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Abstract

In the first half of the paper, we study in details NS-branes, including the NS5-brane, the
Kaluza-Klein monopole and the exotic 53- or Q-brane, together with Bianchi identities for
NSNS (non)-geometric fluxes. Four-dimensional Bianchi identities are generalized to ten di-
mensions with non-constant fluxes, and get corrected by a source term in presence of an NS-
brane. The latter allows them to reduce to the expected Poisson equation. Without sources,
our Bianchi identities are also recovered by squaring a nilpotent Spin(D, D) x RT Dirac
operator. Generalized Geometry allows us in addition to express the equations of motion ex-
plicitly in terms of fluxes. In the second half, we perform a general analysis of ten-dimensional
geometric backgrounds with non-geometric fluxes, in the context of S-supergravity. We de-
termine a well-defined class of such vacua, that are non-geometric in standard supergravity:
they involve S-transforms, a manifest symmetry of S-supergravity with isometries. We show
as well that these vacua belong to a geometric T-duality orbit.
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1 Introduction and main results

In the last few years, there has been a renewed interest in the topic of non-geometry and non-
geometric fluxes (for reviews see [2, B, 4]). The non-geometric backgrounds of string theory
exhibit unusual behaviors, leading to new possibilities and opening still fairly unexplored
directions. Their study has been conducted from various angles, including world-sheet and
CFT approaches, target space constructions such as Double Field Theory (DFT) and its U-
duality extensions (for reviews see [0l [0}, [7]), ten-dimensional supergravities and Generalized
Geometry, and four-dimensional supergravities. We take in this paper the last two points of
view, and study the Bianchi identities for NSNS fluxes, the related NS-branes, and properties
of further ten-dimensional backgrounds with non-geometric fluxes.

Some four-dimensional gauged supergravities have as gaugings or components of the em-
bedding tensor the so-called non-geometric fluxes [8, @, 10]. In the NSNS sector, those
are given by Q. and R™°. These Q- and R-fluxes give rise to specific terms in the
four-dimensional potential that are of phenomenological interest. They were shown in var-
ious examples to help in stabilising moduli [II, 12} 3] or in obtaining de Sitter vacua
[T4, [15] [16], 17, 18, [19]. Then, it is natural to ask whether such configurations with non-zero
Q- and R-fluxes can be obtained as backgrounds of string theory. To answer this question, we
follow here the approach of flux compactifications, that considers dimensional reductions from
ten- to four-dimensional supergravity on an internal compact manifold M. Traditionally, four-
dimensional vacua with Q- and R-fluxes are then rather believed to uplift to non-geometric
backgrounds, where M can be a non-geometry. In these backgrounds, stringy symmetries
such as T-duality are used instead of diffeomorphisms or gauge transformations [20, [0 21] (a
more precise definition is given in section BL2T]). This results mostly in non-standard spaces
for M, on which the compactification procedure cannot be applied. The relation between
these four- and ten-dimensional perspectives looks thus not well established.

Progress on these aspects have been made recently thanks to local reformulations of stan-
dard supergravity into new ten-dimensional theories, in [3, 22, 23], 1] and [24, 25] 26]. This
is achieved in the NSNS sector, with the standard Lagrangian Lngns (Z4]), by redefining the
metric gmn, b-field by, and dilaton ¢ into a new set of fields G, ™", ¢, where 3 is an
antisymmetric bivector. As a consequence, the standard H-flux is traded for two new fluxes,
identified as the ten-dimensional (- and R-fluxes. Their definition depends on the theory,
and we follow here [-supergravity [I], where

Qcab = acﬁab - 2ﬁd[afb]cd ) Rabc = 36d[avdﬁbc] ) (1'1)

as in [27] 28], IZ{ﬂH The Lagrangian of the NSNS sector of g-supergravity is given by

A — ~ 7 a 7 a 1 ac 1 abc e
L= (R(g) +4(00) + 4(B" 06 — T = SnapR* fea = T5aamenes R R (1.2)

1 1
+ 277ab/8adadchc - nchaachbd - §nchachbad - Znadnbencanchdef> ’
as detailed in section Il It looks very similar to the four-dimensional scalar potential of
gauged supergravities with Q- and R-fluxes. So [-supergravity appears to be a good can-
didate to uplift four-dimensional gauged supergravities, as argued in [I]. A dimensional

!Throughout the paper, a...l denote tangent space flat indices and m...z curved space indices. The
structure constant or geometric flux f%p. is defined in (IEI) and we refer to appendix [A] for more conventions.



reduction on a concrete background can only be performed though, if at least, the metric g
describes a standard manifold. Fortunately, this reformulation of standard supergravity not
only provides ten-dimensional non-geometric fluxes, but it also transforms in some examples
a non-geometry given by ¢ into a standard geometry described by ¢. The information on
the former non-geometry gets encoded in the new non-geometric fluxes. This reformulation
allows eventually to relate these backgrounds properly to the four-dimensional description.

Using S-supergravity, one can now study backgrounds with non-geometric fluxes directly
in ten dimensions; this is the main purpose of this paper. In a first half, we focus on Bianchi
identities (BI) for the NSNS fluxes, and how they are corrected on specific backgrounds corre-
sponding to NS-branes. The corrections show that these branes actually source those fluxes.
In a second half, we make a generic study of (the NSNS sector of) geometric backgrounds of
[-supergravity, and try to determine whether those lead to new physics.

While the BI bring constraints to be satisfied by the vacua, the equations of motion should
be verified in the first place. Those were derived in [I] in curved indices. We rewrite them here
in flat indices, so that f%, and Q. appear: this simplifies the study of solutions. We use two
methods for this rewriting: a direct reformulation, and a Generalized Geometry approach,
following [29]. The non-trivial result is the § equation of motion given in ([2:24]).

Bianchi identities and NS-branes

We study in section [3] a particular type of backgrounds: the NS-branes. The NS5-brane is a
codimension 4 brane and a known vacuum of standard supergravity. Smearing it along one
direction and T-dualising leads to the Kaluza-Klein (KK) monopole, that can be viewed as a
codimension 3 brane. The latter is a solution of general relativity, and as such, it is a vacuum
of both standard supergravity and S-supergravity. Smearing it once and T-dualising again
leads finally to the 53-brane [30}, B1] (the former two were denoted there 53 and 51), that we
prefer to call here the @Q-brane [32]. This brane is codimension 2. It appears in terms of
standard supergravity as a non-geometric background [30, B1I], but a geometric description
is restored in S-supergravity [32 B3]. We verify in appendix [D] that it satisfies the (-
supergravity equations of motion. More details on these branes, their smearing and T-duality
relations, are given in section

The BI of supergravity fluxes can get corrected in presence of a brane: the latter provides
a source term. The resulting equation usually boils down to the Poisson equation on a warp
factor. Let us recall the standard case of the H-flux with an NS5-brane, before presenting
our extensions to the other NSNS fluxes and branes. The BI for the H-flux is given by the
four-form dH. In terms of its coefficient in flat indices, the BI, in presence of an NS5-brane,

is written 3 o

NS5—brane : a[aHbcd] - §fe[abHcd]e = TH €41 abed 5(4) <T4) : (13)
The right-hand side (RHS) localises the brane in its four transverse directions (as indicated by
the 1) at the radius r4 = 0. The factor Cy will be specified in the paper, and conventions on
the €4 are given in appendix [Al With the fluxes of the NS5-brane background, (L3]) becomes

the Poisson equation on the warp factor fy (with a normalisation constant cgy)

Aysfr = cu W (ry) (1.4)

as we will verify explicitly. Another BI that the background should satisfy is given below
by equation (7). This condition is obtained either by considering d?> = 0 in flat indices



(more precisely d(de*) = 0), or from the Jacobi identity of the Lie bracket on Cartan one-
forms [34]. This BI (7)) on the geometric flux is automatically satisfied when expressing f
in terms of vielbeins. The BI for the H-flux without source behaves similarly: dH vanishes
when replacing H by db. This property holds if the fields have no singularity. A source is
responsible for a singular point, hence the RHS in (L3)) and (T4]). These two equations still
vanish locally at any point away from the source. We will recover the same behaviour in what
follows. Finally, the two BI without a source verify another important property: they are
recovered by setting to zero the square of the "derivative" d — H A acting on a form A. We
can as well introduce a dilaton factor, and write

For DA = 2¢?(d— HA)(e™®4), D?*=0 < d’=0anddH =0. (1.5)

For constant Hgp. and f%., their BI without source can also be obtained from the Jacobi
identities of some algebra. This algebra can be extended to the gauging algebra of four-
dimensional gauged supergravity: it then includes all NSNS fluxes

[Zay Zb] = Hachc + fcach (16)
[Zm Xb] = _fbac)(C + QabCZc
[Xa,Xb] _ Qcach _ RachC ]

The Jacobi identities of (L6]), given in (B.5) - (3.9)), were thus proposed as the BI for constant

NSNS fluxes (without source) [8]. For a vanishing H-flux, we propose here a ten-dimensional
generalization of those, for non-constant fluxes

oS cay = [ epfcay =0, (1.7)

Ao — B0y fag — 54 fag + 2011 gy =0 (19)
2RI — 33%90,0,M + 3RUI 1 4 — 3Q,M9Q,M =0, (1.9)
p9ldg, Rabel 4 gRg[danbﬂ —-0. (1.10)

It is worth stressing that for H = 0 and constant fluxes, our BI boil down to those of [§].
Such a generalization was already obtained in [34] from Jacobi identities of Lie brackets,
and at the level of DFT in [33]. We show in appendix that those match the simpler
expressions given by our BI (IL7) - (ILI0). These equations are meaningful in S-supergravity,
where fluxes can be expressed in terms of vielbeins and 5. Interestingly, using these explicit
expressions, the four BI are then automatically satisfied, exactly as above for dH. This is
actually how these four conditions were discovered in [I] (see appendix C.3). These BI are
therefore natural candidates to have non-zero RHS in the presence of NS-branes. We propose
indeed the following BI for the geometric flux f in presence of a KK-monopole

C
KK—monopole : 0 f%q) — fepf ca) = TK €31bed €1fje 1 6 (r3) (1.11)

where €;)|. is non-zero and equal to one for e being the direction along the brane, and the
factor C'x will be specified in the paper. All other BI should as well be satisfied with a
vanishing RHS. In presence of a (Q-brane, we propose the following BI for the Q-flux

Q—Dbrane : (1.12)

C C 1 C C C ec
0 Q' — B9, f N 4y — §Qg 4p9 0+ 2Q[ag[ bd]f]g = TQ €21ab €fles 170 5@ (ry)



and all other BI should again be satisfied with a vanishing RHS. We will verify that these
sourced BI boil down to Poisson equations on warp factors once evaluated on the brane
solutions

KK —monopole :  Agfg = cx 6 (rs) | Q—brane: Asfg=cq 6@ (ry) . (1.13)

Similarly to (ILH)), a "derivative" Dy was built for constant fluxes [11} 35], such that Dﬁz =0
would be equivalent to the (sourceless) BI of the NSNS fluxes (35 - (39), i.e. the Jacobi
identities of the algebra (L6), together with a further scalar condition [35] given in (BI2I).
Here we generalize this idea for non-constant fluxes and H = 0: we introduce a D such that

D? =0 < BI (L7 — (LI0) + scalar condition . (1.14)

As explained in section Bl D is the Dirac operator associated to the Spin(D,D) x R*
covariant derivative D4 that can be built from the Generalized Geometry approach

1 A\ 1 A
DU =MD 0 — (rAaA + 7 Qapel A7 + EQDDCFC)\II , (1.15)

where the I'* satisfy the Spin(D, D) Clifford algebra, and we represent them with forms and
contractions using a Clifford map. Similarly, ¥ is a spinor and can be viewed as a polyform.
Using the connection coefficients computed in [I], we recover (LH) for standard supergravity
with b-field, and get for g-supergravity

DA = Zeé(Va A=V 1+ T v ~|—Rv)(e_‘£A) . (1.16)

We recall that V, - €A = d, and understand the dot as acting only on the coefficient of
the form A; we denote by ¢, or v the contractions (see appendix [Al), and Ve is a covariant
derivative containing the Q-flux ([2I5]). This D of (LI6) verifies (II4]). We also show that
Dy corresponds to the second term in the RHS of (ILI%]), clarifying how our D generalizes
the constant flux situation. An explicit expression for D in terms of fluxes is given in (827,
while tensorial formulations of the BI are discussed around (3:38]).

Geometric vacua of S-supergravity

In section @l we study vacua of S-supergravity more generally. S-supergravity is of particular
interest with respect to standard supergravity when its solutions are geometric. As explained
above, such backgrounds can provide a ten-dimensional uplift to some four-dimensional so-
lutions of gauged supergravities with non-geometric fluxes. In addition, a geometric vacuum
of [-supergravity is non-geometric when expressed in standard supergravity, at least in the
examples considered so far. A geometric, target space, description of a non-geometric string
background is therefore restored. Those are the two main achievements of S-supergravity.
So the first question we study is to determine the conditions for a geometric vacuum of
p-supergravity. Two examples (or at least their NSNS sector) are helpful: the @Q-brane
mentioned previously, and the toroidal example studied in details in [3, [36], [I]. For both,
their standard supergravity description is non-geometric, but also T-dual to a geometric one.
From a four-dimensional point of view, such backgrounds are then said to be on a geometric
(T-duality) orbit. All theories on an orbit are the same, up to a redefinition of the four-
dimensional fields. So the theory obtained from the toroidal example does not describe new
physics, with respect to the one from the T-dual configuration that is geometric in standard
supergravity. The second question is then whether geometric vacua of -supergravity ever
lead to new physics. To address these questions, we pursue the following reasoning;:



1. Consider a field configuration defined on a set of patches of a space. To form a valid
vacuum of a theory, these fields should at least glue from one patch to the other with
symmetries of that theory. This allows to describe the configuration on all patches with
only one theory (here one Lagrangian) [26].

2. A symmetry leaves a Lagrangian invariant up to a total derivative, and the two La-
grangians L£ysns and E@ only differ by a total derivative (see section [Z]]), so they share
the same symmetries. These are diffeomorphisms and b-field gauge transformations,
where the latter can be translated in terms of the fields of S-supergravity [I]. Field
configurations gluing with such symmetries are geometric for standard supergravity.
They may as well, under some restrictions, be geometric in terms of S-supergravity,
but there is no need for such a description, since standard supergravity already gives a

proper one [206] [I].

3. Getting an interesting geometric background of S-supergravity therefore requires other
symmetries. This can be achieved by considering a modification, e.g. a restriction, of
the theory, that would lead to a symmetry enhancement [I]. Here, the restriction to be
made is to consider the presence of N isometries. This provides a further symmetry to
Lnsns and Eg, that is T-duality. We prove this in appendix [El

4. One of the T-duality transformations that brings some novelty is the S-transform. Fx-
pressing it in S-supergravity is simple: it results in a constant shift of 3 along isometries.
The Lagrangian /jg is manifestly invariant under such a transformation, as we show in
details. In particular, the - and the R-flux are invariant under this symmetry. Field
configurations gluing with S-transforms and diffeomorphisms are thus geometric for [-
supergravity, and in most cases non-geometric for standard supergravity: this defines
a class of interesting geometric vacua of S-supergravity. The two examples mentioned
above are of this type.

5. We however show that such vacua (or at least their NSNS sector) are always T-dual
to geometric ones for standard supergravity, i.e. they are on a geometric orbit. So
they do not give new physics. The converse point of view remains interesting: we know
precisely when geometric backgrounds of standard supergravity have non-geometric T-
duals that can be described geometrically by S-supergravity. The latter then provides an
uplift to some non-geometric points on the four-dimensional orbit. We still list various
possibilities beyond the setting just mentioned, that could circumvent the result, and
maybe lead to new physics.

The paper is structured as follows. [-supergravity is reviewed in section 2.1l with con-
ventions in appendix [Al Equations of motion are rewritten in flat indices in section and
appendix[Bl We then turn to the sourceless BI in section B.Iland appendix[(], where we review
the literature and construct the Spin(D, D) x R* covariant derivative and Dirac operator D.
We study NS-branes in section and appendix [Dl by showing their smearing and T-duality
relations, the source corrections to Bl and the derivation of Poisson equations. Finally, we
detail in section [f.J]and appendix [E] the symmetries of Lnsng and Eg, including the T-duality
for N isometries. We study how using them leads to geometric or non-geometric vacua in
section T-duals of some geometric vacua of S-supergravity are analyzed in section
An outlook is eventually provided in section Bl

2Definitions of geometric and non-geometric field configurations are given in section 211



2 [-supergravity and its equations of motion

We gave in the Introduction several motivations to consider S-supergravity, a ten-dimensional
theory that contains non-geometric (- and R-fluxes. In this section, we briefly review this
theory by providing the technical material needed in the rest of the paper. We mostly follow
[1]. Then, we turn to the rewriting of its equations of motion in flat indices.

2.1 Technical review of -supergravity

A local reformulation of the NSNS sector of standard supergravity was proposed in [3], 22}, 23].
It is based on a field redefinition transforming the standard NSNS fields into a new metric
Jmn, an antisymmetric bivector """ and a new dilaton ¢

g =(g+b)glg—b"
B=—(g+b)"blg—b)"

where we introduce the quantity d. This field redefinition was read-off from a reparametriza-
tion of the generalized metric H, that usually depends on g and b. This is equivalent to
choosing another generalized vielbein £ instead of the usual £, where £ depends on the new

fields
(e 0 = (e ep _(mp O
&= <€_Tb e—T) 9 &= <0 é_T> ’ I= (O nBl) ) (2'2)

g—bg~'b —bg”! T ST 7 6 J 98
’H—< g 1b g_1>—5 re=¢ H5_<—5§ {?_1—@@5)’ (2.3)
where H is a 2D x 2D matrix for a D-dimensional space-time, 1p denotes the flat metric,
and the vielbeins e and é are associated to the metrics ¢ = e’npe and § = é'npé. This
reparametrization was inspired from earlier Generalized Complex Geometry papers [37, 38|
27]. The field redefinition is then an O(D — 1,1) x O(1, D — 1) transformation [1].

The standard NSNS Lagrangian, where Hynp = 30[,bpp1, 18 given by

} o (g+b) 7 =G +8), e PGl = e Py gl = e, (2.1)

Exens = 2/ [gl (R(g) + 429 - 3127 (2.4

with conventions in appendix [Al Building on the above, the field redefinition (2II) performed
on L£nsns lead in [I] to the Lagrangian Lg of the NSNS sector of -supergravity

Lnsns(9,0,0) = L5(3,8,6) + (... ) (2.5)
up to a total derivative d(...) detailed in section EELTl Tn curved indices, L3 is given by

Lo =V (R@) + 4007 + 46™ 0,6 - TP + @) - 312) . (20)

with R = G R™ , R™" = —pP49, L + gmag,Ion + Pmnpar — pampen (2.7)
T = L (<070 — BG4 BTOG) + Gy O 20,8 (28)
TS T = G S Gt = =y (V) = Vo (29)
R = gl g gl _ gl gl 2.10)



and conventions in appendix [Al Note that R™P T™ and R™" are tensors. This last "Ricci
tensor" is related to a new covariant derivative V™ built from ™", and the connection I';""

VVP = — T, VP — Tyt N, = — B0,V + T, (2.11)

That derivative plays a crucial role, as we will see. Another useful tensor is Et);”"

o - ~ 1
B = B+ B™Tp, T = S0 (§7V,8" + GV, — G, L (2.12)

It allows to relate the covariant derivatives V and 6, and then to rewrite the R-flux

VmVP = — B, VP — Tyt VMY, = =TV, + Ty, (2.13)
3

R™ = 3 gilmy, gnvl — 5 vimgnrel (2.14)

Imposing the condition 5™"d,- = 0 (as well as 0,5 = 0), where the dot stands for any field,
reduces £~5 to the Lagrangian obtained in [3]. One also gets R = 0, 7™ = 0, and R results
only in a (03)2. This subcase is useful in some examples, like the Q-brane.

We now turn to flat indices: this reveals the Q-flux given in (ILTI), since it is not a tensor.
It rather plays an analogous role in V as f does in V with Levi-Civita connection [I]

1
ey VT = ViV =V +wp Ve & wp, = 3 (fabc + 0 e fap + U“dnbefedc> (2.15)
o~ ~ 1
emaebnvnvm = vaa = _6bdadva - WQZCVC Aad WQZC = 5 <Qabc + nadnceQedb + nadnbeQedc> )

where we introduced wg, (the opposite of) the spin connection associated to I. This wQ
enjoys similar properties as those of (A.3])

13w = —Naewg’ , Qa" = 2wl | wo™ = Q™ | Mewo" = 1. Qp™ . (2.16)
From it, we can define a quantity R¢ analogous to the standard Ricci scalar R(g)

R(§) = 21" Oawh. + 11" wigwh. — 1" whwe (2.17)

=200, fbe — N [ acfba — i <2776dfabcfbad + nadﬂbeﬁcgfabcfdeg> ,

Rg = 2nbcﬁ“d6dezc + chngdeZC — nbchgwa‘;c (2.18)

1
= 277ab/8adadchc - nchaachbd - Z <277ch¢1chde + nadnbenchachdeg) )

and R is related to R as follows
~ 1
R = RQ — §Ra0dfbcd77ab . (2.19)

The Lagrangian £z (Z8) can then be rewritten as in (ILZ), where the second row matches
Rg- Finally, let us give a few useful expressions, such as R in (D.12), and

2 Req = 0afcd + 20" 00 u(cayg — 20 b (2.20)
1 . .
+ fab (fbcd + 277bgfhg(c77d)h) — FPacf a = 0" Nan f" ge f va — 577ah77bj770i77dgfljafghb ;
1
Rabc _ 36d[aadﬁbc] _ 36d[afbdeﬂc]e _ 36d[anbc] + 3ﬁd[afbdeﬂc]e ’ T = _bea + §/BCdfaCd )



qu

We rederived in [I] the Lagrangian Eg (C2) and most of the structures just presented (in
particular V and wq) from the Generalized Geometry formalism, building on [29]. Choosing
the generalized vielbein € in (Z2) plays a crucial role for this purpose. We recall some results
of this derivation in section [Z2] and use them in section B.I.2lto compute the Spin(D, D) xR*
covariant derivative. In addition, S-supergravity can be derived from DFT [22] 23] 28] [33].

Finally, the equations of motion for the NSNS sector of S-supergravity were derived in [I]

1 (RO + R0 — 372 = @0 = 9%+ (70~ TP + ¥ (0, T) (220

G R+ mBundGus BT R = ~2V,06 — 210V (E 05~ T (222)

%gmsgmgnp (e%%m(e%RS“n) - 27”}28“") (2.23)
= Ol T () 20, Regu B — (0,0, 8) + 45,0, ¥, (810,)

Those are given in curved indices. We now turn to their rewriting in flat indices.

2.2 Equations of motion in flat indices and Generalized Geometry formal-
ism

The equations of motion for the NSNS sector of S-supergravity, derived from Eg 258) in 11,
have just been given: the one for the dilaton ([Z21]), the Einstein equation (Z22)), and the
equation of motion (223)). They are in curved indices; in this section, we rewrite them with
flat indices: this allows to make the fluxes f%, and Q.% appear, since those are not tensors.
Having an explicit dependence on the fluxes is more convenient when looking for solutions.
It will indeed be the case in appendix [D.1] when verifying that the Q-brane is a vacuum of
[G-supergravity. To perform this rewriting, we follow two methods: first, a direct approach is
detailed in appendix [B.], and secondly we use the Generalized Geometry formalism, building
on [29] and the results of [I]. This second method is presented below.

Since all terms in the above equations are tensors, going to flat indices is only a multi-
plication by vielbeins. The difficulty is rather to make the fluxes appear explicitly. For the
dilaton and Einstein equations, this essentially amounts to give the expressions of the Ricci
scalars and tensors in terms of the fluxes: those can be found in (ZI7), (ZI8]), (ZI9) for the
scalars, and (220)), (D.12) for the tensors. The equation of motion for § requires more work.
Both methods lead to the following result for this equation

1 ~ 1 1 ;
- §nabncd77@fvaRbdf + Qagffag[c'r/e]f + §ffhaQ[cha77@]f - §Qaagflec"7gi (2.24)
1 .
+ §nefncdnnggfdfaak + 0™ Q0™ fhoeMea
1 ; 1
= = §ngi/89aaafzce /Bdfadf a[cle] f + Nfle 0 ]Q of — §nefncd77abaa@bfd + 277f[evc]7-f

+ nabncdnebedf (6agag¢ - Ta) +n” ncd'r/efvbﬁfd aa‘l; + 4ﬁab77a[cve] ab‘l; + Zna[cve]ﬁab aqug .
Although it looks at first complicated, many terms would drop out upon reasonable assump-
tions: we argued in [I] in favor of an ansatz with Vb, f%, =0, Q. =0, T =0, dy¢ =0
that would make several terms vanish, e.g. the last row. Finally, let us mention that a com-

plete use of ([2Z:24]) would require to expand Vv Rbdf , but the procedure should be straightfor-
ward. The resulting terms would not mix with the others, given the number of 5.

10



Derivation using the Generalized Geometry formalism

We presented in [I] a useful formulation of S-supergravity based on the formalism of Gen-
eralized Geometry, established in [29] for standard type II supergravities. This formulation
clarified the origin of the various structures appearing in S-supergravity, including the fluxes,
the covariant derivative V?, and 7% It also lead us to reobtain the Lagrangian /jg (2.
Using these tools, we derive here the three equations of motion in flat indices. This amounts
to compute generalized quantities analogous to a Ricci scalar and a Ricci tensor.

The starting point of Generalized Geometry is to consider a generalized bundle with
structure group O(D, D) x R*. Various objects, covariant with respect to this structure
group, can then be constructed. The crucial one is the generalized (flat) covariant derivative

DAVB = 8AVB + QABCVC , (2.25)

that acts on a generalized vector component VB. To reproduce S-supergravity, we chose a
generalized frame related to the generalized vielbein € given in ([22)); standard supergravity
is rather obtained from £. Then, using metric compatibility, a constraint on the generalized
torsion and some further fixing, we showed in great details in [I] how to determine the
generalized connection coefficients OuBc (as well as d4). Those are essentially given in
terms of fluxes. This is analogous to the standard case of the spin connection for Levi-
Civita connection. We then restricted the structure group to O(D — 1,1) x O(1,D — 1),
leading to covariant derivatives with respect to that subgroup. Going to the spinorial version
Spin(D — 1,1) x Spin(1, D — 1), we obtained as well derivatives on spinors, in particular

.1 1
Y Dget = <7“Va — Y.V + ﬁnadnbenchdef yabe — 576A0> e, (2.26)
-1 -
Dget = <Va + Taa Ve — gmnbenchdef vb0> et (2.27)
Daw® = Vauw® + agV0u® — Azw® (2.28)
—_ — - — 1 R _
Dawb = Vawb — nadvdwb — §7lad77_chdbfwc , (2.29)

where in (28] and Z27), V and V are the spinorial derivatives naturally defined from (ZI5)).
Conventions for y-matrices are given in appendix [Al and the unbarred-barred notation refers
to the two orthogonal groups. This notation disappears when choosing aligned vielbeins [I].
These derivatives can be rewritten as in [I] using only the following quantities

Xape = inbe <wgc — Taaw™ + %Uadnchdef ) : (2.30)
X, = % (wga + Nacwo ™ — Aa> , (2.31)
Yabe = inbe <w§c + WWQge - %WﬁchEef> ; (2.32)
Zn = W g — As (2.33)
{ﬁ_ ) i_ ' %g C Aa = 20a0, € = 2B 0ud—T") . (2.34)
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From those derivatives, we calculated in [I] the scalar S, defined in [29] as
1 -
— 1 5€" = <’y“Dafbeb - n“bDaDg) et (2.35)
This quantity is related to the Lagrangian, and we reproduced from it ENB (C2)). We obtained

5=R(G)+Rq - %R“df"cdnab - %Rz (2.36)
— 4(06)? + AV2) — A(B™ 0 — T*)? = AnayV*(B0cd — T") .

In addition, it was shown in [29] to encode the dilaton equation of motion for standard
supergravity, by considering S = 0. Here, we get the analogous result: S = 0 reproduces the
dilaton equation of motion (221]) in flat indices.

To derive the two other equations of motion, we calculate the generalized Ricci tensor

%Ral—ﬁ“ﬁ = [v*Da, Dgle™ | (2.37)
that depends on the above derivatives. For standard supergravity, it was shown in [29] and
[39] that setting the symmetric part to zero, R(ap) = 0, corresponds to the Einstein equation,
while the antisymmetric part R, = 0 yields the equation of motion for the b-field. In
analogy here we should obtain the equations of motion for g and 3 taking respectively the
symmetric or antisymmetric part of Ry,. Using the quantities defined above, ([2Z.37) becomes

1 a a a c ac a —— nge
§Ra5fy et = <7 O+ nad/Bd Oc + Xacdy 4 + Xav > (ag - nbg,Bg O + nggh’}’gh) et (238)

— 7l (e = g7 06 + Yeynr™ ) €* + 7 Mg (0 = Teg B0 + Yagn™") *
1

— 5V e R (0 = TegB7°0c + Yegun ™) *

_ <63—Wﬁ9_eag—|— }/l_)gh,ygh> (’7[16[1 + 7a77ad6dcac + Xacd'yaCd + Xa’}/a) et .

We leave the computational details of the above expression to appendix [B.2, and give here
the result. After aligning the vielbeins, and considering only the first order in y-matrices,
1R A0 o

s Rapyy® gives

1 1 5ge 1 igc e
<§Rba - §ne(anb)gRg + gnaenbgnifncdR g Rdf (239)

+ VoV = Neatlyg VI (VEP) = Ne(aitnyg VT

—

1 1 1
+ Z”?aenbgndfadeeg - _ne[aab] Qdde - Zﬁgcacfeabnge + §6gcacfdd[a"7b]g

\)

1 1
+ Z"’}bgnaenc}lfddc@heg - Z"?ch@ddcfhab

1 1 o1
+ ngch[adcnb]g + §ne[afhb]inecTIchndz + §ne[afhb]thec
- ne[avb] (66&) - ne[avb]Te + Tlg[b%gva](g

1 1 14, —2d
- §nae77bg77fcRgfeTc + Z"?aenbgndfezd)vd(e 2¢>Rgfe)>,7a

12



The first order in v* will be enough to recover the equations of motion derived above, i.e. the
higher orders in 4* should vanish, as they did for S [I].

As explained above, setting Ry, = 0 and therefore the expression (239]) to vanish, we
should obtain the equations of motion for § and . More precisely, setting the symmetric
part of (Z39) to vanish gives

1 1 i~ 1 .
§Rba - §ne(a77b) Rge + énaenbgnifncdRchRdfe (2'40)

+vaa§£ - Tle(anb) (V ¢) Te(alb)g V T°=0,

that matches the Einstein equation (2.22]). Similarly, the antisymmetric part of (239 gives

1 1 1 1
Znaenbgndfadeeg - §ne[aab]Qdde - Z/Bgcacfeabnge + §/Bgcacfdd[a77b]g (2.41)
1 1
+ang77ae770hfdchheg - chthdcfhab
1 1
+ngch[adcnb]g + §ne[afhb]inechch77 + Tle af b] thec

ne[avb](6e(£) — T]e[avb]Te + ﬁg[bvgva]¢

1 1 T~ o7
_§naenbg77fcRgfeTc + Znaenbgndfe2¢vd<e 2RI =0 .

This last result matches ([2:24]), the equation of motion for § in flat indicesﬁ

3 Bianchi identities and NS-branes

3.1 NSNS Bianchi identities without sources

In this section, we first review the appearance of NSNS Bianchi identities (BI) through the
literature. As mentioned in the Introduction, the BI in the NSNS sector have been treated in
different ways. We recall approaches based on algebras with various brackets, that eventually
lead to the BI using their Jacobi identities. The BI have also been derived from a nilpotency
condition on generalizations of the standard exterior derivative, where including the geometric
and non-geometric fluxes plays an important role. We will then make use of these ideas, and
rederive the BI (7)) - (II0) by considering the square of a Spin(D, D) x R* derivative.

3.1.1 Sourceless NSNS Bianchi identities through the literature

In the Introduction, we gave our BI for the NSNS fluxes in the absence of source (7)) - (II0).
Let us repeat them here for convenience

Ot on — Foapaf b =0, 3.1
€ e 1 € €

0uQn™ = B0y = 5Q0™ oy + 201 1),

0, R — 38%90,Q," + 3R £ 5 — 3Q,M9Q," = 0

/Bg[dagRabc] + gRg[danbc] -0

2

OJOO

(3.1)
(3.2)
(3.3)
(3.4)

3.

3To verify this, one should multiply the equation ZZI)) by 2 and match its indices (a,b) with those (e, c)
of (Z24). In addition, one can use [ZI3) and ZIZ) on the term in VV¢.

13



We will review the appearance of NSNS Bl in the literature and draw a connection to the above
relations. But let us first make a few remarks on them. As mentioned in the Introduction,
the conditions (BI) - (34) are actually identities: they hold automatically if one uses the
definitions of the fluxes, and this is how we obtained them in the first place in [I] (see
appendix C.3). Moreover we note that ([3d) can be derived from VI™R™4 = 0 obtained in
@ZL 23]. In addition, (B3] should correspond to the BI for the Riemann tensor associated to
R, given in (3.44) or (3.47) of [23], in the same way that ([B]) corresponds to the BI for the
standard Riemann tensor. Let us now turn to the different approaches to the NSNS BI in
the literature.

Algebraic interpretation

This approach is based on having an algebra where the geometric and non-geometric fluxes
appear as structure constants; the NSNS BI are then obtained by considering the Jacobi
identities of the algebra. This idea first appeared for standard geometric backgrounds: the
algebra was that of the gaugings of four-dimensional gauged supergravity, and the generators
7 and X were understood as descending from ten-dimensional ones, for diffeomorphisms
and b-field gauge transformation respectively [40, 411, [42] 43]. For T-duality covariance in
four dimensions, this algebra was extended towards the famous one (6] to include non-
geometric fluxes [8 T0]4 A further extension was considered in [44] to include other sectors
of supergravities. As mentioned already, the Jacobi identities of the algebra (LT generate
the following set of NSNS BI [§]

flapHeqe =0 (3.5)

Haab Q" + fapat oy =0 (3.6)

S Hang R = 5Q,% g +2Qp,1 1) gy = 0 (37)
R 15 — QuM9Q4M = 0 (3.8)

Rldaq bl — ¢ (3.9)

Setting the H-flux to vanish, one can see that these BI exactly match our relations B3I -
(B4) for constant fluxes. Our BI can thus be thought of as a generalization when fluxes are
not constant.

Such a generalization has already been obtained in [34] H There, a quasi-Poisson structure
given by f( is considered. Applying in ten dimensions the Lie bracket on the generators
Zy = 0, X* = B0, the algebra (L) for H = 0 is precisely reproduced, where the definition
of the fluxes there match ours (up to a sign on R). A further deformation allows to include an
H-flux. The Jacobi identities of that algebra then provide NSNS BI for non-constant fluxes.
These identities are given for H = 0 in (CJ) - (C4), and we verify in appendix [CT] that they
match with our (3I) - (34]). This explains in another way why our BI hold automatically:
they correspond to ten-dimensional identities derived from Lie brackets.

Finally, other approaches made use of different brackets to obtain similar results. The
algebra (LA, at least for H = 0, was derived from a Generalized Complex Geometry per-
spective [27] by considering the Courant bracket acting on generalized O(D, D) frames. The

*Our conventions differ by a minus sign on the R-flux with those of [8].
"Relations similar to our &1 - (34) were also obtained in [45], although they do not match exactly, as
the @Q-flux defined there is different, and there is no geometric flux turned on.
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R-flux there however does not match our definition. The algebra (L)) is obtained again
with the Courant bracket, acting this time on standard frames and co-frames (flat vectors
and one-forms) in [34]; similar results appear in [46] with an emphasis on the related Dirac
structures. The corresponding Jacobiators derived in [34] contain some terms encoding the
aforementioned BI (C.I))-(C4l). A Double Field Theory (DFT) extension of these ideas can
be found in [33], where the C-bracket [47, [48] is used: this DF'T generalization of the Courant
bracket reduces to the latter upon the strong constraint @ = 0. Acting this way on generalized
vielbeins, the algebra (L)) is reproduced in an O(D, D) covariant manner. The related Jacobi
identity would be given by two terms, one of which is proportional to a quantity Z4gcp that
can be decomposed and reduced into the various BI (B.1]) - (3.4)), as detailed in appendix[C.1]
Another generalization of the Courant bracket, called the Roytenberg bracket, was also used
in [49] to write the algebra (I6)). Finally, in the CFT approach of [50], the algebra (L6 is
directly reproduced from actions of (asymmetric) orbifolds.

Nilpotent derivative

Besides the algebraic approach to derive the BI by evaluating Jacobi identities, there is
a second proposal using a generalization of the standard exterior derivative. Imposing a
nilpotency condition on this derivative is equivalent to a set of constraints that turn out to
be the BI. The first simple illustration of that idea is given in the Introduction, particularly
in (L3, with the square of the derivative d — HA on a p-form A. In [I1], a generalization of
d — H A that includes all NSNS geometric and non-geometric fluxes was proposed. It is given
here in our conventions by

DuwA = (~H A —f - =Q - +RV)A, (8.10)
1 1 1
f‘ _ Efabc éb A éC A la , Q — EQCab éc A La [,b s R\/ = gRabc Lg Lb Le 3

where ¢, and v denote contractions on forms, and we refer to appendix[Alfor more conventions.
More precisely, this derivative was given without the numerical coefficients that we add here,
and was rather specified on the component of the form A, i.e. without the contractions.
This corresponds to a four-dimensional perspective, where fluxes and A only appear through
constant components after being integrated over an internal space. This explains the absence
of a derivative on the component of A. It was then claimed that the nilpotency condition
D2, = 0 would reproduce the NSNS BI for constant fluxes ([33]) - (31). This claim was made
more precise in [35] where the previous derivative was completed by two more terms as

1 1 1 1
DA = <— gHabcé“ AEAEE A —Ef“bc Ny N— EQc“b €A Ly Ly + gR“bc La Lb be
1 1
— 5w & A 50, Lb)A . (3.11)

More precisely, we again rewrite a formula that was given on form components, namely (B.3)
of [35], using here forms and contractions; also, our conventions differ by a minus sign on
the H-flux. The two new terms given by the traces of f and @ will play an important role,
together with dilaton terms, when we define later on the Spin(D, D) x R* derivative. They
were already important in [35], where an explicit computation of the nilpotency condition for
the derivative ([BI1]) lead to

1 1
D} =0 < BI B3) — @) and gHabcR“bc +3 FlapQa™ =0 . (3.12)
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The nilpotency condition reproduces the NSNS BI (with constant fluxes) together with an
extra scalar constraint that includes the traces of f and (). Note that particular indices con-
tractions of the BI also appear in this computation; the same will happen for our derivative
in section

As mentioned already in [I1], the derivative d — H A enters the BI of the RR fluxes for
type Il supergravities, given by (d—H A)F = 0 in the sourceless case. Here, F is the polyform
given by the sum of the RR fluxes (we set Fy = 0 for simplicity); one has F' = (d — HA)C
for a polyform gauge potential C. The polyforms F and C can actually be interpreted as an
O(D, D) spinor: this was pointed out in [51], 52}, 53], 54}, 55], and it could be guessed from the
SUSY conditions of [56]. This idea lead in [57133] to define at the level of DET F = DC, where
D = I'*D4 denotes the Dirac operator associated to a Spin(D, D) x Rt covariant derivative
Dy, and T4 are Spin(D, D) Clifford matrices. A related derivative appeared already in
127, 58, 53]

So this spinorial derivative is somehow natural to consider, and we will do so in section
at the level of standard supergravity and [-supergravity, using its generic Generalized
Geometry definition; the one of [33] is then the DFT extension. The non-trivial point we
make in this paper is that the vanishing square of this spinorial derivative should give the
NSNS BI, in analogy to d — HA. In other words, as we will show using the Clifford map
on the I-matrices, this Spin(D, D) x Rt derivative reproduces and generalizes the above Dj.
Although this idea is not explicitly mentioned in [33], D? is already computed there in (4.13)
at a generic level, and it gives a hint on the results to be derived. Indeed, this square depends
on various quantities among which Z4gcp and Z. We show in appendix [C.1] that the former
reduces to our BI (B)) - (B4) while the latter contains the scalar quantity appearing ([B12]).
So a nilpotency condition of this spinorial derivative does look relevant; we now turn to it.

3.1.2 The Spin(D, D) x R" covariant derivative

We have just motivated the Introduction of the Spin(D, D) x R covariant derivative, that
we consider here at the level of the Generalized Geometry formalism. We first construct it
generically, as well as the corresponding Dirac operator, and further express it for different
generalized frames: the one with a b-field for standard supergravity, and the one with a
for -supergravity. To do so, we use conventions and results of [I], especially the value of
connection coefficients. We verify in a second part that the nilpotency condition on this
spinorial derivative for S-supergravity exactly reproduces our BI (B0 - (34]), together with
the scalar condition mentioned in ([B.I2]). We also clarify the relation to the above Dy of [35].

We start with the O(D, D) x R generalized covariant derivative of (Z25]). From it, the
corresponding spinorial derivative D4 (with generalized flat index) can be written down/ as
well as the Dirac operator D on a spinor W € F(S(ii/z)) [29]

1 1
DU = PAD ¥ = A (aA + 7 Qapel - 5AA)xI/ . (3.13)

The I'matrices satisfy the Clifford algebra

1/0 1 01
A 1By _ o AB _ 1 -1 _

In (I3), the index p of the generalized connection coefficient has been lowered with the O(D, D) metric.
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Here 1 of coefficients nap denotes the O(D, D) metric. A particular representation of this
algebra is given by the Clifford map

L fre=oe . y )
r+ = —_— with {€*,é’} =0, {ew}=0y, {tatn}=0. (3.15)
a — a

We will use it to express the Dirac operator with fluxes, forms and contractions, in a gen-
eralization of the standard exterior derivative acting on a p-form A. The spinor ¥ should
then be understood as polyform [56]. For now, we can simplify ([BI3]) using the identity
[ADBC — pABC 4 pABDC _ pACTEB that relates antisymmetrized products of T-matrices.
Using the compatibility condition, we get

1 1
DU = 14D W :(rAaA + 72upcDVC + S (@QpPc - AC)FC>\IJ (3.16)
1 A 1 A
:<FA5A + ZQABcrABC + §QDD0FC>\I’

E(Dl 4Dy +D3>\If :

Let us point out that D3 denotes the trace part due to the extension of the O(D, D) by the
conformal factor R*, that usually combines the determinant of the metric and the dilaton.

We now determine these three terms for different choices of generalized frames. Following
[1], such a choice can fix 04, Q4%c and Ay. For the I'-matrices, we use the Clifford map
(BI5): forms and contractions act on the one-forms in A while a derivative d,- only acts on
the (flat indices) component of A. Details on the computation of Dy are given in appendix
C.2)

Standard supergravity

Using the generalized frames with b-field, we obtain

Dy =20, - €A (3.17)
1

Dy = —f e’ A A L. — fddceCA —gHabce“A e® A €A (3.18)

Dy = O €® A =20, €A | (3.19)

that sums up to D given by
1 a 1 c a b 1 a b c a
§DA: O, - € /\—§f a® A e /\LC_EHabce ANEAEN =0 e A | A (3.20)
—e?(d—Hn) (e %A) . (3.21)

[-supergravity

Using the generalized frames with 3, we obtain

Dy = 20, - €A +2B%0, - 14 (3.22)
1

Dy = — [P A A te — [.8° A —Qa E" A 1y te + Qa™ e + gRabcLa p Le (3.23)

Dy = [ & A =20, € A +Qa™ 1y — 2(8%0p — T?) ta - (3.24)
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Adding up these various pieces, we find

D =20, - A +2B%0 - ta — [Cap €A E°A 1o — 20,0 EA (3.25)

~ 1
— QA e +2Q4% 1, — 2(ﬁ“b0b¢ — T g + gR“bc Lalp le s

where the second row could be further simplified using the definition of 7%. We can rewrite
this result differently, using the following relations for a 2-form A (easily extendable to higher
forms)

1 ~ 1
ELQVG(Abd)éb A el = (%0, Agq + Qu™Age — §Qd“CAaC)éd , (3.26)

1 1
Qo e Ay LC(EAefée rnEl) = —Q. T A e, QCC“La(aAbdéb A = Q. Agge? . (3.27)

These relations are derived using the definitions and properties of 6, Q, and conventions of
appendix [Al From them, we deduce, as given in (I6])

1 7 -
§DA = e (VoA =V 1, +T v +Rv)(e?A), (3.28)

where V- €A = d, as we act on forms. The second term gives an interesting counterpart to
the exterior derivative.

The resulting D for standard supergravity is a known spinorial derivative [56], and its
square gives the standard NSNS BI as mentioned in (). We are now going to show the
analogous result for the S-supergravity derivative and our BI (81]) - (8:4]). A first hint is given
by the comparison to the above derivative Dy of [35] given in (BIT]). For constant forms and
fluxes, we recognise that in both cases (8 or b vanishes), one has

1
D;= 3D, . (3.29)

The natural completion of Dy in the case of non-constant fluxes would have been by derivatives,
as given by Dp. Interestingly, we will see that this is not enough to recover the BI: the
additional traces and dilaton terms of Dj are also needed. So we now turn to the study of
the nilpotency condition for the above derivative D of (325l

D*A=0. (3.30)

We compute in appendix this condition in details. It produces the following set of seven
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equations

50l + i = 0 (331)

5@ %0 =0 (332

2500 ) + 5 e = 0 (333

5 (0@ — B0, ) + (AT Q0+ 0@y ™) = 0 (3.34)

5 BEQ — S0 Y — QI gy + 2BTQ fea = 0 (335)
SEaR = 300,Qu) — J(~ RO fy, + QuQ,M) = 0 (3.30)
_%6g[aagRbcd] B %Qg[abRcd]g _0. (3.37)

It is remarkable that the dilaton terms completely cancel out. All of the above equations are
not independent. ([B.33)) is a contraction of ([B.31]) by 3, and similarly (3:33]) is a contraction of
B34]). We are then left with a set of five independent identities. These are exactly the four
Bianchi identities listed before: (B31I]) matches B1), [334]) matches [32)), (330) matches
B33), B37) matches [34). So the square of this spinorial derivative ([3.25]) precisely produces
the BI. In addition we find the scalar condition derived in [35], and given in (BI2]), from the
fully contracted terms (B3.32]).
Given this result, and the expression of D given in ([B.28]), we deduce on a two-form A

o 1
{va A Py — T v }A - (ﬁbgsgbg Acq + 8% Abg) eael,  (3.39)

where the quantities S are defined in section B.2.3] and correspond to the LHS of the BI
BI) and B2). This gives a tensorial form to (B2, since such a form for (BI) was already
mentioned in the Introduction. The cases of (B3] and (B3:4]) were discussed below the latter.

3.2 T-dual NS-branes sourcing the Bianchi identities

As presented in the Introduction, the Bianchi identity (BI) for the H-flux gets modified with
a source term on its right-hand side (RHS) in the presence of an NS5-brane. We show in
this section that the BI BI))-([34) just studied get corrected similarly if other NS-branes are
present, namely for a Kaluza-Klein (KK') monopole or a Q-brane. These are vacua of standard
supergravity and g-supergravity. Up to smearing, they are T-dual to the NS5-brane. We first
present these solutions following the literature. We then focus on the smearing procedure that
allows T-dualities along isometry directions. This clarifies how the different warp factors can
be the appropriate Green functions in the Poisson equations of each brane. We finally verify
how the branes are related by T-duality. We further show that the above BI on the brane
vacua boil down to the Poisson equations, allowing the emergence of the source term. This
study establishes [-supergravity as a nice framework to describe ()-branes.

3.2.1 NS-branes solutions

We present here the various NS-branes, starting with the NS5-brane that sources the H-flux.
The NS5-brane solution was first given in the limit of zero size instanton in [60], and presented
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in a broader context in [61] as corresponding to the case where the gauge field vanishes. More
generalizations and references can be found in [62] [63]. Smearing and T-dualising it along
one direction leads to the KK-monopole, which was first discovered as a solution to pure five-
dimensional general relativity (see [64] [65] and references therein); it sources the geometric
flux. A further smearing and T-duality along another direction leads to a new brane known
as the 53-brane [30, B1] or Q-brane [32]. It is one of the exotic branes [30, 66} BT, 32, 67 [63]:
those recently received much attention, as being related to standard branes by different U-
dualities. Q-branes are non-geometric vacua of standard supergravity, but become geometric
in B-supergravity [32, [33] and then source the Q-flux.

NS5H5-brane

The NS5-brane is physically a codimension 4 object, i.e. it is located in four dimensions that
are singled out as we will see below; it is the magnetic counterpart of the fundamental string.
The original solution takes the following for

ds® = dsZ + fir d83 , Hpnp = —/|94l€amnpgg® 0 In frr , €*? = fur (3.39)
where d37 = Z (dz™)? , 72 = Z (2™, fg =P + % 7
m=1...4 m=1...4 Ty

and ds? is the Minkowski metric. ds? is the flat Euclidian metric, and gives the transverse
directions. The warp factor fz depends on the radius r4 and on two constants, the value at
oo of the dilaton ¢g, and ¢ that is related to the tension of the brane. The H-flux is pro-
portional to the volume form coefficient of the transverse four-dimensional space \/@ €dmnpq
(see appendix[Al for conventions). Given the transverse metric, we can simplify the expression
for the H-flux towards

Hopnp = —€4mnpgd? O fu (3.40)

Kaluza-Klein monopole

The KK-monopole is considered here as a codimension 3 brane. This solution is given by

ds® = ds? + fix d&3 + frc' (dz + ady)? , Hypnp =0, €*? =1 (3.41)
p2ox _ AK

where d§§ =dp? + pPde® + p?sin® o dy? | fx =
p

The metric ds? is still that of Minkowski, and the metric ds2 is the flat space one. But
we prefer here to use spherical coordinates {p, ¢, y} for the three transverse directions. The
radius p will sometimes be denoted r3 below. The warp factor fx depends on two constants,
¢k denoted this way for convenience, and qx that we will relate to the above ¢ in section

Finally, the important quantity in the solution is a. It is like a connection one-form

"We have a factor of 2 difference for the H-flux with respect to the conventions of [6I]. Note that the
warp factor given here is not considered in [69] [33], as only the KK-monopole and T-duals are used there. In
particular, only the smeared warp factor of the NS5-brane is present there.

8 A warp factor for the KK-monopole depending on z was considered in [70l [7T], and related to world-sheet
instantons corrections [72]. One can verify that it matches ours far away from the brane

1 1 sinh p

fr(p,x) = (3.42)

g_2+%coshp—cosx '
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coefficient and is a priori not gauge invariant. Away from the singularity, one has
a(p) = qr cosp for p >0 . (3.43)

We will complete it towards
a(p,p) = cosp p*0,fK (3.44)

for reasons to be detailed in section B.231 From this we will deduce the corresponding
(geometric) flux; the latter will be a better defined quantity to consider. It will be given by

Py = Frl oot - (3.45)

(Q-brane

The @-brane is a codimension 2 brane. This solution is better described in terms of -
supergravity as

d5% = dsg + fo d53 + 3 (da? + dy?) , only B = —B¥ £ 0, ¢ = f5! (3.46)

where d§% = dp? + pPdy? fo= e 2P _ golnp .

Its expression in terms of standard supergravity is given below in (3:85]). The metric ds3 is
again Minkowski, and d&3 is the flat metric, given this time using polar coordinates {p, ¢} for
the transverse directions. The radius p will sometimes be denoted 79 below. The warp factor
fo depends on two constant, (5@ denoted this way for convenience, and g that we will relate
to ¢ in section ngQ may contain a cutoff when p — o0, as mentioned in [30, [BT]; we will
rediscuss this point in section Finally, as for the KK-monopole and a, the field 5 is
here not a well-defined quantity. Still, we will consider (in curved indices)

B = —¢ po,fo = B =qq ¢ forp>0. (3.47)
The Q-flux is a better defined quantity. It will be given by (in flat indices)ﬁ
_3
Q" =—fo%0fq - (3.49)
We verify explicitly in appendix [D.1l that the Q-brane is a solution to the equations of motion

of f-supergravity. In [32], using a different method, this result is obtained away from the
singularity (the warp factor is considered there as a harmonic function; here we don’t).

9As usual, the three fluxes are the same in flat indices, up to a sign on the structure constant. For the
H-flux, one can choose coordinates that isolate the coordinate r4. The corresponding metric element would
still only be given by a warp factor, so one would get

_3
Hunp = =/ |93l€amnp(ry) f11 % Ora f11 - (3.48)

The remaining volume factor is then removed when going to flat indices (see the conventions on ¢ in the
appendix[A]). So the three fluxes are the same in flat indices, although one needs to take the same warp factor.
This only happens when there is smearing, i.e. in the case of T-duality, as we will show below. It is definitely
in that case that we expect the equality of the fluxes, as given in the T-duality chain of [3].
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3.2.2 Smearing warp factors and Poisson equations

The brane solutions that we have just presented are related by smearing and T-dualising
along transverse directions. We focus here on the different warp factors, and show how
smearing relates one warp factor to the other. This explains how each of those can satisfy the
appropriate Poisson equation. To get familiar with these ideas, we start with the well-known
case of p-branes solutions, before turning to NS-branes.

Warm-up: D,-branes

A p-brane is a type II supergravity background that provides an effective description of a
D,-brane in some regime. This solution contains in particular a dilaton that depends on the
warp factor Z,(r), and the metric is given by

_1 1
ds® = Z, *dsji + Z3ds? (3.50)

where dsﬁ is the Minkowski space-time along the brane, dsi the flat Euclidian space transverse
to the brane, r the Euclidian radius for the latter, and

q
Zy(r) =1+ ﬂ—fp , for p <6, (3.51)
with g, a constant related to the tension of the brane. The Ramond-Ramond (RR) flux F' of
this background verifies typically a BI of the form

dF = Q 6(zy) . (3.52)

The flux is sourced by the brane, localised by the ¢ in its 9 — p transverse directions@ and
carrying a charge ). Using for instance the transverse Hodge star =, one can extract the
forms to leave only coefficients, in particular the density 6(°P)(z,). The Bianchi identity
then typically boils down to the scalar equation (up to a proper normalisation)

Ng_pZ, = O07P)(r) (3.54)
where Ag_,, is the Laplacian of the unwarped metric ds?. The appearance of the latter can
be understood for F' = *dC with C the dual potential This scalar equation is a Poisson
equation; solving it means finding the Green function for the Laplacian given some boundary
conditions. The solutions to this problem are known: for two dimensions, one has Inr, and
for d; > 3, one has m%. For d; = 3, this is the well-known electrostatic potential. The
radial dependence in the transverse space directions d; = 9 — p coincides precisely with that
of Z,, (351)) as expected.

We now consider T-dualities on these branes. T-dualising along a transverse direction is
known to extend a D,-brane to a D,i-brane. Can this be seen on the above solutions? The

"The (9 — p)-form §(x1) of B52) can also be viewed as a current, and defined through
Ap+1 = Aerl A 6(:75L) (353)
I 10

for any (p + 1)-form A,41 (see for instance [73} [74]).
HThe BI and resulting scalar equation are sometimes more complicated, depending on what exactly is F.
For example, an additional constant next to the § can be obtained, see for instance [75].
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standard "radius inversion" of T-duality inverts a warp factor in the metric, so the correct
powers of warp factor are obtained by applying the Buscher rules. However, the warp factor
itself should also be changed from Z, to Z,1, as well as the radius of the transverse directions,
from r9_;, to r9_(,11). This is rather obtained from the smearing required by T-duality, as
explained in [75]: a transverse direction of coordinate x, along which we want to T-dualise,
is a priori not an isometry, since Z, depends on z. To allow the T-duality, we first make it
an isometry by smearing, that amounts to averaging in this direction

Zpi1(ro—(ps1)) ~ jdx Zp(ro—p) s Top =22 +7T5 (1) - (3.55)

The smeared p-brane is then T-dual to the (p + 1)-brane. Interestingly, the Poisson equations
are also consistent under this procedure

Ag—pZp = ((ﬁx)2 + A9—(p+1)) Zp = 5) (ro—p) (3.56)
= fdw ((02)* + Ag_(ps1)) Zp = f dz 6O (rg_) (3.57)
< (0 + Ag_(p+1) jdﬂf > Zp = 5(9—(1)—!—1)) (Tg_(p+1)) (358)
& Ag_pi1)Zpr1 = 60 PT D (rg_ 1)) (3.59)

In the last but one line, we use conditions on the warp factor and its derivatives that will
be verified in the examples below. In this derivation, we actually only need the warp factor
without its pure constant part, since only its derivatives are involved. So that is what we
meant in (355]), and what will be used in the following.

The NS-branes share many features with the p-brane solutions. They both have warp
factors that determine the transverse directions. The constants in the warp factors are re-
lated to the tension of the brane, although they scale differently in e?® = g,. Finally, these
warp factors take analogous forms, corresponding to the various Green functions in differ-
ent (co)dimensions. As we will see, the NS-branes satisfy as well Poisson equations. They
actually follow the same logic as the D,-branes: up to smearing, they are T-dual. Their
(co)dimension, metric and warp factors given above match all the criteria just discussed for
that to hold. We will verify explicitly the T-duality relations and derive the Poisson equations
from the Bianchi identities in section B.23] Before doing so, let us first relate their different
warp factors by smearing as just explained for the p-branes.

NS5-brane

The Bianchi identity for the H-flux of the NS5-brane is given by dH, proportional to (oc)
OmHnpq) = —Opm€anpqrd’” OsfH C €amnpgd” 0r0s fr (3.60)

where we used the expression of the H-flux ([340). One therefore gets that

dH ocvoly Agfy . Ay= ) (0m)”, (3.61)
m=1...4

with the four-dimensional volume form voly. The Bianchi identity in presence of a source is
given by dH oc voly 5@ (r4), so the warp factor has to solve the Poisson equation

Asfr = e 0W(ry) , (3.62)
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with a constant cg. In other words, fr/cy should be a Green function for the four-dimensional
Laplacian Ay. A known Green function for this problem is ;15, so fm given in ([B39) certainly
4

solves the Poisson equation. A crosscheck of this result is that away from the singularity
r4 = 0, the Poisson equation boils down to the Laplace equation, meaning

Asfg =0forry >0. (3.63)

One can verify that this holds for fy of (3.39).

Kaluza-Klein monopole

We turn to the KK-monopole. We follow the procedure explained above, by smearing the

NS5-brane along one direction z. First, we introduce the new three-dimensional radius r? =

72 — 2. Then, we smear the warp factor without its constant fy — ¥ to get the new one

fx up to its constant 2%k as follows

+0 q 2\ gr
fr(r3) — %K = f dz (fu(ry) — e29H) = [— arctan <—>} ==—. (3.64)
—0 T3 T3 —o r3
This new warp factor matches the one given in B4l with ¢x = —mq. In addition, it is a
known solution to the three-dimensional Poisson equation
Asfr =cx 03 (rs) (3.65)

the well-known electrostatic potential. One can straightforwardly verify that
Asfg =0forrs>0. (3.66)

This result was expected from the discussion around 356]) - (359). One condition for this

procedure to work is that the derivative of the warp factor vanishes on the boundary. Here

this holds, as 0, fir = — 2qrf ~% —(szq)g. The same will be true for the further warp factors
4

(the power of 2™ in the denominator decreases by one at each step).

(Q-brane

We should now obtain the warp factor fg of the )-brane by smearing the previous one
along a further direction y. We introduce the two-dimensional radius 73 = r3 — 32, and the

boundary constant ¢=290. We introduce further ¢ that will be sent to o0, and the function
arsinhz = In(x + /(2?2 + 1)). Then

+€

falrs) — e = [ ay (fie(rs) - 29%) = g [ln (y s g)ﬂ (3.67)

—€
—€

=qn [ln (y +4/(y? + r%))]i .

The function arsinhz is odd, from which we get the property
In (—y +4/ (Y% + T%)) =—In <y +4/ (% + T%)) +2Inry .
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We deduce
fo(ra) — e %2 = 2grIn <€ + 1/ (2 + 7’%)) —2qrminry .

This diverges when taking the limit e — c0. We therefore need a cutoff, as argued in [31], to
remove this divergence Up to a redefinition of the constant ¢¢g to absorb it, one obtains

folre) = e2%0 _ oqninry . (3.68)

This warp factor matches the solution ([3.4€) with gg = 2m¢. In addition, it is a known
solution to the two-dimensional Poisson equation

Aofg =cg 6P (rs) . (3.69)
One can straightforwardly verify that

Aofg=0forry >0. (3.70)

R-brane ?

It is tempting to go one step further: we smear along the direction z to get the warp factor
fr of a hypothetical R-brane, with constant e>*#. We introduce the one-dimensional radius
that depends on the left-over coordinate w: r? = r3 — 22 = w?. We introduce again an e that

will be sent to co. Then

- +e€ _ +e€
fr(ry) — e2PR = dz (fo(r2) — 672(1)@) = —qm dz ln(z2 + 7‘%) (3.71)
“+e
€ 2
= —qm [Z 111(2’2 + 7’%)]__'_5 + qm J\_E dZ Zzzidfr% (372)
2 2 e 7’%

= -2 | 2 d 1l——— .

greln(e® + 1) + 2qm f_e z ( o r%) (3.73)

+e
= —2qm (e In(e? + r?) — 2€) — 2qmry [arctan <i>} . (3.714)

T1 e

As for the @Q-brane, the first term diverges. We consider again a cutoff and absorb it in a
redefinition of the constant. We are then left with the second term, that gives for e — o

fr(r) = €2°7 — 2qn?r) = 20 _ 2qm2|w| . (3.75)
The absolute value is known to be a solution of the one-dimensional Poisson equation
Aifgr =cgr 6V (r) , (3.76)
and one can again verify that away from the singularity,
Aifr=0forr; >0. (3.77)

Although smearing the warp factor seems to work and to yield a consistent result, per-
forming a T-duality along z is more challenging. It would require to smear as well the b-field

12Tt would be interesting to study whether the divergence is related to the non-geometry, and thus whether
the field redefinition could avoid it, by for instance including volume factors in the integral relation ([B.53)).
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or the (3, for which there is no clear procedure. Maybe one could rather consider a direct
T-duality transformation of the flux, as proposed in [76], since the flux is a better defined
quantity that does not depend on z. We hope to come back to this possible R-brane solution
in a future work. Note that it should be different than the one proposed in [32], that rather
involves a dual coordinate.

3.2.3 Smeared branes, T-duality and sourced Bianchi identities

We have just shown how the warp factors of the different branes are related by smearing,
and how this allowed them to solve the various Poisson equations. We have now all the tools
necessary to T-dualise the (smeared) NS-branes into one another, and then verify that the
Bianchi identities B1]) - (B4]) for their fluxes lead to the Poisson equations. We start with
the Q-brane, as it involves most of the ingredients needed for the others.

(Q-brane

We are going to obtain the @)-brane by T-dualising the NS5-brane along two directions. To
do so, we should first smear the latter. This amounts to consider the smeared warp factor fg
of ([B46]) instead of the standard fp of ([339]), and to use cylindrical coordinates: p = ro and
© for polar coordinates, and x, y cartesian for the two smeared directions. Those coordinates
are the most appropriate, not only because of the two-dimensional radius in fg, but also for
T-duality. Unless one uses a procedure as the one of [76], T-duality requires to have a b-field.
Given the expression of the H-flux in (3.40) and the relation Hyunp = 30[,byy), it is much
simpler to obtain a b-field that respects the isometries using those coordinates. So starting
with (3.39), the (twice) smeared NS5-brane is given by

ds® = dsg + f d87 , Hunp = —p €amnpp0pf , €20 = f (3.78)

where d33 = dp? + p?dp? +da? +dy? , f = fo, (3.79)

in curved cylindrical indices. Fixing €sppzy = +1 (see conventions in appendix [Al), one
computes away from the singularity the only non-trivial component of the H-flux

Hypy = qg for p> 0, (3.80)

in curved indices. We then choose the following gauge for the b-field
bpy = —bys = qg ¢ for p >0, (3.81)
so that it respects the isometries. To include the singularity, it is tempting to define

bmn = €4ppmn a(p7 (:0) 5 with a = - papf ) (382)

that gives the correct expression when acting with 0,. But it leads to undesired H-flux

components at the singularity when acting with ¢d,. This same ambiguity will appear below

for the KK-monopole and the Q-brane. So it is important to keep it in mind: we consider

this completed but ambiguous b-field, and the trick to get the good fluxes is to set d,a = 0.
We now T-dualise along x. Applying the Buscher rules we get no b-field and

ds® = ds? + f ds3 + fH(dz + ady)? , Hypnp =0, €2 = (3.83)
where d§3 = dp? + p?dp? + dy? . (3.84)

13Tn [36] are given Buscher rules in terms of g and b that are equivalent to the transformation @EII). We
use those, with a minus sign difference on the b-field, due to conventions.

26



This corresponds to the KK-monopole (BA41]) smeared along y, as can be seen from the warp
factor and the coordinates. The smeared a present here can only be understood through this
T-duality procedure though. Finally, we T-dualise along y and get

2 2
ds? =ds2 + fd&3+ f1(1 + %)_1(dx2 +dy?) , by = —bye = —af (1 + %)—1 , (3.85)
2
2 = F71(1 + %)*1 , where ds2 = dp? + p?d¢?

which has been argued in [30] to be non-geometric. The b-field of the NS5-brane being linear
away from the singularity, we have here a typical example of non-geometry, as described in
sections A2l and Using the field redefinition ([2.1I), we get

ds® =ds2 + fd&3 + fL(d2® +dy?) , B = ¥ =a, * = 71 (3.86)
where d33 = dp? + p2de? . (3.87)

This is precisely the @-brane solution (3.44]).
Let us now determine the fluxes of this solution. The vielbein is given by

f3
e=| I , (3.88)

from which we deduce the non-zero structure constants or geometric flux (A.2))
© L, 3 O y 1, 3 " u
fp¢:_§f2pf_f 2p afpm:fpy:§f Qapfafbc:_fd)) (3'89)

where with some abuse of notation we denote on the LHS the flat indices with the corre-
sponding curved space coordinate, and on the RHS the derivative has a curved index. We
now compute the Q-flux. It is worth noticing that the QQ-brane solution verifies the condition
B0y = 0, as pointed out in [32]; this holds even at the singularity. Then, one has

Q. = 9.,5% — opdlaptl ; L0 op ga b o gmn (3.90)

as can be seen from ([@22), while R%¢ = 0. Recalling the ambiguity of the b-field and a in the
NS5-brane discussed around ([B.82]), one gets the only non-trivial component of the Q-flux

Q" = —f720,f (3.91)

where we mean again flat indices, and the derivative has a curved index. This result matches
precisely the smeared NS5 H-flux in flat indices, which confirms the validity of our procedure.
Finally, we turn to the BI. Given the fluxes just determined and using some antisymmetry

arguments, one can see that B.1)), (B3) and (B4]) are satisfied. Let us rather focus on (B:2)),
and the quantity

1
S;l]ec _ [an]de _ 6g[dagfe]af _ §diefgaf + ZQ[ag[dfe]f]g ] (3‘92)
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The second term vanishes here. We fix (a, f,d, e) to be (p, ¢, z,y): this is the only non-trivial
choice, up to antisymmetries. One gets

St = 300 = 50— Fy — F10) (3.93)
= —%f‘Z (02 +p7'0pf) = —%f_2A2f : (3.94)

where A, is the two-dimensional Laplacian obtained here in polar coordinates, since f does
not depend on . As argued in ([69), f is here the Green function for Ay up to a constant
cq. So we propose the following correction of the BI (3.2) due to the source

C ¢ — ec
Seh = —7Qf 2 ex1ab Ea)jer n°n’? 6P (p) (3.95)

where we took into account the constraints on the indices. This results in the BI (II2]), and
we have just shown that the @-brane solves it.

Let us mention that a BI with a Q-brane source term was proposed in [77]. We comment
on it in appendix [D.2] and conclude on a mismatch with our proposal (L12]).

KK-monopole

We follow a similar procedure to show that the KK-monopole is obtained by T-dualising the
NS5-brane along one direction. We first smear the NS5-brane along x. Doing so amounts
to choose the smeared warp factor fx of (341 instead of fz, and to use the better suited
spherical coordinates p = r3, ¢, y. Then the (once) smeared NS5-brane is given by

ds? = dsg + f A8, Hymp = —p?Sin ¢ eamnppOpf , €27 = f (3.96)
where d§i = dp? + p?d® + p?sin® o dy? + d2? |, f = fk.

Similarly to the discussion for the )-brane, we introduce (in curved indices)

brn = €appmn a(p, ) , with a = cos¢ p20pf , (3.97)
bey = qrrcos , Hppy = —qrsing , for p>0 . (3.98)
We can then perform the T-duality along x. It is formally the same as above, giving
ds® = dsZ + f d&3 + fHdz + ady)? , Hymp =0, €2 = (3.99)
where d33 = dp? + p2de® + p*sin? ¢ dy? | (3.100)

where now f and a are precisely those of the KK-monopole ([B.41]), that is thus recovered.
To proceed further, we consider the following vielbein and its inverse (in the basis (p, ¢, y, x))

f2 £
1 1
f2p ) 1 fzpt )
fipsing f72ptsinTl o ’
_1 _1 e | 1
f72a [T —f Zap” sin" o f2
from which we compute the following non-trivial structure constants (A.2))
1 14 e 1o o
[P0 = 1oy =p0p(f 2p 1)7 =1 1apf2 s [y =J"2p Lsin g 0, (sin 1(p),
3 9 . 3
flop=—F"2p7sin " 0 dpa=f20pf , [ =—f"ap - (3.101)

Y
Il
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As above, we mean flat indices on the LHS, and the derivatives carry curved indices on the
RHS. Due to the ambiguity of the b-field of the NS5-brane and of a discussed around (3.82),
we do not consider an f*,,, that would have been non-zero at the singularity. This way, for
all T-dual branes, the important component of the flux has the (flat) indices (¢, z,y) and is
due to the potential, being here a. The value of these components even matches, up to a sign.
The other f present here are mostly artefacts of the metric and do not play the same role.
Finally, the absence of b-field for the KK-monopole makes the other type of fluxes vanish.
We finally turn to BI: (82) - (34]) are trivially satisfied, while ([BI]) involves the quantity

Sped = O S cay = [ epf ea) - (3.102)
By antisymmetry, S;., = 0. In addition, one can verify
y Liieis oy y e
Shey = 3 (f 200 oy + [yef pw) =0. (3.103)
Therefore, the only non-zero S ; is given by
pey T 3 <f 20pf oy — [Ty ([Tap+ fYpy + f@pgo)) (3.104)
1
=-3 sin o f2p20,0,a (3.105)
L. o2 2 L.
= gf oy f + ;5pf = gf Asf, (3.106)

where Ag is the three-dimensional Laplacian, here in spherical coordinates, since f only
depends on p. We mentioned that f is the Green function for A3 up to a constant cx ([B.63).
So we propose the following correction of the BI ([BI]) due to the source

c - ea
Shed = ?Kf 2 €315ed €1)e 1% 0¥ (p) (3.107)

where the constraints on the indices were taken into account, and €, is only non-zero and
equal to one if e is the direction along the brane. This results in the BI (L. I]), and we have
just shown that the KK-monopole solves it.

NS5-brane

For completeness, let us come back to the BI of the H-flux for the NS5-brane. We showed
below (3.60]) how this BI in curved indices would lead to the Poisson equation. Going to flat
indices amounts to multiplying by vielbeins since dH is a tensor. One gets the quantity

~m ~n_~p = 3 e
Sabed = €" a€" b€ €740 Hppq) = o Hpea) — gf [abHcd)e - (3.108)

In cartesian coordinates, the vielbeins are just given by f 3. So from B60), (3:62), and the
above, we propose the following contribution of the source

c _
Sabcd = _ZHf 2 €41 abed 5(4) (T4) ) (3109)

where only the numerical factor should be verified, and the convention for €4 is in appendix
[Al This results in the BI ([I3]), and we have shown that the NS5-brane solves it[1]

MFor the three branes, we obtained a factor f~2 next to the § in the source contributions to the BI. It would
be better to have a generic formula that reproduces this factor, for instance with volumes or vielbeins, but we
did not find any.
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4 Geometric vacua of S-supergravity

In this section, we study the conditions for a vacuum of S-supergravity to be geometric,
while its formulation in standard supergravity would be non-geometric. As explained in
the Introduction, such backgrounds are those for which S-supergravity description is truly
useful. In the context of compactification, those backgrounds allow a dimensional reduction to
four-dimensional gauged supergravities with non-geometric fluxes; the latter would not have
a ten-dimensional uplift otherwise. Whether a background is of this type is related to the
symmetries used to glue its fields from one patch to another, as mentioned in the Introduction.
We mostly follow the reasoning presented there, and clarify on the way several concepts such
as geometry and non-geometry, that is a theory dependent notion. We end this section by
studying the properties of some of these backgrounds, namely those that use S-transforms,
determining in particular whether they eventually lead to new four-dimensional physics.

4.1 Symmetries of the NSNS sector

We consider a field configuration in a theory (possibly a vacuum), in a target space picture,
as given by a set of fields defined locally on several patches of the space, and gluing from one
to the other by some transformations. In order for this field configuration to be described by
a single theory, as it should be to have a good description of the physics, or in other words, in
order to use only one Lagrangian over the whole space, the gluing transformations should be
symmetries of that theory [26]. It is therefore important to first identify these symmetries, as
we now turn to. In section [£.2] we will then look at what type of background the symmetries
lead to when used as gluing transformation.

4.1.1 General case

We will be mostly interested in the NSNS sector of standard supergravity given by the La-
grangian Lnsns (24) and the NSNS sector of [-supergravity given by the Lagrangian /jg
(26). Up to the field redefinition, they differ as explained in section 2] by a total derivative.
In [I], we had

ﬁNSNS - am <6_2d (gmngpqangpq - gmngpqangpq + an(gmn - gm"))> (4-1)
B 6_2d 0

= Lot om <Wa" (GpgB7™ BT (g]) — de™ ﬁpmgquq> '

The total derivative can be simplified by noticing as in [3, 23] that §™" — ¢"™" = —gpe P BI".

Using in addition that 0, In|g| = §P90,,gpq, One obtains

LNSNS + O <e‘2d (9""on ln% + 4ﬁpm§pq7q)> =Ls. (4.2)

The field redefinition also gives that |g| = |§|~*|g~" + 3|72, from which we get
Lxsns + 0m (€72( = 26" 0 n |1 + 58] + 4™ 54 T?)) = L5 (4.3)

The fact they differ only by a total derivative has two crucial consequences: first the equations
of motion are then the same, up to the field redefinition, so a vacuum of one theory is then, at
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least locally, a vacuum of the other theory. Secondly, a symmetry of a theory usually leaves
its Lagrangian invariant up to a total derivative (the case of supersymmetry for instance), so
here, a symmetry of one theory will be a symmetry of the other one.

The symmetries of both theories are well known and were studied in details in [I]. The
Lagrangians are invariant under diffeomorphisms: this is manifest in their expressions (2.4
and (26]). In addition, Lngns is invariant under the b-field gauge transformation. This can
be translated as a transformation on the [-supergravity fields, and was called a § gauge
transformation [IJ. /jg is then invariant under it up to a total derivative.

A field configuration that uses diffeomorphisms or b-field gauge transformations to glue
is certainly geometric in standard supergravity (see the definition in section [L21]). As we
will see, it may or may not be geometric in terms of S-supergravity, but in any case, such
a description is not really necessary, as standard supergravity is then appropriate [26] .
Therefore, it would be interesting for S-supergravity to have more symmetries at hand. To
reach such a situation, we necessarily have to modify the theories in some manner: we will
consider a further constraint, or restriction, or subcase, that will generate an enhancement
of symmetries, as suggested in [I]. Let us motivate the restriction to be considered by a new
symmetry that appears manifestly in ENB.

4.1.2 A new symmetry of S-supergravity

We present here a new symmetry of S-supergravity (under some conditions), that we will
later relate to the g-transforms of T-duality. The Lagrangian 25, given in curved indices in
(26]), only contains 3 through either 0,,5? or BP"0,-, where the dot stands for any of the
three fields or their derivatives. Therefore, the following holds

Pl — BP9 4 5Pl

With ¥ m. p.q. @P 0 =0 . Oy = 0 is a symmetry of Lg . (4.4)

In others words, a constant shift of 5 by (an antisymmetric) w?? satisfying w?" 0, = 0 leaves
Z/B invariant. Can the two requirements on w in (4] be relaxed to a more general one,
which would, for instance, not require w to be constant? It does not seem possible and the
relation we will establish to T-duality suggests that there is no such generalization. So we
stick to this form ([@4]) of the symmetry. It is now important to understand the two conditions
on w in (4], i.e. how can this symmetry be concretely realised. To that end, let us consider
the following equivalence, given a field configuration and an integer N > 1

151t is tempting to consider the conditions

vm,p,q, @ 0-g"™" +g" 0w =0, (4.5)
@ 0,8 + BP O™ =0 .

(&3 implies the invariance of f‘;”” under the shift, and so of T" = f‘g”. In addition, (£G) makes the linear
terms in w in the variation of the R-flux vanish. One could then hope for a more general symmetry. However,
using the (anti)symmetry of m, ¢ in (L), one obtains that this condition and (4] are actually equivalent to
the two of (@4, at least for § and § instead of the dot.
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Any constant wP?, that is only non-zero
< | along a specific N x N (diagonal) block,
satisfies w0, = 0 .

3 N isometries generated by N independent
constant Killing vectors V,, te {1... N} .

(4.7)

We provide a rigorous proof of this equivalence in appendix [El As shown in that proof, the
left-hand side of (A1) can be translated as (E.2)), i.e. as the independence of the fields (and
their derivatives, by commutation) on N coordinates. In addition, the right-hand side of (4.1
gives conditions on the w that are precisely those needed to realise the symmetry ([4), up to
the restriction of having a non-zero block. So this equivalence can be translated in particular
into the implicatio

The shift gP7 — P4 + P4, for any constant w??
that is non-zero only along the N x N block,
is a symmetry of Lg .

The fields are independent
of N coordinates .

(4.8)

The symmetry can thus be realised provided the fields are independent of N (> 1) coor-
dinates; the allowed shifts are then those along these isometry directions, and constant. The
new symmetry (L4 is therefore tied to having isometries: it is not a symmetry of general
B-supergravity, but requires to focus on the subcase (in particular, on the set of backgrounds)
that have isometries. In this sense, it is reminiscent of T-duality for string theory; we will see
that the two are actually related.

As this symmetry of 55 is only present in a subcase, one may wonder under what con-
ditions it can also be a symmetry of Lysns. The field redefinition relating only the fields
among themselves, the independence on the coordinates of one set of fields translates in that
of the other set. So the conditions for the symmetry to be realised is the same on both sides:
given the discussion made below ([@3]), we deduce that in this subcase, this symmetry of 55 is
also a symmetry of Lnsns, up to a total derivative. We can actually be more precise on this
last point: in the total derivative [@3]), 5 appears again through ¢,,4P¢ and P"0,-, but also
through a determinant. The variation of this determinant does not seem to vanish, so LnsNs
would be invariant under (44 only up to a non-vanishing total derivative. The same may
happen reverse wise with constant b-shifts, although one should rewrite the total derivative
in terms of g and b to verify this.

4.1.3 Elements of the T-duality symmetry

We now turn to T-duality. When the target-space fields are independent of N coordinates in a
D-dimensional space-time, the bosonic string sigma-model gets an additional symmetry, that
is T-duality (see the reviews [78] [79} [80] and references therein). This symmetry translates
in the NSNS sector into the action of a constant O(N, N) group on the fields. Therefore, if

6The reverse can only be formulated with the w?”d,- = 0 condition, because it is not clearly the same as
the constant shift being a symmetry.
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the latter are independent of N coordinates, the target-space theory, namely Lnsng, should
inherit this symmetry: L£ngns is then invariant under the O(N, N) transformation (up to a
total derivative) This invariance is not often mentioned, as one usually considers a full
supergravity, for instance type ITA/B, that also contains a RR sector. The latter is on the
contrary not always preserved by T-duality, so T-duality is generically not a symmetry of
type Il supergravities, but only a transformation. Here, we only focus on the NSNS sector,
and we recall in appendix [E] two approaches to show the invariance of Lysns under this
transformation, up to a total derivative. The first one is the work by Maharana and Schwarz
[81] that considers a compactification along the isometries, and the second one is the relation
between Lnsns and the Double Field Theory Lagrangian, which is invariant under the bigger
group O(D, D). We conclude that this O(NN, N) transformation is a symmetry of Lnsns (up
to a total derivative) when the fields are independent of N coordinates. As discussed above,
the same then holds for £~5 and its fields.

Let us now present in more details the action of the T-duality group O(N, N). Its action
on the fields is better characterised by considering the 2D x 2D matrix H, the generalized
metric that depends on the metric g and b-field, and the quantity d related to the dilaton,
that we introduced in section [ZIl In addition, one should consider O(D, D) elements O in
their fundamental representation: they preserve the 2D x 2D matrix

1/0 1 o
77—5(]1 0>,On0—n- (4.9)

The T-duality transformations then consist in taking a trivial embedding of O(N,N) into
O(D, D), and acting with the corresponding elements on H; the transformed dilaton is defined
so that d remains invariant

a &
Cﬁ ;) SON.N), 0= | 1p-n - 9p-~ ¢ o(p, D), (4.10)
Op—n ‘ Ip_n
H = OTHO , e 2 = 2 lg| = 672‘1”«/ lg| - (4.11)

Only the components along the N directions are then transformed. A particular example is
the Buscher transformation [82] [83] along all N directions given by a = h =0y, c = f = 1x.

Let us now present the content of this O(N, N) group. For string theory, any element of
O(N, N,Z) can be generated by the following three types of elements [78] [79]:

e the GL(N,Z) subgroup: for a € GL(N,Z), one considerdd

O, = (“ 0NT> e O(N,N,7Z) . (4.12)
Oy a

e the b-transforms: for o an N x N antisymmetric integer matrix, one considers

_[1yx Oy
0. = (w 1N> € O(N,N,Z) . (4.13)

"Tts regime of validity as an effective theory might however be changed accordingly to the transformation.
8This subgroup can be further decomposed into generators, see e.g. [78] and references therein.
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e the Buscher transformations [82] [83]: for ¢; the N x N matrix with only one non-zero
entry, equal to 1 and placed in the (i,7) position, one considers

Iy —q &
Oy, = < L ci> e O(N,N,7) . (4.14)

Let us introduce yet another set of elements

e the p-transforms: for an integer N x N antisymmetric matrix o, one considers

Iy w\ (Ony 1Iyx\ /Iy On)\[On 1In\ 7
<0N ]1N> B <]1N 0N> (w ]lN> <1N 0N> = 0; Oz0; (4.15)
where we denote by O; the Buscher transformation along all N directions
Oy 1n
Ot:Otl...OtN: (]lN ON> . (416)

At the level of supergravity, the stringy T-duality group just discussed is extended to O(N, N, R).
We then consider the natural extensions of the above elements towards the GL(N,R) sub-
group, the real b- and S-transforms, where a¢ and w are now real. Those three sets form three
independent subgroups of SO(N, N,R) (they only contain elements that have a determinant
equal to 1). So they do not generate the whole O(N, N,R), in particular no combination
can reproduce an Oy, as det O;, = —1. There might even be some elements of O(N, N,R)
that are not generated by a simple extension from O(N, N,Z). Nevertheless, we will mainly
focus in the following on these three subgroups of SO(N, N,R), but we can keep in mind the
possibility of further T-duality transformations.

We now look at the action of these three subgroups on the NSNS fields. We explained
above that when fields are independent of N coordinates, the O(N, N) T-duality group is a
symmetry of the Lagrangians (up to a total derivative). So each of these three transformations
should then correspond to a symmetry. The action of the three subgroups of interest can be
read from (@I0) and (ZII), but also from the corresponding action on a generalized vielbein
£ (up to Lorentz transformations)

£ =£0. (4.17)

By considering respectively £ and E of ([22)), one gets simple expressions for the b-transforms,
resp. [-transforms: they just consist in shifting the b-field, resp.

b-transform: € =e, V' =b+ (w 0 ) ) (4.18)
D—N

B-transform: & =¢, /' =B+ <w OD—N) , (4.19)

along the N directions. In addition, we read the GL(N,R) action on either set of fields as

/ a ’ a T a
Oy: € = e( ]lDN> , b= < ]lDN> b< ﬂDN) , (4.20)
a a 1 la -
() () ()
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Let us now identify the corresponding symmetries. The b-transforms ([£I8)) are an obvious
symmetry of Lygns: first, constant shifts of b certainly leave the Lagrangian invariant, as
the latter only depends on 0b; second, this shift symmetry is a subcase of the known b-field
gauge symmetry, since a constant shift can be brought to the form of a dA. The GL(N)
subgroup is also clearly a symmetry: its action (Z20) on the fields is a particular example
(in matrix notations) of diffeomorphisms, that are known to be a gauge symmetry of both
Lnsns and ﬁ@. Let us verify this point. A diffeomorphism generically transforms the b-field
as by (2') = bpg(x) ai“";’fn 6‘3;"}31. Having the O, transformation as a diffeomorphism amounts at
first to satisfy the following set of differential equations

a P oxP
< ]]-D—N> . - ax/m . (421)

This can easily be achieved since a is constant. Additionally, of the coordinates obtained
from this resolution, the field only depends on those not along the N directions: thanks to
the 0P, those can easily be chosen as 2/ = x. For that reason, by, (z’) = byy(z) aangil aax/n can
be realised by the action of O,.

Finally, the g-transforms (£I9]) should also be a symmetry when fields are independent of
N coordinates. This may look surprising from the Lngng point of view, as it does not seem
to match a known symmetry (in particular, translated on the standard supergravity fields,
this transformation acts both on b and g) @ However, in view of ([L8]), S-transforms clearly
correspond to the new symmetry of 55 discussed in section constant shifts of 8 along
coordinate directions on which no field depends. It is then a symmetry of Lnsns up to a total
derivative. We now understand that the new symmetry of section can be viewed as the
[B-transforms, a subgroup of the T-duality group.

We conclude this section on the symmetries of Lngng and /jg by recalling our main idea: by
considering a restriction, we enhance the symmetries of the theories, and the new symmetries
can be used to build interesting geometric vacua of (the constrained) [-supergravity. We
considered here the subcase when fields are independent of N coordinates: among various
new symmetries from the T-duality group, we obtained the subgroup of S5-transforms, that is a
manifest symmetry of ENB. Those will play a crucial role in geometric vacua of S-supergravity.

4.2 To be or not to be geometric

We discussed above the different symmetries of Lngng and 25, in general but also when
restricting to the presence of some isometries. We now study the effect of using these various
symmetries to glue fields of these theories from one patch to the other: after proposing a
precise definition of geometry and non-geometry, we discuss whether using a given symmetry
leads to a geometric or non-geometric field configuration. To illustrate this discussion, we
then provide an example for which we prove the non-geometry.

9The two other subgroups of the T-duality group have been shown to correspond to subcases of gauge
transformations, so one may wonder whether the same could happen for the g-transforms. This is related to
the footnote 5 and it looks unlikely. It may still be doable in the broader set-up of DFT, when considering
0#0.
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4.2.1 Symmetries and (non)-geometry

The original idea of non-geometry [20] 9] 21] went as follows: a field configuration (string co-
ordinates, supergravity fields...) is non-geometric for string theory if its fields can be defined
on a set of patches (in target space), but the transformations needed to glue them from one
to the other are not among the standard symmetries of a (differential) geometric configura-
tion, meaning diffeomorphisms and gauge transformations. Still, these transformations are
symmetries of string theory. As mentioned in the Introduction, it is important that these
transformations correspond indeed to symmetries of a given theory [26]: this allows the field
configuration to be described by a single theory on all patches, which is crucial for physics.
Keeping this idea in mind, we extend here the notion of geometric or non-geometric field
configuration to our target space theories: the transformations used to glue the fields should
then be symmetries of the latter, and not only of string theory. Then, to distinguish between
a geometry and a non-geometry requires to specify the symmetries used. We thus reformulate
and generalize the original idea stated above into the following proposed definitions

Definitions of geometric and non-geometric field configurations

e A field configuration is geometric if the fields are globally defined on the manifold
considered so do not need to be glued, or if the transformations used to glue them from
one patch to the other are symmetries of the theory, and the metric, dilaton and fluxes
glue at most with diffeomorphisms.

e A field configuration is non-geometric if the transformations used to glue the fields from
one patch to the other are symmetries of the theory, and if the metric, dilaton or fluxes
glue with something else than diffeomorphisms.

It is important to notice that the notion is theory dependent. In particular, since the metric
describing the manifold may change from one theory to the other (as it is the case for us
with Lngng and Eg), the notion of (non-)geometry changes accordingly. This is precisely the
interest in changing theory to describe a background: it can be non-geometric for one theory,
but the geometry can be restored in another theory; this is what happens for the toroidal
example as we will see in details in section [.2.2] and for the ()-brane. These definitions also
involve the notion of fluxes. In Lngns, respectively Eg, the H-flux, resp. the R-flux, are
tensors, so their transformation under diffeomorphisms is clear. But one also faces the struc-
ture constant or geometric flux, and the Q-flux, which are not tensors. Their transformation
under diffeomorphisms can still be considered, as they correspond to building blocks of the
spin connections w and wg, and those evolve on a manifold. For a geometric configuration,
it is important that the flux remains invariant under the other symmetries: the H-flux is
invariant under the b-field gauge transformations, and the Q- and R-flux are invariant under
the g-transform discussed above. The latter is obvious for the R-flux given its definition, and
for the @-flux when rewritten as

Q. — &i,60 &b <aq,6m" v 2édq,8p[mc?pé"]d> . (4.22)
These definitions therefore emphasise the role of the symmetries of theory. We identified

above the symmetries of Eg and Lysns; we explained they share the same ones up to a
total derivative. Those are diffeomorphisms and b-field/5 gauge transformations. In the
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‘ Symmetry used as gluing transformation H LNSNS ‘ Ls H Example

nothing or diffeo. G G twisted torus
b-field gauge transfo. (and diffeo.) G NG (or x) || T® + constant H
B-transform (and diffeo.) NG (or x) G toroidal example
b-field gauge transfo. and S-transform (and diffeo.) | NG (or x) | NG (or x)
Buscher transformation NG NG radial inversion
more combinations ? ?

Table 1: Geometric (G) or non-geometric (NG) field configuration, according to the symmetry
used to glue its fields, and to the theory

case where the fields are independent of N coordinates (this will be implicit from now), one
gets an enhancement of the symmetries to include the T-duality group O(N, N). One of its
subgroups, the [S-transforms, is of particular interest; E@ is manifestly invariant under it.
Considering these various symmetries to glue the fields, let us now study whether, according
to the above definitions, a field configuration is geometric (G) or non-geometric (NG) in the
different theories. We give the results in table [II

We denote by a x in table [l a (tiny) possibility for a field configuration to be geometric,
discussed in [I]. The b-field gauge transformation, translated after field redefinition into a /3
gauge transformation, also acts on the new metric §; this is due to the non-linearity of the
field redefinition. Depending on the transformation and the background, the transformation
of g could happen to correspond to a diffeomorphism [I]. In that case, the field configuration
would be geometric, provided the fluxes also transform properly. Such a situation is rather
unlikely, but cannot be fully excluded. A similar reasoning can hold for the g-transform,
that would act not only on the b-field but also on the metric g, as can be seen with the
field redefinition; one should determine whether this transformation could be viewed as a
diffeomorphism. To study such situations properly, an analysis as the one to be performed in
section would be necessary.

We mentioned in section [£.1.3] the possibility of other elements of the T-duality group
O(N, N) that we have not considered. These could be built for instance by further combina-~
tions of the elements already studied here. The effect of such a generic element is not easy
to guess, so we cannot conclude in full generality: this is the meaning of the last line of table[Il

To conclude this study, we refer to the reasoning detailed in the Introduction, and one can
see that the results of table [l are in good agreement with it. In particular, it is worth con-
sidering a subcase that gives rise to more symmetries, and allows to go beyond the situations
of the first two lines of table [l Considering the independence on N coordinates gives the
new symmetry of S-transforms. The latter allows, as indicated in the third line, to get field
configurations that are geometric for ﬁ@ while being non-geometric for Lnsns. In that case,
it is worth changing theory: this is the important outcome of this study. We have given a
well-defined class of backgrounds for which S-supergravity provides a better description than
standard supergravity.
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4.2.2 A proof of non-geometry

We now illustrate the above discussion with an example of a field configuration that is geomet-
ric for Z/B and non-geometric for Lnsns. Being sure of the latter requires to show explicitly
that some gluing transformations cannot be realised by diffeomorphisms, which is not so sim-
ple to prove. Such a proof should nevertheless be established to conclude on a non-geometry;,
but it is rarely worked-out in the literature. We hope here to fill this gap, at least for one
example. We consider the toroidal example that was discussed in details in [3, 86, 1]. In
this field configuration, one has three directions, labelled by m = 1,2,3. The third one is
a circle, parameterized by the angle coordinate z. It serves as a base to a fiber where the
non-geometry occurs. The fields are given as follows

1

1 Hz
R? (1) 0 1? ~ RIRZ 0
g=fo@) [V m O b= fo@) @y 0 0f, (4.23)
R
0 0 78 0 0 0
72\
¢~ = 2 R2R2 -1(2) | with fo(z) = (14 (== : (4.24)
RiRy

where H and the R,, are constants, and ¢’ is a given well-defined scalar field. Let us consider
the base circle along z. An atlas of a circle needs at least two charts (U;, ¢;), ¢ = 1,2, where U;
is an open set of points of the circle (or patch), and ¢; maps them to a local coordinate in R.
The points of the circle can be uniquely denoted in a plane by (cos z, sin z), and one can then
take ;' : R — U; , 2+ (cosz,sinz) (see the Example 5.2 in [84]). The two coordinates
212 associated to the two open sets Uj o are enough to cover the full circle: z; €] — m, x|,
25 €]0,27[. The maps between the coordinates ¥;; = cpicpj_l are then defined on the (image of
the) intersection of the patches: this "overlap" splits into two pieces, on which Wi is defined
as follows

(4.25)

29 > 21 = 29 , for z9 €]0, [
U9
2o v+ 21 = 29 — 27, for zy €]|m, 27|

Wq; is its inverse, and both are C*. For the field configuration ([£23]) to be geometric, one
needs at least the metric to glue with diffeomorphisms on the overlap. As the metric only
depends on z here, it should then satisfy

oxP 0Ox? 3
Imn(22) = gpq(Zl)mm7 ? =z, 2" =2, (4.26)

on both pieces of the overlap. Let us verify this. For m = n = 3, one can develop on both

sides and gets
021\ 2 1 [oz'\? 1 [o0z2\?
2 _ p2 1 —_ [ =
R3 = R} <0Z2> + fo(z1) (R% <aZ2> + 2 <0Z2> : (4.27)

The map V15 in ([£25) gives on both pieces of the overlap g% = 1. One deduces

2

ort  0x?
R — 4.2
0z2 0z2 0 ’ ( 8)

38



so that the diffeomorphism gluing is verified for m = n = 3. For m = 1,n = 3, one gets

0z1 071 1 ox! ox! 1 022 0z
0= R2 =1 - L 2 7 4.29
3 0xt 0z + folz1) <R% o't 029 * R2 02/ 029 (4.29)
Using that on both pieces of the overlap % = 1 and ([@28)) holds, one deduces
521
i 0. (4.30)

Considering m = 2,n = 3, one obtains similarly 572,15 = 0. We now turn to m = n = 1 (the
case m = n = 2 is completely identical). One gets a priori

1 o [ 021 2 1 (ot \° 1 [o2%\?
— = — — | —= — | — 4.31
Wiz =8 (55) e (g (Sr) +m () ) 6o
that simplifies, thanks to the above, to
i) _ (2 >2 LB <@_>2 (432
fo(z1) ozt R3\ozt) 7 '

that should hold on both pieces of the overlap. There, one has by definition 23 = Wis(29),
so the left-hand side (LHS) of (£32) is a function of z5. However, because of (28], z! and
22 do not depend on zy, so neither does the right-hand side (RHS) of ([@&32). Therefore, one
must have

Jo(z2)

Jo(¥12(22))

On the piece z3 €]0, 7[, this certainly holds, but it is not the case on zy €]m, 27|, where

= constant . (4.33)

| 4 (HGa=2n) 2
- N

R1R>

On zy €]m, 27|, because Wis(2z9) = 2o — 27, the condition (£33]) can be viewed as requiring
fo to be periodic, up to a rescaling. In other words, the diffeomorphism gluing of the metric
([#23)) fails because of fy, which is not periodic in z. The metric being diagonal, its chances
of being globally defined boil down to simply being periodic, which is not the case. The
b-field would also have required a diffeomorphism (together with a gauge transformation),
that similarly fails due to fy. Following the definitions of section L2Z.1], we conclude that the
field configuration is not geometric; the fact that it is non-geometric requires a little more.

This field configuration is independent of N = 2 coordinates, corresponding to the fiber
directions. As argued in section [£.1.3] the theories considered here then enjoy an enhancement
of the symmetry group by the T-duality group O(2,2), which is also a stringy symmetry.
Gluing this field configuration by such a symmetry, knowing that it is not geometric, would
make it non-geometric (from the standard supergravity point of view). It is indeed the case:
more precisely, according to (@IT]), one should have on both pieces of the overlap

H(z) = OTH(2)O , (4.35)
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and we get that O is a S-transform. This is more easily seen using the new fields, given by

Z 0 0 0 Hz 0 )
g=10 4 0]|,B8=[-Hz 0 0],e*=eRiR;, (4.36)
0 0 R 00 0

and their associated generalized vielbein E. For z9 €]0, [, 21 = 22 so one can take O = 1.
The non-trivial gluing is for z9 €|m, 27|, where z; = 2z — 2m. The constant shift along the
fiber directions between ((z1) and [3(22) can be compensated by the following S-transform

L 0 27H 0
0= (03 " ) ,Q=|-27H 0 0]. (4.37)
s 0 0 0

We conclude that the field configuration (£.23)) is indeed non-geometric for standard super-
gravity (with isometries). According to the discussion of section 2] in particular the
definitions and the table [I we conclude as well that this field configuration, described as
([#36]), is geometric for f-supergravity (with isometries).

4.3 Geometric backgrounds of S-supergravity and T-duality orbits

As explained in the Introduction, backgrounds that are geometric for E@ and non-geometric
for Lnsns are the most interesting ones for S-supergravity. We have just established that
one way to realise such backgrounds is to consider the restriction of having fields independent
of N coordinates, and to have the gluing transformations of the fields to be S-transforms,
possibly with additional diffeomorphisms (see for instance table [Il). We focus in this section
on such a situation. The restriction implies that the background is on a T-duality orbit, i.e.
the presence of the isometries allows to perform T-dualities on the background. We study
this orbit and its consequences, first in general and then in a compact case.

4.3.1 Always on a geometric orbit?

We consider a background of the type just described. It is given in terms of the fields g, 3, &,
thanks to which it is geometric (G) for £5. Through the field redefinition, it is expressed
with the fields g, b, ¢ and is then non-geometric (NG) for Lnsns. As it is independent of N
coordinates, one can further T-dualise along these directions. Doing so, along all N directions,
with Buscher T-duality on g, b, ¢ gives the T-dual fields ¢/, ¥/, ¢, as depicted in table

Let us now show that ¢, b, ¢’ provide a geometric background of Lnsns. The fields
G, B, ¢ glue with a S-transform and possibly a diffeomorphism A. These transformations
can be decomposed into their blocks along the IV directions and the others: we introduce A
as in (£38) with a the N x N block. Using notations of section .22 we denote by 2P the
D — N coordinates on which the fields depend and by %" the N coordinates on which they
don’t. Then, a generic diffeomorphism A™, = gg—z becomes here

() @0 e

The independence of the fields on N coordinates 3" leads here to a constraint on the possible
diffeomorphisms to be used: the z and 2’ should mix at most among themselves, i.e. should not
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‘ Theories | L3 LNsNs |

g, B, ¢ (q) —deldredet s (NG

T-duality frames T-d. // N dir.

g/7 b/7 ¢/ (G)

Table 2: Different descriptions of a geometric background of £~5

involve any y or 3/ dependence. This implies that % =0, i.e. 7P, = 0. As a cross-check, one

should have ay%kpq = Wa,r% = 0. As A is a diffeomorphism, this equals % = azi,qipr,
that indeed vanishes for ¢ = 0. So A is restricted as follow@
. -7
_fa -7 a 0
A - <0 k?) ) A - <—]€_TjTCZ_T k—T> . (439)

We now consider the gluing of the fields g, 3, ¢: using again notations of section [£.2.2], it is
expressed with the generalized metric as

H(z) = OTH(21)O (4.40)
15N, ‘ w a J ‘ On
- Ip-n Op—n k Op—n
0= 0n In 0n T (4.41)
Op—n Ip_n Op—n | =k TjTa™ kT
with w! = —w giving the B-transform. As already mentioned, the field redefinition does not

change H, so the gluing of the fields g, b, ¢ is expressed in the same manner. Let us now
perform the Buscher T-duality along the N directions. Following ([I0) and ([ZII]), we use
again H to get the T-dual H’' as

H =TTHT , (4.42)

where T is given below (ZI1]). By T-dualising H on (the image of) each patch, i.e. on both
sides of (40), we deduce the gluing of H’

H (z) = (TOT)TH (21)TOT (4.43)

20The restriction on the dependence on coordinates enforces i = 0, and this will allow us to obtain a
geometric T-dual. This is a crucial point, as i # 0 would have lead to a non-trivial S-transform block after
the T-duality, which would have implied a non-geometric T-dual. Another take on this is to consider the
Maurer-Cartan one-forms that are globally defined: &*(z’) = é*(x). This provides the diffeomorphism matrix,
as da™ = "4 (2)é%m (z')da’™. Considering a multiple step fibration, such as the nilmanifold n 3.14, one may
think that it is possible to find a vielbein leading to ¢ # 0. But this involves a dependence on coordinates
that are not well-defined, namely those corresponding to fibered directions. These, in addition, make the fields
depend on the wrong coordinates after gluing. Considering a correct coordinate dependence restores ¢ = 0.
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where we used that 77 = T—! = T. This gluing is therefore given by

1y ‘ On a~ T ‘ On
B Ip_n Op—nN k Op—n
TOT = — e 0 - L (444)
—(jkHT  on Ip-n Op-n kT

We recognise the combination of a b-shift and a diffeomorphism, where the former is due to
the initial S-transform and the off-diagonal piece j of the diffeomorphism. We conclude that
the fields ¢/, ¥/, ¢’ form a geometric background for Lysns.

We have shown that the backgrounds that glue with S-transform and diffeomorphism,
i.e. geometric for Z/B and non-geometric for Lygng, are T-dual to geometric ones for Lnsns.
So these geometric backgrounds of /jg are in a sense not new, or do not reveal new physics.
One way of phrasing this is from a four-dimensional gauged supergravity point of view: these
backgrounds are always on a geometric (T-duality) orbit. The converse claim may still be
of interest. Consider a geometric background of four-dimensional gauged supergravity. On
its T-duality orbit, there are geometric and possibly non-geometric backgrounds. If one ge-
ometric point on this orbit can be lifted to a ten-dimensional background that glues as in
(£44]), then we know that there exists on that orbit a non-geometric one that can be lifted
and described by B-supergravity.

It is disappointing that the backgrounds of p-supergravity considered above do not lead
to new physics. Here is a list of ways to circumvent a similar result for other backgrounds

e As indicated in table [Il there might be other T-duality elements that could be used to
glue fields. They may, as for the S-transform, allow geometric backgrounds for 25 and
non-geometric for Lnsns. Then, if a study as the above on the T-duals does not give
rise to any geometric point, then the corresponding backgrounds would be fully new.

e We only studied the NSNS sector. Considering backgrounds involving other sectors,
such as RR, may alter the above conclusion.

e One may find another restriction than the independence of coordinates, that would
as well enhance the symmetries. The new symmetries could then be used again for
gluing fields, possibly in the desired way. In particular, if there is no assumption on
the coordinate dependence anymore, then the T-duality can a priori not be performed,
preventing from the above conclusion.

e There is a discrete symmetry of Lngng that we have not mentioned so far: the Zs
transforming b — —b. This also gives a sign to the H-flux and could therefore lead to
a non-geometric field configuration, following the definitions of section 2.1l This Zo
translates for £~5 into a sign on § only. The effect on the fluxes is a sign on the Q-flux,
but not on the R-flux. Then, with a vanishing Q-flux, such a field configuration would
be geometric for Eg: would that be another restriction to consider on S-supergravity?
Although very simple, this situation could be worth being studied more.

e The notion of geometry used above is close to that of standard differential geometry
and smooth manifolds. If singularities are present, the conclusions may be altered.
Nevertheless, in the case of the @-brane and NS5-brane, the previous reasonings can be
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applied everywhere away from the singularity, and the latter is treated in the same way
for both g, 5, ¢ and ¢', ¥/, ¢’ (therefore if the singularity is acceptable on one side, it
is as well on the other one).

4.3.2 On compact purely NSNS vacua

We discussed in [I] the possibility of getting purely NSNS solutions of [-supergravity, that
would be of interest for compactification. Such vacua would be geometric for ﬁ@ and take the
form of a given compactification ansatz. Interestingly, that ansatz was shown to be not too
restrictive: the equations of motion indicated the possibility of getting non-trivial solutions.
This is not the case for Lngng, for which the ansatz only leads to trivial solutions, hence
the interest in getting such vacua of 25. In the above, we worked-out a well-defined class of
backgrounds that are geometric for Eg, and could thus serve as candidates for the vacua we
are now interested in. However, we have also shown that these backgrounds are T-dual to
geometric ones of Lysng, as described by the chain of relations in table 2l Let us now study
how the compactification ansatz evolves through that chain: this will constrain further the
possibility of getting geometric vacua of E@ that are suited for compactification.

We recall that due to E@ and Lysns differing only by a total derivative, and to the
T-duality being a symmetry of the equations of motion, a vacua of /jg given by §, 8, ¢
leads to g, b, ¢ and ¢, b/, ¢ of table [ being as well vacua of Lnsns. Let us now look
at the compactification ansatz. The metric g has to be block diagonal in between the four-
dimensional space-time and the internal six-dimensional manifold. We consider as well a
separation of the corresponding coordinate dependence; in particular there is no warp factor.
[ has the same structure, but is in addition purely internal. This structure certainly goes
through the field redefinition and the T-duality: ¢’ and b’ have the same block structure and
coordinate dependence. Finally, our ansatz sets ¢ = constant. Is that also the case of ¢'? Let
us recall that the dilaton goes through the following chain of equalities

e 2\ /[3] = e74/1g] = e 2 V/]g] - (4.45)

Having ¢/ constant would put a severe constraint on the possibility of getting §, 3, ¢ as
the type of vacua we are interested in. Indeed, one can show that a constant ¢’ only leads to
a trivial solution of Lngng, namely a flat space-time and manifold (vanishing Ricci tensor),
and a vanishing H-flux. The corresponding background in terms of §, 8, ¢ is then most likely
trivial as well: consider for instance constant ¢', ', ¢’ or even a pure gauge ', that do not

give much freedom to get interesting g, 3, ¢. So ¢’ should better be non-constant. Is that
compatible with ¢ being constant? This requires the ratio

Vgl
N (4.46)

to be non-constant. Note that g and ¢’ being part of geometric backgrounds, they are globally
well-defined. For ¢ being constant, we deduce that ¢’ is also globally well—deﬁned Getting

2'We also note that ¢ is part of a non-geometric background. Because of the equalities &9, if |g| is
ill-defined, then so is ¢. A good supergravity limit is then lost in the non-geometric background, but -
supergravity can restore it, as argued in [I]. In addition, an ill-defined ¢ is likely to be non-constant, so the
compactification ansatz cannot be used for this set of fields. Then, g, b, ¢ does not allow to conclude on the
(non-)existence of solutions of L£g, on the contrary here to ¢’, ¥, ¢'.
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it non-constant looks then like a difficult constraint

The ratio ([@46]) can in principle be computed in terms of one or the other set of fields,
since we know how the fields are related in table[2l A difficulty however comes from the fact
that the field redefinition involves the whole fields while the T-duality only acts on certain
blocks. That makes a generic computation not possible, as the inverse and the determinant
of a matrix divided in blocks cannot generically be expressed in terms of those blocks. So we
consider the following subcase (and basis)

§= <§N §7D—N> X <6N /BD—N> ’ (4.47)

where these fields do not have off-diagonal components. One then computes g, b and ¢, ¥'.
Using some freedom of sign in the field redefinition [3], ¢’ can be simplified to

A RN
o ( (Gp-n + Bo-N)tap N (T N — 5D_N)1> : (4.48)

This result can easily be understood. The field redefinition is similar to a T-duality in
all directions, although the indices are placed differently; this last point is an important
distinction between the two, in particular for the large volume limit [I]. This similarity still
explains why the block along the N directions is barely changed by the combination of the field
redefinition and the T-duality, while the other block only goes through the field redefinition.
Interestingly, Sx does not contribute. From this result, we deduce

NI = |gn| x |[Lp-~N + GD-NBD-N| - (4.49)

Although not impossible, having this quantity non-constant is rather unlikely, at least in
usual set-ups where we look for solutions. First, Sp_pn is likely to be constant, as it does
not transform under gluing. Secondly, the metric gp_n is usually constant (for instance,
that of a base circle). This makes the second factor constant. The metric gy can certainly
be non-constant: for twisted tori, it goes through a non-trivial gluing. Its determinant is
however usually constant, giving for instance a constant internal Volume This implies that
the above ratio is constant.

We conclude that, even though we made some assumptions such as ([d.47), it looks unlikely
to get a non-constant ¢’. As explained above, purely NSNS solutions of 3-supergravity that
are geometric, non-trivial, and satisfy the compactification ansatz, are thus out of reach, at
least in the usual set-ups. This holds despite the apparent possibility offered by the equations
of motion of Eg. It would be interesting to reach the same conclusion using only those
equations.

220ne could also deviate from the compactification ansatz by considering warp factors and a non-constant
dilaton: compact NSNS solutions with these features exist, such as wrapped NS-branes, or non-Kéhler back-
grounds of heterotic string. The supergravity limit of those is nevertheless more delicate.

230ne may wonder whether a constant internal volume can be thought of as unimodularity, f%., = 0, related
to the compactness of the internal manifold. One has 0, In |e| = —€%,0mé" 4, which is f®, up to a term in
0p€Py. In our context, the only non-trivial ¢, are those along the D — N directions. However, the inverse
vielbein €7, along those is most likely constant, as is gp—n. So Om|e| = 0 (constant volume) and f®q = 0
would be equivalent.
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5 Outlook

The main results of this paper have been summarized in the Introduction; let us now make a
few comments beyond the scope of this work. A first set of backgrounds that has been studied
here are the NS-branes. We gave a detailed account on the NS5-brane, the KK-monopole
and the Q-brane in section This description has been done at the level of supergravity. It
would be interesting to go beyond and study them as stringy (or M-theory) objects. As the
S-dual of the Ds-brane, many properties of the NS5-brane are already known. In particular,
Dq-branes should end on it. We actually expect this to hold as well for the other NS-branes,
because they are related in the same manner as the D,-branes are: via smearing and T-
duality. This could give a hint on the world-volume action of these NS-branes. The case of
the NS5-brane is certainly studied (see e.g. [85] 86] and references therein), but more could
be learnt for the @-brane. Proposals have been made in [77] for the latter. A mismatch
with our results is however discussed in appendix [D.2l From the world-volume action, one
could deduce source contributions to the equations of motion and the BI. The work done
here within S-supergravity should help on this point, since we obtained such contributions
not only in the BI but also in the dilaton equation of motion (D.8]) and the Einstein equation
(D.19) - (D.22)). Interestingly, there was no such modification for the 8 equation of motion:
this is usually expected, as long as the BI gets a source term. Finally, let us recall that the
(Q-brane is a codimension 2 object, and is in that respect similar to the D7-brane. The latter
is known to have a non-perturbative description within F-theory, and one may wonder if such
a construction could as well be considered for the Q-brane [3I]. The cut-off needed for its
warp factor, mentioned in section B2.2] could be better understood in such a context.

We also discussed in section the possibility of an R-brane. Although the name was
already used in [32], the object proposed here is different. It would be a codimension 1 NS-
brane, which is equivalent to having its warp factor given by an absolute value (B.75]). The
BI ([I3) is a natural candidate to be corrected by such a brane, which would then source the
R-flux. Constructing this object by performing a standard T-duality is however problematic:
the lack of isometry would force us to smear the Q)-brane fields in an unusual way. But the
derivation of this warp factor and the BI (L9) still suggest the possibility for such a brane.
On a similar tone, the last BI (II0) might be related to the existence of a codimension 0
NS-brane. But smearing the R-brane warp factor fr, as we did for the other branes, does
not bring any valuable information on the warp factor of this hypothetical object.

In the absence of branes, our study of BI has put forward the Spin(D, D) x Rt covari-
ant derivative and its Dirac operator D. We showed that the nilpotency of the latter gives
back the NSNS BI. So this object is an important tool to characterise vacua; understand-
ing its cohomology should for instance be helpful. The formalism of Generalized Geometry
or DFT would certainly help to study this operator. The specific Generalized Geometry
with Spin(D, D) x Rt structure group worked-out in [87] could also be related. In addi-
tion, this object D should appear and characterise supersymmetric vacua, in the context of
SU(3) x SU(3) structures. In the future work [88], we expect to obtain it in S-supergravity
Killing spinor equations, similarly to [56], and consequently in the superpotential (a discussion
and references on the latter can be found in [3]). The D given in (I.I6]) should then provide a
characterisation of internal manifolds analogous to the standard twisted Generalized Calabi-
Yau [89,00]. Its cohomology could thus again play a role, this time in dimensional reductions
on those manifolds, or maybe on the generalized parallelizable spaces of [91].
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In the last part of the paper, we studied the symmetries of standard and -supergravity,
and how those could be used to construct geometric backgrounds. In the presence of isome-
tries, the symmetries were shown to be enhanced by the T-duality group. One of its elements,
the pg-transforms, turned out to be a manifest symmetry of S-supergravity, and played an im-
portant role in our analysis. Using those as gluing transformations would always lead to
geometric backgrounds of [-supergravity. The restriction of having isometries and the use
of f-transforms could then help in constructing the generalized cotangent bundle Erpx, intro-
duced in [27, [I]. This counterpart of the generalized tangent bundle Ep was argued in [I] to
be the correct Generalized Geometry bundle for the generalized frames built with £(8) Z2).
It would be interesting to have one concrete construction of Epx. This point could be related
to the behaviour of the Courant bracket under S-transforms, provided the isometries: this
could be worth being studied as well.

Our analysis lead us to determine a class of geometric backgrounds of (-supergravity,
while clarifying some related notions. These vacua were however shown to be on a geometric
T-duality orbit, preventing them from leading to new physics. Similar results were obtained
in [92] when considering reductions from DFT to some supergravities in seven dimensions
or higher. Although we rather have in mind here physics of four-dimensional supergravities,
these results might be related. We proposed in section various possibilities to circumvent
this result, at the level of ten-dimensional supergravity. It was suggested in [92] that truly new
vacua and new physics would rather be accessible beyond that level, and similar proposals
have been made in [50, [46] 93], 04]. The extension of our formalism to the Ramond-Ramond
sector or to include the gauge fluxes of heterotic string, as discussed in [I], would in any case
bring a more complete picture of the properties of these backgrounds with non-geometric
fluxes.

Even if we do not get new physics from S-supergravity, as in the case studied here, this
reformulation of standard supergravity may offer a better description of some backgrounds.
It is for instance the case of the Q-brane, that is T-dual to the smeared NS5-brane: its brane
picture is much clearer in terms of S-supergravity fields, and the BI are then nicely formulated
with non-geometric fluxes. We expect to find other examples of (non-compact) backgrounds
better described by §-supergravity in the AdS/CFT context, where S-transforms already play
a role.
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A Conventions

We give in this appendix various conventions used throughout the paper. The space-time is
D-dimensional. The flat (tangent space) indices are a...l and the curved ones are m... z.
|g| denotes the absolute value of the determinant of the metric g, and R(g) denotes its Ricci
scalar, for a Levi-Civita connection. The squares introduced are defined as

1 1 I
(a¢)2 = gmn m® an¢ s H2 = ﬁHmanqrsgmqgnrgps 5 R2 = ﬁRmnqursgmqgnrgps 5 (Al)
(00)* = §™"0md 0nd , (B™0pd — T™)* = Guun (B 0pp — T™)(B™0qd — T .

Going to flat indices, we use the vielbein €%,, and its inverse €', associated to the metric
Jmn = é“mébnnab, with 74, the components of the flat metric 7p. Tensors with flat indices are
obtained after multiplication by the appropriate (inverse) vielbein(s), e.g. 8% = &%,,&%,5™",
and we also denote 0, = €™.,0;,. The structure constant or geometric flux f%, is defined
from the vielbeins as

F%e = 2é“ma[bémc] = —2ém[cab]é“m , 2(9[@51)] = [ w0 . (A.2)

The spin connection coefficient, given for Levi-Civita connection by (2I5), satisfies

a

ndcwgc = _nacwlc)lc ) fabc = 2w[bc] ) faab = wgb . (A3)
A p-form A is given by

1 1
A= HAml___mpdxml Aonde™ = HAal...apéal Ao NEW (A.4)

We deduce for a p-form A and a ¢-form B the coefficient

(p+9)!
(A A B)u1~~up+q = plq! A[u1---upBup+1---Mp+q] : (A.5)

The contraction of a vector V = V™¢,, = V®J, on A is defined by

1
(p—1)!

It is also denoted by tq = €™ 4L, that satisfies the following commutation relations

VvA=

V™ Ay omypd™ Ao A o™ (A.6)

VVvA=VU%A, {&u} =68, {wul=0, (A7)

and a contraction on scalar vanishes. In the case of multiple contractions, such as Q. 45,
one should be careful with their order, that may generate signs when acting on a form. Finally,
we introduce the totally antisymmetric quantity €, given by €,,..m, = +1/—1 for (my...m,)
being an even/odd permutation of (1...n), and 0 otherwise. The one with flat indices €4, . 4,
has the same value, i.e. € is not a tensor. This can be seen by preserving the volume form.
We also consider (constant) matrices v, satisfying the Clifford algebra

(72,78} = 20% | [1%,7%] = 29% with H@192-0 = Alaryez | aa] (A.8)

and further useful properties listed in the appendix of [1].
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B Derivation of the equations of motion in flat indices

In this appendix, we give details on the rewriting of the equations of motion (Z21I), (2:22]) and
(Z23) in flat indices, following section This is achieved with two methods: first a direct
approach, and secondly using the Generalized Geometry formalism. As a side remark, let
us mention that it would be interesting to apply a Palatini formalism to the S-supergravity
objects to rederive these equations. They should also be obtainable from the DFT ones of

33].

B.1 Direct approach

As explained in section [2.2] the 8 equation of motion requires more work than the other two;
we only focus on this one here. We start by multiplying the equation in curved indices (2.23))
by the appropriate vielbeins to get it in flat indices. We then separate the terms in dp and T
from the others, as they may vanish upon standard assumptions when looking for solutions
[1]. We obtain

1 a 1 a a
_Enab"?cd"?efv Rbdf + 277f[eRc]d6fd + 5"7cd"76f77 bvavbﬁfd -V, <77f[evc]6f > (B'l)

= nabncdnebedf (/Bagag(g - Ta) + nabncdnefvbﬂfd aa(lg + 4/8ab77a[cve] ab(lg + 277a[cve]/8ab ab(lg :

We now focus on the LHS of (Bl). A key ingredient is V/3: it can be written in terms of
fluxes as

VB = Quf1 + g ply, 1 oypligflapiy (B.2)

Using this expression and the definitions of the fluxes, a tedious computation gives a lengthy
expression for V,V,3/%. From the latter, we get two terms of (B.)). We first deduce an
expression for V,V.37%, and obtain further

nfevavcﬁfa = nfeaanfa + nfeﬁh[faafa]ch (B'3)

1 . . 1 . .
+ 5"7fe77haﬁfg (ngiaaflhc + nciaaflhg) + §ﬁga (ngiaafzec + nciaafzeg)

1 1
+ nfefaathfh + 577feffchQaah + 577feffathha

1 . . 1 . .
+ §Qaag (nciflge + ngiflce) + §cha (naifleg + ngiflea)

1 1
+ 5”7f6 <§fahcffagﬁgh + fahgffcaﬁgh + faahfhcgﬁgf + fahcfhagﬁgf>

1 1 . . 1 ) .
+ 5"7lc <§flkafkej6aj + flegfgajﬁa]> + 5"7giflecfgaj6aj

1 . ) . . .
+ ngac (nijflegﬁaj + nigflejﬁaj + ngjfaek6]k>

1 . . 1 . .
+ gnfefgacnh“ﬁf] (ngif’jh + ngjfkkh) + Z"?fefzhcffajngi"?h]ﬁga

1 . o1 .
+ chflkaflegmjngkﬁ“] + Zflhcflaenglnijnhaﬁgj

1 » 1 1 . .
+ 5"7lc77fe (flhgfaaj"?gjﬁhf + §ffhgflak"79k6ha> + Znlcnfe'r/ijnahngkflakflhgﬁfj .
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Secondly, we contract V,V;3/¢ with a metric to get

LB = 0, Qu 4 ™ B 00 f Dy + "I (1P fin + uf g ) (B.4)
+ QT %ok + 2Qu I (g fing + g
4 58U g g+ fong (97099 + f9 T )
+ fak <77gk/8h[ffd]gh + "B (P fhg + fkhj)>

. . o 1 o
0 0gi £ g0 f ™ BTV 4 g, 899 fl ™ 1 4 §n“bnhg i FinpB o,

/1 1 . .
+ il flk gos <§77abfakgfbhj + ﬂjlfahgflak> + 5nabnhdnfkngmijﬂ]gflImfzbh -

We finally sum the two terms of (B just obtained, together with a third one involving R4
that we get using (Z20). Many simplifications occur to eventually give

21 RejaB’? + %ncdnefnabvaVb,de —Va <nf[evc]ﬂf“> (B.5)
= %nefncdnabaaQbfd + 0a(NfeQq™)

+ 280, [y gengy — 60t agenly + 5B e — 26701100 f

QT Pty + 5 F Qe s+ FanQi gy + Qu ey + 5 F et

+ %nefncdnnggfdfaak + 0™ Q0™ floeMea

2898 F T gy + B g ey + 8 Feef

We now rewrite this expression in a more convenient manner. To do so, one can first show
the following identity using (L))

2/8hfaafah[cne]f - 2/8fd77f[eac] faad + 2/ijfaakfkj[cne]f = 2/8dfadfaa[cne]f : (BG)
Secondly, thanks to definitions, including the one of 7% given in (220), one can derive
_277f[evc]Tf = 2"7f[eac]Qaaf - ﬁhinf[eac]ffhi (B7)
i a j i L i
- nf[ch]h ffhi + Tlnga gfdec + 2/8]hffhif jlelelf — i/Bh fghifdecngd .

Thirdly, one can show that

= 3"0uf he = B"0af he = 36" 0 f g + B"0ct T an | (B.8)
where the RHS can be further rewritten with (7). Then, using
B"0af he = =26 00 f e — 8% af"he | (B.9)

together with (I8) on the RHS of ([B3), one gets an expression for 3"?0, f/}.. The latter
should be inserted in the RHS of (B.8)). The resulting expression, antisymmetrized with 7.,

49



can be rewritten using (B.7) into
=B" 00 f nenery = — 204V T! + B10af  apener — nye0gQa™ — 2aQe™ meyy - (B.10)
+ B fIanf gpemers + —ﬁmfghif ecTlgd
— [ ag Q1 ey — Qa® (F gpemers + Flecnga)
Using (B.6) and (B.10)), we rewrite (B.5) as follows

1
2n¢eR dﬁf + 277cd77@f77 RAVAVYCTAR < Ve 6f“> (B.11)
1
= =2 VT’ + ngzﬁg“@ Flee + BY0afafeners — Mp1e0e@a™ + Snesnean™0aQu’®

2

+ Qagffag[cne]f + §ffhaQ[chane]f - §Qaagfzecngi
1 .
+ §nefncdnnggfdfaak + nginaandgflb[eT/c]d

From this (B:IT), we finally rewrite the 3 equation of motion from (B to

1
_577ab77cd776fvaRbdf + Qa gff [cTe]f T ffhaQ 77@ 1f — _Qa fzecngz (B.12)
1
+ 577@f770d779 "Qo T ak + g™ Qa™ fyenaa
1
= 2.V T! — —ﬂgzﬂgaa Flee = BY0afapeners + 010 @a™ — =nefnean®™0aQp’

2
+ nabncdnebedf (6agag¢ - Ta) +n” ncd'r/efvbﬁfd aa¢ + 4ﬁab77a[cve] ab‘l; + Zna[cve]ﬁab aqug ’

as given in (Z24)).

B.2 Using the Generalized Geometry formalism

We explain in section the main procedure to derive the equations of motion in flat indices
from the Generalized Geometry formalism. Here, we give some details on the computation
of the generalized Ricci tensor (237). We start from its expression ([2.38]). We observe that
all derivatives acting on the spinor € should vanish, since the generalized Ricci tensor only
acts on the spinor via a multiplication by a y-matrix. One can therefore verify that
(7%0u0 = 7" Tog0aB™ 0 — TG BT 00l + 717"V, 00 (B.13)
+ 7a77ad/8 Cacag - ’Yanad%/@dcac/@ge% - 7anad%/8dcac/89_eaca€ + ’YafyghYEghnad/Bdcac
+ Xacd'V(wda_ - Xacd’yaCdn_bgﬁg_ea_ + ,an a_ - ’7aXa77_bgﬁg_eaE
— w06 + VW Teg B0 + Y *Nadw Qi Oc — Y Nadw@ Neg B9 0e
1 _ 1 . _ e
- §7a77ad77be dfeq. 4 §7a77ad77be fcncgﬁge@a
— 7500 = Y 1aaP5 B0 =¥ 1ad B 050 — 7" Xacaly — 71" Xaly
+ 7 TThg 87 0e0a + YV TadTlog 37 0B 0c + 1" NadTlog 57 B Oe0c + 7" X acdllhg 57 0c + 7 XaTlhg 57 0c
ghfya}%ghaa - ,th,ya I;ghnadﬂdcac> et = 0.
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We are then left with y-matrices acting on €. Using several identities on y-matrices listed
in the appendix of [I], we obtain

%Rm%* — (7" + 29°19yM)3, 5, + (99" + 2999 o 50,5, (B.14)
+ (7" "M X aca Yy, + [V 71 Xa Y5,
— (7" 4+ 20 W) Voo + (" + 20"y Yo Vegn
- %(’Y“yh + 209" Y R Yo

’yaCdagXacd — ’yaagXa + ’YQCdn_bg/Bg_eaEXacd + ’Yan_bg/Bg_eaEXa> 6+

Similarly to the calculation of the scalar S in [I], we should then distinguish the different
orders in «-matrices. Here, we only consider the lowest order in %, and assume that all
higher orders vanish: this would be analogous to the computation of S, where the BI [B.1) -
34 played an important role; we expect the same here. In addition, the lowest order will
be enough to obtain the equations of motion. Then at first order in ~¢, 1R 3" gives

1 1 1 e pdfe 1 So 93 pg
<§R5a = 5acThg R + nacTlbglif Ted R RY® = J11ucToge**Va(e ™ RI™) (B.15)

+ V5Vad = 1aeTog VI (V) — 1acTog VO T
1 a1 7 1 — 1

+ 3 Tg0aQa™ + [MacTligCaQy Y + J1acThg0uQ o = S1ae G Qa™
1 1 1

_ 1 __
- Znaeﬁgcacfegg - Zﬁgcacfeag_,nge - Zﬁgcacfeag% + §n_l7gﬁgcaéfdda

1 e 1 1 _
+ Zn_l)gfdchagc + _naefdchgec + —WnanChfdchheg

4 4

1 de re 1__ de ¢h 1 dc rh
— ZnaeQd e — anth [lac — chth "

1 - = 1 5 1 = 5
+ gnbgfgchadc + énchfthadc + gndhfhEcQadc

1 — - 1 - 1 . =
+ gnaemncffchQfed + g"?aefhg_thed + gnaeWWCthgched

1 —Tf g ec 1 —di £h ec 1 h ec
+ < NaeTbgn f Cng + gMaeten] J'5a@7 + —Uaef 77

1
naefechb - _77ae77bg77 f chhgc - gnaenbgn hfech_gd

1
defeaEQE e _ _legf ach - _nbgn Tldef acQ_gd

8
1
8
1
8"l
1
"8

ncefeade __nbgn ncef ath _gn_bgfgadQEyd

— TNae E(V ¢) - TlaevETe + %nga(b
1

_ 1 S
- §nae%77fcRgfeTc + Znae%ndfezd)vd(e 2¢Rgfe)> /7[1 .
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By considering aligned vielbeins, the previous expression reduces to

1 1 - 1 . 1 . -
<§Rba - 577116"7bg7?/g6 + é"?aenbgmfncdRchRdfe - Znae"?bgezd)vd(e 2¢>Rgde) (B'16)
+ vaagz; - naenbgﬁg (6655) - naenbgﬁgTe

1 1 1
+ —0dQ(agd77b + Z"?ae"?bgndfadeeg - §naeadede

1
- _6906 feab'r/ge + ﬁg aCf (a"lb)e + nbgﬁg acf da

1 1
angnae"?c F2acQn + dedcf “c(ab)e — chthdcf " ab

1 1
+ fgch g T 776 af b] szecTIchndZ + §ne[afhb]thec
- naevb(v ¢) - naevbTe + legvgvaq~5

1 1 T d, _9d
- _naenbgnfcRgfeTc + Z"?ae"?bgndfezd)vd(e 2¢Rgfe)> /7[1 .

+—f deQ(a” Mg +

2

We can further simplify the above using the following identities. First, one can show

. _ . e - - 1 3
ng(avgvb)¢ - Tlg(avb) (Vg(b) =0, _ne[anb]gvg<ve¢) = §ne[anb]gRg6dvd¢ ) (B17)

where the second one cancels the term coming from —%naenbgeﬁvd(e_%}%gde). In addition,
three terms antisymmetric in (a, b) at second order in /3 vanish thanks to the following identity

using (L8) and (T9)
1 L e
- §ne[a77b]gR — Ne[alb]g ng - Z”?aenbgvngd =0, (B18)

and the seven terms symmetric in (a, b) at linear order in 3 cancel using (7)) and (L)
1 1 con e 1 ..
_adQ nb - _Tle(aab)Q _/Bg 0 f g(alb)e + _/Bg aCfdd(anb)g (Blg)
—Te( vb T+ fdch 77b + Qd fec(anb =0.

Using all those, we are finally left with the following expression for —Raw at first order in
~-matrices, that we give also in (Z39)

1 1 ~ 1 .
<§Rba - §ne(anb)gRge + gnaenbgnifncdRngRdfe (BQO)
+ vatz(l~5 - ne(anb)g6g(6e(£) - ne(anb)g6g7-e

1 1 1
+ Z”?aenbgndfadeeg - _ne[aab] Qdde - Zﬁgcacfeabnge + §6gcacfdd[a"7b]g

N[ —

1 1
+ angnaenc}lfddc@heg - Z"?ch@ddcfhab

1o o de 1 e
+ 4f ch[a Mblg + 2ne[af b]sz Tlchn + Tle af b] Qn

~ Nefa Vo (VO) = Nefa Vi T + Ny s VIV )

1 1 14, —2d
- §nae77bg77fcRgfeTc + Z"?aenbgndfezd)vd(e 2¢>Rgfe)>,7a
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C On sourceless NSNS Bianchi identities

C.1 Relations to other Bianchi identities in the literature

Our Bianchi identities (BI) B - (84) provide a generalization to non-constant fluxes of
the BI (3H) - (B9), for H = 0. As mentioned in the Introduction and in section BI.T]
such generalizations have already been proposed in two other approaches. We show in this
appendix that the BI obtained there can be reduced and matched with the simpler expressions
given by our (31) - ([B.4).

In [34] are introduced some straight and some curly fluxes. They are identical once one
sets the H-flux to vanish, and then match the definition of our fluxes, up to a minus sign
on the R-flux. Four BI are derived there, as described in section B.I.1l and are given in our
conventions by

0= 0puf 1 — fCaaf s - (C.1)

0= B%0yf s +200Q 1" — Qg™ fUar + 4QN £ ), (C.2)
+ % <29[af U0 =3 i haf]) ;

0= — 2 R™ +25190,Q."" + 3Q. Q4" — 3RM™ 1, (C3)

+ B4 (2690 £ 0 — 0uQu™ + Qe g — AQ M)
0 = golag, Rl 4 gpoldaqy bel | ged <_ﬂf[aanebc] — flo RY 4+ Qf[“erc]f> - (C4)

The set of conditions (CJ)) - (C:4) turns out to match our &I) - B4). This can be verified
using the identities

28[afdf]g = 3a[afdfg] - agfdaf ) (C.5)
26890,Q."" = 38M96,Q," — B 04Qa" | (C.6)
3p9lag, Rbeld — 4p9lag Rbedl 4 podg Rabe (C.7)

To start with, (C.I)) matches [BI). Using the latter and (C.3)), one shows that (C.2]) matches
(32). Then, using the latter and (C.6)), one shows that (C.3]) matches ([B.3)). Eventually, using
the latter and (C1), one verifies that (C.4]) matches (3.4]).

At the level of Double Field Theory (DFT) were obtained in [33] some generalized BI.
One of them, given by a quantity denoted Zapcp, was further decomposed into its various
O(D, D) components to get a set of DFT conditions. If we set again H = 0 and use the
strong constraint ¢ = 0, we can show that these conditions match precisely B1)) - (34).
Indeed, the notations there then become D, = 0, , D% = %0y , The® = f%e, and the fluxes
are the same as ours, up to a minus sign on the R-flux; this allows to verify the matching.
As a confirmation, the conditions of [33] were mentioned to reproduce those of [34], namely

([CI)-(C4), that we have just shown to match our BI (B3] - (3:4).

C.2 Derivation of BI from the Spin(D, D) x R* covariant derivative

In section B.I.2, we introduced a Spin(D, D) x R™ derivative and its associated Dirac operator
in (3I6]). Before studying its nilpotency condition (3.30]), let us first give some details on how
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to compute a piece of it, namely Dy. This piece is given by
1 1
Dy = ZQABCPABC = ZQ[ABC]FAPBPC ; (C.8)
where the index p is lowered by an O(D, D) metric. To compute this antisymmetry, we use

1
QapcT? = QaPc nppl? = 3 (QAchb + QAchb) . (C.9)
One then gets for instance
(Qasc — Qacp)TATETY = TA(Q 4 IT¢ + Q4T + QA% 0p0¢ — Q44 T0T,) , (C.10)

using the antisymmetry properties of the connection coefficient [I]. The six terms from Q4 ¢
can be grouped two by two to use the above formula, and further combinations give
Dy = 284 <3Q[abc]e A A EN (C.11)
+ 200, 8% A 1 8 A 208 A B A Lo + 20 ppLa & A EA
+ 29[“bc] La €A 1o + 2010 a1, 1y €€ A +20le blga | Ly le

+ 3qlabel, 4, LC) ,

where we also set some connection coefficients to zero following [I], and the I-matrices have
been rewritten with the Clifford map of section Using the commutation properties of
forms and contractions, and the value of the connection coefficients derived in [I], one obtains
eventually the two Dy given in section
We now turn to the derivation of the BI using the nilpotency condition ([30) on the Dirac
operator D ([B.16]). We focus only on the S-supergravity case, and use the expressions for the
three parts D1, Do and D3 given in section We start with Do, that we showed to be
related to the derivative Dy of [35]. As mentioned in ([B.12)), the vanishing square of this last
derivative is known to reproduce the Bianchi identities for constant fluxes, together with an
additional constraint. So this piece should be a good starting point. That square, acting on
a p-form A, was computed explicitly in [35] and can be translated here as follows (we use
conventions of appendix [A)
EDSA =DjA=+ ifggdfdabéa NN (C.12)

bAEE A LgA

1 -

+ §fdgafgbcea N €
1

+ _fgngadaA
chaCd + fc Qadb + fb Q )6 A LbA
c gd g cd ~b

41 0a@Qp?" + fIapQg " )€ A €% A tetgA

(f
<
<fac Redb 4 _fccdeab I _Qcchdab) Latp A
-3

_|_
)—‘l\')|Hl\')|H>-l>|H[\3I)—‘

fdgaRgbC + Qq Q4 gd)e A LpletgA

b
Qg“ R 1pietgA
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Let us now add to Dy the derivative part D;

i@ﬁ+pﬁb+quA:—%@ﬂ%yAéAA—%@ﬂwﬂAéAyA%A (C.13)
b (5% Flada = B g0t + Qa0 — 501 0a) A
b (= 850w+ (@™ + 50 0)) " A A
— %( — ﬁgcagfdab> E A A LetgA
1<:w@an%Hw“an)%%A
<8 Rbed — 356b06QaCd) Y A LpletgA

90, Ry ptetg A

@I»—k@l»—\

Bringing indices in the right order and writing out antisymmetries, we obtain a set of identities
by adding the above to %D%. Among those are already present our four BI BI) - (B4).
However the additional identities are independent and non-trivial; they contain in particular
derivatives acting on A. To get rid of those, the missing part D3 of the Dirac operator is then
necessary. Note that this last part contains terms that include the dilaton. So the additional
terms to the square are

1
ﬂmm+mm+mm+mm+@ﬂ (C.14)
1 1 ~ 1 N ~a  ~
= (= F%at s + S w0ed + 0 f 0 — 0udo) e A & A A
1 1 . 1 S . 1
+ (O™ g0 = 5F0u(B™ 06 = T) = 5Qu™0ud + 2ud(5™ 00 — T*) + 5Qu™ 2%

ledaaaQ;) A

1 1 -1 ~
+ T + 5% 0cf da + 55 faalc = B*0lad + 5 f9a(B0c6 — T7) = 5

+ (500Q0" = 2a(B06 — T') = 560cf a0 — B0:00d
+ [Paa(B%0ch = T) + Qu"0u6 + fbanggd - —fg Qa') e A 1A
+ % <6acaCQddb _ 26acac(ﬁbdad¢ _ Tb)

1 -1 ~
+ 57 gaR™ = R™006 — SQa" Qg + Qa™ (806 — T ) atoA .
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All these contributions add-up to the following identities
SO a3 Pl — a4 5 S wded — 20Tt~ duind =0 (C.15)
50l + 3l =0 (C16)
5 (B P eada = B 90 + Qa0 — 00 fy0) + %@ + Q™ 40
2 P80 — T*) — Qa0+ 2ud(BV 00— T%) + S Q00+ T
B0 B faale B0+ 3 a0~ T~ JQu b =0 (C17)
B0+ 5(00Q® + 0 f00) = 5 (PeaQa ™+ S a@a® + a0 Q)
+200Qa™ — 2al 00— T) = 380S0 — B0t
(B0~ T + Q0 + 3 flaa@ — 5@ =0 (C.18)
500y ™ — 8192, 0) + 3 (-471,1,Q07 + f90Q,™) =0 (C.19)

1 1 1 1
6 (_3ﬁdcachab + 360[aachb]d) - (f[acde]cd + §fccdeab + §QchQdab)

2
2 (80.Qu" — 280 (ud — T)

g fgaR™M — RO, — LQUMQ 4 Qut (B0~ TH) =0 (C.20)

1 1
5 QR = 3870.Qu ) — S (=R flyy + Qu'Qy") =0 (C21)
‘%ﬂg[aagﬁ»bcd] - ﬁQg[“bR“”g =0. (C22)

Using in particular the expression of 7% in terms of the other fluxes, (CI7), (CI8) and (C20)
can be simplified respectively to

1
—5Qa™ %90 =0 (C.23)
3 3
_§/Bdea[efbda] + iﬂdefbh[afhed] =0 (024)
1 1 1
—5%0Qu" — 5 BN f e — BLQA fay + 15TQy " foea = 0. (C.25)

In addition, (CI5]) simply vanishes. We are then left with seven identities, namely (C.I6),

(C23), (C24), (C19), (C23), (C21I) and (C.22)), that we respectively give in (331) - (337).

As we show there, only five of those are independent and give our four BI 1) - (3.4]) together
with the expected scalar condition.

D The ()-brane background and the related Bianchi identity

D.1 The @Q-brane is a vacuum of S-supergravity

The NS5-brane and the KK-monopole are known vacua of standard supergravity. We verify
explicitly in this appendix that the @Q-brane, given in sections B2.1] and B23] satisfies the
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equations of motion of S-supergravity. We recall that this makes the @)-brane a vacuum of
standard supergravity as well. As mentioned in section 1], for a field configuration satisfying
B0, = 0 (as well as 0p" = 0), f-supergravity gets simplified to the theory worked out
in [3]. These two simplifying assumptions turn out to be verified by the @Q-brane, even at
the singularity. Using this property, the @-brane was verified in [32] to solve the simplified
equations of motion of [3]. The warp factor was however considered harmonic there, which
only holds away from the singularity. Here we will get some new information at the singularity.
We start with the full equations of motion of S-supergravity, obtained in this paper in flat
indices. We can still use the two simplifying assumptions verified by the Q)-brane: they imply
T = 0and R% = 0. The dilaton equation of motion (Z21]) and the Einstein equation (Z22]),
rewritten in flat indices, boil down to

1 - - -
1 (R@ +R () - (@6)? + V%6 = 0, (D.1)
Rab = Ne(allya R + 2V Vi = 0 . (D.2)

In addition, only one @-flux component is non-zero; it has three different indices, which
implies that Q,% = 0. The 3 equation of motion in flat indices (Z24]) becomes

1 1 ;
Qagffag[cne]f + §ffhaQ[chane]f + §nefncdnnggfdfaak + nginaandgflb[eT/c]d (D3)

1 .
= —577ef77cd77ab5a62bfd + 0 0eane; VB 0uh .

In the last term, the Q-flux can be made explicit using the formula

VB = Quf1 + g plly, 1 oypligflapiy o (D.4)

For the Q-brane, given the non-zero components of the fluxes, each term of (D.3) simply
vanishes because of the indices contractions, except the last two terms of (D.4). These can
be non-zero for d, f being = or y, and b fixed to be p. In that case, the sum of the two terms
nevertheless vanishes. So the 8 equation of motion is trivially satisfied.

We now turn to the dilaton equation of motion (D). One computes

R= =273l + Fof  R= —5f 0,0 (.5)
(00 = 170l . V% = [0, — 51 Ao (D.6)

Note that in these expressions and the following ones, the LHS is given in flat indices, whereas
the RHS involves derivatives in curved indices. One way to compute V2¢ is to use

NV Vi = 10 Vi + 1 fl0Vy . (D.7)

This leads to ! !
< (R@) +R(@) = (09)? + V26 = =1 Daf . (D3)

So away from the singularity, (D.]) is satisfied, since Asf = 0 for p > 0. At the singularity,
we get a d, which is expected. Indeed, one should in principle add a source action to the
bulk action, and the former would contribute to the equations of motion by a ¢ within the
energy-momentum tensor. This is what we obtain here.
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Finally, we focus on the simplified Einstein equation (D.2]). The only non-zero components
of the Ricci tensor in flat indices are

Rew =Ry = —10pf)? + 5 A (D.9)
Ryp = =51 300 + 50200 — 520001 (.10
Ry = [ 2(0,f)* — %f*a,%f + %fﬂpflapf . (D.11)

The other curvature tensor takes the form

c c

- 1
Rab _ ﬁcdadezb _ ﬁadadecb + szwazllc _ wQ;anzlb _ §Radcfbdc ~ _walandb (D12)

where the last equality is obtained thanks to the aforementioned simplifications verified by
the @-brane. The non-zero components are

R = T = Q) = 310V (D.13)
Ree — % P00, R =0, (D.14)

In addition the dilaton terms in flat indices yield
VaVed =~ 30,0 = 1078000 (D.15)
VyVyb = —why, f 20,6 = %.}“3(0,)1“)2 (D.16)
VoV,b = A R00) = o SRR, ) = SN0, - 5f R (D)
VoVod =~ f 306 = 1 f @)~ 5F 2070 (D18)

from which we eventually deduce

Rz — R 4+ 2V, Ve = % fAAF (D.19)
Ryy — RY + 2V, V¢ = % F2Af (D.20)
Rpp — R +2V,V, = —% NS (D.21)
Ropp — R + 2V, V0 = —%f*%f : (D.22)

As explained for the dilaton equation of motion (D.8), the above equations vanish away
from the singularity as (D.2]), and receive at the singularity an energy-momentum tensor
contribution in the form of a §, due to the Q-brane action to be added.

D.2 The Bianchi identity with ()-brane source term

We comment here on a BI with a @-brane source term obtained in (5.24) of [77], and compare
it to our proposal (LI2)). It is given by

d (OmB™ Gnudppdz™ A du A dv) = constant voly 5@ , (D.23)
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where the RHS contains a constant times a four-dimensional volume form, and the LHS
involves two specific directions u and v. This BI looks similar to the one for the H-flux, in
presence of an NS5-brane, since it is a four-form and the source is localised in four dimensions
by the 8@ . This last point looks however unexpected, since the Q-brane is only a codimension
2 object. One can still wonder whether, upon smearing two dimensions, (D.23)) reduces to
our proposal (LI2]) that contains a 8@ . The two BI are given in rather different fashions,
so to ease the comparison, let us rewrite (D.23]), partially evaluated on the Q-brane solution
given in section

In this background, the metric is diagonal and § has only one non-trivial component.
Therefore we can replace u and v by generic directions: on the Q-brane solution, the two
expressions have the same value up to a factor 2. Using (3:90), we then rewrite (D.23])) on
this background as

x4 d <Qabc ModNe e A el A éf> = constant’ §®* , (D.24)

< 9l (agQabcnbdncf - %f " 00 Qn mhaney + Qg f hadnbhncf> = constant” ) | (D.25)
the indices of € being lifted with . With the non-zero fluxes of the Q)-brane solution, we get
2elPrY (fféﬁpmey — Q" ([P + fYpy + fmpx)> = constant” 6§ . (D.26)

This expression is close to ours for S7¥ in ([B.33]), but is still different: the signs in front of
IY oys [7 pz differ. Another way to see this mismatch is through the related term ngc Faamnne Y
that is generically different from the one in our BI ([3:2)), although it is again only a matter of
sign when evaluated on the solution. We believe that smearing would not change this sign.
So the two proposals (D.23)) and ([LI2) differ, at least when evaluated on the @Q-brane
solution, which would have been a minimal requirement. As consequence, we doubt that
(D23)) could reduce to the two-dimensional Poisson equation, even when smeared. We actu-
ally believe that an explicit tensorial expression for a Bl with a ()-brane source term is not
given by a four-form, but rather involves contractions, e.g. ve . Lq, as indicated by ([B38).

E Proofs about symmetries

In this appendix, we prove various statements that appeared in our study of symmetries in
section .11

E.1 Proof of the equivalence (7))

Having isometries generated by Killing vectors translates into Killing equations on each of
our fields. Those are given in terms of the Lie derivative Ly,. For constant Killing vectors, it
boils down to the conditions

Vie{l1...N},p,q, V"0mipg =0, V0P =0, V"0pé =0 . (E.1)

Let us first prove the implication =. The N Killing vectors are constant and independent.
So they form a basis of an N-dimensional vector space. Using constant rotations, one can
thus bring them to a form where V™ = §]" v,y (no sum on ¢), v(,) # 0. As the rotations
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are constant, they can be performed on the coordinates as well, and on the &,,. So without
changing notation, we now consider to have such Killing vectors. The conditions (EJI) now
become

Vie{l...N},p,q, 0.Gpg =0, 0,877=0, 0,6 =0. (E.2)

As the vectors are constant and independent, N cannot be bigger than the dimension of
the space-time. Let us now consider any constant antisymmetric bivector of coefficient wP?
that is non-zero only along these N directions, i.e. Vp € {1...N}, 3¢ / wP? # 0 and
Vp ¢ {1...N}, wP? = 0. Thanks to the antisymmetry of wP?, this means that only the
diagonal block along (1...N) x (1...N) is non-zero. Note that this requires N > 1, as as-
sumed. Because of this block structure, one has w?"0, = Zf\il wP'0,. This operator applied
on any of the three fields vanishes, thanks to (E.2). In addition, it also vanishes on any of
their derivatives, by commuting the derivatives. So we eventually obtain w?"d,.- = 0.

Let us now prove the reverse implication <. We start with a constant antisymmetric
bivector @w?? non-zero along a diagonal N x N block. Up to relabeling the directions, having
this block translates into Yp € {1... N}, 3¢ / wP? # 0 and Vp ¢ {1... N}, @wP? = 0. Let
us now assume that N is even. We then consider a particular wP? such that the block only
has one non-zero entry on each line, i.e. Vp € {1... N}, 3lpg / wPP? # 0. Thanks to the
antisymmetry, this means that each column of the block also has only one non-zero entry. So
it is clear that {po} spans {1... N}. Let us provide an example of such a block of w (viewed
as a matrix), to show that it can exist2

(E.3)

In addition, one has by assumption Vp, w?"d,.- = 0. The peculiar structure of the block
just considered then implies that Vp € {1... N}, @wPPo0,,- = 0 (without sum on py). We
then define N vectors V,, + € {1... N}, of components V" = §;" v(,) (no sum on ¢) with
V(pg) = @PP? # 0. Given these components, the N vectors are constant and independent. One
can verify that they satisfy Ve € {1... N}, V/"0,,- = 0. So they satisfy the condition (E.I),
and they are Killing vectors.

Let us now look a the case where N is odd. As N > 1, we deduce N > 3. We then
consider a w having a non-zero diagonal N x N block that splits into two diagonal blocks
of size (N —3) x (N — 3) and 3 x 3. The first block is of even size; from that one we can
construct as above N — 3 constant and independent Killing vectors, along directions that do
not mix with the remaining 3. We will now construct a similar set of 3 vectors along these
last directions, and overall, the N Killing vectors will then be independent. To construct two
of the three missing Killing vectors, one can consider a block of the form

0 10
-1 0 0], (E.4)
0 0 0

possibly with coefficients different than 1. Either by proceeding as above on the 2 x 2 non-
zero sub-block, or by diagonalising this block, one can get two more constant and independent

24SQuch w are only possible for an even N, that we assumed; indeed, for N being odd, the determinant of
the block would be zero (a property of antisymmetric matrices), which would prevent to get from it (alone) N
independent vectors, as we will see.
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Killing vectors. However, with this w, we cannot get a Killing vector along the last direction;
we need to consider a different o. We only change the 3 x 3 block towards

0 0 0
0 0 1}, (E.5)
0 -1 0

and proceed similarly. By linear combinations, we can then get one new constant Killing
vector along the last direction, which is independent from all others.

E.2 T-duality is a symmetry for the NSNS sector

We show here the invariance of Lnsns, up to a total derivative, under the T-duality transfor-
mation O(N, N) given in ([@IT]), when the fields are independent of N coordinates. To do so,
we recall two approaches in the literature.

e Maharana-Schwarz [81] and the compactification along the isometries

We consider that the NSNS fields are independent of N coordinates, in a D-dimensional
space-time. One can then develop the Lagrangian Lngng by separating the components
of the fields that are along these N directions and those that are not. The latter do
not transform under the O(N, N), while the former do. One can then look at how
the various terms in the Lagrangian transform. This was precisely done in [81]: the
resulting rewritten Lagrangian was shown to be O(N, N) invariant.

The corresponding action can also be viewed as the compactified one. Because of the
independence on N coordinates, the corresponding volume factor can be factorized out
(it is set to 1 in [81]), leaving the action to be D — N dimensional. It is actually a
well-known fact that the reduced action has this O(N, N) symmetry. It is however only
a matter of volume factor to make it a D-dimensional action, and it then still has the
Symmetry.

e Double Field Theory
The Double Field Theory (DFT) Lagrangian can be formulated as follows [95]

1 1
EDFT = 372d<§HMNaM'HPQaN'HPQ - 57'[MN(9N’HPQ5Q'HMP (Eﬁ)
— 20y doyHMN + 4’HMN8MdaNd) .

The fields H and d can be defined in terms of g, b, ¢ as in section B (HM" is the
component of H~!). However, they depend here on 2D coordinates XM = (Z,,,2™);
the latter also define the derivative dj; accordingly. An interesting property of this
Lagrangian is that it reproduces the standard NSNS Lagrangian up to a total derivative
if one enforces the strong constraint, that we take here to be ¢ = 0

Lprrlz_g = LNnsns + (... ) (E.7)

Another property of this Lagrangian is its invariance under constant O(D, D) transfor-
mations. Those are given by the same action as in ([@II) for a generic O € O(D, D),
together with a transformation of the coordinates and of the derivatives

X' =01'Xx,0d=00. (E.8)

61



Because of the contraction of indices and the invariance of d, it is straightforward to
see that these constant O(D, D) transformations are a symmetry of the Lagrangian, i.e.
LppT is invariant under them.

Let us now consider an independence on N standard coordinates x™, together with
the strong constraint ¢ = 0. This implies that the only non-trivial derivatives are the
Op, where 2P is not one of the N coordinates. Similarly, the fields in Lppr then only
depend on such aP. Let us now consider Oy, one of the O(N,N) transformations
discussed in ([AI0) and (ZII)). Because of its O(D, D) invariance, Lppr is invariant
under this O(N, N) subgroup. Let us now look at the action of such an Oy on the
derivatives and coordinates (E.8)): on the zP that are the coordinates on which the
Lagrangian depends, the action is trivial (it is the 1p_x). The same holds for the
derivatives 0,. Therefore, when the fields are independent of N coordinates 2™ and the
strong constraint ¢ = 0 is enforced, the effective transformation on the coordinates and
derivatives in the Lagrangian under Oy is

X' =X,0d=0, (E.9)

i.e. they do not transform. The action of this O(N, N) subgroup then boils down to
that of the T-duality group: indeed, the latter does not change the coordinates nor the
derivatives, but only acts on H and d as in ([@II]). As mentioned above, this O(N, N)
leaves Lppr invariant. Therefore, thanks to (E.7), we deduce that Lxgng is invariant
under the T-duality group transformations, up to a total derivative, when fields are
independent of NV coordinates.
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