {5\1, e ;\n} ~AM);
fori=1,...,ndo
b, :=0b; a;:=ua;
while b; — a; > €., do
pi= (b — ai)/2;
[L, D] := LDLT factorization(M — ul);
v(M — uI) = [{j|Ds; < O}
if v(M — ul) > ithen b, ;= pelse a; :=p ;
end
)\i = (bz — ai)/2;

© 00 N O oA W N e
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2.1. The function v(M — pI). We recall some basic linear algebra facts.
DEFINITION 2.1. Two square matrices M and N are congruent if there exists an
invertible matriz P such that

(2.2) PTMP = N.

Further, we will use Sylvester’s inertia law.

THEOREM 2.2 (Sylvester’s inertia law, e.g., [19, p. 11]). Fach square matric M
is congruent to a matriz diag (—I,,0¢, In_,—¢), where v is the number of negative
eigenvalues, € the number of zero eigenvalues, and n — v — & the number of positive
eigenvalues. The triple (v,&,n — v — &) is called M’s inertia.

If M — ul has an LDL  factorization M — ul = LDL" with L invertible, then
D and M — ul are congruent. Since D is diagonal we can count easily the number
of positive or negative eigenvalues. Sylvester’s inertia law tells us that the number
of negative diagonal entries in D is equal to the number of negative eigenvalues of
M — pl, that is, v(D) = v(u).

If a diagonal entry of D is zero, we have shifted with an eigenvalue. In this
case one of the leading principal submatrices of M — ul is rank deficient and the
LDLTfactorization may fail, which in this case is a welcome event as an eigenvalue
has been found.

We investigate the LDLT factorization of H-matrices in the next subsection.

2.2. LDL  factorization of Hy-matrices.

DerFINITION 2.3 (LDLTfactorization [8]). If M € R"*" is a symmetric matriz
and all the leading principal submatrices of M are invertible, then there exists a unit
lower triangular matriz L and a diagonal matriz D = diag (d1, ..., d,) such that M =
LDLT. We will call this factorization LDL” factorization or LDLT decomposition.

There is an algorithm to compute LDL7 factorizations for hierarchical matrices,
first described in [17]. The H-LDL” factorization is block recursive; see Algorithm 2.
For a hierarchical matrix M € H(T, k) this factorization has a complexity of

(2.3) (@) (nk2 (log n)Q)

in fixed rank H-arithmetic. We note that the LDL7 factorization for H-matrices is
much cheaper than for dense matrices, where O(n?) flops are needed. In standard
arithmetic, the stability of the factorization is improved by, e.g., Bunch-Kaufmann
pivoting [6]. Since pivoting would destroy the hierarchical structure, pivoting cannot
be used here. Many practical problems lead to diagonal dominant matrices and at
least for them pivoting is not necessary for good results. Here we need only an
exact evaluation of v(u), and for this we not necessarily require a highly accurate
LDLT factorization.

We will use Algorithm 2 for Hg-matrices, too. In this case the solution of the
equation

LoD LY, = My,
is simplified, since My = ABT. If Dy has a zero entry the solution will fail. But in

this case we know that zero is an eigenvalue of M. After the computation of Ly an
update is performed. This update in general increases the rank of the submatrix Mss.
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In fixed rank H-arithmetic the update is followed by a truncation step, which reduces
the rank again to k. For H,-matrices we will omit the truncation, since the growth of
the blockwise ranks is bounded. The next lemma provides this bound, which will be
used for the complexity analysis of Algorithm 2.

ALGORITHM 2. H-LDL”-factorization M = LDL”.

1 H-LDLT-factorization(M);

Input: M € H(T)

Output: L € H(T), D = diag (dy,...,d,) with LDLT = M and L lower
triangular

if M =) 172] ¢ L(T) then

[L11, D1] := H-LDLT-factorization(My;);

Compute the solution L21 of LQlDlL,{l = Mgl;

[Lag, Do) := H-LDLT -factorization(Mag — Loy D1 LY));

else

Compute the dense LDL”-factorization LDLT = M, since inadmissible

diagonal blocks are stored as dense matrices.

8 end

9 return L, D;

N 0 ok WwoN

LEMMA 2.4. Let M € Hy(k). If the assumptions of Definition 2.3 are fulfilled,
then the triangular matriz L of the LDLT factorization is an Hg(k()-matriz. Further,
the complezity of the computation of L and D by Algorithm 2 is

(2.4) O(nk? (logn)*).
Proof. A matrix M belongs to the set My, ; if

rank (M| =k

7—’><T)
with 7/ = I'\ 7; see [12, Definition 4.1].

Analogous to [12, Lemma 4.2], we get for the LDLT factorization of M = LDLT
that L € My, » if M € My, .. Together with Remark 4.4 and Lemma 4.5 of [12], we
get L € H(kL).

With Lemma 1.2, (2.3), and £ = O(logn) we conclude that the complexity of
Algorithm 2 is in O(nk?(logn)?). O

Remark 2.5. One can further show that the rank of a block in the lower triangular
of L is equal to the number of blocks on the left-hand side of this block times k. Since
this does not lead to an improved complexity estimate, we do not show the proof
here.

The main difference between the LDLTfactorization for He-matrices and H-
matrices is that the factorization for H,-matrices can be done without truncation
and so exact up to round-off respecting IEEE double precision arithmetic.

Remark 2.6. In the case of stronger conditions on M, one can reduce the bound
on the blockwise rank from k¢ to k. For instance, if the matrix M € H,(k) fulfills
the following conditions (here exemplary for Hs(k) with the same notation as in
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range (A4) C span <[Zﬂ : [XGD ,

Figure 1.1),

Fy| 0 0
range (Ag) C span 8 , Aolo , 0 , and
0 0 Agp

Fiz| [0
range (A12) C span <[ 0 AlJ) ,

or an analogue generalization, then L € H,(k). Tridiagonal matrices, generator repre-
sentable semiseparable matrices, diagonal plus semiseparable matrices [21], and HSS
matrices are of this structure. For all these special structures there exist good eigen-
value algorithms.

2.3. Start-interval [a, b]. The interval [a, b] must contain the whole spectrum.
This is the case for a := —||M||2 and b := || M||2. The spectral norm ||M||2 can be ap-
proximated from below using the power iteration [11]. Multiplying the approximation
by a small factor 1+ § will give an upper bound for | M]||2.

2.4. Complexity. For each eigenvalue \; we have to do several H-LDL” factor-
izations to reduce the length of the interval [a;, b;]. Each factorization halves the inter-
val since we use a bisection method. So we need O(log(||M||2/€ev)) H-LDLT factoriza-
tions per eigenvalue. One H-LDL” has a complexity of O(nk?(logn)*). Multiplying
both complexities gives us the complexity per eigenvalue O(nk?(logn)* log(||M||2/€ev))
and the total complexity for all n eigenvalues:

(2.5) O(n*k*(log n)* log(|| M |2/ ecv)).

3. Numerical results. We have implemented Algorithm 1 with the LDL” fac-
torization for H-matrices (see Algorithm 2) using the #Hlib [16]. The #lib can handle
He-matrices, too, since Hy-matrices are a subset of H-matrices. We use the fixed rank
arithmetic of the Hlib with the known maximal blockwise rank k¢ for H,(k)-matrices.
Further, we choose a minimum block-size of nyi, = 32. The computations were done
on two Intel Xeon Westmere X5650 with 2.66 GHz and 48 GB DDR3 RAM, but we
used only one core.

To test the algorithm we use a randomly generated series of Hy-matrices of block-
wise rank 1. The size of the matrices is varied from 64 to 1,048,576. We normalize
the matrices to ||M||2 = 1, since || M|z is part of the complexity estimate.

For the matrices up to dimension 32,768 we compute their corresponding dense
matrix and use the LAPACK function dsyev [1] to compute the eigenvalues. The
difference between the results of dsyev and the results from our new LDLslicing
algorithm are the errors in Table 3.1 and Figure 3.1. The time dsyev needs is given
in the table, too.

Figure 3.1 shows the absolute errors of the computed eigenvalues of the matrix
H5 r1 € Hs(1) of size 1024. All the errors are below the expected bound.

Table 3.1 shows the computation times and the errors for the example series if
we compute all eigenvalues or only the 10 eigenvalues A, /445, .., Ap/aq14. (Similar
results will be obtained when choosing other subsets of the spectrum.) The compu-
tation times grow more slowly than expected. Figure 3.2 compares the computation
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TABLE 3.1

Comparison of errors and computation times for the Hy example series computing

eigenvalues (n/4+5,...,n/4+ 14) and all eigenvalues.

only 10

Name n | tpap. ins 10 eigenvalues All eigenvalues
(all ev.) | abs. err. tins | abs. err. tins
H1rl 64 <0.01 | 5.36E-09 0.01 | 1.33E-08 0.06
H2 rl 128 <0.01 | 5.91E-09 0.03 | 1.76E-08 0.32
H3 rl 256 0.01 | 6.52E-09 0.07 | 2.37E-08 1.78
H4 rl 512 0.09 | 5.32E-09 0.19 | 3.69E-08 9.40
H5 rl 1024 0.65 | 5.74E-09 0.50 | 5.22E-08 46.44
H6 rl 2048 4.96 | 5.79E-09 1.20 | 7.18E-08 219.13
H7 rl 4096 40.04 | 4.49E-09 2.58 | 9.86E-08 991.74
H8 rl 8192 318.41 | 3.92E-09 6.39 | 1.87E-07 4001.82
H9 rl 16 384 2578.40 | 5.72E-09 13.76 | 2.48E-07 15727.87
H10 r1 32768 21544.30 | 4.89E-09 26.06 | 3.63E-07 48 878.33
H11l rl 65536 — — 47.18 — 139 384.10
H12 r1 131072 — — 104.80 — —
H13 r1 262 144 — — 237.39 — —
H14 r1 524 288 — — 485.45 — —
H15r1 | 1048576 — — 1167.69 — —
H9 rl 16 384 2578.40 | 5.72E-09 13.76 | 2.48E-07 15520.59
H9 r2 16 384 2623.36 | 4.72E-09 36.26 | 2.41E-07 43553.35
H9 r3 16 384 2813.56 | 7.46E-09 68.73 | 2.05E-07 90 788.42
H9 r4 16 384 2569.13 | 5.55E-09 108.63 | 2.62E-07 141 035.10
H9 r8 16 384 2622.41 | 5.67E-09 345.52 | 2.60E-07 459 240.80
H9 r16 16 384 2574.00 | 5.23E-09 998.93 | 2.70E-07 | 1375369.00
1077 = I I E|
F —=— abs. error |
1078 — St E
o = =
2
z 10—9 il i
= - 1 } \
8 10_10 o 2 I 3
< k
< B |
10~ E
10-12 \ \ \ \ \ \ \ \

o

Eigenvalue

Fi1Gc. 3.1. Absolute error |\; — 5\1

|
100 200 300 400 500 600 700 800 900 1,000

for a 1024 x 1024 matriz (H5r1), €ev = 1078,

times with O(n (log n)'B), 6 =0,1,2,3,4, too. There we see that the 5 in the exam-
ple series is rather 2 than 4 like in (2.4). This confirms the estimated computational
complexity from (2.4) and shows that there is probably a tighter bound. The absolute
errors in the tables are computed as the maximum values of

€abs = HA'L - )\1

2

taken over all computed i
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10% | 7 E
| omogn)h ;
10° | O(n (logn)*) 2
B O(n( ]
w 10%2F O(n E
k= i o ]
E 10t :
3 i 1
107 E
10—27\T Lol (| ! \\\\\\\7
102 103 10% 10° 10°
Dimension
Fi1G. 3.2. Computation times for 10 eigenvalues of HC r1 matrices (£ =1,...,15).

The table shows that the computation of all eigenvalues with the LDL”slicing
algorithm is more expensive then using LAPACK. But since the transformation into
a dense matrix requires n? storage, we are able to solve much larger problems by using
the LDLslicing algorithm. For higher blockwise rank one gets similar results, which
we present with further examples in the preprint [3] and in the second part of Table 3.1.

4. Possible extensions. In the last two sections we described an algorithm to
compute the eigenvalues of Hy-matrices. In this section we will discuss what happens
if we apply this algorithm to hierarchical matrices. Further, we will describe how one
can improve the LDL” slicing algorithm for #,-matrices.

4.1. LDLY slicing algorithm for H-matrices. Does Algorithm 1 work for H-
matrices, too? Yes, the algorithm will converge for H-matrices, too. But we are not
able to prove linear-polylogarithmic complexity per eigenvalue. We have no accuracy
estimation.

We have to use the H-LDL” factorization for H-matrices. In general there is no
exact H-LDL” factorization like in the , case. So truncation is required to keep
the blockwise ranks at a reasonable size. But still we get admissible blocks of large
rank for some shifts if we use fixed accuracy H-arithmetic. This will increase the
computational as well as the storage complexity.

We have done some example computations to illustrate the rank growth for differ-
ent shifts. We use FEM discretizations of the two-dimensional Laplacian as example
matrices, called FEMX, where X is the number of discretization points in each direc-
tion. These matrices are generated using an example of the Hlib [16]. Table 4.1 shows
the maximal blockwise rank of the factors after the LDL” factorization of FEMX ma-
trices for different shifts. If the shifted matrix is positive definite, the ranks will stay
small. For shifts near, e.g., eigenvalue 4, we get large ranks for large matrices. We
observe that the maximal blockwise rank is doubled from one column to the next.
This contradicts the first statement from Lemma 2.4 since the rank grows faster than
Lk for large matrices. It follows that the complexity is not in

(@) (nk2 (log n)4) ,
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TABLE 4.1
Mazimal blockwise rank after LDLYT factorization for different shifts and different FEM matrices
(e = 1075, blockwise rank 8 before LDLT factorization).

Shift FEMS8 | FEM16 | FEM32 | FEM64 | FEM128 | FEM256 | FEM512

0 8 10 11 11 11 11 11

4.1 8 11 16 32 61 126 173

4.001 8 11 16 32 64 128 190

l 1 3 5 7 9 11 13

n 64 256 1024 4096 16384 65536 262144
TABLE 4.2

Ezample of finding the 10 eigenvalues \;, i = n/4+5,...,n/d+14, of FEMX, e = 1075, €c =
10~%; italic entry is larger than expected.

Name n | tpap, ins abs. err. rel. err. tins tbtil N]:fil
FEMS8 64 <0.01 | 3.26E-005 | 9.54E-006 <0.01

FEM16 256 0.01 | 5.72E-005 | 1.98E-005 0.13 — | 189.63
FEM32 1024 0.61 | 5.84E-005 | 2.19E-005 1.68 | 12.92 42.32
FEM64 4096 39.64 | 3.65E-005 | 1.41E-005 12.52 7.45 11.61
FEM128 16 384 2566.10 | 5.21E-005 | 2.03E-005 77.88 6.22 7.41
FEM256 65536 — — — 774.52 9.95 6.82
FEMb512 | 262144 — — — 4473.07 5.78 8.24

and so for large matrices the computation time grows faster than the expected costs
Ni = |EV| C’SpCidni(log ni)4,

like we see in Table 4.2. Still, the computation time is much better than using
LAPACK and we can solve eigenvalue problems not solvable otherwise.

But there is a second problem: The inexact computation of the LDL7 factorization
leads to a perturbed matrix D =D+ E. If the perturbation F is large enough, then
the sign of one or more diagonal entries in D may change and so we get a wrong value
(M — pI). This wrong v(u) can cause wrong decisions, so we continue the search for
eigenvalue ¢ in an interval not containing A;.

To overcome this problem one can use an estimate p on || E||, to give lower and
upper bounds on v,

{100 <) <o {ou <o}

If ¢ resides outside this interval, then the decision will be correct, independent of the
exact v. If i is contained in the interval, then we have to recompute v with higher
accuracy.

The problem here is the estimation of || E||,, since the error depends on the con-
dition number of M — ul, on the H-matrix accuracy €, and on the growth factor of
the shifted matrix. A detailed investigation of this problem is for future research and
exceeds the scope of this paper. At least in the example in Table 4.2 we see that the
error in the computed spectrum is in O(e).

4.2. Parallelization. If we search more than one eigenvalue, then we can par-
allelize the algorithm. After the first LDL7 factorization and the computation of
v(M — ul) = v, we have two intervals. The interval [a, u] contains v eigenvalues and
the interval [u, b] contains n — v eigenvalues. The computations on the two intervals
are independent. This is an advantage of the simple structure of the bisection method
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TABLE 4.3
Parallelization speedup.

Name n t1 core t2 core tlc/tQC t4 core tlc/t4c t8 core th/tSC
H2rl 128 0.33 0.18 1.83 0.10 3.30 0.06 5.50
H4 r1 512 9.44 4.87 1.94 2.57 3.67 1.43 6.60
H6 r1 2048 219.28 114.69 1.91 60.27 3.64 33.88 6.47
H8 rl 8192 | 4022.8 | 2151.6 1.87 1170.6 3.44 676.57 5.95
H10 r1 32768 49012 25376 1.93 15402 3.18 10007 4.90

compared with other eigenvalue algorithms like the QR algorithm. If we search eigen-
values in both intervals, then we can use two cores, one for each interval, and continue
the computations independently. If we have more cores, we can increase the number
of working cores on the next level to four, and so on.

We used OpenMP [18] to parallelize the program code used for the numerical ex-
amples. This leads to a simple parallelization which is probably improvable. Table 4.3
shows the timing results on an Intel Xeon Westmere X5650, but now we use up to
eight cores. The speedup for the use of four cores instead of one is about 3.3. This
is a good value compared with the parallelization of other algorithms; e.g., the paral-
lelization of the LAPACK function dlahqr (QR algorithm for unsymmetric eigenvalue
problems) has a speedup of 2.5 [15]. The only drawback of this simple parallelization
is that each core requires the same storage as the single-core variant of the program.

4.3. Eigenvectors. Often, the eigenvectors of some eigenvalues are of interest,
too. The LDL” slicing algorithm does not compute the eigenvectors. In [4] the appli-
cation of preconditioned inverse iteration to hierarchical matrices is investigated. A
method for the computation of inner eigenvalues also is given there. Since we have a
good approximation to the eigenvalue, we expect fast convergence.

If the eigenvectors are clustered, we can compute the corresponding invariant
subspace by a subspace version of preconditioned inverse iteration.

Besides the eigenvector, this will provide an improved approximation to the eigen-
value. This may be used to detect and remedy the wrong decisions in the case of
approximative arithmetic.

5. Conclusions. We have discussed the application of the old and nearly for-
gotten slicing-the-spectrum algorithm for computing selected eigenvalues of symmet-
ric matrices to the class of H-matrices. The LDLslicing algorithm uses the spe-
cial structure of symmetric Hy-matrices, which makes the repeated computation of
LDLT-factorizations (which is the obstacle to its use for general dense matrices) a
computationally feasible task. In particular, the LDLslicing algorithm enables us
to compute an interior eigenvalue of a symmetric Hg-matrix in linear-polylogarithmic
complexity. Numerical results confirm this. For the computation of a single or a few
interior eigenvalues the algorithm is superior to existing ones. It is less efficient for
computing all eigenvalues of symmetric H,-matrices, but due to the efficient use of
memory, it allows us to solve much larger dense eigenproblems within the considered
class of matrices than simply applying the methods available in LAPACK.

We may also use the LDL”slicing algorithm for computing the eigenvalues of
general, symmetric H-matrices. But then the algorithm is no longer of linear-polyloga-
rithmic complexity. Nevertheless, again the computation of a few interior eigenvalues
is possible for problem sizes that by far exceed the capabilities of standard numerical
linear algebra algorithms for symmetric matrices.
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For special classes within the set of H,-matrices, like HSS matrices [22], there
might be even more efficient variants if the special structure is exploited in the LDL”-
factorization. Such a variant is described in [3].

Finally, we have seen that multicore architectures can be exploited easily and lead
to fairly good speedup and parallel efficiency.
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