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Alice was beginning to get very tired of
sitting by her sister on the bank, and of
having nothing to do: once or twice she
had peeped into the book her sister was
reading, but it had no pictures or
conversations in it, “and what is the use
of a book”, thought Alice “without
pictures or conversations”?

Alice’s Adventures in Wonderland
LEwis CARROLL

1 Introduction

Graphical methods have proven useful for many branches of theoretical and mathematical
physics. First of all, it is the method of Feynman diagrams which is the main working tool
of quantum field theory [32, 69]. Rather developed graphical methods are used in the quan-
tum theory of angular momentum [6, 74, 76], the general relativity [58, 59, 60], and physical
applications of the group theory [27]. The graphical methods used in the theory of quantum in-
tegrable models of statistical physics [5] were successfully applied to the problems of enumerative
combinatorics [3, 4, 14, 34, 35, 47, 48, 62, 63, 64].

In this paper, we systematise and develop the graphical approach to the investigation of in-
tegrable vertex statistical models and the corresponding quantum spin chains. Here the most
common vertex model is a two-dimensional quadratic lattice formed by vertices connected by
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edges. The vertices have weights determined by the states of the adjacent edges. The consid-
eration of such systems begins with the definition of suitable integrability objects that possess
necessary properties. The initial objects here are R-operators and basic monodromy opera-
tors encoding the weights of the vertices. An R-operator acts in the tensor square of a vector
space called the auxiliary space, and a monodromy operator acts in the tensor product of the
auxiliary space and an additional one called the quantum space. To ensure integrability, the
R-operator must satisfy the Yang—Baxter equation, and the monodromy operator the so-called
RM M-equation which, in the case when the auxiliary space coincides with the quantum one,
reduces to the Yang—Baxter equation [5]. The necessary equations are satisfied automatically if
one obtains integrability objects using the quantum group approach formulated in the most clear
form by Bazhanov, Lukyanov and Zamolodchikov [9, 10, 11]. The method proved to be efficient
for the construction of R-operators [15, 16, 23, 24, 42, 49, 52, 72, 77], monodromy operators and
L-operators [9, 10, 11, 12, 15, 16, 17, 18, 19, 56, 61], and for the proof of functional relations
[8, 11, 12, 18, 19, 46, 54, 56].

A quantum group is a special kind of a Hopf algebra arising as a deformation of the universal
enveloping algebra of a Kac—-Moody algebra. The concept of the quantum group was introduced
by Drinfeld [30] and Jimbo [37]. Any quantum group possesses the universal R-matrix connecting
its two comultiplications. The universal R-matrix is an element of the tensor square of two copies
of the quantum group. In the framework of the quantum group approach, the integrability
objects are obtained by choosing representations for the factors of that tensor product and
applying them to the universal R-matrix. Here one identifies the representation space of the
first factor with the auxiliary space, and the representation space of the second one with the
quantum space. However, the roles of the factors can be interchanged. The universal R-matrix
satisfies the universal Yang—Baxter equation. This leads to the fact that the received objects
have certain required properties. Besides, such integrability objects satisfy some additional
relations, such as unitarity and crossing relations, which follow from the general properties of
the universal R-matrix and used representations.

The structure of the paper is as follows. In Section 2 we give the definition of the class
of quantum groups, called quantum loop algebras, used in the quantum group approach to
the study of integrable vertex models of statistical physics. Then we discuss properties of
integrability objects and introduce their graphical representations.

Section 3 is devoted to the case of quantum loop algebras U, (L(sl;+1)). We describe some
finite-dimensional representations and derive an expression for the R-operator associated with
the first fundamental representation of Uy (L(sl;4+1)). Explicit forms of the unitarity and crossing
relations are discussed.

The graphical methods of Section 2 are used in Section 4 to derive the commutativity condi-
tions for the transfer matrices of lattices with boundary. Such conditions are relations connecting
the corresponding R-operator with left and right boundary operators. For the first time the com-
mutativity conditions for lattices with boundary were given by Sklyanin in paper [68] based on
a previous work by Cherednik [26]. In paper [68] rather restrictive conditions on the form of the
R-operators were imposed. In a number of subsequent works [29, 31, 53] these limitations were
weakened with the corresponding modification of the commutativity conditions. Finally, Vlaar
[75] gave the commutativity condition in the form which requires no essential limitations on the
R-operator. It is this form which is obtained by using the graphical method.

We use the standard notations for g-numbers
¢ —q"

Vlg = s
Mo ="

veC, [nl=]]Kly  neZso
k=1

Depending on the context, the symbol 1 means the unit of an algebra or the unit matrix.
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2 Quantum loop algebras and integrability objects

2.1 Quantum loop algebras
2.1.1 Some information on loop algebras

Let g be a complex finite-dimensional simple Lie algebra of rank [ [36, 67], h a Cartan subalgebra
of g, and A the root system of g relative to h. We fix a system of simple roots «;, i € [1..1]. It
is known that the corresponding coroots h; form a basis of h, so that

l
b =P Ch.
i=1
The Cartan matrix A = (a;;); jen ..y of g is defined by the equation
Ai5 = <Oéj,hi>. (2.1)

Note that any Cartan matrix is symmetrizable. It means that there exists a diagonal matrix
D = diag(dy,...,d;) such that the matrix DA is symmetric and d;, i € [1..l], are positive
integers. Such a matrix is defined up to a nonzero scalar factor. We fix the integers d; assuming
that they are relatively prime.

Denote by (:|-) an invariant nondegenerate symmetric bilinear form on g. Any two such forms
are proportional one to another. We will fix the normalization of (+|-) below. The restriction of
(|) to b is nondegenerate. Therefore, one can define an invertible mapping v: h — h* by the
equation

(v(2),y) = (2[y),

and the induced bilinear form (-|-) on h* by the equation

Alp) = (NI (W)

We use one and the same notation for the bilinear form on g, for its restriction to h and for the
induced bilinear form on h*.
Using the mapping v, given any root « of g, one obtains the following expression for the
corresponding coroot
2

= v 1(a). .
o 7(OZ|O[) ( ) (22>

Hence, we can write

2 2
aj = >(Oéz'|0<j)~

(cvilev) (agles) = (il

It is clear that the numbers (a;|a;)/2 are proportional to the integers d;. We normalize the
bilinear form (-|-) assuming that

%(ailai) _d,. (2.3)

Denote by 6 the highest root of g [36, 67]. Remind that the extended Cartan matrix A =
(aij)ijefo..y) is defined by relation (2.1) and by the equations

ago = (6,07), agj = —(a;,07), ao = —(0, hs), (2.4)
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where ¢,5 € [1..1]. We have

! !
0= Zaiai, 0 = Za{hz
i=1 i=1
for some positive integers a; and a; with 7 € [1..1]. These integers, together with
ag = 17 ap = 17

are the Kac labels and the dual Kac labels of the Dynkin diagram associated with the extended
Cartan matrix A, Recall that the sums

l l
h=de W=
=0 i=0

are called the Coxeter number and the dual Coxeter number of g. Using (2.2), one obtains

g 2 e el
= am” O G @)= 2 )
It follows that
o o o)
=)

for any ¢ € [1..1].
It is clear that

l l
agy = 2, ag;j :—Za{alj, j € [1”, aigz—Zaijaj, 1€ [1” (25)
=1 7=1
We see that for the extended Cartan matrix A one has
! !
Y aga;=0, i€[0..0, > aja;=0, je0..1]
=0 i=0

Since the Cartan matrix of g is symmetrizable, so is the extended Cartan matrix. Indeed,
using relation (2.2), one can rewrite equations (2.4) as

(%’\9) (e‘ai)
—9 R 0= —2 .
@00 ’ 0j 016) ° @i0 (avilav)

We see that the symmetricity condition
diaij = djajz-, 1,] € [0 .. l},
for the extended Cartan matrix is equivalent to the equations

do d/l‘ . .
(0‘9) - (ai’ai)’ diaij = djaji7 1, € [1 .. l]

We take as d;, i € [1..1], the relatively prime positive integers symmetrizing the Cartan matrix A
of g, then, using (2.3), we see that

do = %(ew). (2.6)
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Note that, for our normalization of the quadratic form, (6|0) = 4 for the types B;, C; and Fy,
(0|0) = 6 for the type G, and (0|f) = 2 for all other cases. Therefore, we have relatively prime
positive integers d;, i € [0..l], which define the diagonal matrix symmetrizing the extended
Cartan matrix A0,

Following Kac [41], we denote by L(g) the loop algebra of g, by L(g) its standard central
extension by a one-dimensional centre CK, and by £(g) the Lie algebra obtained from £(g) by
adding a natural derivation d. By definition

~

L(g) = L(g) ® CK @ Cd,

and we use as a Cartan subalgebra of /j(g) the space
h=hoCK o Cd.

Introducing an additional coroot

l
ho=K - aih,
=1

we obtain

!
b= ch e ca.
=0

It is worth to note that
l l
K = hg -I—Zaﬂli = Zaihi
i=1 i=0

We identify the space h* with the subspace of E* defined as
h* = {Aeh* | (\K) =0, (\,d) =0}.
It is also convenient to denote
h=hoCK

and identify the space h* with the subspace of 6* which consists of the elements \ € E* satisfying
the condition

(A K) =0. (2.7)

Here and everywhere below we mark such elements of E* by a tilde. Explicitly the identification
is performed as follows. The element A € h* satisfying (2.7) is identified with the element A € h*
defined by the equations

A hi) =\ ki), i€l

In the opposite direction, given an element A\ € h*, we identify it with the element A€ E*
determined by the relations

(A, ho) = Zaz (A, hi) O hi) =\ ki), el

It is clear that \ satisfies (2.7).
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After all we denote by ¢ the element of E* defined by the equations
(0,h;) =0, ie[0..1], (6,d) =1,
and define the root ag € /h\* corresponding to the coroot hg as
g =06 —0,
so that for the entries of the extended Cartan matrix we have
a;j = (o, hy), i,j€10..1],

see equations (2.1) and (2.4). We stress that in the above relation (-, -) means the pairing of the
spaces h* and b, while in equations (2.1) and (2.4) it means the pairing of the spaces h* and b.

Thus, the elements a;, i € [0..1], are the simple roots and h;, i € [0..1], are the corresponding
coroots forming a minimal realization of the generalized Cartan matrix AWM [41]. Let A, be the
full system of positive roots of g, then the full system A+ of positive roots of the Lie algebra E( )
is

Ay ={y+nd|yeA;, n€ZsolU{nd|neZagtU{(6—7)+nb|yeA;, neZso).
The system of negative roots A_isA_ = —3+, and the full system of roots is
A=A, UA_={y+nd|yeA, neZ}U{né|necZ\{0}}

Recall that the roots £nd are imaginary, all other roots are real [41]. It is worth to note here
that the set formed by the restriction of the simple roots «; to b is linearly dependent. In fact,
we have

l
(5|’5 = Z aiaih; = 0. (28)
1=0
This is the main reason to pass from £(g) to £(g). R

We fix a non-degenerate symmetric bilinear form on § by the equations

(hilhy) = ad;t,  (hild) = d,0dy ", (dld) =0,

Qij
where ¢,5 € [0..1]. Then, for the corresponding symmetric bilinear form on H* one has
(ailoy) = diaij.
It follows from this relation that
0Oly) =0,  (4l0) =0
for any v € A.

2.1.2 Definition of a quantum loop algebra

Let i be a nonzero complex number such that ¢ = exp £ is not a root of unity. For each i € [0..]]
we set

d;
qi =4q
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and assume that
q" = exp(hv)

for any v € C.
The quantum loop algebra U,(L(g)) is a unital associative C-algebra generated by the ele-
ments

€i, f’iv Z‘:0717"‘7l7 qx7 SUGE,

satisfying the relations

K =1, veC, q“rg*? = g"r e, (2.9)
geiq =g\, ¢ fig " =q (2.10)
hi  —h;
les, f5] = 65—, (2.11)
q; — q;
1—aij 1-a;j—n n 1—a;j 1—a;;j—n n
e. € f f
(=" ! e,—— =0, (=" t fi——=0. (2.12)
nz;) [1—aij—n]qi! J[n]qi! nz:() [1—6Lij —’I”L]qi! J[n]qi!

Here, relations (2.10) and (2.11) are valid for all ¢,j € [0..1]. The last line of the relations is
valid for all distinct 4,5 € [0..1].

The quantum loop algebra U,(L(g)) is a Hopf algebra. Here the multiplication mapping
5 Uy (£(8)) © Ug(£(g)) — Uy (£(g)) is defined as

pla ®b) = ab,
and for the unit mapping ¢: C — U,(L(g)) we have
u(v) =rl.
The comultiplication A, the antipode S, and the counit € are given by the relations

A@)=¢"®4¢", Ale)=¢01+q" ®e;, Af)=f;o¢™+1@f,  (213)

S(¢)=q""  Sle)=—q e S(f)=—fa", (2.14)

E(qh) = 17 E(ei) = 07 €(fz) =0. (215)
For the inverse of the antipode one has

S H¢") =q7", S7He;) = —eq; ", S7HE) = —d . (2.16)

2.1.3 Poincaré-Birkhoff-Witt basis

The abelian group

!
Q= @ Ly
=0

is called the root lattice of £(g). The algebra Uy(£L(g)) can be considered as Q-graded if we
assume that

€ € UQ(‘C(Q))%? fl € UQ(‘C(Q))—OW qm € UQ(‘C(Q))O
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for any i € [0..1] and 2 € h. An element a of Uy(L(g)) is called a root vector corresponding
to a root v of E* if a € Uy(L(g))y. In particular, the generators e; and f; are root vectors
corresponding to the roots a; and —q;.

One can construct linearly independent root vectors corresponding to all roots from 3, see, for
example, papers [42, 43, 44, 72], and papers [13, 28] for an alternative approach. If some ordering
of roots is chosen, then appropriately ordered monomials constructed from these vectors form
a Poincaré-Birkhoff-Witt basis of U,(L£(g)). In fact, in applications to the theory of quantum
integrable systems one uses the so-called normal orderings. The definition and an example for
the case of g = sl;;1 is given in Section 3.3.1.

2.1.4 Universal R-matrix

Let II be the automorphism of the algebra U,(L(g)) ® Uy(L(g)) defined by the equation
[I{a®b) =b®a,

see Appendix A.1. One can show that the mapping
A'=Tlo A

is a comultiplication in Ug(L(g)) called the opposite comultiplication.
Let Uy(L(g)) be a quantum loop algebra. There exists an element R of Uy (L(g)) ® Uqy(L(g))
connecting the two comultiplications in the sense that

A'(a) = RA(a)R™! (2.17)
for any a € Uy(L(g)), and satisfying in Uy(L(g)) ® Uy(L(g)) @ Uy(L(g)) the equations
(A®id)(R) = RMIR®)  (ide A)(R) = RIPIRI2), (2.18)

The meaning of the superscripts in the above relations is explained in Appendix A.1. The
element R is called the universal R-matrix. One can show that it satisfies the universal Yang—
Baxter equation

RO P13 R (23) _ R (23)R(13)R(12) (2.19)

in Uqg(L(g)) ® Ug(L(g)) ® Uq(L(g))-

It should be noted that we define the quantum loop algebra as a C-algebra. It can be also
defined as a C[[h]]-algebra, where £ is considered as an indeterminate. In this case one really has
a universal R-matrix. In our case, the universal R-matrix exists only in some restricted sense,
see, for example, paper [70], and the discussion in Section 3.3.2 for the case of g = s[4 1.

There are two main approaches to the construction of the universal R-matrices for quantum
loop algebras. Ome of them was proposed by Khoroshkin and Tolstoy [42, 43, 44, 72], and
another one is related to the names Beck and Damiani [13, 28].

2.1.5 Modules and representations

Let ¢ be a representation of a quantum loop algebra U,(L(g)), and V the corresponding
U,(L(g))-module. The generators ¢*, x € b, form an abelian group in U,(L(g)). Let vector
v € V be a common eigenvector for all operators ¢(¢”), then

v = q<u,:v)v
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for some unique element p € b*. Using the first relation of (2.9), we obtain

qVKU _ qV(M7K>v —

for any v € C. Therefore, the element p satisfies the equation
(n, K) =0,

and there is a unique element A € h* such that u = . For the definition of X see Section 2.1.1.
A Uy(L(g))-module V is said to be a weight module if

V=W,

Aeb*
where
Vy = {v eV]q¢g“v= q<x"’3>v for any x € H}

This means that any vector of V' has the form

v=D_ vy

A€b*

where vy € V) for any A € h*, and vy = 0 for all but finitely many of A. The space V) is called
the weight space of weight A, and a nonzero element of V) is called a weight vector of weight .
We say that A € h* is a weight of V if V), # {0}.

We say that a Uy(L(g))-module V' is in the category O if

(i) V is a weight module all of whose weight spaces are finite-dimensional;

(ii) there exists a finite number of elements A1, ..., Ay € h* such that every weight of V' belongs
to the set

Uhen (A<,
=1

where < is the usual partial order in h* [36].

In this paper we deal only with U,(£(g))-modules in the category O and in its dual O*, see
Section 2.2.4.

Let V1, Va be two Uy(L(g))-modules, and ¢1, 2 the corresponding representations. The
tensor product of the vector spaces V; and V5 can be supplied with the structure of a Uy (L(g))-
module corresponding to the representation

01 @A P2 = (1 ® p2) 0 A,

We denote the obtained Uy (L(g))-module as V; @a Va.
Using the opposite comultiplication, one can construct another representation

01 @ar p2 = (1 @ pa) o A

and define the corresponding U,(L(g))-module Vi ®as Vo. However, one can show that there is
a natural isomorphism

V1 QA P2 = Y2 QA 1.
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2.1.6 Spectral parameter

In applications to the theory of quantum integrable systems, one usually considers families of
representations of a quantum loop algebra parametrized by a complex parameter called a spectral
parameter. We introduce a spectral parameter in the following way. Assume that a quantum
loop algebra U,(L(g)) is Z-graded,

Ug(L(9)) = P Ug(L(@)m:  UglL(@)mUq(L(8))n € Ug(L())m-sn:

meZ

so that any element of a € Uy(L(g)) can be uniquely represented as

a= Z A, am € Ug(L(g))m-

MEZ

Given ¢ € C*, we define the grading automorphism I'¢ by the equation

L¢(a) = Z " am.

mEZ

It is worth noting that
o =Tg ol (2.20)

for any (1,¢(> € C*. Now, for any representation ¢ of U,(L(g)) we define the corresponding
family ¢ of representations as

gpg:goofc.

If V' is the Uy(L(g))-module corresponding to the representation ¢, we denote by V the
Uy(£(g))-module corresponding to the representation ¢.
A common way to endow U,(L(g)) by a Z-gradation is to assume that

¢* € Ug(L(9))o, e €Uy(L(a))s;,  fi € Ug(L(g)) s

where s; are arbitrary integers. We denote

l
S = Zaisi, (221)
=0

where a; are the Kac labels of the Dynkin diagram associated with the extended Cartan mat-
rix A and assume that s is non-zero. It is clear that for such a Z-gradation one has

Le(q”) = 4%, Le(ei) = (e, Le(fi) =¢ % fi (2.22)

Further, it follows from the explicit expression for the universal R-matrix [13, 28, 42, 43, 44, 72]
that

Fe@T)(R) =R (2.23)
for any ¢ € C*. Besides, equations (2.14) and (2.16) give

SoT¢=T¢08, S 'oT =Tco08" (2.24)
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0"y,

Figure 2.1.

2.2 Integrability objects and their graphical representations

In this section we use the Einstein summation convention: if the same index appears in a single
term exactly twice, once as an upper index and once as a lower index, summation is implied.
Some additional information on integrability objects can be found in the remarkable paper by
Frenkel and Reshetikhin [33] and in papers [17, 19].

2.2.1 Introductory words

What we mean by integrability objects are certain linear mappings acting between representation
spaces of quantum groups, which are, in general, tensor products of some basic representation
spaces. Certainly, the simplest mapping is the unit operator on a basic representation space.
We use for its matrix elements the depiction given in Fig. 2.1. In fact, we associate with a basic
representation space an oriented line, which can be single, double, etc. The direction of a line is
represented as an arrow. The arrowhead corresponds to the input, and the tail to the output of
the operator. The spectral parameter associated with the representation is placed in the vicinity
of the line. The unit operator acting on a tensor product of representation spaces is depicted as
a bunch of oriented lines corresponding to the factors of the tensor product.

2.2.2 R-operators

A more complicated object is an R-operator. It depends on two spectral parameters and is
defined as follows. Let Vi, V5 be two Uy(L(g))-modules, ¢1, 2 the corresponding representations
of Ug(L(g)), and (1, (2 the spectral parameters associated with the representations. We define
the R-operator Ry, v, (¢1/¢2)! by the equation

PV |V (Cl‘€2)RV1|V2 (€1K2) = (30141 X 902(2)(73)’ (2'25)

where py; 1, (C1]C2) is a scalar normalization factor. It follows from (2.20) and (2.23) that

(P1¢10 @ Pacw)(R) = ((p1 ® p2) o (I'e; @ T'¢y) o (I'y @ T))(R) = (016, ® 92¢,)(R)

for any v € C*. We will assume that the normalization factor in equation (2.25) is chosen in
such a way that

pvivs (C1v|Cav) = py; v (CilC2) (2.26)

for any v € C*. In this case

Ry, v, (GQv[Gav) = Ry v, (C1162),

and one has

Ryi v, (G1l¢2) = Ryyva (GL(G) ML) = Ruapa (GL(G)7TH), (2.27)

'The notation R, |,,(¢1]¢2) is also used.
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Figure 2.4. Figure 2.5.

where

Ry v, (€) = Ry, (¢[1).

Below we sometimes use the notation
-1
Gij = Gi(¢G) ™
Using this notation, we can, for example, write (2.27) as

Ry, 1, (C1|C2) = Ry 1, (Ci2]1) = Ry v, (Cr2)-

It is clear that the operator Ry, (¢1[¢2) acts on Vi ® V. Fixing bases, say (eq) and (fg),
of V1 and V5 we can write

RV1|V2 (Cl‘c2)(€a2 X fﬁ2) = (6041 ® fﬂl)RVﬂVZ (C1|C2)a151a252-

We use for the matrix elements of Ry, |y, (¢1|¢2) the depiction which can be seen in Fig. 2.2. Here
we associate with V; and V» a single and a double line respectively. It is worth to note that the
indices in the graphical image go clockwise.

For the matrix elements of the inverse Ry, |y, (¢1|¢2) " of the R-operator Ry, v, (¢1]¢2) we use
the depiction given in Fig. 2.3. Here we use a grayed circle for the operator and the counter-
clockwise order for the indices. This allows one to have a natural graphical form of the equations

(RV1|V2 (<1|C2)_1)a1,8106252RV1|V2 (C1|C2)a2620¢363 = 5a1a3561637
RV1|V2 (Cl‘@)alﬁl a2 (RV1|V2 (Cl |C2)_1)a262a353 = 5a1a355153’

see Figs. 2.4 and 2.5. One can see that to represent a product of operators we connect outcoming
and incoming lines corresponding to the indices common for the operators. It is clear that the
notation used for the indices and spectral parameters are arbitrary. Therefore, when it does
not lead to a misunderstanding, we do not write them explicitly in pictures. In fact, in such
a case we obtain a depiction not for a matrix element, but for an operator itself. For example,
we associate Figs. 2.6 and 2.7 with the operator equations

Ry, v, (C1l¢2) T Ryap (GilG2) = 1, Ry, v, (C1l¢2) Ry vy (C1lG2) ™ = 1.
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It is worth to note that the modules V; and V5 are arbitrary. Therefore the above equations re-
main valid if we interchange them. Respectively, the graphical equations represented by Figs. 2.6
and 2.7 also remain valid if we interchange the single and double lines. This remark is applicable
to all similar situations.

It is in order to formulate some general rules. To obtain a graphical representation of an
operator, we first specify the types of lines corresponding to the basic vector spaces and associate
with each basic vector space a spectral parameter. Then we choose some shape which will
represent the operator. This shape with the appropriate number of outcoming and incoming
lines depicts the matrix element, or the operator itself. To depict the matrix element of the
product of two operators we connect the lines corresponding to the common indices over which
the summation is carried out.

It turns out to be useful to introduce new R-operators, which, at first sight, drop out of the
general scheme described above.? We denote these operators by Ry, v, (C1|¢2) and their inverses
by EV1|V2 (¢1|¢2)~!. As the usual R-operators, they act on the tensor product Vi ® Va. The
depiction of the corresponding matrix elements can be seen in Figs. 2.8 and 2.9. We require the
operator Ry, |y, (C1]¢2) ™! to be the ‘skew inverse’ of the operator Ry, |y, (C1|¢2). By this we mean
the validity of the graphical equation given in Fig. 2.10. Marking out this figure with indices,
we come to Fig. 2.11. We see that in terms of matrix elements the equation given in Fig. 2.10
has the form

(Evl |Va (Cl |C2)71)a2ﬂ1 a3 RV1 [Va (Cl KQ)OQ'BQ af3 — 5a3a1 &81 B3-

One can rewrite this as

((Evﬂv2 (C1|§2)_1)t1)a3/31a252 (RV1|V2(CI‘C2)t1)a2ﬁ2a1ﬁ3 _ 5043&155163.

2The relation to the usual R-operators can be understood from the results of Section 2.2.5.
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Figure 2.13. Figure 2.14.

Here ¢, denotes the partial transpose with respect to the space Vi, see Appendix A.2. Note
that Ry,|v, (C1]¢2)" and (RV1|V2 (Cﬂ(g)*l)tl are linear operators on V* ® V5.2 Thus, we have the
following operator equation

(Ruiivs (G16) ™) Ry (GilG2)" =1 (2.28)

on V7' ® V,, and we come to the equation

§V1|V2 (Cl|<2) = (((RV1|V2 (C1’C2)t1)—1)t1)—1'

Certainly, equation (2.28) can be also written as

Ry, v, (116" (Ruypva (G1G2) ™)™ =1 (2.29)

The corresponding graphical image is given in Fig. 2.12. Transposing equations (2.28) and (2.29),
we obtain

Ry, v, (C1l¢2)" (§v1|v2(51’C2)_1)t2 =1, (EVIWQ(Cl|§2)_1)tQRv1|v2(C1|C2)t2 =1,

where to denotes the partial transpose with respect to the space Vs, see again Appendix A.2.
One can get convinced that this does not lead to new pictures. However, using any of these
equations, we obtain

Ry, 1, (C1lG) = (((RV1|V2(C1|C2)t2)_1)t2)_1- (2.30)

For completeness we introduce the R-operators denoted by ]N%V1|V2 (¢1]¢2), with the inverses
EVHVQ(C1|<’2)_1, acting on V4 ® V5 and depicted by Figs. 2.13 and 2.14. Now we require the

operator JN%V1|V2 (C1]¢2) to be the ‘skew inverse’ of the operator Ry;y, (¢1|¢2)~!. By this we mean
the validity of the graphical equation given in Fig. 2.15. Similarly as above, we determine that
it is equivalent to the following operator equation

R v (GG (Rysjva (G1IG) ™) = 1, (2.31)

3We denote by V* the restricted dual space of V, see Section 2.2.4. If V is finite-dimensional V* coincides
with the usual dual space.
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Figure 2.15. Figure 2.16.

and, therefore,

= —1\ty — 1Nt

Ry, v, (C1l¢2) = (((Rvawe (Gl G)™H)™) )™, (2.32)
Rewriting equation (2.31) as

(va|v2(C1|C2)_1)tlﬁvl\v2(C1|C2)t1 =1, (2.33)

we come to the graphical equation given in Fig. 2.16. After all, transposing equations (2.31)
and (2.33), we obtain

(RV1|V2(C1|C2)_1)t2§\/1\v2(C1|C2)t2 =1, 7“3\/1\\/2((1|Cz)t2 (RV1|V2(C1|C2)_1)t2 =1

Using any of these equations, we obtain

Ry (162 = ((Ruapa(Gle) ™)) 7)™,
2.2.3 Unitarity relations
Applying the mapping II to both sides of the equation
I(A(a)) = RA@R™,  a€ Uy(L(g)),
and using again the same equation, we obtain
A(a) = I(R)II(A(a)II(R™!) = I(R)RA(a)RI(R)
Therefore,
A(a)II(R)R =TI(R)RA(a). (2.34)

Let ¢1 and @9 be representations of Uy(L(g)) on the vector spaces V; and V5 respectively. For
any v € V1, w € Vo and a,b € Uy(L(g)) one has

(101 ® p2¢,) (L@ ® b)) (v @ w) = (p1¢, (b) ® p2c,(a)) (v @ w)
= (p16,(0))(v) ® (pac, (a))(w)
= Py, (020, () (w) ® (16, (b)) (v))
= (Pryvi (926, ® 1¢,)(a ® D)) Py v (v @ w).

It follows that

(P16 @ 26, ) (IL(R)) = Pryps (026, ® 01¢,)(R)) Prvsy
= pva v (C2]C1) (P vy Ry vy (G2[C1) P vy)-
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Now, applying to both sides of equation (2.34) the mapping pi¢, ® @ac,, we see that for any
a € Uy(L(g)) one has

(901(1 @A ¢2C2)(a)(PV2\V1RV2\V1 (CQ‘CI))(PV1|V2RV1|V2 (Cl‘CQ))
= (P v Bapva (G21C1)) (P vy Bva v (€11€2)) (161 @ 2, ) ().

Hence, if the representation @1, ®a a¢, is irreducible for a general value of the spectral pa-
rameters,” then

Ry, v, (G161 Rya v, (C1lé2) = Crag (Cilé2) idvi e, (2.35)

where CV1|V2(C1\C2) is a scalar factor, and we use the notation

Ry, v, (G21C1) = Pyyjvs Ryyps (G21C1), Ry v, (C1l¢2) = Pyy vy Ruapvs (G1lG2).

Equation (2.35) is called the unitarity relation. Since the representations and spectral parameters
in (2.35) are arbitrary, we also have

Ry, v, (C11¢2) Ry (G261) = Chgpry (G21G1) idvaevs - (2.36)

From the other hand, multiplying (2.35) from the left by RV2|VI(C2‘<1)71 and from the right by
Ry, v, (G2]C1) we obtain

Ry v, (C1l¢2) Ry va (C21C1) = Cuapvg (C1lG2) idvaes; -

It follows from the last two equations that

Cvi s (C11¢2) = Cyypvy (G21C1)- (2.37)

Again fixing bases (eo) and (f3) of Vi and Va we write

RV2|V1 (42‘4.1)(]8,32 ® €a2) = (eal ® fﬁl)RVQ|V1 (g2|<.1)a151,320421
RV1|V2 (C1|C2)(€a2 @ fﬁz) = (f,31 ® eal)RV1|V2 (gl|C2)ﬁlala2,32'

It is easy to see that

Ry, (G216 g0 = Ruggva (62161 s
Ry v, (G1162)7 % a8, = Ry (G1lG2) 7 -

Hence, in terms of matrix elements equations (2.35) and (2.36) look as

Ry, 14 (C1C1) 7 gya0 Ry v, (C11¢2) "2 08 = Cvapra (C11€2)6 0567 35,
Ry, v, (C11¢2) ™ a8, Ry v (C21€1) P gyas = Cpia (C21C1)6 0567 g, -

These two equations are depicted in Figs. 2.17 and 2.18.
Instead of (2.35) and (2.36) we can also write

Ry, v, (G11G2) = Oy (Gl G2) Rugpva (C2l¢1) ™,
Ry, 14 (G21¢1) = Cypua (G21C) Ryq v (G1lC2) 1

These equations can be recognized in Figs. 2.19 and 2.20. For completeness, we also redraw
Figs. 2.19 and 2.20 in the form of Figs. 2.21 and 2.22.

4This is a common situation in the quantum theory of integrable spin chains.
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Figure 2.21. Figure 2.22.

2.2.4 Crossing relations

Let V be Uy(L(g))-module in the category O. Define two dual modules V* and *V. As vector
spaces both V* and *V coincide with the restricted dual space

vi=Dm
Aeh*
of V. This means that any element p € V* has the form
Hn= Z KX,
Aebh*

where py € (V))* for any A € h*, and py = 0 for all but finitely many of A. The action of an
element p € V* on a vector v € V is given by the equation

<:u> ’U> = Z <,u)\, 'U)\>>

Aebh*

where the sum in the right hand side is finite. If V' is a finite-dimensional module, the restricted
dual space coincides with the usual dual space. The module operation for the module V* is
defined by the equation

(ap,v) = {(u, S(a)v), peve, veV
and for *V by the equation
(ap,v) = {p, S (a)v), pe v veV.
For any two Uy(L(g))-modules V' and W there are natural isomorphisms
(VoA W) 2V oa W =ZW* A V", (VoA W)XV oa "W 2 *W @ *V.

We now define the category O* containing the dual modules V* and *V. We say that
a Uy(L(g))-module V is in the category O* if
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(i) V is a weight module all of whose weight spaces are finite-dimensional;

(ii) there exists a finite number of elements A, ..., A\s € h* such that every weight of V' belongs
to the set

Urenr[x <A,

i=1
where, as in the definition of the category O, < is the usual partial order in h*.
It is clear that for any module V in the category O the modules V* and *V are objects of the
category O*.
Let V' be in the category O, and ¢ the corresponding representation of Uy(L(g)). For any

M € End(V) one defines the transpose of M as an element M’ € End(V*) defined by the
equation

(M'p,v) = (u,Mv), peV*,  wveW

Denote by ¢* and *p the representations of Uy(L(g)) corresponding to the modules V* and *V
respectively. Now one has

p*(a) = (S(a)),  Tpla)=¢(S7(a))',  acUyL(g)) (2.38)
Note that, using equation (2.24), one obtains
(") =(e0)"s  (p)c="(vc) (2.39)

for any ¢ € C*. Therefore, we write instead of (¢*)¢ and (¢¢)* just ¢f, and instead of (") and

*(¢) just .
Let V' be a Uy(L(g))-module in the category O. Define a mapping ny: V. — V** by the
equality

<77v(1)), :U’> = <H’ U>

for all v € V and p € V*. It can be shown that ny is an isomorphism of vector spaces. It is
easy to see that for any M € End(V') one has

(M) gy = M. (2.40)

In what follows we identify the spaces V and V**, and whether an element belongs to the
space V or to the space V** will be determined by the context. Equation (2.40) becomes the
identification

(MY = M. (2.41)

Consider now the modules *(V*) and (*V')*. These modules as vector spaces are identical to
the vector space V** = V. Equations (2.38) and (2.41) give

W) =9, () =0
and we have the identification of the corresponding modules
W=V (V) =V

Similarly as above, we see that the notations *goz and *VC* have a unique sense.
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According to the definition of an R-operator (2.25), we write

Py v, (CG) Ry, (Cil¢2) = (91¢, ® o) (R).

Using the decomposition
R = Z a; @ b;,
i
we determine that

(%6, ® Pag,)( Z Phes (@) ® g, (b Z P16, (S(a:)" @ @y, (bi)

t1
<Z P16, (5(ai)) ® Pac, (bi )> = (P16, ® 2¢,)((S @ id)(R))™

Now, using the equation
(S®id)(R) =R,
see, for example, [25, p. 124], we come to the equation

* NN
(91, @ ac,)(R) = (016, ® Pac,) (R hm.

We have

1= (Splcl ® 90242)(7?'72_1) = (SplCl ® @2(2)(7?’)(801@ ® @2{2)(7?’_1)7

therefore,

(P1 ® 026,) (RTY) = (16, ® 026,)(R) ™1 = pvavy (CalC2) ™ Ry vy (CalC2) ™!

Hence, we obtain

Ry v, (C1]¢2) = D(C11C2)(Rv1|v2(C1|C2)_1)t17 (2.42)

where

D(G1l¢) = pvpv, (G11C2) ™ pva v (Gr1C2)

We call relation (2.42), and any similar to it, a crossing relation.

Any crossing relation has the form of an equation whose left and right hand sides contain an
R-operators or the inverse of an R-operator. The right hand side contains also a scalar coeffi-
cient D whose concrete form is determined by the following rules. If the left hand side contains
an R-operator Ry, |y, (C1]¢2) or its inverse, the factor D contains the factor py;y,(¢1[¢2) ™t or
Pvi|v; (C1]G2). Respectively, if the right hand side contains an R-operator Ry, |, (n1|n2) or its
inverse, the factor D contains the factor py, w, (11|1m2) or pw,|w, (n1|m2) =t

In the same way as above, using the identity

(dos™)(R) =R,
one comes to the equation

Ryyv, (GilG2) = D(GilG) (Rus (G11G2) ™)™ (2.43)
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The graphical representation of the crossing relations (2.42) and (2.43) are given in Figs. 2.23

and 2.24. Here and below, for the representation ¢* we use the dotted variant of the line used

for the representation ¢, and for the representation o we use the dashed variant of that line.
Further, we have

(p1c, ® 926,) (R7) = (P16, @ 02,) (571 @1d) (R™1))™ = (016, ® 2, (R)™.

It follows from this equation that

Revy 1, (Gl G2) ™" = D(GIG) Ry vy (G11G2)™ (2.44)
Similarly,
Ry, vz (Gil¢2) ™ = D(GilG2) Rva vy (GilG2) "™ (2.45)

One can see that Figs. 2.25 and 2.26 are the depiction of the crossing relations (2.44) and (2.45).
Concluding this section, we give two crossing relations obtained as a result of combining the
crossing relations given above. They are

Ry vy (G11¢2) = D(G1lG2) Ryy v (Gi1G2)", (2.46)

and

Revy v, (C1lG2) = D(C1lG2) Rya v, (G11G2)" (2.47)

One can see the graphical representation of these relations in Figs. 2.27 and 2.28. For com-
pleteness we give in Figs. 2.29 and 2.30 the graphical images of the crossing relations obtained
from (2.46) and (2.47) by inversion.
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2.2.5 Double duals

Let us proceed to the module V**. Certainly, as a vector space it is again the vector space V**.
Now for any a € Uy(L(g)) we have

(any (), 1) = (v (v), S(a)u) = (S(a)p,v) = (p, S*(a)v) = (nv (5*(a)v), u).

It means that 7y intertwines the representations ¢** and oS82, and since 7y is an isomorphism
of vector spaces we have the isomorphism of representations

o 2 oo 52,

In the same way we prove the isomorphism
o o 572

It follows from (2.39) that

for any ¢ € C*, hence, the notations @Z* and "y are unambiguous.
Using (2.14), we obtain

SYa") =q¢",  Se) =q e, SHfi) = ¢ i
For the image of S?(e;) in the representation ¢ we have
¢ (8% (er)) = pc(a*"ei).-

Thus, in this representation the action of S? on e; is realized as a rescaling. Looking at (2.10),
one can try to perform such rescaling by conjugation with an appropriate element ¢*. One has

g eiq”" = ¢\ e = ¢ies,
where

pi = (a, ), (2.48)

and, using relation (2.8), we obtain

l
> aip =0. (2.49)
=0

It is clear that it impossible to find an element = € E such that the similarity transformation
determined by ¢* gives the desired result. However, one can simultaneously with such transfor-
mation modify the spectral parameter. Let ¢ be a new spectral parameter. We have to satisfy
the equation

Cig 2 = (Mgt (2.50)
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It follows from equation (2.49) that
l
g B

where s is defined by equation (2.21). Using equations (2.6) and (2.3), we find

Hence, we come to the following expression for the new spectral parameter

l

(010) + > ai(elas)

=1

C00) <~ . (010), .
=g L=t

1=0

¢=q WO/, (2.51)
Finally, we find that equation (2.50) is satisfied if
pi = —2d; + (010)h7si/s. (2.52)

Note that in the case where s; = d; we have y; = 0, and, therefore, x = 0.
The element x can be written as

l
T = Z ik (2.53)
1=0

for some numbers )\; € C. Using (2.48) and (2.1), we obtain the following system of equations
for \;:

l
Z)\jaﬁ = M. (254)
7=0

The solution of this equation is not unique. We fix the ambiguity by the condition
Ao =0,

and, using (2.49), rewrite the system (2.54) as
! I
D Njajo ==Y ajuj, (2.55)
j=1 i=1
l
> Naji=pi,  d€l.] (2.56)
j=1
The system (2.56) has the unique solution
!
A= Zujbjh 1€ [1 .. l], (257)
j=1

where b;; are the matrix elements of the matrix B inverse to the Cartan matrix A = (ai;); jen ..
of the Lie algebra g. Substituting this solution into (2.55) and taking into account the last
equation of (2.5), we see that equation (2.55) is satisfied identically.

Let us obtain another expression for the element x, cf. paper [33]. To this end recall that
the elements w; € b, i € [1..1], defined by the equation

(wis hj) = dij
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are called the fundamental weights. Their sum

satisfies the equation

(p,hi) =1

for any i € [1..1]. We obtain

(i) = (7 @)l () = 0 (o) = 0 (1 =
and
! !
{ag, v (p)) = — Zai<ai,l/*1(p)> =— Zaidi = —(%@(h' —1).
i=1 i=1
This gives
r=—2v"Yp) +y, (2.58)

where for the components

vi = (i, y)
we have the expressions

vo = (010)h (s — s)/s, v; = (0|0)h7s;/s.
In the case

so =1, s; =0, iell..1],

we see that y = 0.
Thus, for any 7 € [0..!] we have

0l (ei) = wz(a”eig™ ),

where the new spectral parameter Z is given by (2.51) and element x is determined either by
equation equations (2.53), (2.57) and (2.52), or by equation (2.58). In a similar way we obtain

el (fi) = wz(a" fia™™)
for any ¢ € [0..]]. Summarizing, we see that
e (a) = ¢(q") pz(a)e(a™). (2.59)
for any a € Uy(L(g)). This means that we have the isomorphism
Ve Ve
In a similar way we obtain the equation

“pc(a) = o(a ") pela)e (%),
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where z is determined again either by equations (2.53), (2.57) and (2.52), or by equation (2.58),
while ( is now defined as

= g0On /s,
Using equation (2.42), we obtain

Ry, (GC2) = pyvpspy, (Cl|Cz)_1pvl*\V2(C1|Cz)_1(RV;\V2(C1|C2)_1)tl- (2.60)

Using (2.42) again, we come to the equation
Ry, (G1162) = pvev, (1) ™ oviug (G162 ((Bvapa (Gale) ™)) 7)™ (2.61)

Comparing it with (2.32), we see that §V1|V2 (C1/|¢2) is proportional to Ryesy, (C1|¢2)- Tt follows
from (2.59) and (2.51) that

Ryeev, (G1162) = pve=py, (11G2)  ov, v, (W97 75¢11 o)
x (Xy, @idvg) Buapg (¢ 0" /¢ G) (X3! @ idyy). (2.62)
Here and below for a Uy(£(g))-module V' and the corresponding representation ¢ we denote
Xy = ¢(q")

for = given either by equations (2.53), (2.57) and (2.52), or by equation (2.58). Comparing
equations (2.61) and (2.62), we come to the equation

(((RVl\Vz(le@)_l)tl)il)tl = Pvl\VQ(Cle)_lpvlwz (q_w'e)hw/sﬁ\@)
x (Xy, @idve) Buqpg (¢ 9" /501 G) (X3! @ idyy).

Further, comparing equations (2.62) and (2.60), we come to the crossing relation

Ry, (C1lG2) ™" = D(Gile) ((X30)" @ idvy) Ryg v (a7 OO /3¢ G) " (XY, @idy),  (2.63)

where

D(Gl¢2) = pvy v, (GilC2)pv, |y, (g~ OO /s¢11¢) = pve v, (CG)pv, v, (CilgP1OM /5 ¢y).

Here equation (2.26) is used.
Starting with the R-matrix Ry, |y, (C1]C2), we come to the equation

(s GI6)") ™) = g 16 o, ()
X (idVl ® X;gl)RV1|V2 (Cl |q(0|0)hv/542)t2 (idvl X XVQ)

and to the crossing relation

Ry, v, (G1lG2) ™ = D(GIG) (idv, ® X3,) Rya v, (Clla PP 720) 2 iy, @ (X317, (2.64)

where

D(G1l¢2) = pva v (G1lC2)ove v, (Cild @D 2 Ga) = pua v (G1IG) vy vy, (a7 7G| Go).

Let us give a graphical representation of the crossing relations (2.63) and (2.64). For the
matrix elements of the operator Xy and its inverse we use the depiction given in Figs. 2.31
and 2.32.
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(Xy) ™ ay

Figure 2.31.

Dreveans 4 ....... >_—H_<

Figure 2.33.
>y = 44—

Figure 2.35.

Figure 2.37.

Note that the equation

a1 a2
g OO /s ——f—= ¢
~1
(Xy )" a

Figure 2.32.

Dreveans 4 ....... >_—H_<

Figure 2.34.
>y = <

Figure 2.36.

Figure 2.38.

results in four graphical equations given in Figs. 2.33-2.36. It can be demonstrated now that
Figs. 2.37 and 2.38 represent the crossing relations (2.63) and (2.64).
Finally, starting with the R-operators R--y, v, (C1[¢2) and Ry |y;~(¢1/¢2), we obtain two more

equations

(Bvawa(Gl)™) ™)™ ™ = sy, (GlG) oy, (@997 2G1 )

x (Xy! @ idy,) Ry (0997 74G11G) (Xy, @ idvsy),
(Rvips(Gle)=) ™)) 7 = v, (GlG) vy, (Gula™ M /oG)

x (idv; @ Xyy) Ryyjvs (Gilg™ " 75G) (idvy @ X3)),

and two more crossing relations

Revi v, (C1]G2)" = D(G11¢) (X3 @ idvy ) Rya v, (6707 /5¢11G2) T (X, @ idyy) (2.65)

and

Ry, vy (G11¢2)"™ = D(¢11¢2) (idv; © Xy, ) Ry vy (Cl’q_(lg'e)hv/s@)fl (idy, ® X7}, (2.66)

where

D(GlG2) = perapa (Cilé2) oy v, (qOn /¢y o)™
= P (C1lG2) " ov v, (Culg=COM /3¢) ™
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Figure 2.39. Figure 2.40.
Figure 2.41. Figure 2.42.

and

D(G1lG) = pv, vy (GLlC2) " v, (Culg= OO 35) ™
= pv vz (C1lG) v, (@O 3¢ ) T

respectively. The crossing relations (2.65) and (2.66) are depicted in Figs. 2.39 and 2.40. Now,

similarly as for the case of T%V1|V2 (C1/|¢2), one can demonstrate that EVI‘V2(C1|C2) is proportional
to Reeyy v, (C1C2)-

2.2.6 Yang—Baxter equation

Now, let Vi, Vi, V3 be Uy(L(g))-modules, o1, @2, 3 the corresponding representations of
Uqy(£L(g)), and (1, (2, (3 the spectral parameters associated with the representations. We asso-
ciate with V1, V5 and V3 a single, double and triple lines, respectively. Applying to both sides of
equation (2.19) the mapping ¢i¢, ® Ya¢, ® 3¢, and using the definition of an R-operator (2.25),
we obtain the Yang—Baxter equation

RUS (GUG)RY T, (GG RGN, (GalGs) = Ry, (GalG)RY T, (GG R, (G1lGa)-

It is natural, slightly abusing notation, to denote Rvi\v]-(Cin)(m simply by Ry, v, (G[¢;). Now
the above equation takes the form

Ryy v, (C11G2) Ry vy (C11C3) Rug v; (C21€3) = Rug vy (C2IC3) Rys vy (C1IC3) Ry v (Gl C2)- (2.67)

One can recognize the graphical image of this equation in Fig. 2.41. As one can see, we have
three external arrowheads and three external arrowtails there. It is worth to stress that the heads
and the tails are grouped together, and the graphical equation given in Fig. 2.42, where there is
no such grouping, is not a true Yang—Baxter equation. However, as it is shown below, in the case
when the corresponding R-operators satisfy the unitarity relations this equation is also true.

Multiplying both sides of equation (2.67) on the left and right by Ry v, (¢1|¢2)71, we obtain

Rys v (C11¢3) Ryg v (C21€3) Ry v, (G1 ] G2)
= Ry 15 (G1lG2) ™ Rug s (Gl G3) Rua v (C11G3)- (2.68)
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Figure 2.43.

L

Figure 2.44. Figure 2.45.

It is instructive to obtain this equation by the graphical method. It is clear that the multiplica-
tion of (2.67) by Rv1|v2(C1|C2)_l is equivalent to transition from the equation given in Fig. 2.41
to the equation given in Fig. 2.43. Now, using the graphical equations given in Figs. 2.6 and 2.7,
we come to the graphical image of equation (2.68) given in Fig. 2.44.

In a similar way one can obtain a lot of graphical versions of the Yang—Baxter equation.
We give here only one additional example, shown in Fig. 2.45. One can get convinced that the
analytical form of that graphical equation is

Ry v, (11 G2)" Ry v (G2l G3) (Ry, v, (C1 1¢3)~H)"
= (Ryipvs (C11¢3) ™) " Rug g (C2lCs) Rua v (G11G2) ™, (2.69)

or, equivalently,

(Rua v (C11G8) ™)™ Rua v (CLIG) Ry (C2lCs)™2
= Ryyv4(G21G3) "2 Ry v (G G2) (§V1|V3(C1K3)71)t2- (2.70)

Let us demonstrate how equations (2.69) and (2.70) can be obtained analytically. For sim-
plicity, we denote Ry, (¢i[¢;) just by R;;. Transposing the Yang-Baxter equation (2.67) with
respect to V7 and using equations (A.5) and (A.4), we come to the equation

(Ri2R13)" Ro3 = Ras(RisRi2)".
Taking into account equation (A.3), we see that it is equivalent to
(R13)"" (R12)" Ras = Rag(Ri2)™ (Ri3)™.

Multiplying both sides of this equation on the left and right by ((R13)t1)_1 we obtain

(R12)" Ros ((R13)t1)_1 = ((R13)t1)_1R23(R12)t1.

It follows from (2.30) that this equation is equivalent to (2.69). Equation (2.70) can be obtained
in a similar way.

More examples of graphical Yang-Baxter equations can be found in Section 4.2. One should
keep in mind that initially we have only one Yang—Baxter equation with many analytical and
graphical reincarnations.
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Figure 2.47.

My w (¢|n)* g (M (Clm) 1) s
Figure 2.48. Figure 2.49.

Let us show now that if the corresponding R-operators satisfy the unitarity relations we can
obtain the Yang—Baxter equation given in Fig. 2.42. We start with the Yang—Baxter equation
depicted in Fig. 2.46. Using the crossing relation in Fig. 2.24, we come to the Yang—Baxter
equation in Fig. 2.47. Now if the corresponding R-operators satisfy the unitarity relations
described in Section 2.2.3 we obtain the Yang—Baxter equation given in Fig. 2.42.

It is not difficult to demonstrate that if the corresponding unitarity relations are satisfied,
all possible Yang—Baxter equations with all possible types of the vertices and directions of the
arrows are correct. However, if the unitarity relations are not true, one has to check whether
the used Yang-Baxter equations can be obtained without them.

2.2.7 Monodromy operators

The representation spaces of the basic modules used to construct integrability objects are of
two types: auxiliary and quantum spaces. Although the boundary between these two types is
rather conventional, such a division proves useful. When both spaces used to define a basic
integrability object are auxiliary, we call it an R-operator. When one of the spaces is auxiliary
and another one is quantum, we say about a monodromy operator. In this paper we use for
auxiliary spaces as before a single line, double lines, etc., and indices «, 3, 7, etc. For quantum
spaces we use waved lines, and indices 1, j, k, etc.

The definition of a basic monodromy operator is in fact the same as the definition of an
R-operator, except the notation. Let V and W be two U, (L(g))-modules, and ¢ and 1 the
associated representations, corresponding to auxiliary and quantum spaces respectively. We
define a monodromy operator My (¢|n) as

s (1) My (CIm) = (2 © ) (R).

The graphical representation of the matrix elements of My ;y-(¢|n) and its inverse is practically
the same as for R-matrices. However, for completeness, we present it in Figs. 2.48 and 2.49.
From the point of view of spin chains, the monodromy operator My (¢|n) corresponds to
a chain of one site. For a general spin chain we use instead of the module W, the tensor product

Wy @A Wi, @A -+ @A Wiy,
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My w (€|, m2, -y N )@ 20N g5 s in
Figure 2.50.
and define the monodromy operator My (C|n1, 72, - -, 7N) as

PV\W(CWI)PWW(CW) - 'pV\W(C|77N)MV\W(C|77177727 s MN)
= (SOC ® (¢ﬁ1 QA P, A -+ - QA @ZJT)N))(R)

Let us establish the connection of the general monodromy operator with the basic one. Con-
sider the case of N = 2. By definition, we have

PV\W(C|771)PV|W(C\772)MV|W(4\771a n2) = (<Pc ® (Y @A Pn,))(R)

= (pc @y @1y, ) ((id @ A)(R)). (2.71)
Using the second equation of (2.18) in (2.71), we obtain

13 12
My (¢l ma) = Ry (Clno) By (Clm).
It is not difficult to see that for a general N one has
R13)

Jries N+1 12)

MV|W<C‘7717 N2s -+, IN) = V|W C!?? ) V|w(<‘772 VW (Clm), (2.72)
or in terms of matrix elements
MV|W<C‘7717 n2;... 777N)ai1i2miN5j1j2--~jN

= Ry w (CInn) N i - Ry (CIn2) ™ =22y Ry (€l ) ™V =17 5,

Now it is clear that these matrix elements can be depicted as in Fig. 2.50. The inverse mono-
dromy operator has the form

My (Sl ma, - onw) ™ = RS (Cl) T RUS, (Cno) ™+ Ry () ™

and the graphical representation of its matrix elements can be found in Fig. 2.51. A graphical
exposition of the fact that the operators depicted in Figs. 2.50 and 2.51 are mutually inverse is
given in Figs. 2.52-2.55.

Below we numerate auxiliary spaces by primed numbers and quantum spaces by usual num-
bers. For example, we assume that the monodromy operator (2.72) acts on the space

U U1 QU ®@--- QUN=VIWSIW R ---Q W,

and write

1 12 11
My (Sl mas - nv) = By (Claw) <+ Ry (Clna) RU ) ().
The most important property of monodromy operators is the relation

)11 (2'1...N)

Ry, v, (C1K2)(1’2/)MV1|W(€1|771’ N2, .-, N My, w (G2lmsm2, -+ -5 mN)
= My, (Gl s o) N My (Gl mos ) YN Ry, (G IG) ).

Here we have two auxiliary spaces labeled by 1’ and 2’. The well known graphical proof of the
above relation is presented in Figs. 2.56-2.59.
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Figure 2.58. Figure 2.59.
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2.2.8 Transfer operators and Hamiltonians

By definition, a nonzero element a € Uy(L(g)) is group-like if
Aa) =a®a.

The counit axiom says
(e @ id)(A0)) = (id @ £)(A(a)) = a,

where in the last equality the canonical identification C ® Uy(L(g)) =~ Uy(L(g)) is used. Hence,
for a group-like element a we have

e(a)a = ac(a) = a,
therefore,

g(a) = 1.
Now, using the antipode axiom,

u((id @ S)(A(a))) = p((S @ id)(A(a))) = v(e(a))
we obtain

aS(a) = S(a)a = 1.

Thus, any group-like element is invertible, and, since 1 is group-like, the set of all group-like
elements form a group.
It follows from (2.22) and (2.13) that

Aol =(T¢®@T¢)oA.
This equation implies that
IFe(a) =a
for any group-like element a. Therefore, for any representation ¢ of U,(L(g)) we have
pc(a) = o(a).
By definition, for any group-like element we have
Aa) = A(a).
It follows that
Ra®a) = (a®a)R.

Hence, for any two representations ¢1, @2 of Uy(L(g)) and the corresponding U, (L(g))-modu-
les V1, V5 one can obtain the equation

Ry v, (G1]G2) (A, @ Ayy) = (Ayy @ Avy) Ry, v, (C1lC2)- (2.73)

Here and below for any representation ¢ of Uy(£(g)) and the corresponding U,(L(g))-module V'
we denote

Ay = ¢c(a) = ¢(a).
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Figure 2.60. Figure 2.61.
Figure 2.62.

Figure 2.65. Figure 2.66.
Figure 2.67. Figure 2.68.

For the matrix elements of the operator Ay and its inverse we use the depiction given in Figs. 2.60
and 2.61. One can easily recognize the graphical image of equation (2.73) in Fig. 2.62. Note
that the equation

v*(a) ="p(a) = (p(a)")’

results in four graphical equations given in Figs. 2.63-2.66.
We call a group-like element a the twisting element, and the corresponding operators Ay the
twisting operators. The twisted transfer operator is defined by the equation

Tyyw (Clnismz, - - mw) = try (Mypy (Clne, m2, - - - ) (Ay @ idw))

with the depiction given in Fig. 2.67. Here try means the partial trace with respect to the
space V, see Appendix A.3, and hooks at the ends of the line mean that it is closed in an
evident way.

The most important property of transfer operators is their commutativity

[TVHW(Cl‘nlv n2,... 777N)7TV2|W(<2’7717 n2, .- 777N)] =0.

The graphical proof of this property starts with a picture representing the product of two transfer
operators, see Fig. 2.68. Then one makes the four steps described by Figs. 2.69-2.72.
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Figure 2.69. Figure 2.70.
o o o @ ﬁ o o o
Figure 2.71. Figure 2.72.

HlL

Figure 2.73.

The commutativity property is the source of commuting quantities of quantum integrable
systems. The most interesting here are local quantities. An example of such a quantity is
a Hamiltonian, which is usually constructed in the following way. Assume that the quantum
space W coincides with the auxiliary space V. Further, assume that the R-operator RV|V(1\1) is
proportional to the permutation operator Pjs. In fact, as it follows from the definition below, the
Hamiltonian does not change after multiplying of the R-operator by a constant factor, and we
assume that Ry|y/(1]1) coincides with the permutation operator. The equation given in Fig. 2.73
is the graphical representation of this fact. The Hamiltonian Hpy for the chain of length NV is
constructed from the homogeneous transfer operator

Ty (¢) = TV|V(<‘17 L...,1)

with the help of the equation

d _ dTV(C)‘
dClogTV(O'g:l_C 2

It is evident that Figs. 2.74 and 2.75 represent the depiction of the operators Ty (1) and T3 (1)1,
respectively. In fact, they are shifts operators multiplied by the twisting operator or its inverse.
We use for the derivative of the R-operators the depiction given in Fig. 2.76. It is clear that Hy
is a sum of N terms arising from differentiation of the R-operators entering the transfer mat-
rix Ty (¢). As is shown above Ay does not depend on ¢ and therefore there are no corresponding
derivative terms. We meet three different situations depicted in Figs. 2.77, 2.78 and 2.79. Note
that for clarity the pictures in Figs. 2.77 and 2.79 are rotated. It is clear that the twisting ope-

Hy = ¢ Ty (1)~ =T, (1) Ty (1)1
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rators are retained only in the first situation, and we come to the following analytical expression
for the Hamiltonian

Hy = Z H(z‘,i—H)+A§/1)H(N,1)(A‘;l)(l)’ (2.74)
i€[l.. N—1]

where we use the notation

H® = Ry, (11) 8D, (2.75)
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3 Integrability objects for the case
of quantum loop algebra U,(L(sl;+1))

To construct integrability objects for the quantum loop algebra U,(L(sl;11)) we need its repre-
sentations. The simplest way to construct such representations is to use Jimbo’s homomorphism
from Ug(L(sl;41)) to the quantum group Ug(gly, (). Therefore, we start with a short reminder
of some basics facts on finite-dimensional representations of the quantum group Ug(gl; ).

3.1 Quantum group U,(gl;,;) and some its representations
3.1.1 Definition

The standard basis of the standard Cartan subalgebra £ of gl;,; is formed by the matrices Kj,
i€ [l..l+ 1], with the matrix entries

(Ki)jm = 6ij0im.
There are [ simple roots «; € £/, |, which are defined by the equation
(i, Kj) = ¢jis
where
Cij = 0ij — Oij+1-
The full system of positive roots of gl is
Ay ={oy |1 <i<j<i+1},

where
7j—1
aij:Zak, 1<i<y<I+1.
k=i

It is clear that o; = o ;41. Certainly, the negative roots are —ay;.
The special linear Lie algebra sl;1 is a subalgebra of gl;, ;. The standard Cartan subalge-
bra b1 of sl is formed by the elements

H,=K; — K1, lG[ll]

The positive and negative roots of sl;; are the restrictions of a;; and —a;; to ;41 respectively.
Here we have

(aj, H;) = aij,
where
ij = Cij = Cit1,j = = Oi=1,5 + 2045 — Oit15 (3.1)

are the entries of the Cartan matrix of the Lie algebra sl; 1. The highest root of sl;y; is

!
0=a 1= E Q.
i=1
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One can easily see that
(010) = 2. (3.2)
The Kac labels and the dual Kac labels are given by the equations
a; =1, a; =1, ie[l..10],
and, therefore, for the Coxeter number and the dual Coxeter number of sl; ;1 one has
h=101+1, h™=1+1. (3.3)

Let g be the exponential of a complex number A, such that ¢ is not a root of unity. We define
the quantum group U, (gl ) as a unital associative C-algebra generated by the elements®

E;y,, F, i=1,...,1, qX, X ey,

satisfying the following defining relations

@ =1, g =gt
¢ EBiq X =¢YE, ("Fq X =X E,
KK, —Ki+K;
q 7 +1 __ q 7 1+1
[Ei, Fj] = 6ij p—

Besides, we have the Serre relations

EiE; = EjE;,  EFj=FF, |i-j]>2,

EEi11 — [2]4EiEin1 B + Ey B = 0, F2Fipq — [2,FFi Fy + Fa FE = 0.
From the point of view of quantum integrable systems, it is important that Ug(gl;, ) is a Hopf
algebra with respect to appropriately defined comultiplication, antipode and counit. However,

we do not use the explicit form of the Hopf algebra structure in the present paper. The quantum
group Ug(sl;41) can be considered as a Hopf subalgebra of U,(gl;,;) generated by the elements

E;, F, i=1,...,1, ¢, X ebg.
Following Jimbo [38], introduce the elements E;; and Fj;, 1 <i < j <[+ 1, with the help of

the relations

Eiiy1 = E;, iel..1],

Eij=FEij1Ej1;—qEj1Eij,  j—i>1,
and

Fiiy1=F i=1,...,1,

Fyj=Fj1;Fij1—q 'Fij1Fj_1;, Jg—i>1L
The appropriately ordered monomials constructed from E;;, Fi;, 1 <i < j <141, and 7~

X € 41, form a Poincaré-Birkhoff-Witt basis of Ugy(gl;y1)-
A Ugy(glyy1)-module V is said to be a weight module if

V= W,

xetr, |

®We use capital letters to distinguish between generators of Uq(gl;,,) and Ug(L(sli41)).
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where
V= {v € V]qu = q<’\’X>'U for any X € El+1}.

The space V) is called the weight space of weight A, and a nonzero element of V) is called
a weight vector of weight \. We say that A € €, is a weight of V' if V), # {0}.

The Ugy(glyy1)-module V' is called a highest weight U, (gl;,)-module with highest weight X if
there exists a weight vector v* € V satisfying the relations

Exr =0, i=1,....01, ¢ =¢™MNA Xeg, Aet,

Given A € £/, ;, denote by V? the corresponding Verma Uq(gl;,1)-module, see, for example [45].
This is a highest weight module with the highest weight A\. Below we sometimes identify any
weight A with the set of its components (A1,...,\j11), where

We denote by 7 the representation of U,(gl 41) corresponding to VA, The structure and
properties of VA and 7 for [ = 1 and [ = 2 are considered in much detail in papers [17, 18, 19,
20, 56] and for a general [ in papers [21, 55, 57]. It is clear that V> and 7 are infinite-dimensional
for a general weight A € ¢/ . However, if all the differences \; — Ai11, © = 1,...,[, are non-
negative integers, there is a maximal submodule, such that the respective quotient module is
finite-dimensional. We denote this quotient by V* and the corresponding representation by 7.
For any ¢ € [1..!] the finite-dimensional representation 7% with

wi=(1,...,1,0,...,0)

i I+1—3

is called the i-th fundamental representation of Ug(gl;, ;). It is clear that w; can be also defined
as

wj i) =
e 0, i<j<Il+1.

Hence, it is evident that
wi(Hj) = bij.
The weights w;, ¢ € [1..1], are called the fundamental weights of Ug(gl; ;). The dimensions of

the corresponding fundamental representations 7% are (ltl), ie[l..1].

3.1.2 Representation m

We denote by 7 the first fundamental representation 7t of the quantum group Ug(gl, ).
This representation is (I + 1)-dimensional and can be realised as follows. Assume that the
representation space is the free vector space generated by the set {vk}repi. 141 and denote
by Eij, 4,5 € [1..1+ 1], the endomorphisms of this space defined by the equation

Eijvk == Uiéjk- (34)
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One can verify that the equations

141
F(qVKi):qVEii“‘ZEkk’ 7 € [1l+1],

k=1

ki
(E;) = E; 41, m(F;) = Eit14, iefl..1],

describe an (I + 1)-dimensional representation of Ug(gl; ;) with the highest weight wy, as is

required. It is useful to have in mind the equations

W(Eij) :Eij, W(Fij):Eji, 1 §Z<j <+ 1.

One can see that

vy = Fjuy, vy = FaFyuvy, ce vy = by

Therefore, vy, is a weight vector of weight
k—1
AL = Wy — Z ;.
i=1

3.1.3 Representation 7

. F2F11)1.

(3.5)

The last fundamental representation 7 = 7 of Ugy(gl;, ) is also (I + 1)-dimensional. We again
assume that the representation space is the free vector space generated by the set {Uk:}ke[l 141
and denote by E;j, 4,5 € [1..1+ 1], the endomorphisms of this space defined by equation (3.4).

Here we have

I+1
ﬁ(qVKi) =q" Z Err +Ei—it2, 1—it2, iel..1+1],
KAt

T(Ei) =E—it10-it2, T(F;) = Ei—iqto0—it1, ie[l..1].
It is not difficult to determine that

T(Eyy) = (1) 1g ™R, o o, 1<i<y<Il+1,

T(Fy) = (=1) " g TR 0 iy, 1<i<yj<I+1
We obtain successively

v = Fuy, vy = Fj_1Fjvy, ce v = b1 Bl Fog,

and see that v is a weight vector of weight

l
)\k:wl— Z (o788

i=l—k+2

3.2 Representations of U, (L(sl;41))

(3.6)

All representations of Ugy(L(sl;41)) considered in this section are (I + 1)-dimensional, and we
always assume that their representation space is the free vector space generated by the set
{vk}rep..141) and denote by E;j, i,j € [1..1+ 1], the endomorphisms of this space defined by

equation (3.4).
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3.2.1 Jimbo’s homomorphism

To construct representations of Uy(L(slj+1)), it is common to use Jimbo’s homomorphism e
from the quantum loop algebra Ug(L(slj11)) to the quantum group Uy(gl;, ;) defined by the
equations [38]

e(q¢"") = ¢” e(¢"") =¢q

e(eo) = F11119 e(e;) = Eiiy1,
e(fo) = Eygprq K e(fi) = Fiiy1,

(K1 —Ka) vhi) v(Ki=Kit1) (3.7

Ki+Kj4q
bl

where 7 runs from 1 to [.

3.2.2 Representation ¢,

We denote by ¢¢ the representation 7 o€ o' of Ug(L(sl;41)), where 7 is the representation
of Ug(gl;, 1) considered in Section 3.1.2, and I'¢ is defined by equation (2.22). Using Jimbo’s
homomorphism, we obtain

l

Y¢ (tho) =q "En1+¢"Er141 + ZEkk, (3.10)
k=2
41
0c(¢") = ¢"Bii + ¢ "Eiprin+ > Ew i €[1..1], (3.11)
hita

and, further,

wcleo) = ¢qE1,1, pclei) = CEi iy, ie[l..1],
ec(fo) = g Eq 41, oc(fi) = C " Eig1y, ie[l..1].

It is clear that the vector vy, is a weight vector of weight defined as the restriction of the weight Ag,
given by equation (3.5), to the Cartan subalgebra h; 41 of s[4 1.
3.2.3 Representation p¢

From the representation 7 of Uy(gl;, ), described in Section 3.1.3 we obtain the representation
p=moeol'¢ of Uy(L(slj41)). Here we have

l
SBC (tho) = qiyEll + qul—O—l,l—l—l + ZEkk’

h—2
I+1
2c(@™) = ¢"Briviiivi + 0 "Biipogia+ Y, B, i€[l.1),
At
kotl—it2
and, further,
Peleo) = CO(=1) g By, Beles) = B i—iso, iel..1],

Pe(fo) = o= By 14, Dc(fi) = C P Ei—igo1—it1, ie(l..1].

Here again v, is a weight vector of weight which is obtained by the restriction of the weight Ag,
given by equation (3.6), to the Cartan subalgebra h; ;1 of slj41.
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3.2.4 Representations <pz and *(pc

The dual representations are defined and discussed in Section 2.2.4. Consider first the represen-
tation goz. For the generators ¢”" we obtain

I

P (tho) =q¢"Ei1 +q¢ "Ep141 + ZEkk,
k=2

I+1

0 (@) = ¢ By + ¢ Biprin + Y, B, i€[1..1),
and some simple calculations lead to the relations

SDZ(GU) = _CSOEI,H-L @2(61) = —CsiqilEH_l,i, 1€ [1 .. ”,
ec(fo) = —CEiv11,  @o(fi) = —C % qEi i1, iel..1].

Now vy, is a weight vector of weight

!
)\k = W] — Z Qg (3.12)
i=k
where w; and «; are treated as elements of by, ;. The representations gozi and p¢ are equivalent

up to a rescaling of the spectral parameter. In fact, for any a € Uy(L(slj+1)) one has

P ()P = Bc(a),

where the operator P is given by the equation

i+l . -2 iil sk/s+i—1
P = Z(_l)%lq k=1 Ei—it2-
i1

The representation *p. is very similar to the representation goz. Here for the generators ¢*"
of Uy(L(slj4+1)) we obtain

l
e (™) = i+ ¢ “Eiprii1 + Y B,
k=2
+1
% (thi) =q "Eii + ¢"Eit1i41 + Z Ek, ie[l..1].
Then it is not difficult to come to the relations
“pe(eo) = —C0¢°Er 41, (i) = —C7 i1, iefl..1,
oc(fo) = =C0q B, Cec(fi) = —¢%q  Biayr, i€ [1..1].
The vector vy, is a weight vector of the weight given again by equation (3.12). The representa-
tions " and P are again equivalent up to a rescaling of the spectral parameter. It can be
verified that
IP*SquQl/sC(a)P—l = pc(a),
where now the operator P is given by the equation

I+1 - '
P= Z(_l)i—lqzz St sk/s—l—i-lEliiJrQ’i.
i=1
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3.3 Integrability objects
3.3.1 Poincaré—Birkhoff—-Witt basis

Recall that to construct a Poincaré—Birkhoff-Witt basis one has to define root vectors corre-
sponding to all roots of E(s[l+1). To construct root vectors we follow the procedure proposed
by Khoroshkin and Tolstoy based on a normal ordering of positive roots [42, 43, 44, 72].

For the case of a finite-dimensional simple Lie algebra an order relation < is called a normal
order [1, 50, 71] when if a positive root 7 is a sum of two positive roots a < /3, then a < v < f.
In our case we assume additionally that

a+kd<mé=<(d—p)+nd (3.13)

for any o, B € A4, k,n € Z>p and m € Zxo.

Assume that some normal ordering of positive roots is chosen. We say that a pair («, 3) of
positive roots generates a root v if vy = a+ and o < 8. A pair of positive roots («, ) generating
a root v is said to be minimal if there is no other pair of positive roots (¢, ') generating v such
that « < o/ < B’ < 3.

It is convenient to denote a root vector corresponding to a positive root v by e, and a root
vector corresponding to a negative root —y by f.,. Following [43, 72], we define root vectors by
the following inductive procedure. Given a root v € A, let («, §) be a minimal pair of positive
roots generating 7. Now, if the root vectors en, eg and f,, fs are already constructed, we define
the root vectors e, and f, as

Cy = [€a,€ﬁ]q, fv = [fﬁ?fa]lr

Here and below we use the g-commutator of root vectors [-, -], defined as

leasesly = eats — ¢ “Pegen,  [far falg = fatfs — ¢ f5fa,

where (|-) denotes the symmetric bilinear form on b* described in Section 2.1.1.

We use the normal order of the positive roots of E(S[l+1) defined as follows. First order
the positive roots of sl assuming that o;; < oy if ¢ < k, or if i = k£ and 7 < [. Then,
a+md < B+ nd, with a, 8 € AL and m,n € Z>g, if « < 3, or a =  and m < n. Further,
(0 —a)+md < (6—p)+nd, with a, B € Ay, if a < B, or « = and m > n. Finally, we assume
that relation (3.13) is valid.

The root vectors are defined inductively. We start with the root vectors corresponding to the
roots £, i € [1..1], which we identify with the generators e; and f;, i € [1..1], of Uy(L(sl;41)),

Ca; = Ca; i1 = Cis fai = faz',z'+1 = fi.
The next step is to construct root vectors e, i and fq, ; for all roots a;; € AL. We assume that

€a;; = Cayj_1€ay_1; — 9C€aj_1 ;€a; 1> fozi]- = fOé]'—Lijéi’j_l - q_lfai,j_lfaj_u
for j — 4 > 1. Further, taking into account that

ag =0 — ag 41,
we put

€5—ay 11 = €0 Jo—a1 01 = Jo,

and define

€6—a 41 = Cai1,€0—ai_1,41 — 4€0—a_1,141Ci 1,00
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-1

f5—ai,z+1 = f5—ai71,z+1fai71,i —q faifl,ifé_aifl,lvtl
for ¢ > 1, and

€o—au; = Cayjp1€0—aijp1 T 9€0—aij41€a55410

_ -1

fé—ai]- - f(s—ai7‘j+1faj7j+1 - q faj,j+1f5—ai7j+1
for j < I+ 1. The root vectors corresponding to the roots § and —d are indexed by the elements
of A4 and defined by the relations

/ _ 2 / _ —2
66701” - eai]—e&—aij —q e(SfaijeOéijJ f&,ai]- - féfaijfaij —q faijféfaij-

The remaining definitions are

Caigrns = [2)g " (€ay;+(n-1)5€5,0;; — €has; Cass +(n—1)5)
Faigrns = 205 (3 an fos+n=1)6 = Fasy+(n-1)5S5,01;)
€(5—aj)4ns = [2]g

f6—aiins = 21

/ 2
en&,aij = ea¢j+(n71)665—aij —4q eé—ai]‘eaij+(nfl)57

( 504” ((5 o)+ (n—1)5_e(é—aij)—‘r(n—l)éeg,a”)a

( (6— aij)+(n*1)5f(§,ozij _fé,aijf(éfaij)Jr(nfl)é)?

-2
f;b&aij = f(s—aijfaij—‘r(n—l)é —dq faij—&-(n—l)z?fcs—aijw

Note that, among all imaginary root vectors e’
and f/

nd,06 541"
BirkhofffV\;ritt basis. However, the vectors ef_ and f;  with arbitrary v € Ay are needed for
the iterations (3.14)—(3.19).

The prime in the notation for the root vectors corresponding to the imaginary roots nd and
—nd, n € Z~q is explained by the fact that to construct the expression for the universal R-matrix
one uses another set of root vectors corresponding to these roots. They are introduced by the
functional equations

!/
nd,a; and fn&ai only the root vectors em;a i

i € [1..1], are independent and required for the construction of the Poincaré-

_qudv(u) = log(l - ’{qeg,’y(u))7
kg fsn(u™) =log(1 + kg fs,(u™)),

where the generating functions

fi,(u™) me I P (7 meu”

are defined as formal power series, and k4 is defined by the equation

K,qZQ7q_1.

3.3.2 Monodromy operators

The expression for the universal R-matrix of Ug(L(sl;11)) considered as a C][[h]]-algebra can be
constructed using the procedure proposed by Khoroshkin and Tolstoy [42, 43, 44, 72]. Here we
treat the quantum group as an associative C-algebra. In fact, one can use the expression for
the universal R-matrix from papers [42, 43, 44, 72] in this case as well, having in mind that
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the quantum group is quasitriangular only in some restricted sense. Namely, all the relations
involving the universal R-matrix should be considered as valid only for the weight representations
of Uy(L(slj41)), see in this respect paper [70] and the discussion below.

Let V., W be two weight U, (L(sl;+1))-modules in the category O, and ¢, 1 the corresponding
representations. Define the monodromy operator MV|W(< [n) as

My w (€In) = pviw (€I (pe @ ) (R<sRasRws5) Kv - (3.20)

Here R <5, R~s and R s are elements of Uy (L(sl11)) @ Ug(L(sl41)), while Ky |y is an element
of End(V @ W).
Explicitly, the element R s is the product over the set of roots a;; +né of the g-exponentials

Raij—l-né - equ2 (_ﬁqeai]‘-{-n& ® foci]-—I—né)'

The order of the factors in R_s coincides with the chosen normal order of the roots a;; + nd.
The element R.s is defined as

l
RN(; =exXp | —Kq 5 g Un,ij€nd,ou ® fnS,aj )
HEZ>0 ivjzl

where for each n € Z~( the quantities u, ;; are the matrix elements of the matrix U, inverse to
the matrix T, with the matrix elements

n(i+j 1 n(it5) 7
iy = (1 L], = (170 g

where a;; are the matrix elements of the Cartan matrix A of the Lie algebra sl;, ;. The matrix 7},
is tridiagonal. Using the results of paper [73], one can see that

(1+])L [’L.]qn [l - ] + 1](171

(1) <
un,ZJ ( ) [n]q [l + 1]q” ) 1> .77

(1 \nlit) ™ [ — i+ 1]gn[f]gn L s
s =) [n]q [l + 1](1” 7 e

The definition of the element R, s is similar to the definition of the element R_s. It is the
product over the set of roots (0 — «;;) + nd of the g-exponentials

R((;*aij)‘i’n(; = equ2 (_’iqe(é—aij)—l—né ® f(é—a”)—‘rmi)

The order of the factors in R s coincides with the chosen normal order of the roots (6 — c;)+nd.
The endomorphism Ky y is defined as follow. Let v € V and w € W be weight vectors of
weights A and p respectively. Then we assume that

l
= 22 big{Nhi){phs)
Kywv@w=q "=! v w, (3.21)

where b;; are the matrix elements of the matrix B inverse to the Cartan matrix A = (ai;); jen. .
of the Lie algebra sl 1, see equation (3.1). Using again the results of paper [73], we obtain
l—j+1 . . (l—i+1); .
One can show that it is possible to work with My |y (C|n) defined by (3.20) as if it is defined
by the universal R-matrix satisfying equations (2.17) and (2.18).
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3.3.3 Explicit form of R-operator

In this section we obtain explicit expressions for the R-operators arising in the case V =W =
V1, see also paper [52]. The explicit formulas for the action of the generators of Ug,(L(sli11))

on the basis of the representation space are given in Section 3.2.2. We have

Ry v (Cil¢2) = pviv(Gil€2)(®e @ 0e)(R<s)(@e @ 06)(Ras) (9o @ ©¢)(Res) Ky

First construct the expression for the operator Ky . Using equations (3.21) and (3.5), we

see that
! m—1 n—1
— Z <w17 > aq,hi><w17 > ap,hj>bij
KV‘V,Um ® Vp = q i,j=1 g=1 p=1 U, ® Up,
m—1 —1ln—1
—(bn— > b19— Z dp1+ Z > aqp)
=4q =1 =1 p=1 Um & Up.

It is not difficult to demonstrate that

—1/(1+1)

KV\VUm(X)Un =4q Um & Up, m=n,

1/(14+1)

Kypyom @ v, =q VU, @ U, m # n.

Hence, we come to the equation

I+1 I+1
Kyjy = ¢ /0 (ZEu OBi+q Y Eu® Ejj) -

i=1 ij=1
i#£]

Following the Khoroshkin—Tolstoy procedure, described in Section 3.3.1, we obtain

0c(€ay;ns) = (T3 (—1) g TR,
foz”Jrné) C Sij— ns( 1)mq—(z—§—1)nEJZ7

pc
P (E(5—ay)4ns) = T ()it D=Ll ntig
O (f(5—ai;)ans) = (7508 (L )iln D=1 g=(HDn—ig,

oc e/n&a”) _ nS( 1)in—1q(i+1)n—1 (E“ o q2Ejj)7
7I16 az]) C nS( )mfqu(iJrl)nJrl (E” o inEjj)'

(
(
(
(
(
(f.

¢

Here and below we denote

j—1
Sij = E Sk
k=i

(3.23)

Now we find expressions for ¢¢(€nsa;;) and ¢ (fnsa;;)- Using (3.28) and (3.29), we obtain

for the corresponding generating functions the following expressions

1)ig=1¢su 1— (=1)igit3¢sy
L= g > @c(€hsap,)u" Z Egk + ( Vo~ Cup 1= E

1)1q1+1Csu
k#w

E; +

0o
1+ Fq Z SOC(f’rlzé,a”

n=1

(—1)ig——1¢su

k#w

I+1 ( l)iq_i'HCSu 1— (_Uiq—i—?,csu
Z L + 1— (—1)ig 1(ou

i

1— (—1)7’q’+1§3u JJ

73>
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and come to the equations
— (-1 in—1 zn@ E.. — QnE”
SDC(encS,aij) =( ( ) q n ( ii — 4 .7.7)7
eefuiony) = (g e o)

Now, we find the expression

> ! q —nl Cns 41
(00 ® ) | =K D D tnijensa; ® frsa, Z = 12 ZE“ ® Ei;
n=11i,j=1
_ +1 n(l+2) I+1
q —n(l4+2) _ q nl q
S S meen, - S G S o,
,j=1 t,j=1
1<j 1>]
which can be rewritten as
00 l 0o qn —nl C +1
(‘pCl ® SOCz) —HRq Z Z Un,55€nd, 0 ® fné,aj = - Z 7“ T 1] N 12 Z Eu X E]]
n=14j=1 n=1 q ij=1
e ns 1 0 ns 1
- Z (" - 1)£ Z Ei; @ Ej; — Z (1- q2n) 12 Z Ey; @ Ejj.
n=1 i,5=1 n=1 3,j=1
1<j 1>]
Introducing the transcendental function
=3 il
n:l
and performing some summations, we obtain
9] l
(SDCI ® 90C2) —Hkq Z Z (un)ijen&ai & fné,aj
n=1ij=1
+1
= (Fie1(q7'¢a) — Fraa(d'¢hy)) D By @ By
i,j=1
_ I+1 I+1
1— q 25 1—¢8
+ log 7512 Z E; ® Ejj + log 7§125 Z E; ® Ejj-
L=Cf A L =q°Cy S
7j_ 27]_
1<j (>
After all, we see that
(9041 ® SDCZ)('RN(S) _ e(FlJ,-l(qileg)_FH-l(qlgfz))
I+1 1—q2¢s I+1 1 ¢ I+1
Y Ei®Eu+—22 > Eu®E;+ ——2 > Ey®E;|. (3.30)
i—1 1 — (o ii=1 1—q°¢is 1
- 7]_ 7/7]_
i<j i>7

Proceed to the factor (p¢, ® ¢, )(R<s). Using equations (3.24) and (3.25), we determine that

ijt+
((pCl ® 90(2>(R0¢¢j+n5) = €XPg2 ( chs / nSEU ® Eﬁ)
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Since
(Eij X Ej,‘)k =0

forall1 <i<j<Il+4+1andk > 1 we can obtain

(0, @ 9¢) (Ragsns) = 1 — kg5 Eij @ Ej.

Taking into account that
(Eij & Ejz)(Ekm X ]Emk:) =0

forall1 <i<j<l+1land1<k<m<I+1,wesee that the factors (¢ ® ¢¢,)(Ray;4ns) of
(¢e, ® ¢¢,)(R<s) can be taken in an arbitrary order and obtain the expression

00 +1
(00 ® ) (Ras) =1— kg Y G5 > GYE; @ Ey,
n=0 ,j=1
1<
+1
Z ClséjEw ® Ej;. (3.31)

i,7=1
1<j

:1—

1—412

In a similar way we come to the equation

+1
> Gy By OBy (3.32)

1,j=1
(>

(SOCI ® @Cz)(R>5) =1- : s
1 -

Finally, using equations (3.31), (3.30), (3.32) and (3.23) we obtain the following expression
for the R-operator

1 ¢5) I+1
Ry (CilG) = Y B @ By + 252 S Ei ®Ej;
i—1 12 52
i#]
(1= [ = s AN
+ W Z Grg Eij @ Eji + Z Cp "Eij @ Ej; |,
12 \ij=1 ij=1
1<j >3

where we assumed that the normalization factor has the form

priv(CilGa) = g7/ efin (@ ) Fia (@'¢y), (3.33)

It is common to use an R-operator depending on only one spectral parameter. To this end
one introduces the operator

Ry v (¢) = Ry v (¢[1)
so that

Ry (Cil¢2) = Ryjv (Giz)-

With an appropriate choice of the integers s; and normalization, we obtain the Bazhanov—Jimbo
R-operator [7, 39, 40].
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3.3.4 Crossing and unitarity relations

It is convenient to put

pvev(GilG) = pr (GlG) ™ pvpv(Clée) = pviv(Gilée) (3.34)
pviv(CilG) = pr (GlGR) ™ pvv=(Cilé2) = pyv(Gilce) (3.35)
pvev+(Cl¢2) = pvv (Gil¢2), peviv (ClG2) = pyvv (Gil¢2), (3.36)

where py v (C1|¢2) is defined by equation (3.33). In this case all coefficients D, entering the
crossing relations (2.42)—(2.47), are equal to 1. Moreover, all corresponding R-operators satisfy
unitarity relation with the coefficients C' equal to 1.

Let us describe now the explicit form of the quantities entering the crossing relations (2.63)—
(2.66). Notice first that due to (3.2) and (3.3) one has

g OON /s — (=2141)/s gOOR /s 20415,

=4q =4q

Further, it follows from (2.57) and (3.22) that

i !
Ne=—(+1—di)i+20+1—14)> jsj/s+2i Y (I+1—j)s;/s.
j=1 j=i+1

Now, taking into account (3.11), we obtain

Xl: N I+1
Xy =¢¢ (CI"ZI ) => ¢“Ei,
i=1

where

i—1 l
Xi=Ai—Aiog=—(+2-2)—2) js;/s+2) (I+1—j)s;/s.

j=1 j=i
It follows from the definition of F,,,(¢) that
Fin(q™¢) = Fin(g™™¢) = —log(1 = ¢¢) +log (1 = ¢~ '¢).

At last, using equations (3.34) and (3.35), we obtain for the coefficients D((1|(2) entering the
crossing relations (2.63) and (2.64) the expression

1—q%¢ 1-q7%¢h
1—¢fy 1—q 272G
and for the coefficients D((1|(2) entering the crossing relations (2.65) and (2.66) the expression

1— ngigz 1 - q2lgf2
1=y 1?20,

D(G1]¢2) =

D(G1]¢2) =

3.3.5 Hamiltonian
It is easy to verify that the permutation operator Pjs has the representation

+1
Piy = Z Ei; @ Ej.

t,j=1
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Using this representation, we obtain
Pi2(Eij ® Exm) = Egj @ Eim,

and come to the equation

I+1 — %) I+1
RV\V ZE’L’L ® Ei; + ZCS Z E]z X ]EZ]

=1 1,j=1
i#]

(1 q ) +1 I+1

(8 emon $ ovnom).
=1 =1
ij<j ij>j

From the structure of the universal R-matrix [13, 28, 42, 43, 44, 72], it follows that the
dependence of a transfer operator on ( is determined by the dependence on ( of the elements
of the form ¢¢(a), where a is an element of the Hopf subalgebra of Ug(L(slj;1)) generated
by the elements e;, i € [0..1], and ¢*, = € H Taking into account the form (3.7)—(3.9) of
Jimbo’s homomorphism, we see that ¢ (a) for any such element equals 7(A), where A is a linear
combination of monomials each of which is a product of E;, i € [1..1], Fy ;41 and ¢* for some
X € ¢,1. Let A be such a monomial. We have

quAqul — (127117712771147

quAqul = qini71+2niini+1A, 1€ [2 - 1],
quAqul — qfnl,1+2nlan7

where n;, i € [1..1], are the numbers of E;, and n the number of F} ;11 in A. Hence tr(A) can be
non-zero only if n; = n for any i € [1..1]. Each E; enters A with the factor (%, and each F} ;1
with the factor ¢%°. Thus, for a monomial with non-zero trace we have the dependence on (
of the form (™ for some integer n. Therefore, assuming that the corresponding normalization
factor depends only on (*, we see that transfer operator depends on ¢ only via (®. Thus, without
any loss of generality, finding the expression for the Hamiltonian, we can put s;; = 0.

Choose the group-like element entering definition of the transfer operator as

Z¢zz
a = qi=!

Assuming that ¢g = ¢;11 = 0, we have

I+1

= ¢"Ei,  ®i=¢i— i1

Using equation (2.74), we obtain

g N1 I+1 O " I+1 -
. +1) +1) 71 +1)
Hy =-— (—ZEﬁEzj +q ZENIE > EVE >
1 g=1 ij=1 ij=1 b=l
i#] i<j i>j
I+1
( Z ¢ QJE]Z E(l) Z IE(N)IE g Z E )
3,j=1 1,j=1 i,j=1

1#£] 1<J 1>]
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One can also write

N +1 +1

Hy = —— ( STEWEETY 4 g Z ESNEST 4470 Y EWEFY > (3.37)
Fa 13 i,j=1 i,j=1 ,5=1
i#j 1<j i>j

where we assume that the following boundary condition

gAY _ @i-2;p(1)
ij q Tl
is satisfied.

3.3.6 Case of Uy(L(sl2))

The fundamental representation 7 of Ugy(sl2) is isomorphic to the representations 7* and *r. The
corresponding representation ¢¢ of Uy (L(sl2)) is isomorphic to the representations ¢ and " up
to a rescaling of the spectral parameter. In this case, in addition to the usual crossing relations,
we have some additional relations.

For example, we have

0i(a) = Op,-2/50 ()07,
where

0 = —¢"" 215Ky + Egy.
It follows from this equation that

Ry (Gi1G2) = pyv (Cilé2) " ovv (@™ 2G16) (0 @ 1) Ry (¢ 5¢|6) (0 1)~

Using the identity

Fy(g0) + Fa(g7'¢) = ~log(1 - 0),
we find
prv (GlGe) ™ pviv (75 GilGe) = 11:1212‘192'

Since

Ry« (GilG) = Ry (Gile) ™)
we come to the equation

1 — (i
1- q_2Cf2

For the representation “p, we get

(Ryp(Galé) ™) =g (O® )Ry (¢ ¥*G|G) (00 1)

% —1
gOC((I) = (@t) quz/sC(a)@t
and come to the equation

1—¢P

1-q2(, 1® @t)ilRVW (Cl\QQ/S@) (1®0").

(]“3\/|V(C1K2)71)t2 =q!
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In a similar way, applying representations goz and *goc to other factors of the tensor product
Uy(L(sl2)) @ Ug(L(sl2)), we find that

_ 2/

(Rv|V(Cl|<2)tl)_1 = q‘lllfcf”(@t ® 1)_1RV|V(Q2/SC1K2) (0'®1),
12
. 2/,s

(va((l\@)b)il = q‘llljcgz(l ® @>RV\V(C1’CI—2/SC2)(1 ®0)".

The Hamiltonian Hy given by (3.37) for the case of Uy(L(sl2)) is related to the well known
Hamiltonian of the XXZ-model

N -1
Hxxz = — Z [af)a(_kﬂ) + a(_k)aﬂgﬂ) + HTQ(UQC)U'(ZMU _ 1)
k=1

by the equation
s
Hy = ——Hxxz
Kq
Here we use the standard notations

o4 = Eqg, o_ = Ea, 0, = K11 — Eoo,

and assume the validity of the boundary conditions

US_N+1) _ qcbagrl) N+ _ qf<I>U(_1)? U§N+1) _ 09)

with
D =P — Dy

4 Graphical description of open chains

4.1 Transfer operator

The transfer operator for an open chain is constructed in the following way. First we choose an
auxiliary space V and two quantum spaces

wh=wem  wh=we"

With the space V we associate a spectral parameter ¢, and with the factors of W& and Wt
the spectral parameters 71,...,7, and Mm41,---,Pmen. Then we introduce two operators
K{j"W(C\m, ..y M) and K‘9|W(C‘77m+1, <oy Mman) acting on the spaces V @ W and V @ Wt
respectively. The depiction of their matrix elements can be seen in Figs. 4.1 and 4.2. It should
be noted that when an incoming line associated with the auxiliary space becomes an outgoing
one, the spectral parameter turns to its inverse. The case m = 0 or n = 0 is also allowed. Here
we have operators Ki(¢) and K{#(¢) acting on the auxiliary space V. Now, the transfer operator
is defined by the equation

Tyiw (€M - -« s Mm1s - - Mimtn) (4.1)
=try (K\I/%‘W(C’nla ce. 777m)K\e|W(<‘77m+17 <o 777m+n))- (42>

Here the expression under the partial trace in the right hand side means an operator acting on
V @ WE® WL, In terms of matrix elements we have

)i14..imim+1...im+n .

TV‘W(C|T]1’ e 777771? 77m+1a e 777m+n ]l-njmjnz-t—l--‘jm-&-n

It is clear that the graphical analogue of this definition is the one given in Fig. 4.3.

)alil...im )agim_,_l.‘.im_;_n

L
oc2j1---jmKV|W(C|77m+17 -y m+4n 01m41---Jmtn "
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im+n im+1
e o o

a1 1
— ! ot >
L R
Ky iw ay & Kyw
—< ¢ { &
o o o o o o
jm+n j1n+1 jm jl
m+n Mm+1 m m
L a1l o R wpiq...d
KV|W(C‘77m+1z sy 77m+n) Pt m+1o¢2jm+n...jm+1 KV|W(C|771’ SRR 7’]m) 21 mlejl...jm
Figure 4.1. Figure 4.2.
Im+n Iyl Im gl
e o o €71 e o o
~ S -
L R
KV\W KV|W
N\

fis

Nm+n NMm+1 Mm m

eesingi 1.0
Tyw (Gl - s M1y« oy )ittt it

Figure 4.3.
g o o o g gfl g o o o g
e A > r A
L R
. & J
§ o o o § é;l . § o o o §
4 x N\
L R
KVle gz KVle
. S <
é e o o E é e o o E
Hm-+n MTm41 MTm Uit
Figure 4.4.

4.2 Commutativity of transfer operators

Let us derive sufficient conditions for the commutativity of the transfer operators for the case
under consideration.

The picture representing the product of two transfer operators is given in Fig. 4.4. We
subject it to the following transformations. First, we twist two horizontal lines in the middle of
the picture. One sees that these lines go in the opposite directions. Therefore, we use for our
purpose the graphical equation given in Fig. 2.10. The result is represented in Fig. 4.5. Then
we twist two upper lines of this figure. Now the lines go in the same direction, and we use for
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Figure 4.5.

Figure 4.6.

/g o o o /g §2_1 /g o o o /g
( K62|W gz KI\;le J

R

~ 3 _
L R
Hm+n Mm+1 m 1
Figure 4.7.

twisting the graphical equation in Fig. 2.6 with the single and double lines interchanged.® After
two transformations we come to the situation depicted in Fig. 4.6.

Proceed now to the opposite product of the same transfer operators represented graphically
in Fig. 4.7. Using graphical equation in Fig. 2.10 with the single and double lines interchanged,”

5See the comment to Figs. 2.6 and 2.7 on p. 14.
"See again the comment to Figs. 2.6 and 2.7 on p. 14.



54 Kh.S. Nirov and A.V. Razumov

L R
( Ky, 1w Ky, 1w

Figure 4.8.

Figure 4.9.
g o o o g g e o o g
A x 7 A
K§1\W Ksz\w
J J
N N
Kl‘iz\W K51\W
& \ J J
Figure 4.10.

we twist two horizontal lines in the middle of the picture. Then we use the graphical equation
given in Fig. 2.7 to twist two bottom lines. The result can be seen in Fig. 4.8. Compare Figs. 4.6
and 4.8. If we cut these figures vertically in the middle, then the types and directions of the
lines intersecting the cut will be the same. Therefore, it is consistent to equate the left and right
halves of the figures. Graphically it is represented by Figs. 4.9 and 4.10. It is clear that if the
equations given in these figures are satisfied, then the product of the transfer operators under
consideration does not depend on the order.
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Ky w Ky w
e Z
é e o o i E E i e o o E
Figure 4.11. Figure 4.12.

Figure 4.13.

<L e 0

Figure 4.14. Figure 4.15.

The remarkable fact is that if the operators depicted in Figs. 4.1 and 4.2 satisfy the graphical
equations presented in Figs. 4.9 and 4.10, then the ‘dressed’ operators depicted in Figs. 4.11
and 4.12 satisfy these equations as well. Let us demonstrate this first for the case of the opera-
tor K{}‘W. Insert the dressed operators K‘If:l W and K 52 W into the left hand side of the graphical
equation in Fig. 4.10. This gives the picture given in Fig. 4.13. Now, using the Yang-Baxter
equations depicted in Figs. 4.14 and 4.15, we move the leftmost wavy line to the left and come to
the situation which can be seen in Fig. 4.16. It should be noted that the Yang-Baxter equations
in Figs. 4.14 and 4.15 can be obtained without assuming the validity of the unitarity relations.
Then we apply the graphical equation in Fig. 4.10 to Fig. 4.16 and obtain Fig. 4.17. Finally,
using the Yang—Baxter equations in Figs. 4.18 and 4.19, we move the leftmost wavy line to the
right and come to the situation which can be seen in Fig. 4.20. The Yang—Baxter equations in
Figs. 4.18 and 4.19 can be again obtained without assuming the validity of the unitarity relations.
Comparing Figs. 4.13 and 4.20, we obtain the desired result. The case of the operator K\e\w
can be analysed in the same way.

Thus, it is possible to take as the operators K‘%W and K‘I/%IW the operators depicted in
Figs. 4.21 and 4.22. One can verify that they can be defined analytically by the equations
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Figure 4.17.
Figure 4.18. Figure 4.19.
K\%\W(dnm#»la sy nern)
_ —1
= My w (¢ msts - Mmsn) Kﬁ(C)Mww(C!an, o Nmdn)s (4.3)
K\}}\W(lev s ’nm)
_ —1\t t
= (Myw (¢ My oomm) ) KO My (Sl - omm)™ )™ (4.4)

The operators K 6 and K {} act on the auxiliary space V' and satisfy the graphical equations given
in Figs. 4.23 and 4.24. It is not difficult to find the analytical expression for these equations,
namely,

Puyva Rvyvi (GG Praa K (GO Ry (GG KT (G2)
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K3 w J

T

Figure 4.20.

o o o o o o
o o o o o o
L
m

Figure 4.21. Figure 4.22.

LN
>

Figure 4.24.

= K1, (C2) Puapvi Ruapva (GolSi ) Poa s KT (G Rva v (G1G2),
K& (G) Ry, (G116 T KR (G) Py Rugva (6167 ™ Py
= RVl‘VQ(C1|<2)_1K‘};1(CI)PV2|V1§V2|V1 (C2|Cf1)_lpv1\V2K\%(Cz)-
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N=m+n
Figure 4.25.
/ / N
(_)(— e o o —/
Ky Ky
%; e o o “
\ \ /
Figure 4.26.

There are many papers devoted to solving these equations with respect to the operators K{}
and K{; for a fixed R-operator, see, for example, paper [51] and references therein. The most
complete set of solutions for the case of the quantum loop algebras Uy (L(sl;41)) was obtained
in [65].

It is clear now that the graphical image of the transfer operator is the one given by Fig. 4.25
whose analytical expression is

TV\W(C|7717 s ’77N) = tI‘V (K‘};(Q)MV|W(C71|T/1) ER) TIN)_IK‘%(C)MV\W(qT]la s 777N))

It is rather tricky to obtain this expression from the definition (4.2) and equations (4.3) and (4.4),
see paper [68]. However, from the graphical point of view it is evident.
4.3 Hamiltonian

As in the case of a periodic chain we assume that the quantum space W coincides with the auxil-
iary space V and Ry (1|1) coincides with the permutation operator Pi2. The Hamiltonian Hy
for the chain of length N is again constructed from the homogeneous transfer operator

TV(C) = TV|V(C|17 17 B 1)
with the help of the equation

_ dTv(¢) ’
(=1 d¢ e

d
Hy = Cdic 10gTV(O'

One can find the graphical image of the operator Ty (1) in Fig. 4.26. Here and below gray border
means the value of an operator at ¢ = 1. Thus to have an invertible operator Ty, (1), one should
assume that the operator Ki(1) is invertible. Here one has

Ty(1) ' = (b)Y e k().
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Figure 4.28. Figure 4.29.
N N N N
o e o o —),_] r— e o o —/
Ky K
; e o o -~ — e o o “
A A A A
Figure 4.30.

For the meaning of the superscript (N) see Appendix A.1. The graphical form of the various
possible summands which enters the expression for the derivative T7,(1) are given in Figs. 4.27-
4.34, where, as above, a double line means the derivative at ( = 1. Note that to draw Figs. 4.29,
4.31 and 4.33 we use the equation

CdRVW (¢7H1)

¢=1
Using Figs. 4.27-4.34, we come to the following analytical expression for the Hamiltonian

N-2
Hy = tr K{F'(1)/ tr KF(1) + 2ty (HOVKFO) D) /e K (1) +2 > HOHD
=1

4+ HWV-LN) +K‘e(l)(N)H(N—l,N)(K‘e(l)—l)(N) +K§'(1)(N)(K§(1)_1)(N),

where H*!) is defined by equation (2.75). The order of the terms in the above expression is
opposite to the order of the figures.

5 Conclusions

This paper has been devoted to systematisation and development of the graphical approach
to the investigation of the quantum integrable vertex models of statistical physics and the
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Figure 4.34.

corresponding spin chains. We hope that the usefulness and productivity of this approach was
clearly demonstrated. In fact, we have derived and graphically described much more relations
and equations than it was needed for the considered applications. We will use them in our future
works. The calculation of correlation functions is obviously one of such promising applications
of the graphical approach, as it was already commenced, for example, in papers [2, 22, 66] based
on qKZ equations.

Appendix. Some linear algebra

In this appendix we introduce notation for the operators acting in tensor products of vector
spaces and discuss some their properties, see also Appendix A of paper [75].

A.1 Tensor products and symmetric group

We mean by n-tuple a mapping from the interval [1..n] C N to a set or a class. It is common
for an n-tuple F' to use the notation

F(i)=F; ie€[l..n],
and write
F= (F17"'7Fn) = (FZ)lG[ln}

We define the range of an n-tuple as the range of the corresponding mapping.
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Let A = (Ai)ie[1..n) be an n-tuple of unital associative algebras. Consider the tensor product
A =410 4,0 - A,.
For any element o of the symmetric group S,, denote
As = ((Ao)i)ieqt..n) = (Ag=1())ic1. . n]>
so that
(45)% = Ag-11) ® Ap-1(2) ®@ - -+ @ Ag-1(p)-
It is clear that for any two elements o, 7 € S, one has
(Ag)s = Ag.

Define also a linear mapping Il,: A® — (4,)® acting on a monomial a1 ® as ® -+ ® a, in
accordance with the rule

y(a1 ®az ® -+ @ an) = ag-1(1) ® Ag-1(2) @ -+ @ Ug-1(n)-
It is not difficult to demonstrate that for any o, 7 € S,, one obtains

I, o II, = II,.

It is evident that IT, is an isomorphic mapping from the algebra A® to the algebra (A,)®.

Now, let B be one more unital associative algebra, and b € B. If for some i € [1..n]| we have
B = A;, then we denote by b(®) the element of A® defined as

W =1® - 21Qh1®---®1.

i—1 n—i
One can easily get convinced that
I, (b(i)) — ple(@)

for any o € S,,.
More generally, given 0 < k < n, let B = (Bi)ie[l k] be a k-tuple of unital associative

algebras. Further, let ¢ = (i1,i2,...,9;) be a k-tuple of distinct positive integers from the
interval [1..n]. If B; = A;, foralll € [1..k] and b = b; ® by ® --- ® by, is an element of the
algebra

B¥ =B ®By® - © By,

we denote by b* the element of the algebra A defined as
bi — plitsiz,in) — bgil)bgiz) o b}(ﬁik)‘

We extend this rule to all elements of B by linearity. Further, given o € S,,, we denote
ot = (0(i1),0(i2),...,0(ix)),

so that

O'Ti == J(Ti)
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for any o, 7 € S,. Here one has
I, (b") = b,
or, more explicitly,

Ho’ (b(il,ig,...,ik)) — b(o’(il),a(iz),...,o(ik)) .

Sometimes, if it does not lead to a misunderstanding, one simplifies the notation b(i:i2:ik) to
biti2ik or even to b1i2ik,

Now, let W = (W;);c(1..n) be an n-tuple of vector spaces, and

A= (Aiiepn..n) = (End(Wi))ic1. ]
an n-tuple of unital associative algebras. Similarly as above, we denote
WE=W W@ @ W,, (A.1)
and
A® = End(W1) ® End(W2) ® - -+ ® End(W,,) = End (W®).
Given o € S,,, define
(W) =Worr() @ Worr(9) @ - @ Worr(m,
so that for any two elements o, 7 € S;, one has
(Wo)r = Wor.
Now, define a linear mapping P,: W€ — (W®), by the equation
Py(wi @wa ® -+ @ wy) = Wy—1(1) @ We—1(2) @+ @ We—1(p)-
Here for any o, 7 € S,, one has
P,o P, = P,,.

Let M € End(V), and V = W, for some i € [1..n|. It means that End(V) = End(W;) and
one can define M* € End(W). One can show that

PyoM!'=M"DoPp,
for any o € S,,. It follows from this equation that
I,(M") =P, o Mo (P,)"".

More generally, given k < n, let W = (W;);c1.., be a k-tuple of vector spaces, and i =
(1,142, ...,1x) a k-tuple of distinct positive integers from the interval [1..n]. If M € End (W®),
and W; =V, for all [ € [1..k], one can define M* € End (V®). Here for any o € S,, one has

P,oM'= M0 P,
and

I, (M") = P, o M' o P,1,
or, more explicitly,

P, o Mitiin — ppo(inolia)-olix) o p_
and

HO_(Milig...ik) — P, o Mitiz=in o (P,)7L,

If o € S, is a transposition (ij) one writes II;; and P;; instead of II, and P, respectively.
Furthermore, if n = 2 one denotes II = II15 and P = Pj».

If vector spaces V and U belong to the range of W and there is only one ¢ and one j such
that V- =W, and U = W, we also write Py instead of P;;.
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A.2 Partial transpose
Let again W® be defined as in (A.1). For any monomial
M=M QM- ® M,, (A.2)

where M; € End(W;), i € [1..n], we define the partial transpose M of M with respect to W,
by the equation

MU=M®: - ®@M_1® (M) M@ @M,

and extend this definition to all M € End (W®) by linearity. By definition, for any M €
End (W®) the partial transpose M is an element of the space®
End(W1) ® - ® End(W;_1) @ End((W})*) @ End(W; 1) ® - - - ® End(W,,)
>~ End(W1) ® - @ End(W;_1) @ (End(W)))* ® End(W41) ® - - - ® End(W,,).
If a vector space V' belongs to the range of W and there is only one ¢ such that V = W, we also

write W instead of Wti.
It is evident that

(M) = ar
and

()" = (e
for any distinct [ and m. The relation of the partial transposes to the usual transpose is described
by the equation

(. (™)) = .

Given 0 < k1, ks < n, let
Vi = ((‘/1)1’ (Vl)Za ceey (Vvl)kl)

and

Vo = ((‘/2)17 (V2)27 SRR (VQ)kz)

be a ki-tuple and a ko-tuple of vector spaces, i1 = ((i1)1, (¢1)2, - - -, (i1)k,) and 2 = ((i2)1, (i2)2,
..., (i2)g,) be a ki-tuple and a ka-tuple of distinct positive integers from the interval [1..n].
Let M; € End ((V1)®) and M € End ((V2)®). Assume that Vy; = Wy;,), for all [ € [1.. k] and
Vor = Wiy, for all I € [1.. k], and define the corresponding operators (M;)" € End (W®) and
(Mz)™ € End (W®).

Now, if rangei; Nrangeis = {l} we have

((Ml)il (MQ)iZ)tl _ ((MZ)ig)tl ((Ml)il)tl ) (A3)
Furthermore,
(M) (Mo)*2)" = (M) ((Ma)*)" (A4)

if [ does not belong to the range of i1, and
(M) (M))" = (Mr)™)" (M) (A.5)

if I does not belong to the range of is.

8We assume that the vector spaces under consideration are U,(L(g))-modules in the category O and denote
by V* the restricted dual of V', see Section 2.2.4.
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A.3 Partial trace

Let again W = (Wi)z’e[l..n} be an n-tuple of vector spaces. Given [ € [1..n], denote by V the
(n — 1)-tuple defined as

V. =W;, iE[l..l—l], V;‘:Wi_;,_l, iE[l..TL—l].

We define the partial trace tr; with respect to W; as the mapping from End (W®) to End (V®)
in the following evident way. Let M be a monomial of the form (A.2). We define

ty M =tr Mi(M1 ® -~ @ Mj—1 @ Mi41 ® -+~ @ My),

and extend this definition to the case of an arbitrary M € End (V®) by linearity. If a vector
space V belongs to the range of W and there is only one i such that V. = W; we also write
try W instead of tr; W.

Let N be an element of V and V' = W, then for any M € End(W) one has

tr; (MN') = tr (N'M).
One can demonstrate that?
try try, = trg trygq
for [ > k, and
try tryp = trp_q tr

for | < k.
Let Vi, Vo be two vector spaces, and M7 € End (V1 ® W®), Ms> € End (Vg ® W®). Define
two (n + 1)-tuples of vector spaces, W; defined by the rules

Wi =Vi,  (W)i=Wiq, i€2..n+1],
and Ws defined by the rules
(Wa)1 = V3, (Wa); =Wy,  i€2..n+1].

It is clear that M; € End ((W1)®) and M € End ((W2)®). Further, let W be an (n + 2)-tuple
of vector spaces given by the equations

Wi=Vi, Wa=Vy,  W;=Wi, ic[3..n+1].
Consider two elements of End (WN/®) defined as

M, = M11,3,...,n+2’ M, = M22,3,...,n+2‘
One can see that

try tro (Mlﬁg) = (tr; My)(try Ma).

Finally, we give some examples of interplay between partial traces and partial transposes.
First of all, one has

tr; (M“N") = tr;(MN)

for any M, N € End (W®). Further,
tr; MY = (tr; M)%—1

for all M € W® and i < j, and
tr; MY = (tr; M)Y

for all M € W® and i > j.

9We draw the reader’s attention to the partial shift in the numbering of the factors of the tensor product after
taking the trace.
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