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1 Introduction

Studying exactly solvable models in 2D QFT can help us get a deep understanding of
general field theory. The next natural step is to consider the deviation from these exactly
solvable models. In the language of renormalization group (RG) flow, when turning on
deformations, usually the relevant ones are more controllable than the irrelevant ones since
the latter may introduce infinite divergences in the UV. However, a special irrelevant
deformation has shown a number of remarkable properties even in the UV [1-3]. Such
deformation preserves the integrability if the undeformed theory is integrable, which makes
it convenient to obtain the spectrum and S-matrix. In addition, the deformed theory was
shown can be renormalized in a systematical way [4].



Recently, the TT deformation as a special deformation, has attracted much atten-
tion [5-28]. Here T is stress tensor of the theory. The deformed Lagrangian S(X) can be
written as

62()\)\) = /d2zTT(z), (1.1)

where the operator TT(z) was first introduced in [1]. For conformal field theory (CFT) on
torus, the partition function with the deformation can be computed and it remains modular
invariant. Further, one can even obtain Cardy-like formula in deformed CFTs. Meanwhile,
there were also various other perspectives on the 7T deformation [29-42]. In particular,
from a holographic point of view, it was suggested that with coupling constant A > 0 in
eq. (1.1), the TT deformed 2D CFT is dual to an AdS3 gravity with finite cutoff in the
radial direction [43, 44]. Evidences for this dictionary are associated with matching of the
energy spectrum, holographic entanglement entropies, exact holographic renormalization
and so on. For recent progresses on holographic aspects of TT deformation, one can also
refer to [45-56].

There are many directions to generalize the 7T deformation. An interesting question
is that what will happen when additional symmetry is presented in the theory, for example,
the supersymmetry (SUSY). In [57-60] (see also [61, 62]), the authors have taken the SUSY
into account, for examples, N’ = (0,1) and extend SUSY with A" = (1,1),(2,0),(2,2). In
these studies, the supersymmetric extensions of 7T operator presented in eq. (1.1) was
constructed based on the supercurrent multiplet [63], and the deformed Lagrangian was
also given for free theory with or without the potential. Taking A" = (1, 1) for example [57],
the deformed action takes the form

Sa = So + )\/dQO'O(O') (1.2)

with
O(o) = /d9+d9_(9(0, (1.3)

where O(§) = T144(()T-—- () = T-(€) T+(¢), (T4++,T-) and (J-——, J4+) are two pairs
of superfields, which include the stress energy tensor (For more details for this construction,
one can refer to [57]). Moreover, it was shown that the deformation constructed in this
way preserves both the solvability and the SUSY. Furthermore, the O in eq. (1.2) is a
composite operator which is equivalent to the 7T as presented in eq. (1.1) at the classical
level up to some total derivative terms

O =TT + EOM’s + total derivatives. (1.4)

In the present paper, we are interested in studying the correlation functions of the TT
deformed superconformal field theory, perturbatively. The correlation functions have been
perturbatively investigated in T'T [19, 46] and JT [17] deformed theories without SUSY,
and they were also proposed in a non-perturbative way by J. Cardy [18]. Since we will
work in the Euclidean signature, we will focus on the correlation functions of the deformed
superconformal field theory with A" = (1,1) and /' = (2,2) SUSY. Due to the on-shell



condition, the operators O and T'T are equivalent up to some total derivative terms at the
classical level. For convenience, we will directly employ T'T instead of O in the processes
of computing the correlation functions. Here we have to emphasize that we only focus on
small deformations away from the undeformed CFTs, such that the CFT Ward identity
still holds and it is not necessary to take account the effect of the RG flow of the operator
with the irrelevant deformation. Therefore, the conformal symmetry can be considered as
an approximate symmetry up to the first order of the TT deformation and the correlation
functions can also be obtained perturbatively. Moreover, both in holography and quantum
field theory, these correlation functions can also be applied to obtain various interesting
quantum information quantities in the deformed field theory, such as the Rényi entropy
of local quench in various situations [64—66], entanglement negativity [67], entanglement
purification [68], information metric [69, 70], etc.

The remaining parts of the paper are organized as follows. In section 2, we first
briefly review the Ward identity in (1,1) superconformal symmetry and also the correlation
functions in undeformed theory, then formulate the 2-, 3-, and n-point (n-pt) correlation
functions with 7T inserted, the last step is to perform the integral in conformal pertur-
bation theory using dimensional regularization. In section 3, we first discuss the Ward
identity and undeformed correlators in (2,2) superconformal field theory. Then following
the same line as section 2, we compute the 2-, 3-, and n-point deformed correlation func-
tions. In section 4. We discuss the dimensional regularization methods used in section 2
and section 3. In the final section, conclusions and discussions will be given. In appen-
dices, we would like to list some techniques and relevant notations which are very useful

in our analysis.

2 N = (1,1) superconformal symmetry

In this section we review (1,1) superconformal symmetry and the corresponding Ward iden-
tity. The coordinates on superspace are analytic coordinates Z = (z,6) and anti-analytic
coordinates Z = (%, 6) where z, Z are two complex coordinates and 6,0 are Grassmannian
coordinates. The (1,1) superconformal algebra is the direct sum of the (1,0) and the (0,1)
algebras, thus for simplicity, we will only write out its analytic part in the following. For
(1,1) theory the superderivative is [74-77]

D =8y +60,, D?>=20.. (2.1)

The superfield
J(Z)=0(z)+0T(z) (2.2)

generates analytic supercoordinates transformations in superspace. Here T'(z) is stress-
energy tensor of the theory and © is a generator of SUSY transformations. Similar expres-
sion can be write out for J(Z2).

Under analytic supercoordinates transformations with parameter E(Z), a local super-
field ®(Z, Z) obeys

55®(Z,2) = [Jp, ®(Z, 2)] = j{dZ’E(Z’)J(Z’)CP(Z, 7) (2.3)



with

1
}[dz = dz/de. (2.4)

A superfield ®(Z, Z) is called primary superfield if it transforms as
_ | _ _
559(2,2) = B(2)0.9(2, 2) + ;DE(Z)DS(Z,Z) + AL.B(2)8(2,Z),  (25)

where only the analytic part of the transformation is considered. Furthermore, one can
obtain the OPE between the superfield J(Z) containing stress tensor 7'(z) and primary
superfield ® with dimension A, which is the generalization of OPE between stress tensor
and primary field T'(2)¢(2’) in CFT. This can be done by substituting eq. (2.5) back to
eq. (2.3) and using the identities

iz - B(Z), (2.6)

jé leE(Zl)Zlm — DE(Z»), (2.7)

f leE(Zl)% — 0.E(Z), (2.8)
12

where the SUSY invariant distance Z1o = 21 — 20 — 01605 and 015 = 6; — 65. Note these
identities can be obtained by super-Cauchy theorem

de’E(Z’)ZQ: — 2 = E(Z). (2.9)

We then obtain the following OPE [76]

9 _ 11 _ 0 _
J(21)®(Z,) = Z%Za@@(zg, 7o) + 57121)@(22, Zy) + AZLQQ@(ZQ, 7). (2.10)
12

From this OPE, the N = (1, 1) superconformal Ward identity can be written as

and similar expressions for J(Z).

It is important to apply the Ward identity to global superconformal transformation
whose algebra osp(2|1) is a subalgebra of superconformal algebra. By employing the Ward
identity and the fact that correlator of primary superfields is invariant under global super-
conformal transformation since it is a true symmetry of the theory, these correlators will be
highly constrained. And similar to the cases in bosonic CFT, it is possible to completely
fix 2- and 3-point correlators up to some constant factors. The 2-pt correlator is

1

(©1(21, Z1)P2(Z2, Z2)) = c12 353 25 »
Zl? ZlQ

AEAl :A27 AEAl :AQ (212)



with c19 a constant and 3-pt correlator is

3

_ _ _ 1 _
(D1(21, 20)®2(Z2, Z2)®3(Z3, Z3)) = | [] —x—=5— | (c1o3 + hozbrasbos),  (2.13)
1<j=1 Zz'j” Zij”

where the second factor in the right hand side can also be written as

_ ’ a. .
Clo3 + 6,12391239123 _ 61236012391239123/0123' (2.14)

Here c123, ¢|95 are constants, A;j = A;+Aj — €10, (1 < j) (fori > j, we define A;; = Aj;
such that A;; is symmetric), and 6123 is defined as

0 1

i =

Y V Zij Lk Lkl
which is invariant under global conformal transformation. By definition 6193 is Grassmann-

odd, thus 6753 = 0 and eq. (2.14) holds.
As for n-pt correlators with n > 4, they depend on 2n coordinates z;,0;,i = 1,...,n,

(Qiij + GjZkl- + QkZZ'j + Gzﬁjek), (2.15)

and 5 constraints corresponding to 5 generators of osp(2|1). Thus there are 2n —5 indepen-
dent variables in n-pt correlators. Actually, there exists the same number of independent
osp(2|1) invariants, i.e. 2n — 5, which are [76]

ijelzj, j:3,...,n, UkEZugk, k:4,...,n, (2.16)

where 619; is defined in eq. (2.15) and Z;ji; is an analogue of cross ratio in CFT

Zij Zki
Zijkl = 2= 2.17
K 21 Ly, (2.17)
The n-pt function can be determined in terms of these variables as
n
_ _ 1 - _
(D1(21,21) .. . ®n(Zn Zn)) = | [ ———5 | fwi, @i, U;, U;) (2.18)

Aij 545
1<j=1 Zij Zz'j

with Zi# Ai; = 2A;,A;; = Aj; and similar for Aij. Here f is a function which can
not be fixed by global superconformal symmetry, and it depends on the theory under
consideration.

With the results discussed above, we can compute the 7T deformed correlators. The
variation of action under T'T deformation can be constructed as

58 =\ / d*2TT(2) = =\ / d*z / dodoJ(Z)J(Z), (2.19)

where the minus sign comes from the anti-commutation nature of . Thus up to first order
in A the variation of n-pt correlator is

—A/d2z/d9d§<J(Z)J(Z)<I>(Zl,Zl)...<I>(Zn,Zn)>. (2.20)

Note that the correlator inside the integral can be evaluated via the Ward identity. In the
following subsections we will compute eq. (2.20) for n = 2,3 and n > 4.



2.1 2-point correlators

In this subsection we will consider the 2-point correlators with 7’7 deformation. The
undeformed correlator takes the form as eq. (2.12)

C12

(@1(Z1, 20)®2(Z2, Zo)) = —2—.
ZonZiy

(2.21)

First, considering the case with only holomorphic component of stress tensor inserted in
above correlator

2 < Boi 1 Ao,

(J(Z)@102) =Y Di+ =5
02

0., P19 2.22
> (a0 + gzt ) 00 (222

where 0y, = 0 — 0;, Zy; = z — z; — 00;, and the derivatives on the right hand side can act on
both holomorphic and antiholomorphic parts of ($1®Ps). For example, for holomorphic part

1 1 1 012
Oy —rx = —20—5—, Di—r = 20—, (2.23)
Eo R R e

and for antiholomorphic part’

1 2A - 2010
8zli = i5(212) <1 + — > 5 (226)
7 g

Therefore

(J(Z2)®192)

- 2A (001 Oo2 Abq 1 1 001 | 6oz Ab1a ,_ A A N\F

= <‘z<‘)‘ (o)A (B2 (m*"l"?)‘“zl?)) (2122)
EP<(I)1(I)2>. (2‘27)

Similarly, the correlator with antiholomorphic component of stress tensor inserted, i.e.

(J(Z)®1®3) can be obtained by making the replacement Z — Z,0 — @ in P defined

above, and we denote it as (J(Z)®1®s) = P(®1®Ps).

1 Useful formulae

e o T 2.24
Zij  Zy * 2 Ziy o oz Zio i (2.24)
And the differential
1 1 éléz = 25152 N (2)
0= =0, (— + 22 _5 14 222 5(z00) = 276 , 2.25
=0 (o4 ) =) (14 222 dere) = 200 o) (229

where 0., i = §(z12) is used.



A simplification can be made by noting that to extract (T'(z)®1®P3) from eq. (2.27),
one needs to integrate eq. (2.27) over 6, and the o-function term in eq. (2.27) contains
no 6 thus gives no contribution to (T'(z)®;®2). In view of this point, we will neglect the
S-function terms in both P and P hereafter.

Having obtained (J(Z)®1®;) we are in position to consider (J(Z)J(Z)®;®3), which
follows as

2
- 0o; 1 A;Bp;

0.+ Dok S ) (H2)0) = (G + F)I(2)0a),
i1 % %

(2.28)
where we have denoted the terms involving derivatives as GG, and the remaining terms as
F in the second step for later convenience, namely

G:anﬁa +-Lop, F:Xn:Aie‘” (2.29)
i Zoi T2Z " i=1 Z; '

with n = 2 in the present case (For detailed calculation of eq. (2.28), please refer to the
appendix A.1 ).
Finally we obtain the first order integrals as

/d22d9d9<J(Z)j(Z)<I>1(Zl,Zl)<1>n(Z2,Zg))/((I)l(Zl,Zl)@n(Zg,Zg))
2 (6o 902) 012 ( 1 1) (901 902))
el B I e Il e s
< Z12 <201 202)  Zi2 \Zor  Zo2 2 2 (2.30)

2 /6 0 0 1 1 0 0
X (—_ <_01—_02> ——12<—+—>+(—021+—022>> :
Zi2 \Z01 202 Z12 \Zo1  Zp2 201 202

Expanding the integrand, there will be nine terms. We will consider the first term here

= AA / d?zdhde

and list the remaining eight terms in the appendix B. These integrals can be explicitly
performed by employing dimensional regularization which is discussed in section 4. More
concretely, the first term is (Consider the case A = A)?

/d22d9d0 447 (901 _ 902) <901 _ 902)
Z12Z12 \ 201 202 201 202

4A? / 5 < 1 1 > < 1 1 >
- _ - Po— - — ) ([— - =
212212 201 202 201 Z02

T11

2 (2.32)
4A _ _ _ _
= — —(Z11(z1, 21) + Th1 (22, 22) — T11(21, 22) — T11 (22, Z1))
212212
a0 2 < 2+1\ 2441 )
= - —— 27 | —— 4+ 1In|z12 ~v+Inm|,
212212 €
2Useful relations 0 ) . 0
or 1 1 _ o 500 — 1. ‘
/d@Z—O1 - /dHZm T /d9d999 1 (2.31)



where in the second step we used the notation introduced in eq. (4.1), and v is Euler
constant and e is a infinitesimal constant coming from dimensional regularization.? Here

the integral
1

20§ 205

111(21‘, Ej) = /d22’ (2.34)
is computed in setion 4, and we only quote the results in the last line of eq. (2.32).
Finally putting together the results of the nine integrals will lead to

1
(D1(Z1, 21)P2(Z2, Z2))
AT A? 4

= — — —+21nz122+2*y—|—21nﬂ'—2>.
212Z12< € 12|

/szdeH(J(Z)J_(Z)qM(ZLZl)‘l)2(Z2,Z2)>
(2.35)

In principle by setting 612 — 0, one can get the results for bosonic CFT, which is
AnA% (4
—7T2(—+21n|212|2+2’y+21n7r—2). (2.36)
|212| €
Comparing this with the CFT results given in eq. (8) in [19] as
AnA? (4
—|7T|2<—+2ln|212|2+2’y+21n7r—5>. (2.37)
Z12 €

One can find that only the last constant is different in eq. (2.36) and eq. (2.37). This
difference can be understood from the way we performing the integrals. On one hand, we
can use dimensional regularization to evaluate the integral directly

4 4 A2 4
/dzz 212 == —— +2In|z2)* + 2y +2In7T -5 ), (2.38)
| 201 (4| z02* |z12[ \ €

which will result in eq. (2.37). On the other hand, we can compute the above integral in
an indirect way as we did at the beginning, i.e., expanding the integrand into several terms
as below, then using dimensional regularization to compute each integral, finally adding
up the contribution of individual term

4
2 1 1 2 1 1 2
/d2z |i2| 4:/d22<2+2_ ><2+2_>
|z01]*|202] Zh1  Zoe 201202/ \Zy1  Zpp  Z01Z02

, (2.39)
4 A 4 9
=———|—4+2In|z2)*+2y+2Inw -2,
2
|212| €
3 Also T11 can be evaluated in an alternatively way as
2
mu— A [ (Lo L) (Lo
Z12212 Zo1 202 Zo1  Zo2
_ 4A2|212|2 2 1
T 7.7 2 2
122 122 |2’01| |2’02| (2.33)
= *MIllll(Zl 22,21, %22)
Z127212 e
4N?

2 2
= - _ 2 (—= +1 1 ] ,
Z12Z12 ﬂ-< € nlzz|” 4+ logm + (6))

which is equal to result in eq. (2.32). The integral in the last step was computed in [19].



which leads to eq. (2.36). Nevertheless, the difference between eq. (2.36) and eq. (2.37) can
be eliminated by redefining e.
2.2 3-point correlators

The general form of three-point correlators can be written as
(B(Z1, 21)®(Z, Z2)®(Z3, Z3)) = cO305¢%1230123 (2.40)

where a, ¢ are two undetermined constants and for later convenience we denote

3 3

0s=[] L0, = 11 L (2.41)

Agj A
i<j=1Zij i<j=1Zj;

As discussed in 2-point correlators in the previous subsection, we first consider the corre-
lator (J®1PoP3) which can be calculated by using the definition of G, F' in eq. (2.29) as
follows

(G_|_F)03036a9123§123
:F03036“9123§123+[G(Ogég)]e“‘)”i”ém+0303[Ge“9123§123]
— (F+P)0303¢"%123%123 4 03(GO0s3)e"123%12 4 0303a[(GO193) 0193 — 123 (GB123) 0120128

— (F+P+a(G9123)§123)03036“9123§123, (2.42)
where P (defined by GO3 = POs3) turns out to be
Ay, <90i Ori )
pP= 200 _ .
lkzk;él Zri \20i 2Z0; (2.43)

In the last step of eq. (2.42) we have omitted the “crossing” terms such as GO3, G013 (By
crossing terms we mean the terms with holomorphic derivative 0, acting on antiholomorphic
coordinates, or dz acting on holomorphic coordinates, which will result in a d-function as
d.(1/Z) = §(z). Note that we have encountered crossing term as in eq. (2.26) in the 2-
point correlator case), since these terms will vanish when integrating over 6. To be concrete,
taking the term GOs for example

- 010 - - - = 031 - > - = Ooz « - - = -
GO3=— (12A1291925(Z12)+31A1393915(231)+23&2392935(2230 O3
201 201 202 (2 44)
_ O3 Agsd(z)  On Awd(zm) 0 O Awd(z) ‘
2202 Zéw ZQAg,Qg_lZ?,Allg 2201 ZﬁlzZQA?)% Z{5A113_1 2201 Zém—lzgggzgﬁlm )
thus [ d0GO;3 = 0.
With (J®;®5®3) in hand, we can go on to consider (JJ®;Po®3)
(G + F)(G + F)0303¢%01230123
= (G + F)(p + F— a9123(65123))0303€a6123§123
(2.45)

= [(F + P+a(G9123)§123)(F+ P — a9123((_¥§123))

— a(GO123)(GO123) + ab123(G(GO123)) + G(F + P) 0305201230123



It is shown in appendix A.2 the last two terms in the last line of above equation will not
contribute. Hence from the results in appendix A.2, the 3-point correlator can be written as

1 7] T 7 74 — —
/d2zd0d9<J(Z)J(Z)®1(Zl,Zl)%(ZQ’ZQ)(pg(Z&Zg))
(@1 P2P3)
/ ’ Z,%;l Zki<z01'+228i> ZL: +“Z( -0z, 123+ 5o 3289 123) 193

A (1 646; 6;
x (—=1) Z Zkk( + 2]; ) Z +a91232 < 3%9123 + 5 2 Op, 9123)

i,k,k#£1
—az ae - eiae <3 (L 0.0 U (2.46)
2; V123 Zgi 0;Y123 i Zoi z; V123 22& 9,V123 |- .

Let us first consider the terms containing no a

[ Mu 11 (N Bda 5 Ay 11 (N~ 00AL L 5
/d ZZ Zi 20i +Zc2n' < Z 27 +A e Z1; Zoj +2(2)j 27; 275 +4;
A#£] j

ij | kkti ke ki 1l
w A 0,0 A 00,A,
=X |t & ¥ gt X e ) (2 e
o ki LI ko kot LA

_ A 0.0,A1; _ 0,0; A Ay
+Z19(2i, %) Z Z,: ( lzjzl_”+Aj> +I21(Zi;Zj)< Z k2zki k +Az‘> ZTZJ
k. ki 1] ! k. ki L2

(2.47)

Next evaluating the a'-terms which contains two parts, the first part is

2 Ay 11 0k0: A )
=l ] & gt )
ke ki k ki
- (barred > unbarred)

:—aE
ij

- 0,0;A; = 1 _ 0,0;A; _ .

+Iz1(2i,2j)< Z kQZki b ‘|‘Ai> 01230, 9123-1-2122(21',23')( Z kQZM b +Ai> 91239,j3519123]
k ki ko koti

— (barred <> unbarred),

9123( 5z19123+ 59 9123)

_ Az — _ Al _ _
Ti1(%, %)) Z Z: 01230z, 0123 +ZL12(2i, Z5) Z 5:91239‘7‘551.9123
EkAi kkti

(2.48)

and the second part is

Via= —GZ ( -0:,0123+5 50,-9123> ( 5279123-5- 39 9123)

_ - 1 _ - 1 -~ -
= —az <Ill(zi, 2j)02,01230z,60123+ 5112 (24, Zj)(82i0123)9j89_j9123+2:[21(Zi7zj)9189i912382j9123>7
iJ

(2.49)

~10 -



As for the a2-term denoted_ as Vi, by observing eq. (2.46) we find Vo = —aVi2601230123,
thus Vig + Vo = Vjge 912sbtias  Ip summary, the result for 3-point correlators with 7T
perturbation to first order is

1
(P1P2P3)

2
= —Z [—71 <—+ln\zij\2+’y+ln7r>
€

ij

/dQZdede(J(Z)j(Z)qn(ZbZl)q>2(22,22)q>3(23,23)>

Azk Al] A A -
9 Oz 0 =—0; 9 0 0,.012305, i) —ab1230123
X,;k;éi<l%;j 70 le Z;ﬂ 1230%; 123+aZk 1230123 +a0;,; 61230z, 0123¢

ZUAU
QZU

+— ( (0-,60123)0; 9, 0195e 01230123 |_ Z sz
ZZJ k,k#i Ll#5

2501 ; Aik ) 54 5
+ay 2]2; 0.,01230123+a » 22291236j8§j0123>
11+ J k ki t

s kiR
—( (0:0p,0123) 0z, 0123¢~ abr20123 4 g Z kZ k912332J9123

Zij ookt ki
A 2k g Ay
+ab; 89 91239123 Z le Z SlZ lk Z Zl]) (2.50)
LG <90 g SOk 2l
where the identity > ookt A = 2A\; is used to simplify the final expression.
2.3 mn-point correlators
For n point with n > 4, the undeformed correlator functions take the form as
<q)1(Z1, Zl) e (I)n(Zn, Zn)> = OnOnf(Uza Ui, Wi, ?IJk;) (251)
with
Y —— Ay
On=1[2;"", On=]]%,"" (2.52)
i<j 1<j
Assuming all ®; have the same dimension (A, A), we have
2A o o 2A
AEAi]’:n_l, AEAij_n—l' (253)

Again the crossing terms C_T‘Zijkl, C_T’Qijk, GO,, do not depend on 6 and we will not consider
these terms below. The computation of correlators with J and J.J insertion goes in parallel
with previous cases, the detailed calculation is presented in appendix A.3. Here we only
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give the results for the 7T deformed correlator, which takes the form

AV B | NAAY
e T |

Ly 20i 204 bk ki

A1 1 0,0.A;; -
ZU—.+2<Z ZQJZ ,l]+Aj>
Z Z5 ()

Li#j

r % 5o A 2.54)
Alj 1 1 GlGjAlj — (
_ —_ _ A
Z ( i )f] ZAZl»zonrz?.(Z, 27 +A
ij L Li#j =Y 07 \1,1#5 J
_Z Aik 1 Z %—FAZ‘ 73Lf+973DLf
i L 2w w3 0i \ i 2%k 220 f
1 0; b 1
| _ 761%811 aRaL v N RaL 8R6L
+; 20; ( Zi Zj 2 2 , f 2 2 20‘7 0; ;;Jf—i_ 0; f
Hence using the results for integrals in section 4, the final result is
(I) /d2zd9d0<J(Z)J(Z)q>1(Z1,Zl)...@n(Zn,Zn»
[ ferln\zU] +’y+ln7r)
z Al Al z
( I DI I DY “f;— z,zjff)
kk;éz A ll#] 21 k ki Zri
m Aig Z %Alg ZZJAZJ oL ¢ 9 orar 1
- — Z = f Z Z é N 82189
%ij (k,k;ﬁi Zri 1i%] 2le zz;ﬁ] 22 ke ki QZk f " f

™ 2ki Dk Aly R Alg 2ki Dk L 7_07 RaL 1
+z¢j<z > g g g X ke - SOty ) |

k ki 22 1i#j 1i#j Zij k ki

(2.55)

Setting n = 4, the above results can be used to investigate, for example, the out of time
order correlation function (OTOC). The OTOC is suggested as a diagnostic of quantum
chaos [71, 72] since one can extract the Lyapunov exponent corresponding to time evolution
form OTOC. Remarkably, the field theory with Einstein gravity dual is proposed to exhibit
the maximal Lyapunov exponent which measures the growth rate of the OTOC [72]. The
OTOC of CFT have been considered in [73], where the OTOC indicates for generic CFT
including holographic CEF'T, the theory have chaotic behavior, but not for integral model
such as critical Ising model. Furthermore, the TT-deformed OTOC for bosonic CFT was
investigated in [19]. It was shown that the TT deformation does not effect the maximal
chaos the for the CFT. In addition, the TT-deformed integrable model is expected still
integrable [19]. This is compatible with the fact that the TT deformation does not effect
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the integrability of the system. Based on these developments, it is will be interesting
to investigate the OTOC for TT-deformed supersymmetric CFT here, we first write the
superfield as
D(Z,7Z) = ¢+ 01 + Opo + 00 f (2.56)
and its conjugate
(2, 2)" = ¢t — o — o] + 0017 (2.57)

As an example consider the OTOC involving two fields ¢, 1, from (45) in [19], at first
order one of the four-point functions needed to compute is

(d(21,21) 0" (22, Z2)11 (23, Z3)0] (24, Z1))

—/d93d9_4/ddeedgu(Z)j(Z)‘I’l(ZhZl)q)T(Z%Z2)¢(23923)‘DT(Z4,Z4)>\91251:92:§2:94:§3:0

_ 2
—/d0394{z [—W<—6+ln|zij|2+’y+lnw>

7]
ik Al] Al] Ajg L L qR
(- p Ay Sy S 3 Sty
kk#i TP L4 U 1147 Al kk£i

™ Azk — ~ Azk A 9_
= D TN 0NN 0 Y 005 f — 05 0505 f
O\ i R Rkt M

+ (A > A“f 513—852]” > A” + AL f - P 69185]]“)]

Zi
i Ll#5 Li#j

XH ’Lj i }‘6’12 :92292294:6’_3:07 (258)

1<j

where in the integrand, we can replace Z;; — z;;, Zij — Z;j. In the bosonic CFT, four-point
correlators can be expressed as conformal blocks whose universal properties are known in
some cases, thus the OTOC can be computed [73], while in eq. (2.58) the function f is
unknown in general. Thus it is more difficult to compute OTOC here.

3 N = (2,2) superconformal symmetry

For (2,2) superconformal symmetry, the coordinates on superspace is divided into holo-
morphic Z = (z,6,0) and antiholomorphic part Z = (Z, 0, §) respectively. In parallel with
the situation in (1,1) case, (2,2) superconformal group is a direct product of (2,0) and
(0,2) superconformal group which acts on Z and Z respectively. Thus we will only write
out the holomorphic coordinates explicitly hereafter. For holomorphic part the covariant
derivatives are [74, 75, 78-80)]

D=0y +00,, D=0;+00,, (3.1)
which satisfy D? = D? = 0,{D, D} = 20,. The energy momentum superfield is

J(Z) = j(2) +i0G(z) +i0G(z) + 2007 (z), (3.2)
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and similar for J(Z). Here T(z) is stress tensor of the theory, and G(z),G(z) are two
supersymmetric generators, j(z) corresponds to the U(1) symmetry of rotation of the two
SUSY charges.

Super-analytic transformation can be defined via the transformation law of covariant
derivatives as

=(D9"\D', D= (D§)D'. (3.3)

Superconformal primary fields are defined such that under super-analytic transformation
they transform as
B(Z) = (DO)A+Q/2(DFYA-Q/120 (7, (3.4)

where A, J are the dimension and charge of ® respectively. The OPE between energy
momentum superfield J(Z) and primary superfield have been considered in [78, 80]

N P12 912 12 012 012 - O(Z7)
J(Zl)q)(Zg) =2A 2%2 CI)(ZQ) +2 Zna 6ZQ<I>(ZQ) + 71z D(ID(Z ) Z1 DCI)(ZQ) +Q Z1s R
(3.5)

where Z15 = 219 — 0102 — 0105 (also Z19g = Z19 — 510:2 — 0:152). In analogy with (1,1) case in
the previous section, from this OPE, we can get the Ward identity as*

(J(Z0)®1(Z1, Z1) ... ®p(Zn, Z))

" ~ ~
000 00i00; Boi Ooi ~ Qi

2A,; + 2 0, + D;— —D,; +
zl< " Zg Zoi T Zoi ' Zo Z;

) (©1(Z1, 21) ... ®p(Zn, Zy)).

(3.6)
In NS sector the n-pt correlators on the right hand side of eq. (3.6) are constrained by the
Ward identity corresponding to global superconformal Osp(2|2) transformation [80]. When
n = 2, the correlator is fixed as

~ ~ 1 Qs 912012 (3, 012012
— zZ Z
(P(Z1,21)P0(Zn, Zn)) = Z%QAZI%AG 12 e 12, (3.7)
where A1 = Ay, Q1 + Q2 = 0 and similar for A, Q. Note that we have written out the

antiholomorphic part explicitly.
For n = 3 the correlators take the form

(1(Z1, 21)®o(Z2, Z2)®3(Z3, Z3)) H i | exp ZA “ZJ 0Q14Q2+Q3,0
i<j 1<j

3 _
"’—Ai' ’L] _ _ _
[1Z,7 | e ZAW = ] 06,4G2+Gs.0

i<j i<j ’
(3.8)
with A;; = AJZ,Z? 1,k Aij =—Q;, and similar for the A;;,Q;. Note that not all A;; are
fixed, this is because for three-point case there are nine coordinates (z;,6;,6;),i=1,2,3, and

“For the N = 2 Super-Cauchy theorem see [78].
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eight generators for osp(2]2), thus there remains one degree of freedom which corresponds
to the invariant quantity
12012 | 031031 | 023003

Ri93 = 1o + 7o + s (3.9)

The n-pt correlators can be fixed by Ward identity up to an undetermined function

Zl7zl ZTZ?Z ))
6,50, 6,0
A exp Z NH exp ij Z
i< Zi i<j (3.10)
X fx1, @2, T3n—8, T1, T2, - - T3n—8)0%, 0,005, G,,00
A= =Aji, Mg =Dji, D Ayg=—Qi, Y Aij =24,
R jai

where x; is Osp(2|2) invariant variables which may be either R;;, or Zji

0;;0; n 00 n Orifri ZijZi

Riji = s ikl = :
Y Zij Zjk Zyi 7 Z1i Zjik

(3.11)

It should be pointed out that only 3n — 8 variables out of all R;j;x, Z;x; are independent.
In parallel with (1,1) case, we can now define T'T" deformed correlators for (2,2) case.
The variation of action under 7T deformation can be constructed as

5S =\ / d2TT(z) = A / a2z / d0d0d60.J(2)J(Z). (3.12)

Also up to first order the n-pt correlators is

- )\/dzz/d&d@dédé(J(Z)J(Z)(I)(Zl, 21) ... ®(Zn, Zy)). (3.13)
In the following subsections we will consider eq. (3.13) with n = 2,3 and n > 4.

3.1 2-point correlators
Up to a constant prefactor, the 2-point correlators have following form

~ ~ 1 Q,42%12 012012
(1(Z1, 21)®2(Z2, Z2)) = i z5x€” 72 e D2 (3.14)
Ziy 21

To obtain 7T deformed correlators, first considering correlators only with the holomorphic
component of stress tensor inserted, from eq. (3.6), this is

where for later convenience we introduced G, F' such that G contains derivatives and F
does not

‘902‘901 901 907, = 001‘902 Qz
_ ) 1
G = § < i+ Dim 5 > F= E:(m N Zm) (3.16)
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Having obtained eq. (3.15), we can go on to consider J.J inserted correlator which is
(JTJ®1®s) = (F + G)(F + G){(®1D2) (3.17)

Both eq. (3.15) and eq. (3.17) will computed in appendix A.4. One can note that the
procedure is similar to the case N' = (1,1) cases. Finally, we get the first order T'T

deformation of 2-point correlators

1
(©1®2)

/ d22d0d0dOdD (T TP, Bs)
= / d22d0dfdfdf(F + P)(F+P)
_ [ 2 016, 9292 11N 1 6 62\ 240
_/d |: 2A< 01 ) 2Q2<Zol 02 >+ A(ZOI 202)212 (Z(2)1+Z(2)2) 212
él 2A921 912912 1 02 012 1 92 912
_<;21+Z02> + Q2 Z12 (a ZO2> Q2(g_702>2712 Q2<Z01 202)212}
- 010, 0202 1\ 1 01 05\ 2A0
x|[-28(g+ zo) 2@ (G- ) A (o) 7 (FE)

9:1 6’:2 ) 2002, 912912 1 =~ (6 6 9:12 ~ 9:1 9:2 012
(BB et 2 oly et D))
( 0 22/ Zho Q Zi \Zo1  Zoz @ Z 232/ Zho @ Z5 232/ Zho

(3.18)
Further performing the integral over z using dimensional regularization, one can obtain
2 —_ ~ ~ —
PP
<<I>1<I>2> /d 2d0dBdGdO(T TP Ds)
4A 6126 4A 0120
= < 7+ln\zw\ —}—y—i—lnﬂ') — 4+ 2Q9 12 12 — +2Q- 12712
Z12 2y 12 7
o <4A +20, 912512) <4A~512 + Oy (6, 4:92)912 — 0, (0 —1-92)912)
Zij Z19 D) Z19 212 212
x (1A= Ol +8s) - Gra(0y +02) ) [ 44 G100 (3.19)
( 12 o, 0t b) o 2)(~ + 920, 1212)
zij \ 212 212 Z12 12 2y
4A 0120
+ % ( +2Q0 12) (2Q29292 + 2@29191>
ij 12 12
- - 4A 9 0
+ 55 (2020161 + 200,62 )
i 2D zZ3

3.2 3-point correlators

Using the Ward identity, the 3-point correlators take the general form as

. 0:0;
(®1(2Z1, 21)®o(Z2, Z2)®3(Z3, Z3)) HZ exp | > Ajj Z” 0Q1+Q2+Q3,0
i<j i<j
S A 0.0
AV 1 1 (3
112577 | e | Do A= | 0g14auva0
i<j i<j Y

(3.20)
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Following the same line as 2-point correlators, we first consider
(JO1PoP3) = (G + F)(D1D2P3). (3.21)
Based on this equation, we can go further investigate the J.J insertion
(JJD1Dy®3) =(G + F)(G + F)(®1Dy®3). (3.22)

The detailed computations of eq. (3.21) and eq. (3.22) are similar to the 2-point case, and
are presented in appendix A.5. Consequently, the final result for 3-point correlators are

1 9 _ o~ = _
—_ D,1P,P
<(I)1(I)2(I)3> /d Zd9d9d9d9<JJ 1Po 3>
2 20k 201i0ki Api 201 20,0, A
:Z - <—+1n|zz‘j|2+7+lnﬂ'> Z ( Z@-l- b ;% kZ) ( lj 137;] lj)
By € kitk \ ki i 12l % 2l
AL 201505 A, 5 A - 00— 0.0
_{__l Z kl+ ekzegz ki Z ZIJN lj +Ajl j ]l_ 7U51
Zij ~ Ly 2 , Zy; Zj1
k,i#k ki 1,j#£1 j J
Ay 0. —0.0. 2A 255[1
™ Z <Zszkz +Aik9201k 0192k> Z < l] l],éj l])
Zij 5 Ly Zik , Z; 21
I kjitk Lj#l j lj
20, 20192142 = 9Ny 20,0, A,
- Z( ki S k)QQjejej 2-2Qi0:6; Z( b2 ’J> (3.23)
Z]m Z Z Z ze
2] k,itk ki i 1,j#l lj

3.3 n-point correlators

The n-point function can be fixed by the Ward identity up to an undetermined function

(D1(21,21) ... ®,(Zny Zn))

2ol g 55 -

= HTZ]ZAM exp ZA 7 exp ZA” Z@] (3.24)
1<J g ij 1<j 1<j

X f(x1, @2, T3n-8, T1, T2, - - T3n—8)0%, ,,005, G;,00

where x; can be either of the following invariant variables

0;;0; N 0;0;1 n OkiOki ZijZyi

R = ikl = .
J ’ i
Zij Zik Lk Z1i Zjk,

(3.25)

Note that the prefactor in front of the function f in eq. (3.24) takes the same form as
3-point correlator, therefore the only difference for J and .J.J inserted correlators from the
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3-point case is the effect of function f in eq. (3.24). The main details are included in
appendix A.6. After integration eq. (A.42) explicitly, the final result is

ﬁ / d22d0dAdOd0(T TP, ... D,)
1---%n
2 Wi 2010k Ari oAy 20,0, A,
S (Eemleg ) (3 (et ) 5 (B B )
i kyith : ki AN L
2A 205,04 A G AL
+28Rf Z ( kJ kj ch k]) <2Akz zekzj;mAIm>Qaif}+4a£]agf}>
=t Kok ki '
2A}m 29]”91”.4;“ Zl]AlJ éj@zjlfe:jéjl
+zzj(z( : )z( P
kyith 21
+28Rf Z Zk] k] : Zk +% (0J8§Lf+9ﬁ§f)}
ko kg Ik k ki ki ki ! ’
= ~ 1 A 0;1,—0:0; oAy 20,0, A,
R R B R D D Bl e e Dl e
! ! 79\ ki Fik 1j#l 2 #j

_ 22y 20,0k Ar; | 1 Ny 0:0:% —0:0;
+(0:05 f+0:05 ) Y (2:” ’”2};:? ’”>f+ > <’“ ot A W)zaLf
cj 7

k,k#j 7 k,k#i

+ (20,0007 f+20,080L f)~ ) S <4aRf Q0,0+ <QZAV+WW>2QJ-§J-9J->
kit

ij ki kz
=3 5 (4Qu0ib:0% £ +2Qi0i0: Y 2By | 204y (3.26)
W Zz‘j 1%l lj Zl]

As an application of last equation, we briefly discuss the 4-point functions that might be use-
ful in the study of the deformed OTOC. The superfield in (2,2) superspace takes the form

O(Z,Z)=¢+ 01 + ..., (3.27)

where there are total 16 terms at the right hand side, and we only explicitly write out the
first two components since we are only interested in correlators involving ¢, as we did
in (1,1) case. The conjugated superfield then is

(2, 2)F = ¢t — 6yl + ... (3.28)
Thus the following operator appeared in first order perturbation of OTOC
(@21, 21)8" (22, 22)1)1 (23, Z8)00] (24, Za))n
/ df3dfy / d?2d0d0(J(Z2)J(Z)®(Z1, Z1) (3.29)
x ®f( ZQ,22)c1>(23,Zg)q>*(z4,Z4)>\61:él:02:%:94:53:07@:@:0

can be computed by utilizing eq. (3.26).
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4 Dimensional regularization

Using Feynman parametrization and dimensional regularization, one can obtain the fol-
lowing basic integral [17] (Let 2 # 22)°

1
1'11(21,22) :/dzz

201202

2
= —7 <—6 +In |z + v + ln7r> + O(e) (4.2)

with € being a infinitesimal constant. Next consider Zj9(z1, Z2) with 21 # 29

1 = 2
/d222 :/dZZZO;ZO2 1
201202 |z01|%| 202|

= 2/1 du(l —u) /d2z 201245
0 (u]z01]? + (1 — u)|202]?)3

1 2 2.2 =
2 —(1-—
= 2/ du(1 —u)/dzy u212\2y| (1 - wu 2212;12
0 (Iyl* + (1 — w)ulz12[?)

2 /ld (1 )/d2 2’y|2 2
= 4z uUU — U —_—_—
2 Yyl + 4%)

2p% — A2
—2212/ duu(l — u) Vd/dppd 1'04_7142)

= 2212/ duu(l — u)VdA_ L,

0 4 Z12
where in the last step d = 2 is set directly since there is no divergence in the integral, and
analytical continuation of the dimension is not required. Here V; = 27%2/T'(d/2) is the
area of (d — 1)-sphere with unit radius, also we denote A? = (1 — u)u|z12|?> and use the

coordinates transformation
z=y+uz1+ (1 —u)ze, zo1=y— (1 —u)z12, 202 =y + uzio (4.4)

Let us mention that the result in eq. (4.3) is consistent with eq. (4.2), i.e. they satisfy
9z (2, 25) = Taa(zi, Z)).
For T (21, Z2) with z1 # 29, similarly we can obtain

1 72 72

2 2 01702

/d ) _/d < i, 14
201202 |z01]*|202]

[ R N u)Z12)* (y+uz12)”
—6/0 duu(1 )/d (

Y12+ (1—u)ulz12]?)*

(4.5)
:6/1duu(1—u)/d2 ly|* —4|y|?u(1—u)| 2122+ (1 —u)?u?|z10]*
0 (lyP+ (1 —u)ulz12]?)*
1 4 242 A4
—4|ylfA+ A
:6/ duu(l—u)/d2 |y| |2y| 2+ =0.
0 (ly[?+A2)*
®The notation of integrals is taken the same form as [19]
_ _N d?z
Tar e ams oy o (Zin s 3 Zin s Ziys e 2 Ej) = / Gz ) (=2 )0 (=)
(4.1)
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In summary, by using dimensional regularization we can obtain the following basic
integrals which appear in N' =(1,1) case

2
IH(ZZ‘, 2j> = -7 <_6 +In ]z,-j]2 +v+Inm+ O(E)) ,

Ilz(zi,§j> = 2, 1—21(21',2]') = —l, IQQ(ZZ‘,EJ') =0, (4'6)
Zij Zij
Thi1(zi,2) = 0, Th2(zi, %) = 0, To2(zi, %) = 0,
where in the last line the integrals with two points coincide are listed. For these integrals
by translation symmetry, we can set z; = 0, thus there is no scale in the integrals and
we can set these integrals equal zero in dimensional regularization. Note that the integral
Taa(2i, Z) is proportional to a delta function 62 (z;;) in (B.7) of [17]. However, we will
omit this delta function here due to the fact that once we let z; = z; in Zoo(2;, 2;), as
mentioned above, by translation symmetry there is no scale in the integral. Thus the term
6@ (z;) in (B.7) of [17] is simply replaced by zero in eq. (4.6).
By using Feynman parametrization, following the same line as above, we can also
obtain the integrals needed in the N' = (2,2) case, which are
T T
Ti3(2i, 2) = Gi)? T31(2i, 25) = Gl “n)
123(21‘, Ej) = 1.32(21‘, 5]') = 133(21‘, 5]‘) =0,

)

where we also let the integrals with two points coinciding with each other vanish.

5 Conclusions

In the present paper we investigated the correlation functions with 7T deformation for
N = (1,1) and N = (2,2) superconformal field theory perturbatively to the first order
of the deformation. This extends previous work on the correlation function from bosonic
CFTs [19] to supersymmetric ones. Much like the bosonic CFT, the undeformed 2- and
3-point functions are almost fixed by global superconformal symmetry, while the n-point
(n > 4) functions depend on a undetermined function f which depends on the cross ratio.
Since we only focus on the first order correction to the correlation function, the supercon-
formal symmetry is still hold approximately. One can make use of superconformal Ward
identities to work out the obvious form of correlation functions with 7T deformation. We
have shown that the correlation function can be expressed by the several basic integrals
listed in the last section. As a consequence, these integrals have been done with dimensional
regularization in a systematical way. As a possible application, we briefly mentioned the
OTOC in the deformed superconformal CFTs. Unlike the bosonic CFTs, due to unknown
function f in 4-point functions, one can not directly apply the final correlation function
to evaluate OTOC, in superconformal field theory with the deformation. Thus more infor-
mations about the function f is needed to study the OTOC in superconformal CFTs with
the deformation.
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In the present paper we only considered the effect of TT deformation on correlation
functions perturbatively near the IR conformal fixed point. Since T'T deformation is be-
lieved to be UV complete, it is interesting to study the correlation functions of superconfor-
mal theory in the deep UV region as what has been done for the bosonic CFT in [18]. An-
other interesting problem is to study the correlation functions in N' = (1,0) and N = (2,0)
theories, which exist for Lorentz signature. Possibly, one can also consider correction of
the JT deformation to the correlation in supersymmetric CFTs recently studied in [62].
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A Computation details

A.1 N =(1,1): 2-point case

To evaluate the right hand side of eq. (2.28), first consider the anticommutator between P
and J = F'+ G, noting P, G, F are all Grassmannian odd

{J,P}R = J(PR) + P(JR)
— FPR+ G(PR) + PFR+ P(GR)

Al
=FPR+ (GP)R— P(GR) + PFR + P(GR) (A1)
= (GP)R

with R = (®1P2). Hence we obtain
(JJ®1®s) = (PP + (GP))(®1P2), (A.2)
where the first term on the right hand side
_ ~ 2 (6 0 0 1 1 0 0
rresa (4 (8-2)- 2 ()1 (- )
Z12 \ 201 202 212 \Zo1  Zo2 201 202 (A.3)

2 /(6 0 0 1 1 0, 0,
(A G (5 5)
Zia \ z Z02 Z12 \Zo1  Zo2 201 202

Here we have omitted d-function terms in both P and P as mentioned above. The second
term in eq. (A.2) is

0o; 1 1
P=A g 4+ ——0.0..
¢ <ZO’L a 220, 275,00 220 91821)

2 /6 0 7 1 1 0 0
; <_ (-l Ze (L LY (Tt
Zi12 \Zo1  Z02 Z12 \Zo1  Zo2 201 202

(A.4)
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where the third term in the first bracket, i.e. ﬁm@-&zi =16, 0, . .., will vanish after

_ _ 220
integral over [ df, and the second term dy, P = 0 since P does not dependent on 6;. Thus

the only term needed to compute is

toi > < 2 <901 902> 912 ( 1 1 > <901 902))
A i — — — +—)+ + . A5
Z (ZOZ Zia \Zo1  Z02 Zi2 \Zo1  Zo2 z2 7% (A-5)

It turns out the contributions from the second and third terms in the second bracket are

nonzero after integration [ dfdf, which is

5(2) 5(2)
/ o / d0dAGP = 2A / 42> <9192 ) 0 (Z[;l) 42 (Z(f) (A.6)
212 | z01] | 202

d(z12) _
204

divergent and it should be dropped, which can be seen as follows. By observing eq. (A.6),

where we use [ d*z s = 0, which can be obtained in polar coordinates. This term is
one find that it only depends on A while not on A, in other words, this term is not
symmetric under the interchange of A and A. However (JJ®;...) = —(JJ®;...) should
holds (the minus sign appears due to J(Z) is Grassmann odd), which implies the correlator
(JJ®; ...) should be symmetric under interchange of A and A. From this reasoning we
will drop these terms.

A.2 N = (1,1): 3-point case

Let us first focus on the last two terms in () which are crossing terms. After some compu-
tation the last term is

_ 5( 2’01 5(2) (2’01’) ékél ~
/dedea (P+F)= —22 Tl I;k ol 2 Dk (A7)

For the same reason as discussed below eq. (A.6), this term should be dropped out. As for
the term G(G0123), after employing the anti-commutator

[G,G}= Z(QOZ 2 S(in))<90i+92i)ai+Z(Zfﬁé;) (=3Cz00)) (Boi+5 ) 0
() a0 (12 ) 09+Z(9‘” ) 560 (1+2) 3o

(A.8)
G(GH123) can be written as
G(GOy23) — {G, G} B
=3 (G ) 3 (10552 s "o
+y° (Zg + 2;) (—d(201)) (90, + Z) )i0123
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where the term G623 is omitted in the first step, and also for 8;5‘7 6123 in the second step
since they do not contain ¢. Thus finally we get

/ d?2d0dOG (GO123) Z / d*z L’)a@ém, (A.10)

| z0i|?

which is also singular and should be dropped. This can be seen by noting that if we
interchange the position in (J(Z)J(Z)®;...), and to consider (J(Z)J(Z)®;...) we will
obtain a term different with eq. (A.10) as

/ d22d0dOG(Gh123) = Z / 2,000 O . 012, (A.11)

|ZOZ

thus the appearance of eq. (A.10) implies the identity (J(Z2)J(Z)®1...)=—(J(Z)J(Z)®; ...)
does not hold. Thus we must drop the crossing term eq. (A.10). From this consideration
we will omit all the crossing terms without explicitly pointing out in the following case
with n > 4 point correlation functions.

A.3 N = (1,1): n-point case

Now evaluate
(JO1...0,) = (F+G)0,0nf = (F + P)0,Onf + Q0O,0,, (A.12)
where P takes the same form as eq. (2.43) with summation from 1 to n, and

9 9 0
mj; + (Gwy )a@f Z (Z‘;”J oL f+ QZDRf> (A.13)

J=1

Q= (GUy)

where we introduced the notation a;j,D]R,a;% which act on z;,6; but not on Z%;,0;, and
sirflﬂarly let OELJ_,DJL , 391“ act on %;, 0; but not on z;, 6; (thus 02_(1 /%Z;) = 0). When inserting
JJ, yields

(F + G)[(F + P)OnOn f + Q0On0x] (A14)
= (F + P)(F + P)0,0Onf + Q(F 4 P)0,0,, + (F + P)Q0,0,, + (GQ)0,0,,
with B B
55~ ([P 9) >
¥ =1 <<Zoj " om 5/ 2ZOJ %1)- (A.15)

Naively the last term in eq. (A.14) looks like a crossing term, but this is not the case as
can be see below

o= (8 ) (00 c8F) - o (e2)
S (o) wme2).

(A.16)
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where for example one has

8f L Of L Pf N\ _ rOf
Yo, zj:(@UJ)anan+(Gwﬂ)awjaﬁi> =900, (A-17)

with G® acting only on Uj,w; but not on Uj,w;. Eventually one can get

0; 1 0;
RAL ¢ RAL i RoL e, 7J gk gL
/d@d&GQ E [202< 0 8Z78Z3f 8 Ko, _f) 222 ( Zojﬁgnﬁzjf+228jaan39jf>].

Z (A.18)

A4 N =(2,2): 2-point case

To evaluate eq. (3.15), firstly, let us consider the crossing terms (holomorphic derivatives
0, acting on antiholomorphic coordinates or vice versa) in eq. (3.15). In analogy with the
(1,1) case, it can be shown that this kind of terms vanish when integrating over 6, 8, thus
it will not contribute to the final results eq. (3.13). Explicitly, consider the crossing term
G-L

Z2A ’

00z90z 901 Ooi ~ > 1
728 Z ZOz  Zo; VA

Zoi

/d9d9<00191—90191—90202 @92 <9019—01—902§02)> 24 o, 2 — =0,

20 202 201 202 Z2A L Z1o

(A.22)

where in the last step we have used

1 1 0102+ 6,0, 61050,6
Ooy o = —0sy o = 0(z12) | 1+ 20212 4 g 1212 ) (A.23)
Z19 Z19 212 212
Q 0 9 12

In the same manner one has [ dfdfGe o = 0. Therefore we can derive eq. (3.15) in

the following without considering crossing terms, which is

<J(I>1(I)2> = (F + G)<q)1(192> = (F + P)<q)1(192> (A.24)
with Ofor G0t
1 1
F—on (f0bor | fo2 02)_ (_) A95
( 22 22, Q2 Zo Zo2 (8.25)

5Some useful expressions

1 . 1 909 +009 19 (909 909

Z()i - 204 ZOZ 281 I (Alg)
Ooi  Boi  000:00; Ooi  Ooi  000:00;  00iboi  Ooifo
_ _ 0 - A2
Zoi  Zoi 23 Zoi o 2, Zos z0i (4.20)
/dedéée =1. (A.21)
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and P is defined as (similar for P, F)
P = G<(I)1(I)2>/<(I)1q)2>
_ 4A (901901 B 902902> 1 n (901921 . 902921) 2A

201 202 ) Z12 Zot Zoa ) Zra
B <901921 n 902921> 2A — 20, 012012 (901901 B 902902> (A.26)
Zo1 Zo2 ) Z12 22, 201 202
Oo1 902) 012 (501 502) 012
Qo (-T2 T (2 -2 22
@2 (201 Zo2) Z12 @2 Zo1  Zo2) Zi2

Having obtained eq. (3.15), next we can investigate (JJ®;®s)

(F + G)(F + G)(®,®9) = (F + G)(F + P)(®, D) (A2
= (F + P)(F 4 P)0203 + [G(F + P)|(®1Dy). '

Note that the last term is also a crossing term which can be dropped by the same reason
as discussed around eq. (A.7).

A5 N = (2,2): 3-point case

It can be shown that the crossing terms in eq. (3.21) do not contribute, i.e.

3 A ~. . :. .
/ d0doG HZZ.;A”’ =0, / dOdoG exp | Y Ay 9%6” = 0. (A.28)

i<j i<j v
Therefore we only need to consider

3 . _
—Ayj Oorbor A; Ook Okil\; Oox. 0
1z =% (20;% Z'zk_i_ZOk ké ik Z(]k ki z) HZ .
0k ik 0k ik 0k zk

i<j ikyitk i<j
A.29
. (A.29)
=n ([]2,°"
1<J
and
G exp ZA- ijéij
— Y ij
1<]
010 0,10, 6 0, 0, 0 0:0:
_ Z <2 0k OkAjk ]kQJk + ZOkA Zk] ZOk Aijgk> exp ZA%J - (A.30)
gtk 20k 27 0k kj 0k jk i< Zij
0.0, -
= PQ exp ZA” Al
— Zij
1<)

Thus we obtain (J®1PyP3) = (F + Py + Po)(P1P2P3), and it follows that

<JJCI)1(I>2(I)3> = (G+F)(G F) (@1@2@3)

(P1+P2+F)( +P2+F)<<D1‘I’2‘I>3>+[G(151+152+F)]<q>1q>2<p3>7 (A.31)
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where the last term should be dropped as discussed in previous sections. Substituting the
expression of Pj, Py, F' into eq. (A.31), we have

1 =
——— | d*2d0dAdOdO (T T D, Dy P
<<I>1<1>2¢>3>/ ‘ 71 225)
2 A 1 (050;4040,)A; 1 00 0 Ori
:/d22 > (‘Z,k T( : +Z.k ) e kzzi
i ik R0k Zik 2y ik 20k Zik 20k ki
Op , O Qz9 0;
— R AR |+ 2AZ -+2
A . A 0.0 5. O,
1S _2 ~]k+;(9kﬁj+~9k9j) jk_2;A‘km_797kAk.‘9iﬂ
2 J 2 2 J
ik Wék 20k Lk Zox Zik 20k Zik 20k 2k

) Qjae
5§k jki >+Z< % %5 )]

Using >, ; 2k A, = 2Ag, the first and second line of the integrand can be expressed as

2 Api 1 (0;0p+0;0) Ay 91“91@1 6; Oir ‘92k9 O
Z -4 — —A - —A
bk \ A0 Zki 2 Zi 20i z2, 2 Zik 2k

6 Oni Ox0:01; 10:6;
Am<’“ i ’“>>+Z< 20, 2+2Q )]
Oz ki ZOz
_ 1 (204 | 260ki0kiAri 1 [ zeilei |, 00 —0:0i 2Q19 0i
- Z ( Zm( Zki - 2 > 3 ( L i ‘ >>+Z %

ik itk i Z0i Zik - f
(A.33)
A.6 N = (2,2): n-point case
Let us first consider only holomorphic component J(Z) inserted
(JO1...@,) = (G+ F)(Py...D,), (A.34)

where we will encounter new crossing terms Gf%ijk, GZijkl in addition to these appeared
in eq. (A.28). By using eq. (A.23) it can be checked that they will vanish, i.e.

/ dOdOG R, = 0, / d0d0G Z;j31 = 0. (A.35)

Thus we will not consider crossing terms in eq. (A.34), then

(A.36)
=P+ P+ F)(®1...8,) + Q(Py...D,)
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where Pj, Py be of the same form as defined in eq. (A.29) and eq. (A.30). Here @ equals
G f, which is

0 0
Q= (Z(GRmk)aRfk +> GZwkl)aszl>
1) L)

Riji Zijkl
. 290n90n 8f 87]0 HOn af 8f
Z( 2 (0 mgh + 0. 2)57) + g (OnR5E + On 2157 (A37)

Oon of of
- (g, + @, >82)>

= <290n00n8§“f Bon bon g 5 90—"8R f>
n 20n Z 0

where for simplicity we have abbreviated R;jx as R, Z;;; as Z and suppressed the summa-

tion ZR ik’ ZZ

Z]k

. Note in the first step in eq. (A.37) we omit the terms vanishing after

integration over 0, 6. Following the same way we introduce Q as

~ 2é0n0:0n I 00n 6077,
= 0z — = . A.38
Q=3 ( SO g S 2 gnf) (A.38)
Next consider (JJ®; ... ®,), which is

(G4 F)(G+ F){(®;...0,)
= (F+P)(F+F)(®1...0,) + Q(F +P)(®1...8,)/f + (F 4+ P)Q(®1...D,)/f

+(GQ)( @1 ...0)/f + [G(P+ F)|(®1...Dy),

(A.39)
where the last term should be dropped as discussed in previous sections. And the term
(GQ)(®, ... d,)/f is very similar to the (1,1) case as discussed in eq. (A.16), which is not
a crossing term. Actually,

co-p (e ) (B ot g
i n On 0 "

thus

'fL

On

/ d0dfdhdoIG O = Z( aR+ ag +— G aR> (;agﬁ 92” aL > I (A41)
on Z
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Gathering all the results together, we then have

1 =

[ d*2d0d0d0dO(T Dy ... D,

<<1>1...<1>n>/ - (J T Bn)

:/dzz 3 2 Ay 1 (k000 Ag 1 2Ly, ajkgjk_&Ak'%
he \ 20k Ziy 25, Zik 20k 2 2 2y

_9‘k A jk>+z< oA, 2+2Q109>]
204
X[Z

(2Aik+1(9kz9i+~9k0i)Aik21A‘k9~jkéjk O, Ok g, Or;

ik \ 20k Zi  Zin Zik Zok T Zn Iy Y Zs
- Y.0.0, )
we o3 (g SR ) o ( oty Grots ol )
ZOk - ZOz 204 - ZOn n f
X Z _l Afk i 1 (9k¢9 +0k9 )Azk‘ _ 7Agk0]k9]k 6’k Akgg—ﬂ
ik \ 20k Zik Zon Zin Zok 2, 2, I
bp - 0

- A2 |+ 24 2+2Q’_29
20k Zik 20i 203

+ 28k L (Ox6:+0800) Ak, 1 kagk%k; O, Ak‘%
ikigtk \ 0k Zik 23, Zik P Jk zgk 1 7
0 0. 0,0, )
—TkAjk% +Z 2Az 2 +2Q XZ 78[/ f_iaL f——@L f f
0k gk i 20i OZ n 20n

+/d22<z (ZO of+ 0289 +— aR> (Zinafn =) +78L )f)} (A.42)

in

Note that the first term of the integrand has the same form as 3-pt correlators in eq. (A.32)
except for the summation here runs from 1 to n instead of 3 in eq. (A.32).

B Integrals in 2-point correlators

There are nine terms in eq. (2.30), the first one have been considered in eq. (2.32). Below by
using the integrals in section 4 we list the remaining eight terms in the integral eq. (2.30).
The second term

A912(1 1)A012(1 1)
Ty = [ d*2dfdb —t— | === +=
> / Zi2 \Zo1  Zo2) Zi2 \Zon Zo2
A2912912/ 5 / ( ) < 1 1 >
- 2z [ do(—— + / i [ —— + ——
212212 Zo1  Zo2 Zo1  Zo2
A20156 0 0 0 2
S (3% (50
212212 201 Zpo 201 202
A20102é1é2

= ————=—(2Z22(%1, 21) + I22(21, Z2) + T22(22,71)) = 0.
212212
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The third term

bo1 Oo2 501 502
Ty = AQ/d2zd9d9 ( 202 (L o2
Zgl Z§2 Zgl Zgz

1 1 1 1
_—AQ/d2z<2+2> <2+2>
201 R02 201 02
= —AQ(QIQQ(Z:[, 51) + 122(2’1, 22) + IQQ(ZQ, 21)) =0.
The fourth term

2A? [ Oy 902> 612 ( 1 1 )
Tio = [ dzdpag=2 (o _ Oz P2 (1 1
2 / Z12 <Zm Zo2) Zi2 \Zo1 = Zoo2

2A26,0. 1 1 1 1
:_12/d2z(—> (2+2>
12212 201 202 201 202

2A26,0, ~ _ _ _
= ———(T12(21, 21) + Ti2(21, Z22) — Th2(22, Z1) — Li2(22, 22))
212212
2A2%0,6 202010, 27
= ——(T T 7)) = ——————.
Z19719 (Tiz(21,22) = Tizlz2,21)) Z12Z12 712
The fifth term
A29192 2A201(92 2T
= — I I Z = —
n=z = (Th2(Z1, 22) — Th2(Z2, 21)) ZiaZra 712

The sixth term

2A% ( 6y 902> (901 902)
Ti3=— [ d*zd9dd— [ -— — = + =
1 / Z12 (Zm Z02 z3 73
2A2 1 1
=) G )
Z1z 1 202/ \Zy  Zpe

2A2 2A2 2
——(Tha(21, 22) — Tha(22, 21)) = .

T Zia 712
The seventh term
2A? 2A% 27
T3 = 72(112(21,22) Ti2(22,21)) = T 1o’

The eighth term

Tys = — [ d*2d6df —t— ) =+
# / Ziy \Zor  Zo2) \Z} = Z%

_ Azelez/cﬂ ( +1> <1+1>
B 2) \F Z

A20,6, - ) i
= _ s (2T22(21, 21) + To2(21, Z2) + To2(22,71)) = 0.
The ninth term
T30 =— A22911202 (2Z92(21, 21) + Toa(21, Z2) + Toa(22,71)) = 0.
Finally, the total contribution from the eight terms is
8TA?
Tio + 151 4+ Tz +1Th3 = ZZn
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