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Abstract

Harmonic oscillator in noncommutative two dimensional lattice are investigated. Using the
properties of non-differential calculus and its applications to quantum mechanics, we provide
the eigenvalues and eigenfunctions of the corresponding Hamiltonian. First we consider the
case of ordinary quantum mechanics, and we point out the thermodynamic properties of the
model. Then we consider the same question when both coordinates and momentums are non-
commutative.

Pacs numbers: 03.65.Fd, 03.65.Ge, 05.45.-a
Key words: Lattice harmonic oscillator, noncommutative quantum mechanics, eigenvalues problem.

1 Introduction

Several experiments and theoretical results show that the continuous space time in the description
of modern physics should need revision at the scale where quantum theory and gravitation can
be concile [IJ-[3]. The discrete spacetime has become a tool of choice for the investigation of
physics around this scale. It maybe consider as an alternative way to prove the existence of a
minimum length (for example [, ~ 1.6 - 103%meters required by string theory). The idea of a
discrete structure of spacetime was first suggested by Wheeler [4] and well after by Wilson [5],
which is considered as an attempt to understand the confinement of subatomic particles. The
numerical simulations of quantum field theories on Euclidean lattices have proven to be a very
successful tool for studying nonperturbative phenomena. Consequently, a lot of efforts has been
put into the lattice formulation of quantum and field theories, see [6]-[21] and references therein.
Hence, the discrete structure of spacetime is inherent in many models of quantum gravity, such as
loop quantum gravity, noncommutative (NC) field theory, spin foam, black hole physics, random
tensors models.

Recent results obtained in the framework of nonperturbative string theory and quantum Hall effect,
have boosted interest in a deeper understanding of the role played by NC geometry in different
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sectors of theoretical physics [7]-[9]. In physics, the most important achievement of NC geometry
is to overcome the distinction between continuous and discrete spaces, in the same way as quantum
mechanics unified the concepts of waves and particles. However a NC space is an intriguing and
revolutionary possibility that could have important consequences in our conception of the quantum
structure of nature. The description of noncommutativity in quantum and field theory can be
achieved by replacing the ordinary product of functions in classical theory by the so called Moyal
star product. It can also be realized by defining the field theory on a coordinates operators space
that are intrinsically NC, which satisfy the commutation relation [X r X 7] = i6°?. The simplest
case corresponds to 077 being constant skew-symmetric matrix. In our current investigation we wish
to define the noncommutativity of quantum theory, in which both coordinates and momentums
are NC, i.e.

[(XP X% =0, [XP,P°) =ih.6P°, [PP,P°] =i6". (1)

The case #”° = 0 = §”° corresponds to ordinary quantum mechanics, for which A, ¢f = h (the
Planck constant). In the general possible representations, one obtained from standard Bopp-shifts
in the conventional canonical variables Z*, p?, with nonvanishing commutators [Z*, p?| = ihdP?, is
XP =qir+ bp”, PP =cir+ dpP, where a, b, c,d are constants. With these transformations, all
Hamiltonians dynamics in NC space correspond to others problems in ordinary quantum space. As
an example the harmonic oscillator in NC space corresponds to the Landau problem in ordinary
quantum space. It would therefore be interesting to investigate the harmonic oscillator in the NC
discrete space in which the continuous variables X? and P? become discrete with a spacing €. It
turns out that this question is not trivial, but may be solved in the perturbation to e.

Let us recall very briefly what we know about the lattice oscillator in classical and quantum
mechanics. Lattice oscillator systems are the standard model for the vibrational degrees of freedom,
known as phonons, in crystal lattices [18]-[2I]. These phonons interact with the other degrees
of freedom, such as spins and electrons, in ways that often significantly modify their behavior.
The lattice quantum theory is based on the non-differential calculus with discrete derivatives and
integrals, which is studied by several mathematicians and physicists [12]-[16], and continues to
interest scientists up to nowadays. As an example, it is applied to study non-local or time-dependent
processes, as well as to model phenomena involving coarsegrained, fractal spaces and fractional
systems as well as more simple systems such as harmonic oscillator [15]-[16]. Most of the models
of interacting quantum oscillators are related with solids such as ionic crystals containing localized
light particles oscillating in the field created by heavy ionic complexes. The energy spectrum is
obtained by the ladder operators method, similar to the quantum harmonic oscillator problem.
A lattice at a nonzero temperature has an energy that is not constant, but fluctuates randomly
about some mean value. The thermodynamics properties and the quantum radiation maybe also
examinated closely. That makes the study of the oscillator in the lattice, as a very interesting
ingredient to understand physics beyond continuous limit. We note that, several points of view are
developed and are represented as the generalizations of the Heisenberg algebra to a discrete space.
There are many lattice models which is reduced, classically to the same continuum theory in the
zero lattice spacing, and this includes the g-deformations and those extensions [22]-[30].

Our aim in the following work is to solve the quantum dynamics in the general NC discrete space
and determine the eigenvalue problem of the corresponding oscillator Hamiltonian. Thus the paper
is organized as follows: In section we briefly review some definitions and properties concerning
the discrete differential calculus and it application to quantum mechanics. We also introduce the
noncommutativity in this discrete space and show how the Heisenberg uncertainly relations are
modified. Section is devoted to the study of 2d lattice harmonic oscillator in both commutative



and NC quantum space. The eigenvalue problem is solved in these two different cases. The
thermodynamic behavior is also point out in this section. In section we provide some remarks
and conclusion of our work. The direct computation of the states and energies of the oscillator in
ordinary quantum space performed using the Ladder operator method in [29] is also discussed.

2 Discrete differential calculus and lattice quantum mechanics

In this section, we review some basis properties of the differential calculus on a 2d lattice (par-
ticularly we consider the case where d = 1). It is based on the work in [3]. For more details see
also [I]-[2] and reference therein. The lattice is the subset I' = ([0, £] x [0, £]) N Z2) of the plane R?
endowed with the discrete points M, ,, := M (2, ym) such that the coordinates {x,, }, and {Ym }m,
n,m € N are spacing by € << 1 and ¢ have the dimension of Planck lenght: [[¢]] = [[l,]]. We write
xn, = ne and y,, = me, (see figure ) Without all confusion we use the simple notation z,, := =
and vy, == y.

The most obvious choice for discretize the continuous derivatives is to use the discrete symmetric
derivative: Naturally, the derivative 0, := a% and 0, := 8% are replaced by the forward and

backward difference operators d;r and d;, j = z,y so called the left and right non-differential
operators acting on the two variables dependent function f(z,y) as

iy = |[feren) - fay)|, i@y ="[fey-fa-n], @
& fwy) = |[feyte-fan)|, i@y ="[fey - fay-9] @)

Remark that, in the limit ¢ — 0, d} =d; = 0, and d] =d, = 9,. All the computations performed
here can be generalized to arbitrary dimensions d > 1. The operators d;, d, d; , d are related
to the translation operators in x and y directions denoted by 7; and 7, with group parameter ¢ as:

7€ = eaar’ £ = eeﬁy’ (4)
and such that 7 f(z,y) = f(z +¢,y) and 7, f(x,y) = f(z,y +¢). We get the followings identities:

1, . _ 1, . .
dj_ = E(Tj_l)’ dj:_g(Tj _1)7 J=T,Y. (5)

The followings generalized Leibnitz rule are well satisfied:
1
dy(f9) = —(7frj9—fg) =gdjf+fdjg+zd] fdjg (6)
_ 1 e e _ _ Lo
dj(fg) = g(fg_Tj ij g)zgdjf-i-fdjg—&‘djfdjg, (7)

which are reduced to usualy Leibnitz rule in the limit where € — 0. One can also define the discrete
Laplacian as

_ _ 2
& = did; +d/d; = E—Q[cosh(ef)x) + cosh(e,) — 2|. (8)

This quantity plays an important role to defined the kinetic part for the Hamiltonian in classical
or quantum description of dynamic systems on the 2d lattice i.e. H = Qd? 4+ V(z,y), Q € R and

A

V(x,y) is the interaction potential.
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Figure 1: Two dimensions lattice and the representation of the subset ¥ with gives the interactions
of the point M; ; with his neighbours

We are ready to defined the relation between non differential geometry and quantum mechanics
on the lattice (for more detail see [I]-[3]). Let us consider the Hilbert space H endowed with the
Hermitian structure

(flg) = f (@, m)g(x,y). (9)
z,y

Consider the subset Hg of H in which the states f(x,y) can be decomposed into fi(z) ® fa(y).
Then Hg = He ® Hy = L*(R,dz) @ L?(R,dz) and the tensors product operators d™ = di ® d;f

T
and d” = d; ® d; acting on Hg are not Hermitian. We find that (id+) = id~. However the

operators d~d™ = d*d™, which corresponds to the laplacian is Hermitian. Now let us consider
the positions and momentums operators 2° and 3¢, defined by the eigen-equations

(:%Ef)(ﬂf,y) = [Ef(l‘,y)7 (Qef) (m,y) = yf(xay) (10)

and the momentum pZ and py as

(555) ) = ~ 5 (dF +7) Flwy) =~ sinh(c0.) (. 9) ()
(55) @) = 2 (af +; ) Flay) =~ sinh(=0,) (. ). (12)

The operators and are Hermitian and have the nonvanish commutation relations:
[fva,f)i} = ¢hcosh (663;), [g}a,ﬁzﬂ = thcosh (eay). (13)

As a quantum system the space of states of a physical model defined with the Hamiltonian H =
~E |2
% + V(|2°]) should thus provide a linear representation space of the generalized Heisenberg
algebra, equiped with the Hermitean inner product @ for with these two operators be self-adjoint.
The uncertainly relation is now generalized as
£\ 2n 9

sran 5 2 o <

Bl = (—1)"
A”A"f>f‘
Y py—znzo(Qn)!

(14)
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where p, = —ih0,, py = —ih0, corresponding to the momentum operators in ordinary quantum
mechanics, the first order expansion of the relations gives

&2 &2
A8 A 2= D14 Sl + 0E), AFAF 2= 1 (14 Sl +0E). (15)
Recall that we are interested in investigating the behavior of the oscillator model in noncommutative
space. For this purpose, we must to determine the energy spectrum of the Hamiltonian for the small
value of the spacing €. We use the “capital ” notation to specify the NC quantum operators, such
as coordinates and momentums. Suppose that the NC variables are related to the commutative
coordinates operators by the relations:

. 0 0
€ _ e __ 7 e € __ e
X5 =% = ooy, VE=g§ + 2_hpx (16)
P—p+9 Pf:ps—ﬁf (17)
=T opY Y Y 2h
The commutation relations between coordinates and momentums are then taking to be:
[XY} — 0, [P;,P;} — 0, [XPI] — ihle, [Yﬁ,ﬁ;] — ihlE, (18)
where the operators Ie, fla , .fg are given by
. 1
I = 5 [cosh (¢0z) + cosh (589)}, (19)
N 0
I = cosh (£0,) + 2 cosh (£0,), (20)
N 06
I5 = cosh (£9,) + 2 cosh (£0;). (21)
The followings uncertainly relations are well satisfied:
AXEAY‘E e‘i ( <62n>> A]ADEAPE > e’i gn ((82n> +<82n>)‘ (22)
“ 4= PV =l L 2\ v
06 o B~ €™ /60
€ € 2n 2n € e~ 2n 2n
snps = B3 2 (o M), vk = S 2 (o)
The first order perturbation gives:
N N 0 g2 A A~ ] g2
€ £ & 2 2 5 e 2 S 2 2
AX°AY 4[1 572 Pz +py)}, AP;APy > & [1 572 Pz +py)} (24)
h 60 g2 60 h 66 2 60
€ 5 Y= (.2 Y2 € < (2 2
AXCAPT > 2[ T AT (prr 4h2py)}’ AVIAR; > 3 [1 MPTAT (py+ 4h2p“"’>} (25)

which corresponds to the uncertainty relation for physics at the Planck scale predicted by the string
theory, and as is readily checked it implies a minimal uncertainly in the positions AX¢ and AY*®
namely AX 5 and AYOE given by AXO = AYO x € = l,. However, we have a maximal dispersion
for the momentums AP AP f’ which is 1nﬁn1te in the continuum limit: see [31]-[33] for

more details.



3 Perturbation method for the harmonic oscillator on a lattice

In this section, the low energy approximation is given for the harmonic. First we examinate the
case of ordinary quantum space defined with the commutation relation (13). The next part is
devoted to the same computation where we have to consider noncommutativity in general case

given in .

3.1 Harmonic oscillator in the ordinary quantum space lattice

Consider the subset 3 of the lattice given in figure , in which the point M}, ; interact with the
four neighbours Mj.y1 j, Mj_1 j, My j+1, My j—1. These interactions are suppose to be harmonic
and the Hamiltonian becomes

5 Lo[ie N2 e n2] |, W[ 0\2 . foon2
Herg = 5= (65,)" + (5,)°] + 75— | (30" + (5)°] (26)
The total Hamiltonian that describes the oscillation of all points of the lattice is
ﬁs = Z f{a,k‘j € L(H®)> (27)

{k.5}

where L(Hg) is the set of linear operators on the Hilbert space Hg. For simplicity, the sum in
expression will not be write. Then, using and , expression becomes

hQ . 2 . 2 mw2
H. = ~ 52 [smh (€0;) + sinh (Eﬁy)} + - [(

)+ ()] (28)

Let us turn now to the solution of the eigen-values problem by using the corresponding partial
differential equation, which is widely given in [29):

ﬁaqsn(xay) = Enﬁbn(xvy) (29)

We consider now the wave function in the Fourier space. The coordinates and momentums opera-
tors are given by

h h 0
P = —sin(eky), pf = —sin(ek,), and 3 =i-——) § =i-—— (30)
€ v € Y Oky aky

jus

, 6] are called the quasi-momenta. Now defining the

where kg, ky, taken on the Brillouin zone | — z
annihilation and creation operators as

1 . 1
y = —————(mwz® +1p>), al = ——— (mwit — ift 31
x 2hmw( pz) x \/m( pz) ( )

1 . 1
ay = ————(mwi® +ip°), &Tzimw%—z”s, 32
VS g T By, Ay = e (me i) (32)

which are suppose to diagonalized the Hamiltonian H, = H, . + H, ., with
A\ 2 2(4E\2 A€ )2 2( 72
mw*(x p mw

Hx7g — (p$) + ( ) ) Hy75 _ ( y) + (y ) . (33)

2m 2 2m 2



Let ¢pg = ¢z ® ¢oy is the fundamental eigen-state such that a, ® ay(Por ® Poy) = Apdoz @ dydoy = 0.
It leads to the solution

h h

0z = Cpexp [mwaQ cos(skz)}, boy = Cyexp [W cos(ek‘y)}, (34)

where the constants C, and C);, are given, using the normalization condition

+7/e +m/e 2ih -1
dk; ¢3, = dky ¢3, =1, Cp=Cy= |27J ’ 35
/—w/e ¢0x /—w/e y¢0y 7 Y [ 4 O(mwz-:Q)} ’ ( )
such that
2ih \1-1 h

¢o(kz, ky) = PWJO(meQH exp [mw52 cos(skx)} ® exp [W cos(sky)} (36)

where Jy stands for the first kind Bessel function. Replacing the solution in the eigen-value
equation , the fundamental energy becomes

By = %(cos(sk‘x) + cos(eky). (37)

The others states maybe determine order by order using the creation operators a, ® a,. Let us
now comment this result. The limit £, k, — 0 is not well defined using . Also, the energy
Eo(ks, ky) depends on k, and k,, which means that after inverse Fourier transformation we get

1 =
Eo(.’E, y) = (277)2 ‘ / i el(k‘xw-l-kyy)Eo(kix, k‘y)dk‘xdk‘y‘
_ Tw .Z'Sin(Eﬂ'IE/E) sin(ry/e)  ysin(mwy/e)sin(mwz/e) (38)
-2 y(e? — %) z(e? — y?) ’

which depends on the coordinates functions z and y. It should also be noted that the continuous
limit is given by
lim Bz, y) = hwd(z)d(y), (39)
E—

which is also not well defined as ground state energy of the harmonic oscillator, owing to the
presence of the Dirac delta function. Thereby, to fill these gaps, we’ll consider the perturbation
method to derived the eigen-value equation . Considering the following Taylor expansion

4
sinh?(ed,) + sinh?(edy) ~ (92 + 97) + %(a;‘; +0;)) + O(°). (40)
The first order expansion to €2 of the Hamiltonian H, takes the form
2 R (o 2 mw’ oy g2 2% (4 4 2
H = f%(a{+ay> +?[(x )+ ()°] - %<8$+0y> +O(e?)
= Hy+*W 4 O0(e?). (41)

H, corresponds to the harmonic oscillator Hamiltonian in ordinary space and W is considered to
be the perturbation term. Thus, we can introduce the new o annihilation and creation operators
as:

" 1 A 1

b, = <z +mwaz~€), Bt — (—z“ +mw:z~€> 42
* 2hmw Pa v vV 2hmw Pa (42)
" 1 N 1

b, = (z” —|—mwA5), b = (—iA —|—mwAE>, 43
y 57—\ Py Y ) S —\ Py (] (43)



such that the canonical commutation relation [I;l, I;;f] = 14;; is satisfied, and ro and W take the

form )
Hy = m(éxi); +bybl — 1), W= —%((b — b)Y+ (b, — 3;)4). (44)

One constructs the Fock states as {|ng, ny; 0) = [ny)®|ny,) € 9, ny, ny € N} such that the followings
relations hold:

by ® bylng,ny;0) = /gng|ng —1,ny — 1;0), by ®b,|0,0;0) =0 (45)

b @ b ng,my:0) = /(e + D)y + Ding + 1,ny + 1;0). (46)

The eigen-equation Hy|ng,n,;0) = EY 1y 12,1y 0), gives ng +ny + 1 degenerate states such that
Egz,ny = hw(ng +ny + 1). We denote these degenerate states |n,, ny;0)?, such that

ms g3 0)F = {0+ 1y = 573003 5 = 0,1,2,- - mg 4y . (47)

Consider now the vector |[N) = >7"_ ¢j|ng, ny; 0Y +€2|ng, ny; 1) + O(£2) and the energy Eeppn, =
Egzyny +62E%z7ny +O(e?), which solve the eigen-problem H.|N) = Ee nym,|N), with n = nz+n, and
¢; €C,7=0,1,--- ,n+ 1. We have the orthogonality relation Z?:o c; k(0; Ny Ny | Mg, My O)j = o7k
and the first order correction of the energy ie. E}

ey 1S determined by the following linear
homogeneous system

n
ch k(O;nx,ny|W]n$,ny;O>] =E! ¢ (48)

Nz, My
Jj=0

While the above system is completely determine by the matrix G such that det G = 0

G- { Gr = k<0§nx7ny|W|nwany§O> E7lz¢,ny

. : 49
Grj = "(0;n5,ny|[Wng, ny; 0)?  for k#j (49)

A few computation shows that G is diagonal matrix and the diagonal elements Gy are given by
2

G = = (n(n+1) = 2kn + 2k + 1) — E} (50)
where E} = E}Z iy satisfies the following equation
n m(JJ2 2 2 1k
[1[- = (n?+n—20) + 262 +1) - E}F] =0. (51)
k=0

The index “k” in E}* is used to specify the degeneracy, such that

mw282

4
|ngz, ny; 1) can be computed in the same manner. Let D = {n —j; 0 < j <n} and D' = {j; 0 <
j < n}, we get

EF, = hw(n + 1) - [n2 +n(l —2k) + 2k* + 1} +0(e%). (52)

Omx,m W ng, ny; 0)
[Ny, My 1) Z Z oW o 5 0) |z, my; 0) = 0. (53)
=0 Maz,My mx My - E'I‘L;C,le
mqy&D
my¢D’



Quantities Formulas

Partition function Z(T,e) = — 1Bhw (1 + mwzg% coth? (’Bh“’)) +0(e?)
4 sinh (T) —
Free energy F(T,e) = %log [QSil’lh (ﬁ%)} — meret ¢ oth? (Bhw) +O(2)
_ .1 Bhw 5 g2_» cosh(75* 5) 2
Entropy S(T,e) = —2kplog (2 smh(T)) + kphwp coth( “) + tmkphw’B%e W +O(e%)
sinh” (222
2
Internal energy U(T,) = hw coth(2) [1 — mute? (% coth(822) + %)] O(e?)
sin
2
Heat capacity Cu(T,e) = —kB (%) [1 +mw?e?f — (1 — 7mw 22 3) cosh(hwf) ] €?)
sinh (%ﬁ)

Figure 2: The thermodynamic quantities of the lattice oscillator.

Let us now deal with the thermodynamic behavior of the oscillator model. The useful ingredient
for this study in the partition function Z*(T,¢) depending with the degeneracy index k as:

(e o]

ZMTe) =Y (n+1)ePBn, =

n=0

1
——,  kp is the Boltzmann constant. (54)
kT
The full partition function is the sum under all degeneracies terms as Z(T,e) = > p_, Z(T,¢).
From statistical mechanics point of view, the probability p(i, j) of finding a system in a state |, j)
is given by the Boltzmann formula

e_BEg,n(za.])

1,]) = ——— 55

p(i, j) 7.5 (55)

Thereby the others thermodynamic quantities such as the free enery F = —%log Z(T,e), the
entropy S = —’g? , the internal energy U = —alanﬁz , the heat capacity C, —% are given in

the table built in the figure (2)). We give the asymptotic behavior of the various functions at low
temperatures T' << hw. The free energy and the internal energy is reduced to

mw252

4 )
which corresponds to the ground state energy. The continuum limit £ = 0 is also well satisfied and
the result is very close to what is obtained in thermodynamic quantum mechanics of the harmonic
oscillator. On the other hand a divergence appears at high temperatures 7" >> hw. This behavior

is illustrated in the figures and . The same analysis can be performed for the entropy S and
the heat capacity C,.

F(T << hw,e) =U(T << hw,¢) ~ hw —

(56)

3.2 Harmonic oscillator in a noncommutative lattice

In this subsection we consider the case where both momentums and coordinates are noncommu-
tative, as presented in the equations . We will show that in particular case § = —m2w?@ the
eigen-value problem can be determined as in the previous section. Some of the most ambiguous
aspect i.e. the case where § # —m?w?# is also considered and studied. The Hamiltonian of the
oscillator in the first order of €? is splited into:

He = Ho + W+ O(e?) (57)



Z(T, €)

100+
— Z(T,0.01)
807 — Z(T,0.001)
— Z(T,0)
60
40 +
20+
2‘0 4‘0 6‘0 8‘0 160

Figure 3: Plot of the partition function for different values of the lattice spacing e.

) ur. e
‘ ‘ ‘ ‘ N 200
20 40 60 80 100 — UT0.01)
150
~200 —— U(T,0.001)
100 — U(T,0)
-400
50F
-600
— F(T,0.01) : : : : 7
20 40 60 80 100
ool — F(T,0.001)
-50}
— F(T,0)
-1000 _100]

Figure 4: Plot of the free energy and the internal energy for different values of the lattice spacing
€. We find that for low temperatures, Ve small the thermodynamic quantities coincide with what
it was supposed to be when ¢ = 0 (the continuum limit). The divergence appears for the high
temperatures as we can remark in these figures.
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where §)g is assume to be the nonperturbative Hamiltonian and 90 stands for the perturbation:

s QQ ~2 ~2 mw202 ~EN2 ~E\2 Q ~E A ~EA
S0 = o+ 0} + o (@) + 5)?) + — (e — 3%, (58)
® 1 204 | A O (FEAS  AEA3
W =~ [9 (D2 + By) + QUIP; — wapy)] (59)
The parameters €, €, Q are given by
20202 62 ~ 0 m2u?0

02 =14 P=14 s, Q=__

LTI T iR on T 2n (60)

The more general result concerning the eigenvalues probem of the Hamiltonian can be obtained
by essentially the same method as last section. We construct the annihilation and creation operators
(b and b') as follows:

. 1 _ . 1 _
b, = —— (1P, + mwQz®), b]; =—— | — 1P, + mwQi® 61
vV 2Q0hmw ( ) VvV 2QQhmw ( ) (61)

A 1 _ A 1 _
by = ——— (iQP, + mwQ§®), bl = ———( —iQp, + mwQj*). 62
Y \/ZQthw< Y ) v \/QQthw< Y ) (62)

the Hamiltonian 5%0 can be factorized as follows:

S0 = Q0w (BLE, + 616, +1) — i (8,60 — 616,). (63)
which corresponds to the Hamiltonian of two dimensional Landau problem in the symmetric gauge
on NC space. Equivalently the presence of magnetic fields in this relation also suggest a NC
structure for the spacetime. The perturbation term is

For some purposes, it is useful to remark that the states of the form |n,,n,;0) defined in
may diagonalyzed the Hamiltonian . In the hope to include the perturbation term WV in our
diagonalization procedure let us consider the new operators:

. 1 . . R 1 .
by = E(bx +iby,), bl = —2([;; —ib}), (65)
. 1 . " R 1 . .
b = 5 (ba - ib,), bl = =5 (6] +ib}). (66)

Here also, the canonical commutation relation is well satisfied i.e.: [64_, EH =1= [6_, [A)T,] . Then

the Hamiltonian 5%0 and 20 becomes

So = QO (Ty + 9 +1) - ?:(fﬁ ~9ny) (67)
W o= —99(;;2 [QQmw (A4 + 34) + Q(AC3 + BD3)] , (68)

11



where
A=b, -0, +6_-0b", B=b,+0bl —b_—b" (69)
C=0b,—bl —b_+b", D=b, +0b +b_+b" (70)

and N, = 6164_ and M_ = b' b_ are the number operators. Let {|ny,n_;0) = |n)®[n_),n_,n4 €
N} be a set of Fock vectors such that

bl [ns,n_10) = \/ny + Llng +1,n50), b7 [ny,n_50) = /n_+ Lny, n_ + 1;0) (71)

Then we get ‘ft+|n+,n,; 0) =n4|ng,n_;0), ‘jt,|n+,n,; 0) = n_|ny,n_;0). The states |n4,n_;0)
solve the eigenvalue problem

Holn,n_;0) = Eony |, m_;0) (72)

with the corresponding energies

_ Qn - Qh
(907n+7n_ = QQH(U(TL+ +n_ + 1) — E(n_ — 7'L+) = QQhW(n + 1) — E] (73)
where n = ny +n_ and j = n_ — ny. Concerning the perturbation Qﬁ, it seems that the states
|ny,n_;0) are a diagonalyzed basis, in the case where § = —m?2w?6, which refer to the solvable

condition of the harmonic oscillator in noncommutative space when both momentum and coordi-
nates are suppose to satisfy the nonvanish commutation relations. The Hamiltonian $)9 and 20
become

2

s of 1. .2 mw e\2 a2\ _ 027

S0 = | =@+ + 5 (@) + 07)?)] = Q2o (74)
A 0y 274

W = o (P + Dy) = W (75)

where H and W are defined in . Then, we find that the eigen-energy of § is

mw2€2

gk, =02 [hw(n—lr 1) — (n2 (1 — 2k) + 2k + 1)} (76)

with £ = 0,1,...,n are the order of degeneracy. Let remark that all the thermodynamic proper-
ties derived in the last subsection can also be performed using the spectrum and the same
conclusion can be made.

Now we will focus on the case of arbitrary positive values of the parameters # and 6. The first
order correction energy S%ﬁ,n_ is obtained by the following system
n
E /oy E /o7 k 1k

> e H@Y + e (M)t - &%, ) =0, (77)

§=0

j#k
where the matrix elements k(?ﬁ])] =*0;ny, n_\ﬂﬁ\n+, n_; 0>j is explicitly given by

—W(@H 1)(n +2) + 2kn — 2k2> — Wy 4 1) (n—2k), j=k,
72mw2 .
k) = _{228 2\/k(k_1)(n_k+1)(”—k+2)7 j=k-2, (78)
0 otherwise
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What we are interested in is the determinant of the matrix (&) similar to expression (49):

B = — L2 (n+1)(n +2) + 2kn — 242) — L2 (n + 1)(n - 26) - ELF,

(®): 4 Okp—2 =T /h(E—T)(n—k+ D(n —k+2), (79)
G sz = —HF/(k+ Dk +2)(n —k —1)(n — k),
0 otherwise

The matrix & is not diagonal but it is symmetric, i.e. & 42 = Sp12k. The solution of equation
det & = 0 can no longer be done by direct calculation for arbitrary value of the integer n. We
provide here this solution order by order to this quantum number n. Thus the first order corrections
of the energy spectrum become

O2m?
n=0: E0=_ T‘*’ (80)
8111 — _3Q2£nw2 i %
n=1: { glO__?)QZmUJQ _@ (8].)
1 =77 1 10
g2 = _3@2;7%.12 + %\/952 + 0202m2w?
n=2: 821]‘ = —70221[")2 (82)
£10 = _3@2;7%.12 _ %\/952 + 0202m2w?
£18 = 2Qs~2w~—141(§2(‘22mw2 + %\/452 + 2000mw + Q202m2w?
. 5?}2 — _QQQerlZngg)QQmwQ + %\/462 . QQQQTFLW 4 QQQZm2w2 (83)
n=o gn_ 200w —1100%mw? in\/élﬁz + 2000mw + 0202m2w?
3= T _aa 20
£10 = _W - %\/4(22 — 2000mw + Q202m2w?

For n > 4 the computation of the determinant of & leads to the mixing of real and complex values
as solution of equation ((77). The complex energies cannot be taking into account in our analysis.
Moreover for the moment we have no method to classify these solutions. Then we consider only the
quantum numbers n = 0, 1,2, 3 as given above. The correction of the states |[N) namely |ny,n_;1)
are given using the first order perturbation equation:

(0304, 0_|120|ny, n_; 0)
npnsl)y=—= > > ¢ 20 _53 [0y, 0_50), (84)
04,0 j=0 040 ng,n—
(4¢D
(_¢D!
where D = {ny+n_—j; O<j<n++n D ={j; 0<j<n++n b Let (0544, 0_|W|ny,n_;0) =
<QU>%n we can determine |ny,n_;1) by replacing in (84) the following relation
782\/‘7‘7—1(71 J)n—j—1) (L =j—2l=n—j—2
“’;;‘” Vi+DG+2)n—j+(n—j+2) (=420 =n—j+2
(B2 (n — 25) + L2 1+ 2))\/(G+ D(n—j+1) l-=j+1il=n—j+1
2 . .
S — (2 1”_“ %Q”)\/(J+1)(J+2)(J+3)(n—3) lo=j+3ly=n—j-1
< >€n QQw 2mw? QQw o . _ . ( )
(7249 + (s 4 S2n)\/i(n — j) le=j—1ili=n—j-1
(‘}2@ ~ BeVIG -2 - —j+1) lo=j=3ily=n—j+1
(‘}2”; + 50U+ D= —j -1 —j—-2) l-=j+Lli=n—j—3
(P 4 Q) i —j+ Dn—j+2)(n—j+3) (- =j—1Lily=n—j+3
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For n = 0 we get:
4

f 0, 10,0;1) L 12,2:0)
or n = . = M
) M )= \/ﬁ

Vit 11,1;0). (86)

For n =1, we get

32,12, 2 ot 52,2, 2
Q“m w \/5‘ 12:0) QQmw + 6QQ“m=w \/5’271;())

Inen—il) = e 8h(2Q0mw + Qn_) - 16QA(QQmw + Qn_)
B 200%m2w? 4+ QQmw V60,3 0>] te [ 02m2w? 3 2,3:0)
48Qh(2mw + Q(n_ — 2)) o 8H(2Q0mw + Q(n_ — 1)) Y
_ —QQmw + 6Q02m2w? NG 11,2:0) — 2002m2w? + QQmw NG 13,0; 0>}
16QR(Q0mw 4+ Q(n_ — 1)) Y 48Qh(Q0mw + Q(n_ + 1)) Y (87)
where ny =1 and n— =0 or ny =0 and n_ = 1. The constants ¢y and ¢; are determined using
the normalization conditions (1;1,0/1,0;1) =1 and (1;0,1|0,1;1) = 1.
For n = 2, we get
V2,2,,2 OO 272,42
nen 1) = Co[gh Q mw \/§ 14,2:0) — (QOMmw +_4QQ m-w W3 3,1:0)
(2QQmw + On_) 8QA(QOmw + On_)
B (2Q02m2w? + QQmw)V/3 11,3:0)
240h(Q0mw + Qn_ —2)) )
N 01[ _392m2~c02 13,3:0) — Q?m2w? 12,2;0)
8h(200mw + Q(n_ —1)) RQOmw + Q(n_ —1))
B (QQQQmZUJQ + QQmw)\/é |0 4: O> n QQmQ(,uQ |0 o 0>
24QR(QOmw + Qn_ —3)) 4h(QQmw — Q(n_ —1))
B (290%m2w? + QQmw) V6 " 0.0>] N 02[ ’m2w?V/6 12,4 0)
264QR(QOmw + Qn_1)) Sh(200mw + Q(n_ —2))
B (—QQmw + 4902m2w?)V/3 11,3:0) — (2Q02m%w? + QQmw)V3 3.1:0)], (88)
SQK(QQmw + Q(n_ —2)) 6401w + Qn_)
where ny =2andn_ =0orny =1 and n_ =1 or ny =0 and n_ = 2. The constants ¢y, ¢; and

¢y are determined using the normalization conditions (1;2,0(2,0;1) = 1, (1;1,1]|1,1;1) = 1 and
(1;0,2/0,2; 1) = 1.

4 Conclusion and remarks

In this paper we have solved the harmonic oscillator in the 2d lattice. First we have considered the
case of ordinary quantum mechanics. We showed that the direct computation of the eigenvalues by
using the Ladder operator does not give a satisfactory as to the physical relevance of the result, due
to the appearance of coordinates dependency in the energies. Also the continuous limit i.e. € =0
is not well satisfied. The first order approximation of the lattice spacing ¢ have been considered
and the perturbation computation of the energy spectrum is given. The statistical thermodynamic
properties of the model are also given. In the other hand the same question is addressed for
general noncommutativity between coordinates and momentums. We come to the conclusion that
the eigenvalue problem maybe solved in the case where § = —m?2w?6. The more general case where

14



this relation is not satisfied is also examinated. We hope that it will be possible to construct a new
Fock states in which the matrix 2J maybe diagonalizable. This question deserve to be addressed
and will be considered in forthcoming work.
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