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CONJUGATE COMPLEX HOMOGENEOQOUS SPACES
WITH NON-ISOMORPHIC FUNDAMENTAL GROUPS

MIKHAIL BOROVOI AND YVES CORNULIER

ABSTRACT. Let X = G/I' be the quotient of a connected reductive algebic
group G by a finite subgroug”. We describe the topological fundamental group of
the homogeneous spage which is nonabelian wheh is nonabelian. Further, we
construct an example of a homogeneous spéeand an automorphisra of C such
that the topological fundamental groups>fand of the conjugate varietyX are not
isomorphic.

RESUME. Espaces homogénes complexes conjugués avec groupasiamadux non
isomorphes.Soit X = G/I" le quotient d’unC-groupe algébrique réductif conne@e
par un sous-groupe fidi. On décrit le groupe fondamental topologique de I'espace
homogeneX, qui est non abélien quaridest non abélien. Puis on construit un exemple
d’espace homogeng et d'automorphismer de C tels que les groupes fondamentaux
topologiques d& et de la variété conjuguéeX ne sont pas isomorphes.

ABRIDGED FRENCH VERSION

Soit X une variété algébrigue pointée définie sur le c@@pes nombres complexes,
supposée irréductible et quasi-projective. L'espagmltmique pointéX(C) est alors
connexe ; on désigne pag(X) := réOp(X(C)) son groupe fondamental, appelé groupe
fondamental topologique d¥. Soit o un automorphisme du cor@s (pas forcément
continu). En appliguant aux coefficients des polyndmes définiss&nton obtient
une variétégX sur C, dite variété conjuguée. Les complétés profinis desupes
. (X) ety (0X) sont canoniquement isomorphes (comme groupes topolaioea ils
s'identifient naturellement au groupe fondamental étal¥ dEn revanche, les groupes
m(X) et ip(oX) ne sont pas toujours isomorphes, par un résultat de Segiel[8s
exemples de Serre comprennent des surfaces projectiges.li®’autres exemples ont
été obtenus plus recemment : des variétes de Shimumra [(8S,[R], et des surfaces
projectives dans [BCG, GJ] pour des choix trés généraukaditomorphismes (dans
[GJ] pour touto dont la restriction aQ differe de lidentité et de la conjugaison
complexe).

Dans cette note, nous donnons un exempleedgsices homagesconjugués avec
groupes fondamentaux topologiques non isomorphes. Ledadda note est le suivant.

Nous considérons, dans{&, les groupes fondamentaux de certains espaces homogenes

topologiques de la form&/I", ou G est un groupe de Lie réel connexdet. G est un
sous-groupe discret. Nous en déduisons, dag8,lene formule explicite pour décrire
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le groupe fondamentain (G/I') dans le cas ol est un groupe algébrique linéaire
connexe défini sUE, etl” est un sous-groupe fini d&. En utilisant cette formule, nous
construisons dans K un exemple d’espace homogéne affihe- G/I" défini surC et
un automorphismer de C tels que les groupes fondamentaux topologigug®e X) et
. (X) ne sont pas isomorphes. Précisément, on ch@isitSL(n,C) x C* avecn > 5,
et un sous-groupe non abélien fini d’ordre 55. L'inclusionrdgansG est donnée par
un plongement arbitraire de dans Sl(n,C) et par un homomorphisme non trivial de
I dansC*. Notre formule permet de vérifier que(X) et isomorphe 87 /117) x4 Z,
ou la notation signifie que le générateur 1Aiagit surZ /117 par multiplication par 4,
tandis que pouo envoyant{ = exp 2 /5 surl?, le groupe fondamentat (oX) de la
variété conjuguée estisomorph&zy/117) x9Z. Un argument simple permet de vérifier
gue ces deux groupes ne sont pas isomorphes.

1. INTRODUCTION

Let X be a pointed algebraic variety defined o@&rWe assume tha is irreducible
and quasi-projective. The pointed topological spX¢€) is then connected, and we
denote by (X) the topological fundamental group ¥{C), i.e., m(X) := 1°P(X(C)).
Let o be a field automorphism dE, not necessarily continuous. On applyiogto
the coefficients of the polynomials definig we obtain a conjugate algebraic variety
oX over C. Though the profinite completions @f (X) and rm(oX) are isomorphic,
the groupsr (X) and rm(oX) themselves are not necessarily isomorphic. Serre [Se]
obtained the first examples of conjugate varieflesind oX with m(0oX) % m(X).
Serre’'s examples include smooth projective surfaces. Mzemples were obtained
recently: Shimura varieties ih [MS] and|[R], and smooth ective surfaces in [BCG]
and [GJ] for a very general choice af(in [GJ] for anyo whose restriction t®) differs
from the identity and the complex conjugation).

In this note we give an example of conjugadtemogeneous spacegith non-
isomorphic topological fundamental groups. The outlinghaf note is as follows. In
Sectior 2 we consider topological homogenous spaces obthe@/I", whereG is a
connected real Lie group affidC G is a discrete subgroup. In Sectioh 3 we write an
explicit formula form (G/I') whenG is a complex linear algebraic group ahd- G is
a finite subgroup. In Sectidd 4 using this formula we constamcexample of an affine
homogeneous space= G/I over C and an automorphisra of C such thatrg (o X)
is not isomorphic tag (X). In our exampleG = SL(n,C) x C* with n > 5, andrl is a
nonabelian finite subgroup of order 55.

2. THE QUOTIENT OF ALIE GROUP BY A DISCRETE SUBGROUP

Let _
1S5 T =1

be a short exact sequence of connected real Lie groups$. €& be a discrete subgroup
such that the projectioh = (") C T is discrete. Our goal is to descrilg(G/I"), where
G/T is viewed as a pointed manifold with base point the image of 1.

Setl's=T NS The homomorphism: G — T induces a fibratiols/I" — T /A with
fiber S/T's, which gives rise to an exact sequence in homotopy groups

18(S/T's) — m(G/T) —= m(T/A) — 1.
The fibrationG — G/I" with fiberI” gives rise to an exact sequence in homotopy groups

15 70(G) = m(G/T) — =T =1,



CONJUGATE HOMOGENEOUS SPACES 3

where f is @ homomorphism by Lemnia 2.2 below. Considering the abdvatibns
and also the fibration$ — S/T's, T — T/A and G — T, we obtain the following
commutative diagram of groups and homomorphisms with exaes and columns:

1 m S) T[]_(S/rs) ——[g——=1

J{i* f i

1 m(T) m(T/A) —=A——>1
l l
1 1 1

From this diagram we obtain homomorphisms
X: () — m(S/Ts) — m(G/r) and @: m(G/I) — 1 (T/A) <,

where the fiber produatn (T /A) xaA T is the group of pairgx,y) € (T /A) x I such
that fr (x) = 7(y). The homomorphisnp takesy € 14 (G/I") to the pair(1.(y), f(y)) €
m(T/N) xaT.

Theorem 2.1. With the above notation, the sequence

1 (S) —— 1w (G/I) —2 m(T/A) xF—1

is exact. In particular, if S is simply connected, thgis an isomorphism.

Proof. We prove the theorem by diagram chasing. Cleartyy = 1. We show that
kerp Cimy. Lety € kerop C m(G/I'), thenf(y) = 1 andt.(y) = 1. Theny comes from
some elemert € 1(G), whose image imq (T) is 1. Hencezcomes from some element
ue m(S). We see thay = x(u), as required.

We show thatp is surjective. Letx,y) € Ta(T/A) xaT,i.e.,xe m(T/N), yeTl, and
fr(x) = 1(y). We can liftx to some element € 15 (G/I"), thent(f(y)) = 1(y). Setz=
f(y)y 1, thent(2) = 1, hencez comes from some element 6§ and from some element
uof m(S/Ts). Sety =i.(u)~lyc m(G/I), thenf(y) = yandr.(y) = 1.(y) = x. We
see thatx,y) = @(Y'), as required. O

The following lemma, which we used above, is well-known.

Lemma 2.2. Let G be a connected Lie group,c G be a (closed) Lie subgroup, not
necessarily connected. Then the connecting mapa{G/I') — (") in the exact
sequence

75(F) — T(G) — T (G/I) —— (M) — 1

is a homomorphism.

Proof. Denote byA : ' — m(I") the canonical epimorphism. Consider two based loops
6:1[0,1] - G/TinG/T (i=1,2). Let6: [0,1] — G be a path lifting the loo; to G
with 6 (0) = 1, and sey = 8 (1) € I'. By definition f ([8]) = A (y) € To(I"), where[6]
denotes the class of the based Idbpn 7 (G/T"). Thenyléz is a path inG from y; to

y1ye mapping inG/T" to the loop6,, hence the concatenation éf and yléz is a pathin

G from 1 to y1)» mapping inG/T" to the loop obtained by concatenation&fand 6..

Thus (164 [62]) = A (vaye) = A (1) A (v2) = f([61]) T(12]), as required. 0
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3. THE QUOTIENT OF A COMPLEX ALGEBRAIC GROUP BY A FINITE SUBGROUP

Let G be a connected linear algebraic group oerLet " C G be a finite subgroup.
SetX = G/I'. We wish to compute the topological fundamental gramX).

Let U denote the unipotent radical @b, then G' := G/U is reductive. The
canonical epimorphism: G — G’ induces a fibratio®/I" — G’ /I’ with fiberU, where
"= p(l), and hence, the induced homomorphipm @ (G/I') — m(G'/T’) is an
isomorphism. Therefore, we may and shall assume@hiatreductive. Replacing the
reductive groufis by a finite cover andl’ by its inverse image, we may and shall assume
that the semisimple group:= [G, G] is simply connected. L&k denote the image df
in the algebraic toru$ := G/S, thenT /A is also an algebraic torus, henzg T /A) is a
free abelian group isomorphic B'™T. The next corollary, which follows immediately
from Theoreni 2]1, describes(G/I") in terms ofl” and the free abelian group(T /A).

Corollary 3.1. Let G be a connected reductive algebraic group o€esuch that the
commutator subgroup S of G is simply connected. SetG/S. Letl C G be a finite
subgroup, and lef\ denote the image df in T. Then there is a canonical isomorphism

m(G/T) < m(T/A) xT,

whererq (T /A) xa T is the fiber product with respect to the epimorphisn(T /A) — A
of LemmaZ.2 and the canonical epimorphiEm: A.

4., EXAMPLE

LetA=Z/mZ, the additive group of residues moduto LetB C (Z/mZ)* be acyclic
subgroup of some orderin the multiplicative group of invertible residues moduto
The groupB acts naturally oA by multiplication: an elemerti € B C (Z/mZ)* acts by
a— ba Set

H=AxB

(the semidirect product). We regaBRlas a subgroup off. Consider an embedding
¢: B— C*, then¢(B) = y, C C*, the group of-th roots of unity.
Choose an embeddirm: H — SL(n,C) for some natural number. Set

G=SL(n,C) x C*.
For(a,b) € AxB=H set
Y(a,b) = (a(ab),p(b)) € SL(n,C) x C*.

We obtain an embeddingg = g : H — G. Setl' = ¢(H), X =Xq,9 =G/I. Then
X is an affine algebraic variety ovér.

Letb € B. Write A xp Z for the semidirect product &% andZ, where the generator 1
of Z acts onA by multiplication byb. Set{ =exp2mi/r € .

Proposition 4.1. 16 (Xa,¢) ~ (Z/MZ) x4-1(¢) Z.
Proof. SetS=SL(m,C), T =C*. Lett: G=Sx T — T denote the projection, then
T(Y(ab)) = ¢(b) for (a,b) e AxB=H. SetA=1(l) =1(¢(H)) C T, then\ =

¢(B)=p CC*=T.
Consider the following universal covering of= C*:

E:C—C'=T, z—exp2ruz for ze C,
it induces a universal covering @f/A:

C—=E5C*»C/u =T/A~C".
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We identify (T /A) with e~ Y(y,) = %Z C C, then the homomorphismg (T /A) —
A = i of Lemmad 2.2 is the restriction @fto 2Z, hence it takes the generatbe 17 =
m(T/A) to the element(2) = € ;.

SinceS= SL(n,C) is simply connected, by Corollafy 3.1 we have
T4 (Xa.9) = T8(G/T) = 18 (T /) x r~1iz x H,

where the homomorphisr!}]Z — Uy takes% to { and the homomorphisid — u, takes
(a,b) e Hto 1(y(a,b)) = ¢(b). SinceiZz is a free abelian group, the group extension

15 {0} xA—>1ZxH—>1Z 51
Hr

splits, hencers (Xq,9) ~ Ax #Z. The action of2Z on A in this semidirect product
decomposition is the canonical action of the quotient gréﬂpof %ZxMH on the
normal abelian subgroup. Since the element € 1Z has image{ in i, which lifts to
¢~1({) e BCH,weseetha} € 1Z lifts to (1,¢1({)) € 1Zx, BC 1Zx, H, hence
2 acts asp () on A. Identifying £Z with Z via x— rx for x € £Z, we obtain the
assertion of the proposition. O

Now let us takem = 11, thenA = Z/11Z. We takeB = (Z/11Z)*2, the group of
nonzero quadratic residues modulo 11. The giBigpa cyclic group of order 5, namely,
B={1,4,9,53}. ThenH = Ax Bis a finite nonabelian group of order 55. lret 5,
then there exists an embeddiog H — SL(n,C) . Forb € B, b # 1, let ¢, denote the
embeddingB — C* taking the generatdp of B to , then ¢b‘1(Z) =b. We write Xy p
for Xq ¢, Let o be any field automorphism & taking { to 2. Consider the conjugate
variety o Xq p.

Theorem 4.2. ForA=Z/11Z, B=(Z/112)*?, g € Aut(C) taking{ to {2, the groups
Th(Xq,4) and 16 (0 X 4) are not isomorphic.

Proof. We haveo(Z) = 2. The homomorphisno o ¢ : B — C* takes4 to a({) = {2,
hence it taked® = 9 to ({?)3 = {. Thuso o ¢4 = ¢o.

For our groupG defined oveQ and forX = G/I', we haveoX = G/o(I"), whereo
acts on Sln,C) and onC* via the action orC. For an embedding : B — C* we have

0Xa.p = G/(00Wa4)(H) = G/Wsea,cop (H) = Xooa,004 -
We obtain that
OXa 4= OXg ¢4 = Xgoa,00¢s = Xooa,pg = Xaoa,9-
By Propositiof 4.11 we have
M (Xap) = (Z/11Z) xp Z,

hence
7T1(Xa’4) ~ (Z/llZ) x4Z and 7T1(O'Xa74) = nl(Xo'Oa’g) ~ (Z/llZ) XgZ.
Now the theorem follows from the next Leminal4.3. O

Lemmad.3. (Z/11Z2) x4 Z # (Z/11Z) x9Z.
We first need the following group-theoretic fact.

Lemma 4.4. Let A be any group without nonzero homomorphisms zhtdNVhenk is
an automorphism of A, we write ¥ Z for the semidirect product of A and, where
the generator = 1 of Z acts on A by. Fix two automorphismgs, k2 € Aut(A), and
denote byk; the image ofk; in the group of outer automorphisn@ut(A). If K; is
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conjugate to neithek, nor?gl in Out(A), then the semidirect products;G= A x, Z
and G = A x, Z are not isomorphic.

Proof. By contraposition, lefA : G; — G, be an isomorphism. Since for each of

i = 1,2, the subgroupA is equal to the kernel of some/any nonzero homomorphism
Gi — Z, we haveA (A) = A. Letk € Aut(A) denote the restriction of to A. For the
generatott € Z C Gy, write A (t) asat® € G, with a€ A ande € Z. Sincet generates
G1/A, we see thah (t) generate$s,/A and hencee = +1. Then for alla’ € A, writing
ya(@) = ada~! we have

K(ku(@)) = A(tat™) = at®k ()t %a~" = ya(K5(K(2))),

whencek; = k lyk$k. Hencek; = K ! k5 k. Thusk; andk§ are conjugate in
Out(A). O

Proof of Lemmal4d3 We use Lemma4l4 wheih=Z/11Z, in which case AUA) =
Out(A), is abelian and can be identified witZ /11Z)*. Hence the assumption of
Lemma[4.4 in this case is just thei and k;* are distinct as elements 62 /112)*.
Herek; = 4 andk, = 9. Since modulo 11 we ha\@+# 4 and9~! =5 +# 4, Lemmd 4.4
applies and we see théf /117 ) x4 Z # (Z/11Z) x9Z. This completes the proofs of
Lemmd4.B and Theorem 4.2. O
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