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ABSTRACT: D-instanton contributions to the mass matrix of arbitrary excited string states
of type IIB string theory in the maximally supersymmetric plane-wave background are cal-
culated to leading order in the string coupling using a supersymmetric light-cone boundary
state formalism. The explicit non-perturbative dependence of the mass matrix on the com-
plex string coupling, the plane-wave mass parameter and the mode numbers of the excited
states is determined.
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1. Introduction

The conjectured correspondence between the BMN sector of N' = 4, d = 4 supersymmetric
Yang-Mills [[If] and type IIB string theory in the maximally supersymmetric plane-wave
background [f] has been examined in some detail at the perturbative level [B]-[f]. How-
ever, the understanding of non-perturbative aspects of the correspondence has been very
limited (although D-branes were constructed on the string theory side in [f}, []). Such non-
perturbative effects are well-studied in the context of the AdS/CFT correspondence where
Yang—Mills instanton effects in A/ = 4 supersymmetric Yang-Mills correspond closely to
D-instanton effects in type IIB superstring theory in AdSs x S° [fl-[[J]. A natural ques-
tion to ask is whether there is a similar relationship between non-perturbative effects in
plane-wave string theory and the BMN limit of the gauge theory.

According to the correspondence between plane-wave string theory and the BMN limit
of N' = 4 Yang-Mills theory, the light-cone gauge string theory mass matrix is related to
the gauge theory conformal dimension. More precisely, the conformal dimension, A, and



R-charge, J, are given by
—=A-J, (1.1)

where H® denotes the two-particle hamiltonian and g is the constant background RR
(Ramond-Ramond) five-form flux. The two-particle hamiltonian is the sum of two pieces

+H? (1.2)

nonpert *

H? — g

pert

The perturbative part, H )

perts 1S @ power series in the string coupling, gs. These perturbative

contributions to the mass spectrum have been analysed in some detail on both the string
side and in the BMN limit of the gauge theory using the technology developed in [[L3]. There
have been no calculations of non-perturbative corrections due to D-instanton effects, which
contribute to H')

nonpert*

It is the purpose of this paper to fill the gap in the existing literature
and open the possibility of examining the proposed BMN /plane-wave correspondence at
the non-perturbative level.

The single D-instanton sector has a measure that is proportional to
62’i71’7’ Z/Q, (13)

where 7 = 71 4imp = CO) 4je=? (C () is the Ramond-Ramond pseudoscalar, ¢ is the dilaton
and g, = e®). The factor gz/ % can be extracted from the form of certain higher derivative
interactions that enter into the type IIB effective action at O(1/a’) [[[4].! Although ([L.3)
is exponentially small, it is the leading contribution with the phase factor e2miCO 1t s
therefore of interest to understand how the mass matrix is modified by these contributions.
In the following we will calculate such D-instanton contributions to mass matrix elements
to leading order in the string coupling. These can be compared with the gauge theory
instanton contributions to the corresponding two-point functions in the BMN limit, which
will be the subject of a separate paper [[L5].

We will use the light-cone boundary state description of the D-instanton [ [[f] to
evaluate elements of the mass matrix for arbitrary string states. Equivalently, the leading
contribution to the two-point function of string states in the D-instanton background will
be associated with a world-sheet that is the product of two disks, with one closed-string
state attached to each, and with Dirichlet boundary conditions. These boundary conditions
impose the condition that the D-instanton has a position given by the bosonic moduli
mé, mg , T - The sixteen broken kinematical and dynamical supersymmetries lead to the
presence of sixteen fermionic moduli, €%, %, which are included by attaching a total of
sixteen fermionic open-string states to the boundaries of the disks. All the moduli are then
integrated. This procedure will be implemented by use of the boundary state formalism.

This paper is organised as follows. Some of the notation and conventions of free
light-cone plane-wave string theory are reviewed in section and the structure of the
D-instanton boundary state is reviewed in section .2 In section the dependence on

More precisely, the complete dilaton dependence of any such process is a modular form that contains
specific multi D-instanton contributions, from which one can read off the measure, including the gz/ 2 factor.



the fermionic moduli is obtained by applying the eight broken kinematical supersymmetries
and the eight broken dynamical supersymmetries to the boundary state. This results in a
‘dressed’ boundary state. In order to evaluate the D-instanton contribution to two-point
functions of string states this dressed boundary state is generalised to a composite two-
string boundary state that is the product of two single string boundary states. Matrix
elements of this state with physical two-string states give the D-instanton contribution to
the elements of the mass matrix to leading order in the string coupling. Equivalently, we
are evaluating the product of two disks with a single physical closed-string state attached
to each and a total of sixteen open fermionic strings (representing the fermionic moduli)
attached to the disk boundaries, which satisfy Dirichlet boundary conditions in all space-
time directions. In section we will see that there are no D-instanton corrections
to the mass matrix with external supergravity states, as expected. The contributions of
a single D-instanton to the mass matrix of massive string states created by the action
of string creation modes are considered in sections [ and . In section J| states with
two oscillator excitations (two impurities) are considered in detail. We will see that the
leading contributions to Hr(linpert /

mode number of the oscillators. States with four bosonic string oscillator excitations are

/1 behave as gz ?m3 when m is large, independent of the
considered in section [l The elements of the mass matrix between such states behave as
gz/2m7/r282, where r, —r, s, —s are the mode numbers of the oscillators on each of the
strings.? States with fermionic excitations and states with larger numbers of impurities
will also be discussed in section . We conclude with a summary and discussion of the
implications for the BMN limit of A" = 4 supersymmetric Yang-Mills theory in section f]

2. Couplings of the plane-wave D-instanton

2.1 Plane-wave string theory

In this subsection and the we will review some properties of free plane-wave light-
cone gauge string theory [B]. The expressions for the supercharges and the hamiltonian are
given in the in terms of integrals over the usual superstring world-sheet fields,
z!, S and S. Here we will summarise the mode expansions of these expressions.

The free quantum mechanics hamiltonian [P is given by?

% h—=m (a“af +iSOT1,, 88 + 4) + [aikag +alal 4wy (Sﬁksg + Sa_ké;;)]

2 T

=m (a“al + 0209 + éﬁ@;ﬁz) + [aikai + &l pal 4wy (Siksg + SikSg)] ,

b
Il
—

(2.1)

2These arise in pairs of equal magnitude and opposite sign. They are also equal on the two strings as a
result of the conservation of light-cone energy.

3We here use the lower case symbol h to distinguish the first quantised hamiltonian from the lowest
order contribution to the string field theory hamiltonian.



where m = pp_ o/, w, = sign(n)vm? + n?. The matrix II is defined in terms of SO(8) =
matrices by
I = y'y%y%y*, (2.2)

and its presence in (R.1]) implies that A is invariant under SO(4) x SO(4) rather than SO(8).
The choice of the matrix IT in (R.9) reflects the choice of specific directions for the constant
RR five-form flux which defines the background.

The modes of the left-moving and right-moving bosonic and fermionic world-sheet
fields, a, &, S and S, satisfy the (anti)commutation relations,

[ama an] = Wn5m+n ) [dnu ONln] = Wn5m+n ’

{5¢ .85} = 69, 0, {52 .55% = 696,10, (2.3)

while all other (anti)commutators of these variables vanish. The zero-mode fermionic vari-
ables 0, g, 01, and 6y, in (.1) are four-component spinors with SO(4) x SO(4) chiralities
(4,+) and (—, —), defined in terms of S¢ and S¢ by

1 a - Qa ) 1 a - Qa

1 1
2v/2 2V2

The non-zero anticommutation relations between these spinors are

0 = (1-10)(S§ +iS8),  or (1 —1I) (S§ —iS%). (2.4)

{0r,0R} = u J; D ; {6,0.} =

(1-10)

5 (2.5)

The transverse position and momentum operators pair together to form harmonic
oscillator creation and annihilation operators,
I 1

(b + ilmlag), o' = (b — ilmlzp), (2.6)
2|ml| 2|m|

all =

satisfying
[al,al’] =617, (2.7)

The operators a and a' are referred to as the zero mode bosonic oscillators. The presence
of the fermion mass-term in the hamiltonian explicitly breaks the SO(8) symmetry to
SO(4) x SO(4).

Let us briefly review the massless sector of the theory. Recall that it is usual to take
the BMN vacuum state, |0}, to be the bottom state of a ‘massless’ supermultiplet. It is
natural to use a Fock space description for the fermions based on |0); as the ground state
satisfying

0110), =0 = 0r|0)}, . (2.8)

In this basis the operators f;, and 0 are creation operators and are used to create the other
states in the multiplet. The state |0); is a nondegenerate bosonic state with py = 0. All
the other states have positive p, with equal numbers of degenerate bosons and fermions.



The lowest lying levels of the string are generated by acting with the zero bosonic and
fermionic modes on the ground state. This generates towers of supergravity states that
include infinite numbers of Kaluza-Klein-like excitations. It will prove convenient in the
following to refer to a different basis in which the ground state is the complex dilaton, |0) p,
that is annihilated by 67, and 6r. Acting on this state with fr and 0y generates the 256
BPS states in a short supermultiplet. For example, acting with four powers of 0, gives the
BMN ground state,

1 o
Zealazasme?ef‘g?‘g?‘O>D - ‘0>h7 (2'9)

where the 0 indicates that the state is the ground state of the zero mode bosonic harmonic
oscillators. Similarly the conjugate of the BMN ground state is obtained by acting with
QR’ 1
Falawgmégégéygég|0> p=10);. (2.10)

In making contact with the boundary state description of the D-instanton we will
often consider matrix elements between dilaton ground states, |0) p. In particular, the only

non-zero matrix element in the space of the zero-mode fermions (the 6’s) is

4
5(010)p = p(0| [T (6163)10)p - (2.11)
a=1
We will use a convention in which p_ > 0 for incoming states and p_ < 0 for outgoing
states. After integration over the instanton modulus z, p_ is conserved, which means
that for any process involving M incoming and N outgoing states

M N
> o+ ps =0. (2.12)
r=1 s=1

The background preserves 32 supersymmetries. Sixteen of these are kinematical and
do not commute with the hamiltonian, while sixteen are dynamical and commute with the
hamiltonian. The kinematical supersymmetry generators are proportional to the 6’s and
@’s. They will be denoted by ¢ and ¢, defined by

qr = e(p-)V/Ip-10r qr = e(p-)/Ip-10
ar = +/Ip-10r L = /Ip-10r, (2.13)

where e(p_) = sign(p_). The generators ¢ and ¢ satisfy the standard anti-commutation
relations {q,q} = p—.
The dynamical supersymmetry generators, Q and Q, are given by

V2Ip—1 Qa = phvaySt — Imlaf (v'11),, S§ + (2.14)
o0 .
mm - ~ T =
# 3 (arblal oS8+ al8%,) + 3 (2110, 61,88 - a1t
n=1 nen
V2Ip—1 Qa = phviySt + Imlaf (v'11),, S§+ (2.15)
o0 .
- ~ T = m
+ Z <cn70'ILb(aI—nSfL + O‘rILSEn) - m (PYIH)ab (O‘I—nSfL - arlzsgn)> )
n=1 nen



with ¢, = \/(wn + n)/2w,. The combinations Q* = %(Qﬂ:l@) satisfy the anti-commuta-
tion relations

(7@} = 2h +m(II T+ m(y )T
{Q".Q") =

(N—N)~0,
p!

’ (N—=N)~0, (2.16)

where J!7 is the generator of angular momentum and N, N are the left and right moving
number operators, defined by

N = Z (— ol ol +ns® sa> N=Y" (wﬁn al al + nS“n§g> . (2.17)

n=1
In the above and in what follows, a capital index I,J,... labels an SO(8) vector, an
unprimed lower case index i, 7,... labels a vector in one of the SO(4) subgroups, while a
primed lower case index ', j', ... labels a vector in the other SO(4) subgroup. The symbol

~ indicates that N — N vanishes for physical states, which satisfy the level-matching
condition.

2.2 Review of the D-instanton boundary state

The D-instanton boundary state of [[]] preserves eight kinematical and eight dynamical
supersymmetries and is given by

[e o]

1 - . ~

12)) = No,0) exp <Z —alaly, - mS—kMkS—k> 12 Do, (2.18)
k=1

where ||z ))p is the ground state of all the oscillators of non-zero mode number. The

coordinate z! is the eigenvalue of the position operator,

11T
2= =, (2.19)
2/l

constructed from the zero mode oscillators, af! and a!. The parameter 7 is equal to +1,
depending on whether the state describes a D-instanton or an anti D-instanton. From here

on we shall choose = 1. The normalisation constant in (R.18) is given by

Noo) = (dmm)>. (2.20)
The matrix 1
My, = E(wk]l — mlI) (2.21)
satisfies
MyMT, =1. (2.22)

The zero-mode part of the state is given by
|2)o = e7mE2eiVemE Al ez alalg) (2.23)

where |0)p is the ground state of all the oscillators in the basis in which 67, and 0g are
annihilation modes.



The boundary state was shown in [[]] to satisfy the conditions
(sa+inmsh,)z) =0 (2.24)
It will be convenient to decompose the SO(8) spinors S,, and S, into spinors of definite
SO(4) chiralities by defining

St = l(1 +1)S,, S, = %(1 —1)Sy, (2.25)

n 2 n

so that I1S;F = 45, and similarly for S,. Then (2:24) can be rewritten as

(S?f + z’M,%an> |Iz) =0, (2.26)
where
pME=nFMm_ [OnF W 2.97
" n wp £ m ( )
Note also that
S(01SESE [0Vs = 6mn,  s(0|SEST, |0)g =0, (2.28)

where |0) g satisfies Sy,|0)g = S,,|0)s = 0 for m > 0.
The n = 0 condition in (R.24) ensures that the state preserves half the kinematical
supersymmetries,
qrllz) =0 =qrlz)) - (2.29)

Likewise, it preserves a linear combination of dynamical supersymmetries,
QF|lz) =0, (2.30)

where vV2Q1 = Q + iQ. Applying the eight broken kinematical supersymmetries, gz, and
Jr, and the eight broken dynamical supersymmetries, v2Q~ = Q — iQ, to the boundary
state generates sixteen fermionic moduli.

2.3 Two states coupling to a D-instanton

In this subsection we will calculate the contribution to the mass matrix of two-string
states coupling to the D-instanton. To leading order in the string coupling this process
is determined by the product of the one-point functions of closed strings coupling to a
disk world-sheet, as shown in figure [[. It will be crucial to include the sixteen fermionic
moduli associated with open strings coupling to the boundaries of the disks, which were
not discussed in [ff.

Each disk is defined in a separate Fock space labelled 1 and 2, so that the D-instanton
state in this space is given by

VA 2) = [|2 )1 ® ||z )o €0 Pri+p2e) gig (pr-tpa) (2.31)

where the superscript (0) indicates that the fermionic moduli are not yet included.
Conservation of p_ follows upon integrating over the modulus x; so that there is a

factor of 0(p1— + p2—) in the two-point function. We will take p;— = p_ = —ps_ > 0, which

means that m = pa’p_ > 0 on disk 1 and m < 0 on disk 2. After integration over the light-
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Figure 1: Leading order contribution to the two-point function. Dashed lines indicate the sixteen
fermionic moduli, while solid lines indicate external states. The complete process is a sum of such
contributions with the sixteen fermionic moduli distributed between the two disks in all possible
ways.

cone time modulus, za' , the process will preserve the p; component of momentum, which
means that there is a factor of §(h; + hy), where h;, hy are the light-cone hamiltonians for
the incoming and outgoing states, respectively.

The dependence of the two-boundary state (R.31]) on the transverse position modulus,
z, is given by the product of a factor (R.23) for each disk. Therefore, making use of the
gaussian integral

/dSZBmZQBi 2m(a{+a§)-z6(a{2+a§2)/2|0>1 ® |0>2 _ 7T4m7467a{-a§|0>1 ® |0>2, (232)

the two-particle vertex integrated over the bosonic moduli (still ignoring fermionic moduli)

has the form

Oy = / 2 [0, 2)

= enfen (3 2o e —isOME%Y + La?a?) —isA5% | x
k=1 W k
x €= %192 (0,0))1 @ [[(0,0))s (2.33)

Note, in particular, that the factor of m* in the normalization of the boundary state cancels
after integration over z.

We will now consider the effect of applying the broken supersymmetries acting on
the D-instanton in order to determine the dependence on the supermoduli. The broken
kinematic supersymmetries multiply the vertex by the factor

Er(@r+ @r)" (L@ + d@r))* (2.34)
while the broken dynamical supersymmetries give the factor
(@1 +@2))° (2.35)

The spinors €3 and €} are parameters of the kinematical supersymmetries with opposite
SO(4) x SO(4) chiralities, so the index a has effectively four components for each chirality
(which will be labelled by a; and ap). The dynamical supersymmetry parameter n% has

eight components.



Applying the broken kinematic supersymmetries (R.34) to the original D-instanton
state and integrating over €ér and €, gives the state

4
. _ =~ ar A = ~ (0
[V2)) = €ar ar,argar, €bp brybribr, | | (021, + 010)"" (O2r + HlR)bRT ||V2( )>> : (2.36)

r=1

The products involving 6;’s and fr’s can be interpreted as follows. The boundary state
is located at a particular value of z,er,egr in superspace. The two disks are therefore
associated with factors

54 (01, + €)% (Bor, + &)
and a similar one involving fr’s. Integrating over €;, and €g gives the factor

4
54(52[, + éL)54(é2R + éu{) = H((%L + élL)aLT (éQR + élR)bRT .

r=1

The vertex ||Va)) satisfies the conditions

(a1 + a})[[Va) = 0= (al + a2)[|V2)
(Oar, + 011)[|V2) = 0= (Bar + O1R)||V2)) . (2.37)

The remaining supermoduli are the n® associated with the broken dynamical supersym-
metries, Q. Applying the broken dynamical supersymmetries to the state || Vg)} produces
an additional prefactor, resulting in the complete boundary state,

1Va) = / 0 (@5 + Q3 )W) . (2.38)

which couples to any pair of physical closed-string states subject to them preserving p
and p_.
We now need to show that the unbroken supersymmetries,

F(@r+a@r)™ (i +el)®, 7@ - Q) (2.39)

annihilate the vertex, ||[V5)), so the state preserves half the supersymmetries. The vertex
HVQ(O)» is automatically annihilated by these supersymmetries, so the issue is whether they
continue to do so in the presence of the prefactors in (R.36) and (R.3§). So we need to show
that the commutators of the unbroken supersymmetries with these prefactors all vanish.
Although the conserved kinematical supersymmetry, € g(¢1r+ g2r), does not commute with
the prefactor (n(Q7 + Q5 ))®, the commutator is proportional to (a; + az), which vanishes
when acting on the vertex, |[Va)) (similarly, the commutator of the conserved kinematical
supersymmetry, €r,(qiz + g2r), is proportional to (ag + aJ{), which also vanishes on the
vertex). The conserved dynamical supersymmetry, n (QIL — Q;), also does not commute
with the prefactor in (R.3§), but the commutator is proportional to the sum, pi4 + pay,
which vanishes since the light-cone energy is conserved in the on-shell two-point function.



Finally, the conserved dynamical supersymmetry does not commute with the prefactor
H¢:1(9_2L + 011)%r (O + élR)bRr in the vertex ||T72>>, but its commutator is proportional
to (a1 + ag) or (aJ{ + a2), each of which vanishes when acting on the vertex.

Elements of the mass matrix for external states x1 and xo are proportional to matrix
elements of the form

2™ g7 1 (xa| @ 2 (x2|[V2)) - (2.40)

The analysis of the integral over the eight components of n is very different in the zero
mode sector (the supergravity sector) from the non zero-mode sector. We will therefore
first analyse the mass matrix for the supergravity sector before considering more general
stringy effects.

2.3.1 Decoupling of supergravity modes
The piece of Q~ that depends on zero modes is given by (see the
V2Ip-1Qpy = 0y — ilmlagy Mas(So — iSo)°
= V2(pyy" — ilml|wgy a0k +61)°
= 2¢/|m| <a -v0g + af -79L> , (2.41)

a
where we have used IIfp = +0p and I16;, = —0;. We also note that the part of the
conserved dynamical supersymmetries, Q, that depends on zero modes is given by

V2Ip-1Q3;, = 2V/Iml(a - 70 + a’ - 10r)a. (2.42)

The commutation relations between the a’s and ()~ are given by

Q7 'l = V20, [Q,a'] = /217 Or, (2.43)

and
{Qia GL} = 07 {Q77 HR} =0. (244)
The expressions for the zero-mode parts of the broken dynamical supersymmetries that

enter in (R.3§) are

Qr =2y - (019_1}2 + GI§1L> ) Qy = —/2uv- (aiﬂ_m + 0'29_2L) . (2.45)

According to the above, the matrix elements of the mass matrix between states (x1]

4

and (x2| have the form

8
L al @, (ellve) = /dgn Ll @, Ol TT0M (@ +Q3)™) Ve - (2.46)

r=1

The last factor in [[n(Q] + Q5 ) acts on the boundary state. In this factor one can

substitute ag = —aj and a] = — ag (using (R.37)). This factor is then of the form

- (—a;(éug + éQR) + aJ{(éu + éQL)) , (2.47)

4Note that according to our conventions an incoming state has positive momentum while an outgoing
state has negative momentum.

,10,



which vanishes when multiplying the prefactor Hle(élL + 02727 (B g + Oor )R in ||V3)).
We therefore see that the matrix elements involving two supergravity states of arbitrary
excitation number vanish, as expected.

When one of the states has no stringy excitations and the other does the matrix element
also vanishes. This follows from the fact that the two external states have to have same
value of py (or level number) after integration over the x§ modulus of the D-instanton.

When both of the states have stringy excitations the matrix element does not vanish.

3. Matrix elements between two-impurity single-string states

We now turn to consider the matrix elements of states with non-zero mode number exci-
tations, which are generically non-vanishing. One general feature of these matrix elements
follows from the fact that, apart from the prefactor associated with the broken supersym-
metries, the boundary state is simply an exponential of a scalar quadratic form in the
excited oscillators. In the absence of the prefactor the boundary state would factorise into
the product of two scalar operators and therefore would only couple to states in which the
impurities are combined into SO(4) x SO(4) singlets. Only the prefactor (n(Q7] + Q5))®
couples the SO(4) x SO(4) spin between the two disks. In the first instance we will restrict
ourselves to states with only two impurities.

The complete list of two-impurity states based on the BMN vacuum at a given mass
level is given by

NS — NS ol a0y, o al oy, al,al,|ov,
RR 082,58 100,  SY LS 100, S ALIEESY 10,
NS - R cal, S |0),
R — NS 8% &l |0V, (3.1)

where NS and R indicate the Neveu-Schwarz and Ramond sectors, respectively. The
masses of each of these states is 2w, in the free string theory, while our aim is to evaluate
the one-instanton mass matrix that corrects the masses of such states. Although the
list (B-1) is labelled with SO(8) transverse vector indices for economy of presentation, the
boundary state only respects the SO(4) x SO(4) subgroup. We will first consider states in
the NS — NS sector that have two bosonic impurities.

3.1 Two bosonic impurities

In this case we will take the external states to be stringy excitations of the BMN ground
state. In this case the bra vectors in (R.46)) are given by
2)

1 - ~
Lal @ 40l = —— 6710l &0 @ 4 (0af &l (3:2)
p*aq

The normalisation has been chosen so that each external state has unit norm if the wave

functions satisfy tglj) tglJ) =1= 75%) 75%)
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We now proceed to evaluate the matrix element (R.46). The non-zero modes enter into
()~ in the following manner

\% 2‘p—’Q;n7ﬁ0 = Z("YIN-F)db(arILSEn - Zdrllgin) + (VIN—)db(aI—nSfL - Z&I—nSfL) 9 (33)
n=1

where we have defined

m
N. =(c,1 £ )gp - 34
( :I:)ab (Cn QWnCn )ab ( )
The matrices Ny and N_ satisfy
n n n
N2 =—M_,, N N_=—, N2 = —M,. (3.5)
Wn, Wn, wn,

We will make use of the following commutation relations that are valid for p_ > 0,

2lp-| Qs y] = wpy  NyanS2, (3.6)
2p-| [Qy .67, = —iwyy' NyapS°, (3.7)
Ve 1{Qz, st} = 2 N wal, (3.8)
)

V2lp-| {Q; ,Sﬁp} = —iy! N_gal,,. (

For p_ < 0 the sign of m changes and the matrices N, and N_ are interchanged.

©w
)

The vertex ||V2)) in (R.46) contains the prefactor
8
((Q7 +Q3))" =) Co(nQy )" (@3 )" ", (3.10)
p=0

where CS are binomial coefficients. The different terms in the sum in (B.I0) generate
couplings between external states in different SO(4) x SO(4) representations when they act
on the boundary state ||V5)).

With external states of the form (B.2) an even number of @ ~’s must be distributed
between the disks so only the terms with even p contribute. For each value of p each disk
couples to an external string state that lies in symmetric, antisymmetric or trace irreducible
representations of SO(4) x SO(4) which are shown in table [

3.1.1 Matrix elements of symmetric tensor and singlet states

We will first consider the p = 4 case, in which there is a pre-factor of Q4. This contributes
to the SO(4) x SO(4) representations, (i,7), (i',7"), (¢,7), (',7') and (¢,5") + (j',4). In this
case we need to include the terms with binomial coefficients C% in (B.10).

Since the external states are bra vectors containing two excited annihilation oscillators,
and since each factor of (] + (@5 ) in the prefactor contains the sum of products of
one creation mode and one annihilation mode, we need only keep the bilinear terms in
the expansion of the exponential factor in the boundary ket state. The matrix elements

- 12 —



p | Disk 1 | Disk 2 SO(4) x SO(4) reps.

01 (@) | (Q)® (4,9) + (4", 3")

21 (@) [ (Q@)° (4,91, [, 3'7 5[4, 5]

A1 @) @) | (yd)es (5, (60), (5, 57) 5 (3,57)
61 (Q)° | (Q) (4,91, [, 3'7 5[4, 5]

81 (@) @) (i,9) + (4',5")

Table 1: Distribution of the eight Q~
of SO(4) x SO(4) irreducible representations listed in the last column. The symbol [a, b] indicates

's between the two disks leads to couplings between pairs

an antisymmetric representation, (a,b); indicates a symmetric traceless irreducible representation

while (a,a) indicates a singlet of either SO(4).

ol S,
V 2|177|627(.11 Wn(NJIr)dlcSin (Ni)dlaal—n
[, V2 lQ nyl7 al, Wn(ND)aya(NLS_)ay

IT_ V2p-1Q*

nwn Vg e, (NS _n)as

n(Ni)dla%{;]asain

[T— V2@~ n?yl7, 7K ok, nwn(N1)a, a2 sy (N{S_n)a,
TT_ V2 1Q % | wanPy 2, I8 (NS ,)a, n2(N1)a,avid vl 5 o,

[T—, V2@~ niyl7, K KL ok, wnn? (N )iy a2, 75 (NE S n)a
[Toy V2Ip1Q7 | wany il 2K KL (NES_0)a, n3(ND)a oyt i K AKE of,
Lo V2 1Q7% | nil o viE KL AEM oM | wun®(NT)a,avd s v K A EE (NES )a

Table 2: Action of broken supersymmetries on the left-moving (untilded) oscillators with p_ > 0.

The result for the right-movers (tilded) oscillators is given by inserting an extra factor of (—i)”.

When p_ < 0 the matrices N_ and N, are interchanged. The matrices Ni are defined by Ni =
I

v Nz

therefore have the form

e}

Al @, 0el QT +02))° <Z wik

(5

=1

W G01 isgl,ngggg> .

1
i s<2)MS”> 10,001 @ 0.0}z (311)
l

We will evaluate (B.11]) by commuting factors of n(Q7 + @5 ) to the right, noting
that the commuted part annihilates the ground-state ket vector.
factors of [(nQ~)",al] or
are summarised in table f| (in which N1

We therefore pick up
[(nQ~)",S?] for various values of the integer r. These factors
=+l Ny)B
this list since these cancel with factors of [p_| coming from the kinematic supersymmetries
once both the disks are included.

Overall powers of |p_| are omitted in

"Recall that the sign of m in Qj is reversed relative to that in Q7 .
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Since the external states are made of bosonic oscillators only, we will need to act
with an even number of ()7’s on each bosonic oscillator and with an odd number on each
fermionic oscillator. In other words, we need to evaluate an expression of the form,

1 _ .1 _ . 1 _ —\2 -

;[(77@ )47 CM)]CM + 504[(77Q )4)7 Oé] =+ 6;[(”@ )27 Oé] [(WQ )27 Oé] +

+4[(nQ ™), 5] Q™. 8] + 4@~ 8] [(nQ ™), 5], (3.12)
where we have suppressed the index structure. The various numerical factors in front of

each term are the binomial coefficients C2.
Using table ] and the following identity

N_M,N_ + X =2M,, (3.13)

Wn
we obtain a contribution to the first disk of the form
. > Wn m 1)(R ~(1)S
Disk 1) = Y~ n | (" n) (" (221 = Z11) 2%) | D000 0. (314)
n=1

For the second disk, the result can be obtained from equation (B.14)) by replacing m by
—m, giving

Disk 2) = " n [(m ) (1 (221 +21) %) | B 602 0,00 )0 (3.15)

n=1

The mass matrix is obtained by evaluating

1
D @)

— it / d*n (0lafP &M Disk 1) x (0aP" &P |Disk 2)) (3.16)
p¥q

This expression involves the Grassmann integral,
/d8 iy oy My P iy M A9 (3.17)

Integration over the n’s can be efficiently expressed in terms of the four-component chiral

SO(4) x SO(4) spinors

nt = %(1iﬂ)n. (3.18)
The integrals we will meet later are all of the form
/d4niniryijni AR = (ki 4 gilgik 4 ikl = 7;?:“, (3.19)
/d477i77i’7iljl77i gEAR Tt = (5i’k’5j’l’ _ US4 Ei’j’k’l’) = _ij’k'l” (3.20)
/d477i77i7ij77i niv’”/ni ~0, (3.21)
or can be converted to this form by making use of the Fierz transformation
M = % (M PE) ™ + (51 PE) ) (3.22)

where P% = 2(1 +1I).
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The tensors Tijikl’ defined in (B.19), have the property that they are left invariant under
the interchange of the first and last pair of indices and they satisfy the (anti)self-duality

condition
17 + _ +
e T agaga = T2 ppajaja (3.23)
We also note the property
Ti;;ﬂ;;jq = 2(8"19P% 4 §°96"P) — P15 (3.24)

which is invariant under p < ¢,r < s.

Mass matrix elements with (I,J) = (i,7). Up to now the indices I,J, K, L have
labelled SO(8) vectors which can take values in either of the SO(4) factors in the SO(4) x
SO(4) subgroup. At this point we will specialise to the representation in which the vector
indices (1, J) are in one of the SO(4) subgroups of SO(4) x SO(4), so that (I,J) — (4, 7).

In this case the integration over the fermionic moduli, 1, in (B.16) involves evaluation of
the Grassmann integral

/ d® ™ My ATy En iyt M Ay (3.25)
where
ME =Sy g (3.26)
n n

We will only consider the leading power of m in the m — oo limit, which is relevant
to the comparison with the gauge theory. The only non-zero matrix elements arise when
the indices (P, Q) are in the first SO(4) factor, so that (P, Q) = (p,q). In this case (B.22)
and (B.19) lead to (in the limit m — co)

2
n . _ .
— /d8 "y My A Pyt Myt —
— (Zijq;l_lq) + (9’2;,;161’2;;“) = 9(6P10%) + 18 (5’”5‘” + 6P oM — 55”"5“) . (3.27)
This expression couples the symmetric traceless wave functions, t&?)t and tE )

2
Pq)t
the SO(4) singlets t&.)) and tg;). Matrix elements with (I,J) = (z,7) and (P, Q) = (p’,¢)

vanish. Of course, there is an expression similar to (B.27) with primed indices replacing

as well as

the unprimed ones.
To summarise, the matrix elements between states with two bosonic impurities with
symmetrised indices in the same SO(4) factor are proportional to

€2 gT/2 mt 1)) 12) (871690 1 671 §%7) (3.28)
Mass matrix elements with (I,.J) = (4,j'). The disk with four @ ’s attached couples

to the symmetric combination (I, J) — (4,5') @ (j',). Explicitly, the n-dependence for disk

1 appears in the combination
1 . ., . g g g SV
5y (1 =TT = oyt ™ gy Tt T 4 2ty Ty
(3.29)
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which only has odd powers of ™ and n~. The analogous factor for disk 2 is

1 ;o - L ,
5777PL?7?77L(1 + )79 = TPty Pyt
+ 277_'Ypl 77+?7+’Vl q 77—1— + 2n+,7p 177_77_71(177_ +
+ Pttty 4 P Uyt (3.30)

Multiplying the expressions (B29) and (B-3() gives three types of terms,

/ d*ntd (T T AR A T ) +

+ (TP Pt Tyt ) =
1
_ + —
= —g (Tikkq,];;/l’l’j/ + Zkkqlz;)/l’l/j’) ; (331)
S I o o / 1 _
2 / ditd Ty T T T e = = T T, (332)
i TV ;o 1
2 / dd T Ty T T = = T T (333)

It is straightforward to show from these expressions that the matrix elements of this type
are of the form

™ G712 mt tz(jl,) tgl)l (8igOprjr + g7 0pi) - (3.34)

It is of interest to compare the above matrix elements with those deduced from N = 4
Yang-Mills theory in the BMN limit. The gauge theory parameters relevant to this limit
are expressed in terms of those of string theory by the relations [fi

JZ

= =g = dmgem?,

- = / e —
v A : (3.35)

and the light-cone string theory hamiltonian is expressed in terms of J and A by H () /=
A — J. The presence of the D-instanton contribution to the two-particle hamiltonian in
string theory therefore implies that there should be a corresponding contribution to the
two-point function of the corresponding BMN operators in N' = 4 Yang-Mills gauge theory

of the form
620—87r2/gf,M g'27/2 )\/2 )

We will see in a separate paper [ that this dependence on the coupling constant does

indeed emerge from the gauge theory although it proves very difficult to evaluate the

instanton contribution in detail in the two-impurity case.®

3.1.2 Matrix elements of SO(8) antisymmetric tensors in the NS — NS sector

The two-string state describing strings in the antisymmetric NS — NS representation is

1 .m0

o N YKL h<0‘0‘;(91)1 5‘;()1)J ® h(O]a((f)K aPr. (3.36)
p=q

q

STt turns out that in the gauge theory, the four-impurity case is under better control.
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In this case the boundary state contribution comes from terms in (B.10)) with p = 2 and
p = 6, where two Q7 ’s are distributed on one disk and six on the other. Specialising again
to the case in which the vector indices in (B.36) lie in one of the SO(4) subgroups of SO(8)

the matrix element turns out to be proportional to (’TJM + ’Z;;kl) To leading order in m it
is proportional to

2™ g1/ tg;)t,(fl) (Gikdj1 — djk0ar) , (3.37)

where t() and ¢ are the antisymmetric tensor wave functions of the two states. The re-
sult (B.37) has the same dependence on the parameters as in the symmetric case considered
earlier.
A similar result follows when the external states have vector indices in the other SO(4).
It is also easy to see that there is no mixing of the [i, j] states with the [i’, '] states.
Furthermore a state with one index in each of the SO(4) factors, [¢, '], only mixes with a

similar state, again resulting in a dependence on the parameters of the form e?™" gz/ 2 mA,

3.1.3 Matrix elements of SO(8) singlets in the NS — NS sector

As remarked earlier, the singlet SO(8) representation is the direct sum of SO(4) singlets in
SO(4) x SO(4). This is denoted by (i7) + (j'j) in table [l In this case the wave functions
(1) 2 /

t

are t;; and t;; and the result turns out to be proportional to gZ >m2. This is suppressed
by a power of m~2 relative to the matrix elements of (ii) — (j'j'), which accounts for the
earlier observation that this matrix element vanishes in the m — oo limit. In this case the

gauge theory result should be proportional to g?/ a rather than gé M-

3.2 Matrix elements of excited RR states

We will only briefly consider matrix elements of pairs of states with two R impurities. For
simplicity let us consider the SO(4) x SO(4) RR singlet that comes from the SO(8) RR
four-form. In this case the leading contribution arises when each disk has four @ ~’s. The
dominant contribution in the large m limit arises when two Qs act on each S and S on
each disk. Consider the case in which the external state on disk 1 (with p_ > 0) is of the
form StS*. This disk contributes at order m3. Now consider the case that the external
state on the disk 2 (with p_ < 0 so that m < 0) is of the form S*S*. This is suppressed
by 1/m? relative to the first disk and the combined power of m is m*, as in the NS — NS
sector. Note that this is an example of a two-point function which also gets perturbative
contributions, as do the NS — NS two-point functions considered earlier. However, if the

3 on each disk and the net

external state is of the form S~S~ the result is proportional to m
power of m is m®. In this example there are no perturbative contributions, which follows

from the fact that (STS~) = 0.

3.2.1 Other matrix elements of two-impurity states

The last example illustrates a general feature of states involving fermionic excitations,
namely, that the two-point functions of states with a large number of fermionic excitations
can have a high positive power of m. On the gauge theory side, this corresponds to a large
negative power of . Of course, since the instanton contributions under consideration
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have a prefactor of e 8% ar = 8T N/NI? the N — 0 limit is not divergent. We will see
in [[[] that this qualitatively matches the behaviour of the analogous Yang-Mills instanton
contributions to the gauge theory in the BMN limit. An important general observation
is that the D-instanton induces mixing between NS — N.S and RR states which does not
occur at any order in string perturbation theory. This is easily seen from the fact that the
D-instanton boundary state is a source of RR charge.

Fermionic states can be analysed in a similar manner. They require an odd number of
Q7 ’s on each disk.

4. Matrix elements between states with four bosonic impurities

In this section we consider external states made from four bosonic oscillators. It will turn
out that the comparison of matrix elements for these states with the anomalous dimensions
of corresponding operators in the gauge theory is under better control than in the case of
two impurity operators. We will only consider the case in which all the vector indices on
the bosonic oscillators are in one of the SO(4) factors. In this case the two-particle state
has the form

_ (1) 2
al @, 0l = W22 tj1j2j3j4 tl(n)mpsm
T S

X

x p(0]aM7t G172 o(Nis (i g, (0]a 2P §(2P2 o2ps 5(2ps — (4.1)

T S S

Here, we have used the property of the D-instanton boundary state that the only non-zero
matrix elements are those in which each o, mode is accompanied by a &, with the same
mode number, p. Also, conservation of p requires that the mode numbers of state (1) are
the same as those of state (2).

To leading order in the m — oo limit the contribution to matrix elements, ,(x1| ®
,{x2|V2)), is obtained by expanding the boundary state and retaining the term involving
the product of four fermion bilinears on each disk. These contributions are dominant since
the fermion bilinear in the exponent of the boundary state operator comes with an explicit
factor of m in the large-m limit. Therefore, in order to get a non-vanishing overlap with
states made of bosonic oscillators, there must be 4 (Q7’s on each disk with one broken
supersymmetry acting on each of the fermions. To leading order in m this leads to the
following instantonic contribution to H ()

2T 7/2m8 1

X
S r2g2

tj152j354tp1ﬁ2p3ﬁ4e
* / d*nm? (1 = T2y (1 = Tyt (1 4 P2y (1 + TPy, (4.2)

where the tilded index is associated with & and the untilded with o and there is level
matching for the first and last pair of indices. Considering all the indices on the external
wavefunctions to belong to the first SO(4) yields for the second line in equation ({.2)

/ d877 nJr,yjljszr 77Jr,),j33477+ 77*,-)/17113277* n*,yp3ﬁ4n* , (4.3)
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which using equation (B.19) reduces to

+ - f— ~ ~
7;132j334 p1P2p3pa <€j1j2j3j4

X (€p1ﬁ2p3ﬁ4 - 5p1p36}'72]54 + 5171]545]52173) : (4'4)

+ 5]‘1]'353234 - 5]'134652]'3) X

Thus, the matrix elements of two states with four bosonic impurities (with all impurities
in one of the SO(4) factors) is given by

; 1
o o J2miT 7/2, 8 + —
tijajsjatorpapspa€ G5’ "M 7252 7;'132]‘3547;11321)354 . (4.5)
+ — s i Y IR SR i
Note that the tensors 7; 7 . . = € jsjsjs + 0j1j50jajs — 0j1ju0jajy are self-dual, ie.,
. + _ +
6]1]21”31”47}1j2]'3j4 - 27;73174j3j4 ’ (4.6)

Recalling that 4rgsm? = g = J2/N, we see that the string result predicts that the
corresponding four impurity operators on the gauge theory side should receive instanton
contributions to anomalous dimensions at order J7/N7/2. The rest of the possible four-
impurity states are suppressed by powers of m compared to this leading result. For example,

if the external states are of the type h(0|a[rj 1 g2l gl dg‘l], then the result will be proportional

to m* rather than m8. The corresponding gauge theory result would appear at order

TGy 0y /N2

5. Discussion

We have evaluated the leading single D-instanton contribution to the mass matrix ele-
ments of certain states of maximally supersymmetric plane-wave string theory. These are

—27To

contributions that are exponentially suppressed by a factor e , but are uniquely spec-

2miT - Qur specific results concern states with

ified by the characteristic instanton phase, e
up to four impurities with non-zero mode numbers (a state with zero mode number is a
protected supergravity state and has vanishing mass matrix element with all other states).
The structure of the boundary state makes it obvious that the only states that couple with
a D-instanton are those with an even number of impurities. Furthermore, when there are
4 + 2n impurities the only states that couple to the D-instanton are those in which n pairs
form SO(4) x SO(4) singlets. We also saw in section B.J that mass matrix elements of
states with a large number of fermionic excitations can have a high positive power of m
(multiplying the factor of €27™). This only arises for matrix elements which do not get any
contributions in string perturbation theory.

It is of interest to see how the string mass matrix elements translate into statements
concerning contributions of Yang-Mills instantons to the anomalous dimensions of states in
the BMN limit of N' = 4 superconformal gauge theory. Since we have not diagonalized the
mass-matrix the best we can do is to compare the individual matrix elements. Furthermore,
in order to remain in the perturbative regime of the string theory, gs — 0, as well as in the
Yang-Mills theory, A’ — 0, we have concentrated on the limit m — oo. To leading order as

m — oo the matrix elements between two-impurity states given in section Bl have the form
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08795 gg/ 2N 2 when expressed in terms of the parameters of the Yang-Mills theory in
the BMN limit. In particular, they are independent of the mode numbers of the states. In
the case of four impurities the mass-matrix elements have the form 08795y g;/ 2 (rs)~2,
where r and s are the two independent mode numbers that label either of the states. In a
separate paper [[J] we are examining if these dependences can be reproduced from Yang-
Mills instanton contributions to anomalous dimensions of the corresponding four impurity
operators.

However, the issue of whether there should be a precise match between the string theory
and gauge theory calculations is called into question by recent perturbative calculations. An
analysis in [f] suggests that the one-loop string calculation in the literature is incomplete
and may be incorrect. This raises questions about the claimed precise match with the
gauge theory analysis, which is also incomplete. Furthermore, perturbative calculations
in ‘near-BMN sectors’, both in string theory [I§ and in the dual gauge theory [[9], have
shown deviations from BMN scaling. Explicit tests show that in the strict BMN case
scaling is respected up to three loops [R(], with indications from a related matrix model
calculation [RI] that this may break down at four loops. In view of these issues in the
perturbative sector, it is not obvious to what extent one should expect agreement between
the non-perturbative effects considered in this paper with corresponding effects in N'=4
SYM. However, such a comparison should help to shed further light on the corresponence.
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A. World-sheet generators of plane-wave string theory

In this appendix we summarise the expressions for the generators of the plane-wave algebra
in the representation furnished by string theory in the light-cone gauge [f].

In the light-cone gauge the 32 supersymmetries of the plane-wave background are
described by 16 kinematic and 16 dynamical supersymmetries (only the latter receive cor-
rections due to string interactions). The kinematical supersymmetries, which satisfy the
anticommutation relations {¢, ¢} = p_, are given by

e(pi) /27"17— . /27rp_ 1 ~
_ do(S +i8) = d 7. Al
0= [ s iy = [ o (A1)

2m|p—| N 2m|p—| el(p_
qj= ﬁ/{) do(S —iS) = /0 dag(\z/?i) 0. (A.2)

The field S satisfies {S(c), S(0')} = 2m6(c — o’) with a similar relation for S. e(p_) =
sign(p—_). In (A-J) we have defined

S+iS 0 o )S—ig_ 0
2\/571' 27T\/§7 P- 2\/§7r 27r\/§.

e(p-) (A.3)

,20,



The dynamical supercharges are defined as QT = %(Q +iQ) and Q~ = (Q —iQ) with

2t

2m|p-| g ; _
QF = / do [pIVIH — Ze(pi)&,xlwﬁ — Ze(pi),umlv 9} (A.4)
0 a7 a7
- 2nlp-| 1 i I, b T
Q = / do [e(p_)p V10 + 4—8(,38 ~v10 + —px 11 6’] . (A.5)
0 us 4T
In terms of these variables, the first quantised hamiltonian is given by
2m|p-|
e(p_
h = %/ do [4771) + —((8 x)? +,u2x2)} +
0
+e(p-) [—477)\8(,)\ + E@&,H + 2M(AHO)] . (A.6)
The various mode expansions are as follows
r(o,7=0) = xo—i-zz (el”man-l-e_”a&n) ;
n#0 Wn
e =00 = o+ 3 ().
n#0
VIp=|S(e,7=0) = Sy + ch [Snez:f + i(wn - n)HS’ne”Zﬁa} ,
n#0 m
VIp_|S(o,7=0) = Sy + ch [S BTP - i((.un - n)HSnep—o} , (A.7)
n#0 m
where m = pp_a’ and the non-zero commutation relations are given by
[k, ] = Wb, 1, {8k, Si} = Ok, —1, (A.8)
with similar relations for the right-movers. The quantity c,, is defined by
Cp = S (A.9)

2wy (W, — M)
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