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ABSTRACT: In N = 5, 6, 8 supergravities there are hidden symmetries of equations of motion,
described by duality groups SU(1,5), SO*(12), Er) respectively. UV divergences and known
candidate counterterms violate the deformed duality symmetry current conservation. Extra
higher derivative terms in the action are required to restore duality. We study the effect of
a two-vector part of the counterterm for N' > 5 supergravities using the universality of the
symplectic structure of extended supergravities. We construct a compact form of a deformed
action with infinite number of higher derivative terms and restored duality symmetry with
deformation parameter A. We find, in A? approximation, that the SU(N') symmetry of the

deformed theory is restored on shell.
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1 Introduction

All classical extended supergravities with N local supersymmetries have duality symmetry, as
shown by Gaillard and Zumino [1]. These symmetries rotate equations of motion into Bianchi
identities and are consistent with local extended supersymmetry of the classical action.

The local UV divergences at the loop level can be eliminated (absorbed into a redefinition
of parameters) if the classical action of extended supergravities are deformed, to preserve a
duality symmetry in presence of higher derivative terms. The issue of compatibility of the
deformed duality symmetric extended supergravity with a global N -extended supersymmetry
of the on-shell amplitudes will be addressed here.

A deformation of N/ = 8 supergravity by the candidate counterterms (CTs) [2], [3] leads
to a violation of the duality current conservation [4], [5], unless the consistent procedure of
the deformation of the twisted selfduality condition [6],[7] can be implemented. In its general
form proposed in [7] it has been already applied for Born-Infeld models with higher derivatives
with U(1) duality in [8]. Other examples of the restoration of duality current conservation
with rigid /' = 2 supersymmetry and U(1) duality were presented in [9]. The procedure of
[7] was however not explicitly applied to extended supergravities.

We will solve the first part of the problem here, in a particular sector of the theory: we
will construct a deformed bosonic action of N-extended supergravity where a two-vector part
of the CT is added to the classical action. All higher order terms with higher and higher
derivatives will be identified, so that the deformed actions in N' = 5, 6, 8 supergravities in the
two-vector sector have restored SU(1,5), SO*(12), Er(7) duality symmetry, respectively. We
will investigate the properties of the deformed bosonic action here and study the supersym-
metric embedding of the deformed action and the superamplitudes.

A consistent reduction of N' = 8 to all pure extended supergravities allows us to work
with all ' > 4 models. The N' = 4 pure supergravity has a U(1) duality anomaly [10],
[11], which might have caused the four-loop UV divergence [12]. It was suggested recently in
[13] that the one-loop anomalous amplitudes in this theory can be cancelled by a finite local
counterterm. It remains an interesting open problem to understand the consequences of this
(and perhaps higher-loop) counterterm(s) on the four-loop divergence of the four-graviton
amplitude.

Meanwhile, the four-loop UV divergence in N = 5 supergravity is absent, [14]. Moreover,
it has been recently established in [15] that N' > 5 supergravities do not exhibit U(1) duality
anomalies in their one-loop amplitudes, of the kind known to be present in N = 4 case [11].

The first relevant prediction of a UV finiteness of NV = 8 supergravity due to Erny
symmetry in [4] was based on an observation that the Lorentz and SU(8) covariant, E7 )

invariant unitarity constraint expressing the 56-dimensional E7(7) doublet via 28 independent



vectors, and consistent with supersymmetry, is unique !. This argument is easy to extended
to other cases of N' > 5 supergravities since it is based on the geometric nature of the %
coset space where scalars are coordinates. Later on in [17] the argument was given that for all
N > 5 supergravities the procedure of restoration of the duality current conservation broken
by the CT is not available. The argument in [17] was based on the properties of invariants of
the groups of type E7, which are duality groups in N' > 5 supergravities [18]. It suggested that
a deformation of the twisted selfduality condition for groups of the type F7;, consistent with
supersymmetry, is not possible. Additional reasons for an obstruction to E;(7)deformations
in ' = 8 supergravity based on superconformal SU(2,2|8) algebra were developed in [19].

It is important to stress here that the conjectured breaking of continuous Er7) to discrete
Erny (Z) would be a non-perturbative effect, whereas we are analyzing here only perturbative
supergravity. The perturbative quantization of N/ = 8 supergravity is studied in [20] in a
formulation where its E7 7y symmetry is realized off-shell, but Lorentz invariance is no longer
manifest.

Relying on the cancellation of SU(8) current anomalies it is shown there that there
are no anomalies for the non-linearly realized FEr(7) either. As a consequence, the Er
Ward identities can be consistently implemented and imposed at all orders in perturbation
theory, and therefore potential divergent counterterms must respect the full non-linear E7(r)
Symmetry.

In view of the highly non-trivial cancellation of the UV divergences in N’ = 5 supergravity
in four loops discovered in [14] and the fact that no new explanations of this fact, besides the
one in [17], have been suggested we would like to revisit and clarify the status of the duality
conservation arguments in [4], [5] and [6].

The UV finiteness of N' = 5 supergravity in four loops established in [14] may shed some
light on the UV properties of the maximal N' = 8 supergravity, if there exists a universal
formalism describing all M -extended supergravities. Such a formalism is, indeed, available
for N' > 2 and it was constructed to describe the supersymmetric black hole universality [21],
[22]. In N = 2 the special geometry is represented by a symplectic section [23], [24]. The
symplectic sections for higher N have been constructed in [25], [26].

Our purpose here is to make an analysis using the relatively simple two-vector sector of
the theory. After the deformed bosonic action with duality symmetry will be presented we

will study its supersymmetric embedding.

In case of N = 8 supergravity the direct and simple finiteness argument is based on the absence of light-
cone supersymmetric invariant counterterm candidates [16]. We are grateful to L. Brink for a recent reminder
that light-cone CT’s are still not available, despite a significant effort. But since here we are interested also in
5 < N < 8 supergravity we cannot rely on light-cone superspace, which is known only for N = 8 supergravity.

We will work in the Lorentz covariant approach and try to use the duality /supersymmetry argument.



2 Twisted selfduality constraint and its deformation in NV > 5 supergrav-
ities
The models of N' = 5, 6, 8 supergravities are reviewed in detail in Appendix A, based on [25],
[26]. The scalars are coordinates of the % cosets, see Table 1; the notation is universal for
all of them. Their duality groups G are SU(1,5), SO*(12), Er(7) respectively. The isotropy
groups H are U(5),U(6), SU(8), respectively.
We are looking at the bosonic part of the two-vector sector of the CT [2], [3], which has

a manifest duality symmetry as well as a supersymmetry, under condition that all fields in

the CT satisfy classical equations of motion, 659(;1 = (0. But once such a CT is added to the
action with some constant A in front of it, the new equation of motion has a correction

5Sdeformed _ 6Scl + A(SSCT _

o0 0o 0¢

In particular, the A-dependent terms break duality current conservation [4], [5] at order O(A?).

0. (2.1)

New terms of O(A?) are therefore necessary to correct this issue; they, in turn, push the non-
conservation of duality current to O(\3), etc. The current conservation is restored with an
infinite number of higher order terms, which also have an infinite number of higher derivatives,
[6],[7]-

We will now study dualities in N > 5 supergravities, [25], [26]; the field content of these
theories is given only by the corresponding gravitational multiplet. In the case of N' = 4
supergravity the duality symmetry is anomalous, [10], [11] but /' > 5 are anomaly-free [15].
These theories contain in the bosonic sector the metric, a number n, of vectors and m of
(real) scalar fields, see Table 1. The relevant classical vector and scalar part of action has the

following general form:
- 1
Loee = i [NanF P50 = Nyn FEAFEi | 5 9r5(2)0, 270" 0" (2.2)

where g,s(®) (r,s,---=1,--- ,m) is the scalar metric on the scalar manifold M .44, of real
dimension m and the vectors kinetic matrix Ny»(®) is a complex, symmetric, n, X n, matrix

FEA are self-dual and anti-self-dual combinations

depending on the scalar fields, see Table 1.
of the vectors field strengths (see Appendix A for details).

The formalism of symplectic sections [25], [26] corresponds to a particular parametrization
of the coset representative. It allows a better way to study duality symmetry of extended
supergravities for the case of a general N'. The details are in Appendix A and we give
examples of symplectic sections in N' =5 and N = 8 supergravity in Appendix C. Instead
of a metric Myx(®P) in the vector space, in eq. (2.2) one can introduce duality doublets —

referred to as a symplectic section — depending on scalars of the theory

A ap
(hAAB ) (23)



Table 1. Scalar Manifolds of N' > 4 Extended Supergravities
H Duality group G ‘ isotropy H ‘ Mscaiar ‘ Ny

m |

N
4 [ sua,1eso6)| UM R 6| 2
5 SU(1,5) U(5) sy | 10|10
* SO*
6 SO*(12) U(6) Trives | 16 | 30
E
7,8 Er SU(8) SUGE) 28 | 70

In the table, n,, is the number of vectors and m is the number of real scalar fields. In all the

cases the duality group G is embedded in Sp(2n,,R).

so that the kinetic matrix A/ can be written in terms of the sub-blocks f, h as /= hf~! or

component-by-component as

Naz = haas (f1)*Ps . (2.4)
The vector doublet is defined by the vector field strength F) li\y = % (B“A/V\ — 8,,Aﬁ) and by
— 1 9L

the derivative of the action over it, namely, Gy, = 5374
Qv

A
F = <2A> . (25)

The only way to construct G-invariants is by contracting the symplectic doublets. For
example, the graviphoton — the N (N — 1)/2-component supersymmetric partner of the N-

component gravitino ¥4 — is defined as

0—1)\ (F*
Tis = (f*AB, haan) (]1 0 > ( G ) : (2.6)

Here F, lﬁA are the Maxwell field strength in the action in eq. (2.2) , whereas GI“W are defined

as derivatives of the action over F/EA,

N

Alpv :FgaFJ:VA : (27)

Note that the graviphoton is a G-invariant and are covariant under the H-symmetry, the
U(N) for 6 > N >4 and SU(8) for N = 8.

We consider a two-vector part of the CT in A/ > 5 supergravities, [2], [3]. The relevant
expression — a supersymmetric partner of R* — depends on the graviphoton T/;/ ap and its
conjugate defined in eqs. (A.34), (A.35):

Lor = ATz AT 45 (2.8)



In spinor notation the CT is
Lor = /\Taﬁwdﬁﬁéva(;Tﬂ,yABV(;dT;.yB (2.9)

with T@870aB%8 — )\ CaByd Gabio being the Bel-Robinson tensor in spinor notation and V _; an
H-covariant space-time derivative. The differential operator in eq. (2.8) acting on two-forms

fuv is defined as follows
(A = By fpo 1= VT V20 o (2.10)

it maps a self-dual 2-form into an anti-self-dual one and vice versa. Here the Bel-Robinson

tensor is given in the vector form

3
THYoP — C,LLFLO')\CVHpA - ig,u[zxcn)\]crﬁcﬁ)\pﬁ ’ (211)
with the Weyl tensor C),5,. The H-covariant field strength of the graviphoton is T\, 45 =
Ugngﬁ,B and its complex conjugate is TdBAB'

Since the dual field strength G is defined in terms of the field strength F' through (A.5),
to carry out perturbative calculation it is necessary, on the one hand, to express explicitly G
in terms of F. On the other, adding a deformation such as (2.9), depending on both F' and
G, to the classical action defines the action implicitly, by relating it to its partial derivatives
with respect to F'. Thus, to carry out perturbative calculations with the deformed action it is
necessary to solve this differential equation; the solution will generically exhibit arbitrarily-
high powers of the deformation parameter A. An alternative approach, which we will carry
our in the next section and Appendix B, is to determine G by solving a deformed twisted self-
duality constraint. The deformation of the classical twisted self-duality constraint is chosen
such that the leading (i.e. O())) term reproduces the CT deformation of the classical action.
There are many such deformations of the classical twisted self-duality constraint, which differ
by terms of order O(A"22). In the discussion in the next section and Appendix B we shall
assume that no such higher-order terms are present.

Adding more derivatives, corresponding to superpartners of D?*R*, will not change the
general structure of the two-vector vector (and hence its duality properties), but will change
the dimension of the CT and the number of loops were it might be generated. In the context of
the four-graviton amplitude it corresponds to an insertion of a dimension-increasing function
of Mandelstam variables f(s,t,u). The operator A in such case will have additional derivatives

compared with the expression shown in (2.10).

3 Complete two-vector deformed action with duality symmetry

The twisted nonlinear selfduality constraint in classical supergravity at A = 0 was proposed in

[27], [28]. In H-covariant form it states that there are only n, physical vectors. The constraint



is

T;Z/AB :hAABF,ﬁA—fAABG:,,A:O, (3.1)

together with its complex conjugate. If instead of using the H-covariant constraint we would

like to use the G-covariant one, we can multiply the equation on f~! so that
Gl a— (s FZ=0 = Gl -NxFL=0. (3.2)

A non-vanishing deformation on the right-hand side of these equations, which would also
be Lorentz and H-covariant, was presented in eq. (5.7) in [7]. It can be derived, following the
proposal in [6] to use the manifestly duality invariant source of deformation. In this case it
depends on a duality doublet F = (F, G); that is, the classical twisted self-duality constraint

(3.2) is not valid and we propose that its right-hand side is given by the source of deformation
I=AT s AT 4B = NhsapF ™ — fZap Gs)A(MAB T — fAAB G (3.3)

It leads to a constraint of the type given in eq. (5.7) in [7]
Tip+ AT, 5 =0 (3.4)

where the H covariant differential operator A is defined in eq. (2.10). In fact all results
below are valid in a more general case when A depends also on scalars and gravitons. For

the subsequent analysis it is convenient to switch to a G-covariant form of equations
(S0 (T + AATS ) = 0, (3.5)
which will give us the following (we skip indices, they are easy to restore)
GT —NF"+ X(G~ —NF)]p=0, (3.6)
and the complex conjugate is
G~ - NF +X(G" - NF)y=0. (3.7)
Here the differential operators X and X are
X =\f1Af, X =\f1Af. (3.8)
We may substitute G~ from (3.7) into (3.6) and we get
Gl=|01-XX)YXW -N)F + (N — XX/\T)FJF]}A . (3.9)

This can be integrated to produce the deformed action, so that the derivative of the action
over FT will produce the value of G in (3.9). The result is

Laet = —iFT(1 - XX)' XNV - N)F~ —iFt(1 - XX)"'\(W = XXN)F* +he . (3.10)



The integrability condition requires that

Gy i S 5Gy i 6*S Gy (3.11)
SFTE  2§F+HASF+E” SF—%X  25FTASF-X  §F+2° ’

We test the integrability condition in the appendix B and show that the action (3.10) leads
to (3.9). And since every term in the expression for G is linear in F', it is easy to present a

nice and simple form of the vector-dependent part of the action, it is given in the form
Lyt = FG. (3.12)

In conclusion of this section, we have derived a deformed action (3.10), (3.12) for N' > 5
supergravity, with terms with higher derivatives of an infinite order, which has a duality
current conservation. The first deformation term, a CT, is proportional to X = Af~'Af and
has 8 derivatives, other terms with X™ are of the order A"9?". Since now G+ = %%g,djﬁf,
find that deformed equations of motion for the F-field become exact Bianchi identity for the

G-field.

we

4  Duality restoration in an example: \?> approximation, no scalars

Our deformed (bosonic) action is given in eq. (3.10). We are interested in vector-dependent

terms which are independent, linear and quadratic in X ~ A

Lo = GFYNFT —iF"X(N = N)F~ —iFtXX(N - N)F*
+iF " NF~ +iFT (N - M)XF~ +iF~ (N -N)XXF~ . (4.1)

At the base point of the coset space we will take N' = —i, N = N = —2i, f = 1/1/2,
X = Af"'Af = AA and we take A = Af

base

o142 — [(F+)2 F(F7)2| — ANFTAF™ — 2\2FTAZFT — 2X2F~A2F~ (4.2)

In such case we defined the dual field strength as

-~ 146L
G= 35F (4.3)

To check directly that the current conservation, broken due to terms A [4], [5] and restored
by the terms of order A? in the action we need to compute the B component of the duality
current conservation 0,,J MAYX B, . The B component of the Gaillard-Zumino duality current
J&,B = GH BB, corresponding to the transformation FA = AAyF¥ 4 BAEGy, can be
defined only in the presence of the equation of motion dG = 0, i.e. in the presence of the dual

vector B, such that G = dB.



Here we will just check that, in absence of scalars, d,J*** By, vanishes through O(\?).

This component of the duality current?

605 45 4§ 4S8
SFHAGF+E §F-ASF—>

0" Bys = ) Bas = G{BY G -Gy BY Gy, = 2iGr B Gy,
(4.4)

with the self-dual and anti-self-dual dual field strengths given by

550+1+2
— e = 2P TR AT AN ATFR, (4.5)
6SO+1+2
— (ﬁ;‘ﬁ = 2F N FANAFTA 4NN (4.6)
Eq. (4.4) becomes then

GLGY — GLGs = (FY +20AF, + 2N AF) (B + 20AF; +2X2A%FY)
— (Fy +20AF + 2 2 AF)(Fy 4+ 20AFS + 2 °AFg) (4.7

which, up to terms of order O(\?) is a total divergence
GiGY — G Gy = F{Ff — FyFg +O(\?) . (4.8)

This supports and illustrates at the A\? level the general proof in section 2 that our deformed

action has a duality current conservation.

5 SU(N) restoration from SO(N) in the six-point amplitude example

Note that the deformed action in (4.2) has terms with SO(N') symmetry, for example using in-
dices we have \2(FHAB)AZ(F+4B) as well as terms with SU(N) symmetry, like \FTABAF .
In classical theory there are also SO(N) invariant terms, like (F+45)2 however, the on shell
action is known to have an SU(N') symmetry. Here we will find out if the presence of the new
SU(N) symmetry breaking terms, like \2(FTAB)A2(F+4B)  affects the on shell symmetry
of the theory. For this purpose we will compute all contributions to the A2 amplitude, the
one from the single A2(F+4B)A2(F+4B) vertex and the one from the tree diagram with two
vertices A\FtABAF . as shown in Figure 1.

In this section we will treat the parameter A as independent of the gravitational coupling.
To test the on-shell symmetry properties of the deformed action (4.2) it therefore suffices
to analyze tree-level amplitudes with A-dependent vertices. Our strategy will thus be to

concentrate on the simplest possible non-trivial tree amplitude involving the correction term

2 The position of duality indices A was not specified strictly at the level of [1]-[29], as it becomes later when
in symplectic sections upper component was taken with the duality index up, and lower component with the

index down.

,10,



in lowest order, with four gravitons and two vectors on the external legs, which is such that
no other (of the infinitely many) higher order vertices can contribute. To this aim we start
from (4.2) where all dependence on the scalar fields has been stripped off. Introducing the

chiral projectors

1
Pt — Z((gm(;m — OIS F e, ) (5.1)

P10O1 P1 701 P1701

onto the self-dual and anti-self-dual components of 2-forms we can schematically represent

the operator A in the form
A = P, (Xhh)P_ 4+ P_(Xhh)Py + O(h?),
A? = P, (Xhh)P_(Xhh)P; + P_(Xhh)Py(Xhh)P_ + O(h%), (5.2)

where X hh is the leading term in the expansion of the fourth order differential operator A to
lowest (quadratic) order in the metric fluctuations. With this the action (4.2) contains the

following pieces up to and including second order in A (still omitting internal indices)
—4NFTAF™ = —4X(0A)Py(Xhh)P_(DA) + O(h3),
—2XFTA?FT = —2)\%(0A) Py (Xhh)P_(Xhh)Py (DA) + O(h%),
2\ F~A*F~ = —2)\*(0A)P_(Xhh)Py (Xhh)P_(dA) + O(h®). (5.3)

For the computation of the scattering amplitude we must saturate these vertices with the
polarization states eljf,/i (p) for the gravitons, and elf (p) for the vectors (with the usual on-shell
conditions p? = 0 and p“e/ff (p) = p“eff (p) = 0). Putting back the internal indices we recall
that the vector fields of N -extended supergravity transform in the adjoint of SO(N) (with an
extra singlet vector for N' = 6); the vector polarizations therefore carry an extra SO(N) label
[AB]. When applied to the field strength this SO(N) label becomes elevated to an (S)U(N)
index pair, where we must now distinguish between upper and lower positions of the indices

[AB]. For instance, for N' = 8 supergravity this results in the substitutions

+AB

AB .
F/j; — UM

FluaB = D€, AB (5.4)

where F;;AB transforms in the 28 of SU(8), while F, , ; transforms in the 28 of SU(8), with

independent polarizations eX48 for all vectors. These SU(8) assignments are furthermore

m
consistent with the relations

Py (ippegP) = ippe™® . Pouf(ippes aB) = ipjuc,ian
P’ (ippes aB) = 0 ) P—w/pg(ippeiAB) = 0. (5.5)

— 11 —
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Figure 1. Graphs contributing to the amplitude A(ALE (p1) AYP (p2) s+ (p3)hit (pa)h——(ps)h—_(pe)).

At order O(\?) the amplitude

AABCD (g py <AﬁB(pl)AgD(pg)h++(p3)h++(p4)h77(p5)h77(p6)> (5.6)

will thus receive two contributions, namely one from the square of the quadratic vertex (first
line in (5.3)) with two vectors contracted, and the other from the sextic vertex (second and
third line in (5.3)); these two contributions are depicted in Figure 1. We note that in this
amplitude both index pairs [AB] and [C'D] are in the upper position because of the positive
helicities of the external spin-one states. Since one cannot form an SU(N) singlet with four
upper indices for N/ > 5, a non-vanishing result for this amplitude would indicate a breakdown
of the SU(N) R symmetry. However, we will now show that this amplitude indeed vanishes.

To proceed we first consider the square of the O(\) vertex: not forgetting a factor 1/2

from the expansion of the exponential this leads to

%( — 4iNDA) P (Xhh)P_( A)) (= 4iA(DA)P_(Xhh)Py(DA)) (5.7)

S |

where the underbracket denotes the contraction (= vector propagator in a convenient gauge)
A c i AsC
ALE(R)ATP (k) = =5 mu,oPHsEP (5.8)
| E—— |

and where the positive helicity vectors are left uncontracted as they will be dressed with

positive helicity polarizations in accord with (5.5). Now using the relation

_— 1
P_52y2kﬂz77”292p—lf2 2kﬁ2 = 1k2p—0202;ﬁ2527 (5'9)

202 p202

with the momentum k = p; + ps + ps (= —p2 — psa — ps) on the internal line we see that the

propagator factor is cancelled, and we end up with an effective local vertex
+2iA3(0A) P, (Xhh)P_(Xhh)P.(DA)

which is the same as the contact interaction in the second line in (5.3). Therefore the two

contributions exactly cancel at the order of A2. Thus, the deformed all order higher derivatives

- 12 —



action, which has a duality current conservation, yields a six-point on-shell amplitudes at the
A2 order which does exhibit the expected SU(N') demanded by N-extended supergravity.
Using the vertices in eq (5.3) it is not difficult to show that the eight-point O(\3) SU(N)-
breaking amplitude also vanishes.

To conclude, the fact that the bosonic duality-symmetric action with higher derivatives
does not break the SU(N') symmetry of the six- and eight-point on shell amplitudes to SO(N)

means that this amplitude might be a part of a supersymmetric amplitude.

6 Discussion

In this paper we have constructed a complete deformed action of the two-vector sector of the
candidate UV divergence serving as the seed of deformation of A/ > 5 supergravities. We
have solved perturbatively the twisted non-linear constraint equation (3.4) and identified the
dual field strength G*(F, ) to all orders in A, presented in (3.9). We have also found the
complete all order in \ action (3.10) such that the corresponding duality current is conserved.

Our deformed action, when expanded near the base point of the moduli space % has terms
which break SU(N) symmetry down to SO(N) symmetry. This feature, if it would persist
on shell, would prevent our deformed action from being consistent with supersymmetry. We
have therefore computed the six-point amplitude, as shown in Figure 1, and we have found
that the contribution from the SU(N') symmetry violating A? vertex in the deformed action
is precisely cancelled by the tree diagram with two A vertices. These examples indicate that
an analogous cancellation and restoration of SU(N') symmetry in scattering amplitudes will
take place at all higher orders in A and for all n-point amplitudes.

Our conclusion here is the following. When using the two-vector sector of the candidate
counterterm as a seed for deformation of the action we do not find an inconsistency between
the requirement of duality current conservation and supersymmetry of the deformed action.
It does not mean that our deformed action has a supersymmetric embedding, but there is
also no obvious obstruction to it: the six-point tree amplitude based on deformed action has
an SU(N') symmetry, which is necessary but not sufficient condition for supersymmetry.

Our analysis here does not explain why A/ = 5 supergravity in four loops is UV finite, [14].
We will continue with analogous investigation of more general sectors of the deformation of
the theory in Part II of this project. We will take into account the one-vector and the four-
vector sectors, in addition to the two-vector sector we have studied here. Ultimately, the goal
is to either construct a supersymmetric deformed action of N' > 5 supergravity, or to find

that it is not available.
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A A review of classical N-extended supergravities

We start by recalling ® the main features of four dimensional pure A -extended supergravities,
N > 5.

These theories contain in the bosonic sector, besides the metric, a number n, of vectors
and m of (real) scalar fields. The relevant classical bosonic vector and scalar part of action
is known to have the following general form:

pv+ po

1 1
— — 4 - A T \pv wvpo A ol
S /\/ gdx( 2R+IHL/\/AFFMVF +72 —— ReNjre FoF _+
1
+ ) grs(q))a,uq)rau(bs> . (Al)

The vector-scalar part of this action was presented in (2.2) and notations explained there.
Duality rotations and symplectic covariance of these theories were uncovered in [1].

We consider a theory of n, abelian gauge fields Aﬁ, in a D = 4 space-time with Lorentz
signature (which we take to be mostly minus). They correspond to a set of n, differential

1-forms

A A —
A% = A dat (A=1,...,ny) . (A.2)
The corresponding field strengths and their Hodge duals are defined by *

FAN=dat = F/ﬁ\ydm“ A dz”,

1

A A A

Fy, = 3 (0u47 — 0,A3),

(*FA);W = 2_g5uupa FAlee, (A.3)

3This is a shortened version of the corresponding review in [26], which focuses on the details important to

our case.
4We use, for the e tensor, the convention: €p123 = —1.
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The dynamics of a system of abelian gauge fields coupled to scalars in a gravity theory is

encoded in the bosonic action (A.1). Introducing self-dual and anti-self-dual combinations
1
F*t = 5 (F£iF) *(F*) = FiF* | (A.4)

the vector part of the Lagrangian defined by (A.1) can be rewritten in the form given in (2.2)
We introduce new tensors

19
20F%,

i oc
— TN F2, + ReNas *Fl, «— G, = T2 (A.5)

* _
GAWV = Alpv 9 aFA
2OFT

the Bianchi identities and field equations associated with the Lagrangian (A.1) can be written

as
VIER, =0 . V" Gppw =0 (A.6)
or equivalently
VimF,t =0, VMmGy,, =0. (A.7)

Introducing the 2n,-component column vector

a general duality rotation is any general linear transformations on such a vector,

CE) - (20) ()

A B
For any constant matrix & = o D> € GL(2n,,R) the transformed vector of magnetic

and electric field-strengths *F' = S - *F satisfies the same equations (A.6) as the original

one. In a condensed notation we can write
O*F=0 <= 0 F =0 (A.10)
Separating the self-dual and anti-self-dual parts
F=F"+F ; G=G"+G~ (A.11)
and taking into account that F' and G are related by (A.5),

Gt = NF* G- =NF, (A.12)
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the duality rotation in eq. (A.9) can be rewritten as

F+/ F+ F—/ F-
(Y o(5) ¢ () =s()

The kinetic matrix N = N(®) transforms under a duality rotation such that the definition

of GT as a variation of the Lagrangian continues to hold:

i ac
that
15(®) = [(C+DN) - (A+ B/\/’)’l] = (A.15)

The condition that the matrix N is symmetric both before and after the duality transforma-
tion implies that
S € Sp(2n,,R) C GL(2n,,R), (A.16)

that is:
stcs =c, (A.17)

where C is the symplectic invariant 2n, X 2n, matrix:

0 -1
e (1), o

It is useful to rewrite the symplectic condition (A.17) in terms of the n, X n, blocks defining S:
ATCc-Cc"A=B"D-D'"B=0; ATD-C"B=1. (A.19)

In N > 5 models the fields are in some representation of the isometry group G of the
scalar manifold or of its maximal compact subgroup H. ° All the properties of supergravity
theories for N/ > 5 are completely fixed in terms of the geometry of the coset G/H; they can

be formulated in terms of the coset representatives L satisfying by
L(@') = gL(®)h(g, D) . (A.20)

Here g € G, h € H and &' = ®'(®), ® being the coordinates of G/H. Note that the scalar
fields in G/H can be assigned, in the linearized theory, to linear representations Ry of the
local isotropy group H so that dim Ry = dim G — dim H (in the full theory, Ry is the
representation which the vielbein of G/H belongs to).

This group is also the isotropy group of the scalar manifold and it is also isomorphic to the R-symmetry

group; we use these names interchangeably when referring to H.
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Fermions in extended supergravities form representations the isotropy subgroup H rather
than of the isometry group G of the scalar manifold. For example, there is the graviphoton —

2-form Typ — appearing in the supersymmetry transformation law of the gravitino 1-form
0tha = Vey + aTABW/yanyeBVa +e (A.21)

Here V is the covariant derivative in terms of the space-time spin connection and the compos-
ite connection of H, « is a coefficient fixed by supersymmetry, V¢ is the space-time vielbein,
A = 1,--- N is the index acted on by the automorphism group H in the fundamental
representation. Here and in the following the ellipsis denote trilinear fermion terms. The
2-form field strength T4p will be constructed by dressing the bare field strengths FA with
the coset representative L(®) of G/H, ® denoting a set of coordinates of G/H. The same
field strength T'4p which appears in the gravitino transformation law is also present in the

dilatino transformation law

5xaBc = Papcpe0ud"e? + BT apwy" cc) + - - (A.22)

Here Papcp = Pa BCD,gdgbg is the vielbein of the scalar manifold, 5 is a coefficient fixed by
supersymmetry.

In order to give the explicit dependence on scalars of T4p it is necessary to recall that,
according to the Gaillard—Zumino construction, the isometry group G of the scalar manifold
acts on the vector (F~3, G,) (or its complex conjugate) as a subgroup of Sp(2n,,R) (n, is
the number of vector fields) with duality transformations interchanging electric and magnetic
field strengths, as shown in (A.13)

Let now L(®) be the coset representative of G/H in the symplectic representation, namely
as a 2n, X 2n, matrix belonging to Sp(2n,,R) and therefore, in each theory, it can be
described in terms of n, x n, blocks Ap, By, Cr, Dy, satisfying the same relations (A.19) as
the corresponding blocks of the generic symplectic transformation S.

Since the fermions of supergravity theories transform in a complex representation of the
R-symmetry group H C G, it is useful to introduce a complex basis in the vector space of

Sp(2n,,R), defined by the action of following unitary matrix:

1 (1 i1
AZ* )
\/§<]1—i]1>

and to introduce a new matrix V(®) obtained by complexifying the right index of the coset
representative L(®), so as to make its transformation properties under right action of H

manifest:

V(®) = <1f1 }i) = L(®)AT, (A.23)
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where:

1 1
f— (A, —iBy): h= —
75 AL—iBL) 7

From the properties of L(®) as a symplectic matrix, it is easy to derive the following properties
for V:

(CL — iDL).

vVt =—iCc; viCcVv =iy, (A.24)

where the symplectic invariant matrix C and 7 are defined as follows:

0 -1 10
CZ(]L 0)”7:(0—11)’ (4.25)

and, as usual, each block is an n, X n, matrix. The above relations imply on the matrices f

and h the following properties:

i(ffh — h'f) = 1
(f'h — h'f) = 0. (A.26)

The n, x n, blocks f, h of V acquire the following form

f=fap,

h = haag, (A.27)

where AB are indices in the two-index antisymmetric representation of H = SU(N) x U(1)
or SU(8) in N' = 8 case. Upper SU(N) indices label objects in the complex conjugate
representation of SU(N):

(fhap)t = 2% (A.28)

etc. Thus we have another symplectic section depending on scalars of the theory and trans-

<fAAB) :S<fAAB>. (A.29)
haag haag

The kinetic matrix A’ can be written in terms of the sub-blocks f, h, and turns out to
be:

forming as follows

N=hf"l — N=N, (A.30)

transforming projectively under Sp(2n,, R) duality rotations as already shown in the previous
section. By using (A.26)and (A.30) we find that

(£t =iV — MF, (A.31)
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that is
(FHAB ) = i(N = N)asnfEAB (A.32)
For the symplectic product in general ( | ), one can use the convention
(A| B) = By — By AN . (A.33)

In particular, a symplectic invariant can be constructed using one symplectic section depend-
ing on field strength and its dual (F*,GT) and the other one depending on scalars (f,h)

_ +A
Thg = (f*aB, haas) (i 0]1> (Zi ) : (A.34)
A

Here TXB is a G-invariant since ST CS = C, but it transforms under the group H. Thus, the

graviphoton and its conjugate are

Tig = haas F = fAap Gy,

T=AB = (T7,)* = hpAB A — FMB gt

(A.35)

Note that, in classical supergravity, the graviphoton satisfies the constraint shown in eq. (3.1)
as a consequence of eqs. (A.30), (A.12). It is an H-covariant form of what is known as a
twisted selfduality constraint, covariant under G transformations.

The constraint eq. (3.1) is known as linear twisted self-duality constraint. It can be given

in the following form. We can use a 56-dimensional real symplectic vector of field strengths

F = (gi) , (A.36)

that transforms in the 56 of E;¢;y C Sp(56,R). The scalars of the theory are described by

the symplectic section
A
Vg = (f AB) . (A.37)

ha aB

The period matrix is defined by the property

haag = Nasf>asB. (A.38)

This relation of the components of the section Vy; with the components of the symplectic

Ey;(7/SU(8) coset representative imply the constraints

Vap | V) = =2i5,5°P,  (Vap | Vep) =0. (A.39)
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The graviphoton field strength is defined by
Tap = Vap | F), (A.40)
and its self- and anti-self-dual parts are
Tap®™ = Vap | F5). (A.41)

They all transform under compensating SU(8) transformations only. Since the H-tensor T4p

is complex, we have
TABE — (Typ7). (A.42)

Finally, the linear twisted self-duality constraint eq. (A.12), is equivalent to the vanishing of

TP~ = Tuph) =0. (A.43)

We are now able to derive some differential relations using the Maurer—Cartan equations
obeyed by the scalars through the embedded coset representative V. Indeed, let I' = V~1dV
be the Sp(2n,,R) Lie algebra left invariant one form satisfying:

Al +T AT =0. (A.44)

In terms of (f, h), I' has the following form:

i(ffdh — ht i(ffdh — hidf (H) P
r—v-igy_ [ (Efdh—hidf) i(fidh —hidf) \ _ (0@ P | (A.45)
—i(f!dh — h'df) —i(f'dh — h'df) P QW)

where the n, x n, sub-blocks Q) and P embed the H-connection and the vielbein of G JH
respectively. This identification follows from the Cartan decomposition of the Sp(2n,,R) Lie
algebra.

From (A.23) and (A.45), we obtain the (n, x n,) matrix equation:

D)f =fP,
D(Q)h =hP, (A.46)

together with their complex conjugates. The H-connection is
QU — i[f!(Dh + hw) — hf(Df + fw)] = wl, (A.47)

where we have used:

Dh = NDf;, h=Nf, (A.48)

which follow from (A.46) and the fundamental identity (A.26). Furthermore, using the same

relations, the embedded vielbein P can be written as follows

P = —i(f'Dh — h!Df) = if (N — N')Df, (A.49)
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and
1 -
D(w)f* a5 = 3 FACP Py pep. (A.50)

For N > 4, P coincides with the vielbein Popcp of the relevant G/H.

This equation is a part of the Maurer-Cartan equation
—CD
DVap = 5PapcpV (A.51)

where D is the H-covariant derivative and Papcp the vielbein 1-form on the scalar manifold.
Using the definition of the graviphoton field strength (A.40) we also find that

—=CD
DT = 5Papecp AT, (A.52)

and its complex conjugate.
It is useful in the context of black holes to define the central charges, as integrals over
the dressed, scalar dependent graviphoton, Z4pz and Z48 and symplectic doublet charges Q
which are integrals over field strength’s F' and G which are scalar independent. These are
related as follows
%ZABZAB _ —%QtM(N)Q, (A.53)
where C is the symplectic metric while M(N') and @ are:

1 —ReN TmN 0 1T 0
_ . . —Ccvvt
M) (o 1 ) ( 0 Im/\f—1> (—Re/\/11> ¢ ¢,

(A.54)
A
Q= (p ) . (A.55)
qa
More useful relations follow
fft = (W =N),
hh! = -i (N =N D) =NV -N)'N,
hfl = Nffl,
fht = £fIN. (A.56)

B Integrability of the deformed twisted self-duality in N > 5 models

In this appendix we use matrix-like notation and omit the Lorentz, G, H indices.

fE = = (W = N, (B.1)
XX = N IAFFIAF = N2 L AMAMES, (B.2)
(XX)" = \"f~{(AMAM)"f, (B.3)
XN = N) = MTAFN —N) = =M IAF(E ) = —idfTAF L (B.4)
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We consider the following action,
L=aFt(1-XX)"'X(N -N)F~ 4+ BFT(1-XX)"YN - XXN)F" +hec, (B.5)

where o and 8 are complex constants. We rewrite this action by using the identities. The

first term can be rewritten as

aF (1 - XX)' XN - N)F~
=aF ") (XX)"X(N - N)F~
n=0
= —iaFT ) N (AMAM) M x fIAFTT RS
n=0
= —iaFT ) N (AMAM)AfT ET (B.6)

n=0
The hermitian conjugate of this action is
iaF ™y N AMAM)Af T R
n=0
= iaFt ) "N (AMAM)"Af T FT o+ tot.div, (B.7)
n=0
where we have used the partial integral, and note that A becomes A by raising and lowering

Lorentz indices, which do not change the sign.

The second term becomes

BFT(1 - XX)" YN - XXN)FT
=BFT(1 - XX)" " {(N-N)-(1-XX)N)}F*T
= BFYNFT 4+ BFT Y (XX)"(W - N)F*

n=1

= BFYNFT 4+ BFT Y X" {(AMAM)"f(N — N)F*
n=1

= BFYNFT 4 BFT Y " X" {(AMAM)" ' AMAMS(N — N)F*
n=1

= BFYNFT 4+ BFT Y X" (AMAM)" ' AMAFf(W — V) F*
n=1

= BFYNFT —igFH 1) " N (AMAM)" 'AMAf ' F. (B.8)

n=1
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Therefore the Lagrangian becomes

L=BFTNF" —iBFtf~ 1Y " A" (AMAM)" ' AMAf ' F*
n=1
+2(Ima) FH Y A2 (AMAM)"Af ' F-
n=0
+BF NF~ +iBF £ ) N"(AMAM)" 'AMAf ' F~ + tot.div. (B.9)

n=1
Let us recall the form of dual tensor G, and rewrite it with identities.
Gr=(1-XX)'[XWN -N)F~ + (N - XXN)FT]
= —i » AT AMAM)'AF T FT 4 NF —if 1Y DA (AMAM)" T AMAS T R

n=0 n=1
(B.10)
On the other hand,
v 0 oS
G =5aFT (B.11)
=i(Ima) Y X" (AMAM)"Af T+ gVt

n=0
+BE71Y TN (AMAM)" T AMAS T R (B.12)

n=1

Note that we have performed partial integrals, lowering and raising operations in the above.
Thus, by choosing o = —i and 8 = —i, we can reproduce the deformed dual tensor G from
the action.

We would like to check the integrability condition (3.11) more carefully. As a simple

example consider the first (i.e. O(A\?)) correction discussed in sec. 4, but dressed with scalars:
L=—iFTXXN -N)F" +hc. = —iNFHfIAMAf ' FT +he. (B.13)

Here
FZas(FYeps = Mapcp. (B.14)

From the identity, the conjugate to eq.(A.32) we get

(f Neps = iN = Nzafrep, (B.15)

and

Magcp = if* apWN — N)safop. (B.16)

— 923 —



Then, the part of the action can be written as
iFH(FYABAE Ap(N = N)sar Y epA(fHCPFH (B.17)
and
FH(f " AMagep A(fH)PFT. (B.18)

Note that on an H-invariant the covariant derivative is a simple one:

DS =dS. (B.19)
For S = K pK4Z we find that
DK ap = dKap + Ba“Kcp (B.20)
and
DK = dK sp + B¥KCP. (B.21)

To agree with DS = dS we need the H-connection to be antihermitian

B = —B". (B.22)
Now we present (B.18) as follows
FAB X Map (B.23)
where we have defined
Map = Mapcp A(fHPEY FAB = jpt(f1HAB (B.24)

since we are only interested in H-covariant properties. We perform partial integration in
(B.23) and use the fact that d becomes —d and our A has 2 factors d + B, each becomes
—d+ BT to act to the left. We use the antihermitian property of B and replace it by —d — B.
Since A has 2 of these factors we find that

. - L n e
FABRX Map = FAB A Map. (B.25)
The action acquires a form
— -
iFY(f )P A Mapep A (fH)CPFY. (B.26)

This is a confirmation of a consistency condition at this level. In the linear approximation it

gives a local amplitude which has at least 6 points

(Rt AT TR~ h~ vt ot +he. (B.27)
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and more. But is also seems to hint towards some kind of U(1) anomaly
(KTt htTh= h vt ot) —hec. (B.28)

We know from [10] that the U(1) subgroup in H = U(5) in N =5 and H = U(6) in N =6
are anomaly free, in H = SU(8) in N' = 8 there is no U(1) subgroup. Moreover, it was

established more recently that there is no one-loop anomaly in N’ > 5 supergravities.

C Examples of symplectic sections (f,h)

The action and supersymmetry rules of N' = 5 supergravity were given in [30]. The symplectic
sections were presented in [31], and we refer to notations and details in [31]. The theory has

5 complex scalars z¢, and A = ij and the symplectic section is:
= <61523 + %e”ABmzm + 2e90

{;“ZB]ZJ»O . i=1,2,3,4,5, (C.1)

hijiaB = Nijimnf™" AB; (C.2)
N v (1 2] 5i L ikip 5
ij|kl = —1 — (zm)2 5 [1 + (Zn) } B 56 Zp — 2 [i [kZ0%5) | » (C3)
[ €1 i €1 i
hijlap = —i [51553 — €T + eadff' 2z (C.4)

— 1 — l—eg
Here e} = =2 €2 =

The action and supersymmetry rules of N = 8 supergravity were given in [27] and in [28].
Here we are using the ones in [28], in SL (8,R)-basis. The translation between between the
symplectic formalism for extended supergravities reviewed in [26] and the original formulation
of N' = 8 supergravity of [28], (including the more recent analysis of the gauge-fixing local
SU(8) in [29]), which was presented in [32].

The coset representative for Er(7)/SU(8) was parametrized in [28] as follows
1J
Y = v > . (C.5)
( Ukl]] ul[c(lL

The sub-matrices v and v carry indices of both Ey77) and SU(8) (I =1,...,8, I =1,...,8)
but one can choose a suitable SU(8) gauge for the fields, and then retain only manifest

invariance with respect to the rigid diagonal subgroup of Eqz) X SU(8), without distinction
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among the two types of indices. Comparing the notation of [28] (in particular the appendix

B) with the symplectic formalism of [1, 26], we can identify
— kl - kl
b0 =u UU = (P 71/2)1‘]' I
b =0 ikl — _(Pfl/Q)l]mngmnkl
so that

{fzﬁw()wl):g(uw) ©6)

ih = S5(60 — 61) = L5(u—v)

Since sections are sub-matrices of the symplectic representation, relatively to electric and

magnetic subgroups, their explicit indices components are given by

Mo L “1joy Kl e1/2Nij -
fiim = 7 ((p 1/2)ij — (P 1/2)Umnymnkl> :

—1 _ _ _—

hij,k:l — E ((P 1/2)ijkl + (P 1/2)1]mnymnkl> 7 (07)
where, in matrix notation,
tanh v Bt B 1

P=1-vY"',  vY=BT"Z2—Z |  Bju=-——=diju, C8
BB ij,kl 2\/§¢Ukl ( )

the last definition coming from the choice of the symmetric gauge for the coset representative
in eq. (B.1) of [28]. If one defines

P=1-YTy, (C.9)
and uses the identity
(PV2)yyt =yt(p~1/?), (C.10)

the following simple expressions for f and h are finally achieved:

1 - 1 1

_ _ [p-12_(p-1/2 yf} - -Y—_ C.11
= [ (PHAYT| = o1 = YT (C11)

) ~ ) 1
o b [p—l/z L (P2 yq - 4y e— C.12
v (P7112) Y s (C12)

The above notations are such that

PY2 = V1-YYt P =6l g

pl/Q = 1-Yty Pkl@] = 55; - gklmnymnij- (0'13)
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It is easily checked that the symplectic sections satisfy the usual relations

i(ffh—h'f) =1,
h’f —fTh =0. (C.14)

These are obtained writing the symplectic sections as in (C.11) and (C.12), and using the
identity

ypPl=ply. (C.15)
The kinetic matrix is given in terms of the symplectic sections by [26]
N =hf!, (C.16)
Therefore, eqs. (C.11) and (C.12) yield

N =—i [1+YT]¥\/1—YYT 1

1—YYT 11—yt~
14+ YT
e
1-Yt
or, component-by-component,
Nijr = =i(8 + 5™ (67" — g7m) = (C.17)
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