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SEMI-INFINITE PLUCKER RELATIONS AND WEYL
MODULES

EVGENY FEIGIN AND IEVGEN MAKEDONSKYI

ABSTRACT. The goal of this paper is twofold. First, we write down
the semi-infinite Pliicker relations, describing the Drinfeld-Pliicker em-
bedding of the (formal version of) semi-infinite flag varieties in type A.
Second, we study the homogeneous coordinate ring, i.e. the quotient
by the ideal generated by the semi-infinite Pliicker relations. We estab-
lish the isomorphism with the algebra of dual global Weyl modules and
derive a new character formula.

INTRODUCTION

The goal of this paper is to study the homogeneous coordinate ring of the
formal version of the semi-infinite flag varieties of type A (see [FiMi]). More
precisely, we consider the Drinfeld—Pliicker embedding of the semi-infinite
flag variety, compute explicitly the reduced scheme structure and study the
quotient algebra with respect to the ideal of defining relations. Before giving
more detailed summary of our results, we describe the finite-dimensional
analogue of the story (see e.g. [E]).

Let G = SL,, = SL,(K) (K is an algebraically closed field of characteristic
0) and let B C G be a Borel subgroup. The quotient G/B is known to
be isomorphic to the variety of complete flags in an n-dimensional vector
space. The Pliicker embedding realizes the flag variety inside the product
of projective spaces of all fundamental representations of SL,, which are
isomorphic to the wedge powers of the vector representation in type A. In
particular, the coordinates X on the k-th fundamental representation are
labeled by the cardinality k& subsets of the set {1,...,n}. The (quadratic)
Pliicker relations describe the image of this embedding, i.e. they generate
the ideal J,, of all multi-homogeneous polynomials vanishing on the image of
the Pliicker emebedding. By definition, J,, is the ideal of relations satisfied
by the minors of the matrices from SL,,. A very important property of .J,, is
that the quotient of the polynomial ring R,, in variables X; modulo the ideal
Jp, is isomorphic to the direct sum of (dual) irreducible finite-dimensional
representations of SL,,. Finally, let us mention that there exists a remarkable
basis of R,, consisting of monomials in X;. The monomials in this basis are
parametrized by the semi-standard tableaux.

Our goal is to generalize the finite-dimensional picture to the semi-infinite
settings [FiMi, BF1, BF2, [Kat]. This means that the group G is replaced
with the group G[[z]] and all the representations V' are replaced with the
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infinite-dimensional spaces V[[z]] = V®K][[z]]. The main geometric object Q
we are interested in is defined as follows. Let V(wg), k =1,...,n—1 be the
fundamental irreducible modules of SL,. Let Q C [TZi PV (wp)[[2]]) be
the G[[z]]-orbit through the product of highest weight lines (with the reduced
scheme structure). Then the scheme Q is defined as the Zariski closure of Q
inside the product of projective spaces. We note that the (formal) Drinfeld-
Pliicker data (see [FiMi]) defines the (non-reduced) scheme with the same
support (a.k.a. the projectivization of the arc scheme of the closure of the
basic affine scheme). Our main results are as follows:

e we determine the reduced scheme structure of Q, i.e. we write down
the generators of the ideal of relations of Q (Proposition 2.9));

e we derive a new explicit formula for the characters of the Weyl
modules (Theorem B.21));

e we show that the homogeneous coordinate ring of Q is isomorphic
to the direct sum of dual global Weyl modules (Corollary 3.22]);

e we give a monomial basis of the homogeneous coordinate ring; the
labeling set for the monomials extends the semi-standard tableaux

(Corollary 2.12]).

Our main players are two algebras. The first algebra M is generated by the
coefficients of minors of the elements of the group G[[z]] (to be precise, we
consider the minors supported on the first &k rows for some k; each such a
minor is a Teylor series in z and M is generated by all the coefficients of
these series). The second algebra W is defined as the direct sum of dual
global Weyl modules for all dominant integral weights (see [Kat]). Our
strategy is as follows: we first write down an explicit set of semi-infinite
Pliicker relations for the algebra M, then show that M surjects onto W
and finally prove that the character of W coincides with the character of the
quotient by the ideal generated by the semi-infinite Pliicker relations.

Let us add several comments on our results. First, we recall that the clas-
sical Pliicker relations are linear combinations of the quadratic monomials
of the form X7, X7,. We note that the coordinates on the semi-infinite space

V(wk)[[2]] are of the form X}l), where I is a cardinality k subset of {1,...,n}
and [ is a non-negative integer. To a variable X; we attach the generating
function X7(s) = >~ X}l)sl. Then a part of semi-infinite Pliicker relations
can be obtained in the following way: one takes a classical Pliicker relation,
replaces each variable X7 with the generating function X;(s) and collect all
coefficients of the resulting formal series in the variable s (this is exactly
what one is doing in order to pass to the arc scheme, see e.g. [Mul). Then
these coefficients belong to the ideal vanishing on Q However, we show that
these relations do not generate the whole vanishing ideal. The complete list
of generators is given in Theorem 231

Second, recall that in the classical theory an important role is played by
the semi-standard Young tableaux. In short, a tableau is semi-standard if
its columns increase from left to right (the longer columns are on the left).
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To compare two columns one compares the entries belonging to one row: an
entry of the smaller column can not exceed the corresponding entry of the
larger one (for each row). In particular, this order is partial and there are
many uncomparable pairs of columns. We introduce a measure k(o,7) of
how much uncomparable the columns ¢ and 7 are. Roughly speaking, the
k(o,T) is equal to the number of times the signs ” < ” and ” > " got changed
when one compares the entries of ¢ and 7 row by row moving from bottom
to top. The complete definition is given in Definition The quantity
k(o,7) is used in our description of the semi-infinite Pliicker relations as
well as in the character formula for the Weyl modules.

Third, let us comment on the character formula for the global Weyl
modules. The characters of global (infinite-dimensional) and local (finite-
dimensional) Weyl modules differ by a simple factor ([CFK] [N]). We derive
a character formula for the local Weyl modules for the Lie algebra sl,, by em-
bedding it into the Weyl module for sly,. We give a construction of a basis
of this embedded module and compute its character. The character of the
local Weyl module W (u) coincides with the specialization of nonsymmmet-
ric Macdonald polynomial £, ) (X, ¢,0) (see [M, [Ch, N, S, T, ICIT]). Thus we
obtain a combinatorial formula for such specializations for arbitrary domi-
nant weight . Note that in [FM] we specialized the combinatorial formula
of Haglund, Haiman ond Loehr (see [HHL]) and gave a recurrent formula for
the nonsymmetric Macdonald polynomials at t = 0. However, we were able
to obtain an explicit character formula only for the Weyl modules W (u),
where p is a linear combination of w; and wy,_1.

Finally let us add a remark due to Michael Finkelberg. In the works
[BF1,BF2,BF3], the authors study the rings of functions on zastava schemes
(for the curve A') and the spaces of sections of line bundles over quasimaps’
schemes (for the curve P'); in particular, the characters of these spaces are
computed. The results of this paper imply that these zastava and quasimaps
as schemes representing the corresponding moduli problems, are non reduced
(for G = SL(n), n > 5). The zastava and quasimaps’ spaces studied in [BEF'1],
BF2, BE3| are defined as the corresponding reduced schemes, i.e. varieties.
In particular, the character formulas of [BF1, [BF2, BF3] hold for the spaces
of sections over the reduced zastava and quasimaps’ varieties.

The paper is organized as follows. In Section [l we collect the notation and
give generalities on the representation theoretic, combinatorial and geomet-
ric structures we use in the paper. In Section 2 we write down the generators
of the ideal of relations for the semi-infinite flag varieties; as a consequence
we derive an estimate for the character of the global Weyl modules. In Sec-
tion [§] we prove that formula from Section [2] for the characters of the Weyl
modules holds and thus finalize the proof. In Appendix [Al we describe the
whole story for the simplest symplectic algebra sp,.
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1. GENERALITIES

1.1. Finite-dimensional picture. Let g be a simple finite dimensional Lie
algebra over an algebraically closed field K of characteristic 0. Let A be the
root system of g, A = A, U A_ the union of positive and negative roots.
Let g =n_ & bh & ny be the Cartan decomposition of g. For a positive root
alet e, € ny and f_, € n_ be the Chevalley generators. The weight lattice
X contains the positive part X, containing all fundamental weights wy,
k=1,...,tk(g). For A\ € X, we denote by V()) the irreducible highest
weight g-module with highest weight .
For any two weights A, u € X, there is an embedding

VIA+u) = VA) @ V().
Dualizing this injection we obtain the surjection:
V)" @V(w) > V(IAN+p)*.

These surjections define a multiplication on the space V = @ ey, V(N
and make V into an associative and commutative algebra.

Take the corresponding algebraic groups G D B D U, where B is a Borel
subgroup and NN is a unipotent subgroup. Then we have:

G/U ~ SpecV.

The algebra V has the natural X, -grading. The projective spectrum of V
with respect to this grading is isomorphic to the flag variety G/B (see e.g.
[Kum)).

Let G = SL,, g = sl,. We take n? variables 25, 1 <4, j < n and consider
the subalgebra of K[z; j]7';_; generated by determinants

RZliy  Rlig " Rli
221 R2ig Tt 224
Rkiy  Rkia "t Rkiy

forall k> 1,1 <14 <ig < -+ < i, <n. Then this algebra is isomorphic
to V. The algebra V is generated by dual fundamental modules V (wg)*
which satisfy (quadratic) Pliicker relations. There is a remarkable basis of
a module V(A)* given by semistandard tableaux of shape A (see [E]).

In Section [2] we describe the semi-infinite analogue of these constructions.

1.2. Weyl modules. In this paper we are mainly interested in representa-
tions of the current algebra g®K]t] which is a maximal parabolic subalgebra
of the affine Kac-Moody Lie algebra attached to g. For x € g we sometimes
denote the element x ® 1 simply by =«.

Definition 1.1. [CP| Let A\ € X_. Then the global Weyl module W(X) is
the cyclic g ® K[t] module with a generator vy and the following defining
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relations:
(1.1) (eq @MYy =0, a € Ay, k> 0;
(1.2) (fea @ 1)@ Ny =0, a e Ay

Local Weyl modules W () are defined by previous conditions and one addi-
tional condition:

(1.3) h@thoy =0 for all h € b,k > 0.

Weyl modules are the natural analogues of finite-dimensional simple g-
modules V(A). They are graded by the degree of t:

W(n) = P W)™
k=0

with finite-dimensional homogeneous components. Therefore we can define

the restricted dual module:
o0

W(n)* = PW®).

k=0
Global Weyl modules have the following properties.
Lemma 1.2. W(u)* is cocyclic, i. e. there exists an element (cogenerator)

v* € W(p)* such that for any element u € W(u)* there exists an element
f e U(geKt]) such that fu = v*. The set of cogenerators coincides with

(W(p)O)* ~ V() .

Proof. This is a direct consequence of the fact that Weyl module is cyclic.

O
For a dominant weight \ = zzkz(ﬁ’) mywy, we define
rk myg '
@xr=JJT]0 - d).
k=11i=1

Each Weyl module is graded by the h-weights and by ¢-degree. For any
g ® K[t]-module U with such a grading let U(v,m), v € b*, m € Z be the
weight space of the corresponding weight.

Definition 1.3.
chU = Z dim U (v, m)z"q™.

v,m

Proposition 1.4. [CFK| NJ

chW (u)
(Q)u .

Lemma 1.5. [Kat] The g ® K[t]-submodule of W(\) @ W(u) generated by
v\ ®@ vy is isomorphic to W(A + p).

chW(p) =
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Corollary 1.6. There exists a surjection of dual Weyl modules:
(1.4) W () & W* (1) — WA+ ),

inducing the structure of associative and commutative algebra on the space
Drea, W (A). We denote this algebra by W = W(g).

Remark 1.7. The algebra W is an analogue of the algebra V.= @, o V(N)*.

The algebra V s generated by the space EBrkk:(?) V(wg)* and there are only
quadratic relations (see [Fl [Kuml] ).

The following proposition is a direct consequence of Corollary
Proposition 1.8. W is generated by the space @Zligl) W(wg)*.
Let us describe the structure of fundamental Weyl modules W(wy,).

Lemma 1.9. Assume that W (wy)|qe1 =~ V(wi). Then for the global Weyl
module we have:

W(wk) = V(wg) @ K[t]
with the action of the current algebra given by the following rule:

x®tl.u®tk = x.u®tl+k.

Proof. We note that all defining relations for W(wy) hold on the constructed
module. Therefore we have a surjection W(wy) — V(wg) ® K[t]. Now it
suffices to note that

chW(wy)  chW(wg) .

ch (V(wg) ® K[t]) = Do~ 1o

Lemma 1.10. Under assumptions of Lemma we have:
W(we)" = V(we)" @ K[t]

with the action of the current algebra given by the following rule:

0, otherwise.

Remark 1.11. Note that the conditions of Lemma L9 hold for all funda-
mental weights in types A and C, vector and spinor representations in types
B and D, two 27-dimensional representations in type Eg, 56-dimensional
representation in type E7, 26-dimensional representation in type Fy and 7-
dimensional representation in type Gs.

From now on we assume that W(wg)|ge1 ~ V(wy) for all fundamental
weights. Let {X;1,..., X, } be a basis of V(wy)*. Then {Xlgl]) = Xp; @t}

is a basis of W(wy)*. We consider the formal series Xp;(s) = > /2 X]ilj)sl.
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Proposition 1.12. Assume that a relation

= E : cj17j2Xk1:j1Xk2:j2 =0

J1=1,. 00,
J2=1,..,lg,

holds in V for some constants c;, j, € K. Then

r(s) = D Cga Xk (5) Xy ja(s) = 0
J1=1,.lky
J2=1,...,lk,

in the algebra W[[s]], i. e. all the coefficients of this series form relations in
W.

Proof. We know that for any relation r and any element e € g the element
e.r =71 is a relation. We have e @ 1.r(s) = r1(s). Let r(s) = > 2, CIf
ho.r =ar, a € K, then hq @t .r®) = ar*=D_ Thus all coefficients of series of
the form 7(s) form a submodule in W(wy, +wg,)*. Note that this submodule
has zero intersection with the zero level submodule V (wy, + wg,)”. However
W*(wg, + wg,) is cocyclic. Therefore this submodule is zero. 0

However in general these are not only relations in the algebra W.

1.3. Semi-infinite flag varieties. Let G[[t]] be the group of the Lie algebra
g @ K[[t]], B[[t]] D U[[t]] be the groups of b @ K[[t]] D n® K[[t]] respectively.
In this paper we deal with g = sl,,. In this case G[[t]] = SL(K][t]]), B[[t]]
and U[[t]] are upper triangular and unitriangular matrices over this ring.
We consider the varieties G[[t]]/U[[t]] and G[[t]]/H - U[[t]]. They have the
following realization due to Drinfeld [FiMil [BGI.

For any A\ € X consider the space VNIt]] = V(A @ K[[t]]. Then we
have the family of embeddings my , : V(A + p)[[t] = V(N)[[t]] @ V(w)][[t]].
A Drinfeld-Pliicker data is a set of lines [y € V/(\)[[t]] such that my ,lxy, =
I ®1,. Such a collection of lines is fixed by the lines l,, € V(wg)[[t]]
for all fundamental weights wy. Take a basis {vy;} of V(wg). Put l,, =
K>, akjogj, where ay; € K[[t]]. Then the family of lines {l,,} gives a
Drinfeld-Pliicker data iff the series (ay;) satisfy the Pliicker relations (thus
this realization of G[[t]]/U][t]] is the projectivized arc scheme of G /U, see e.g.
[Mu]). The set of points satisfying these relations contains G[[t]]/H - U[[t]]
as an open dense subset. Indeed, take a product of the highest weight
lines Koy, ® -+ @ Koy, , in V(w1)[[t]] ® -+ ® V(wp—1)[[t]]. Then the set of
Drinfeld-Pliicker data is the closure of the GJ[t]]-orbit of this element and
its stabilizer is H - U[[t]].

In type A this construction can be written down in a very explicit way.
We denote the coordinates in V(wy)[[t]] by X}l), where [ = (1 <i3 <--- <
ir < n)and !l € Z>q (recall that V(wy) is the k-th wedge power of the

vector representation; the coordinate X}l) is dual to v;, A--- Av;, ® th). An
element g € SL,[[t]] is given by n X n matrix whose entries are Teylor series
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in t. Therefore a coordinate X}l) of a point g - Kuv,,, ®---® Ku,,,_, is equal
to the coefficient in front of ¢ of the minor of the matrix ¢ located on the
intersection of the first k rows and 4, ...,%; columns.

Finally, let us note that the Pliicker relations my ,lx1, = Iy ® [, give the
non-reduced scheme structure on the G[[t]]-orbit closure for n > 5. Corollary
4.27 from [KNS|] says that G[[t]]/U][[t]] ~ SpecW and G[[t]]/H - U[[t]] is
the spectrum of multi-homogenous ideals of W. In Section 2] we describe
explicitly the difference between the reduced scheme structure provided by
W and the non-reduced scheme structure defined by K[t] Pliicker relations.
We close this section with an example.

Example 1.13. Let G = SLs. Then one can check that the coordinates of
a point in the open G|[t]]-orbit satisfy the relation

1) (0 1) (0 1) (0 1) (0 1) +(0
(1.6) X§2)X?E4)5 - X§3)X§4?5 + X£4)X§3?5 - X§5)X§321 + X2(3)X£4?5
1) (0 1) (0 1) (0 1) (0 1) (0
- X§4)X£325 + Xz(s)X£3i + X?(,4)X£225 - X?E5)X£221 + Xzis)szga'

We note that ([ILG) does not belong to the ideal generated by the coefficients
of K[t] Plicker relations, because (in particular) in each Plicker relation

the term X};)Xégé shows up together with its companion X}g)X?(jt%. For
example, the sum of (LG) with

0) v (1 0) v (1 0) +(1 0) v (1 0) (1
X§2)X§4?5 - st)X§4?5 + X§4)X§3)5 - X£5)X§321 + X§3)X£4)5
0) (1 0) v (1 0) v(1 0) +(1 0) v (1
- X§4)X£3)5 + X2(5)X£321 + X?E4)X£2)5 - X?E5)X£221 + Xis)X&é-
does belong to the ideal of Plicker relations.

2. SEMI-INFINITE PLUCKER RELATIONS

2.1. Algebra of minors. Consider the set of variables zi(;), 1 <4, < n,
[ > 0. Let ey be the (p,q)-th matrix unit, hp; = e, — €49. We define a
derivation action of sl,, ® K[¢] on the polynomials in these variables by the
following action of generators:

(k=1) . ‘
—Z. s if g = s k > l;
e@®H%?={ * -  PF 4

0, otherwise.
—zy , ifp=j k2
hep @125 =420 ifg = k>0
0, otherwise.

We define the formal series z;;(s) = > pe sz)sk . Let
2 (s) Zuip(s) 0 210(s)
22, (8)  z205(8) -+ z24,(s
(2.1) My ..., (s) = det 1( ) 2( ) k( )

Zh,iy (8)  Zhin(S) o0 Zhiiy(S)
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Note that m;, _; (s) is alternating with respect to permutation of indexes.

l .
Z(-) - st. We consider
1yeenslk

C K[zg)] and define deg m(i)

1] yeeeslf

Let us write the decomposition m;, i, (s) = Yo m
the subalgebra M = K[m(l)

i1,~~~,ik]

Then M is graded by the semigroup of dominant weights:
M= P MM).
reX
Each M()) is sl, ® K[t]-submodule by the degree of t,

= Wg.

M) = éM(A)(”.
=0

Proposition 2.1. The set of elements

O]
{milv---vik ’

form a basis of sl, @ K[t]-module M(wy) ~ W(wy)*.
V

Proof. We have the standard basis of V' (wy,)* =~
ments {X;, ; } defined by:

Xy,

i <ig < -+ <ip 1=0,1,...}

(wp—k) consisting of ele-

ok *
_'Uz.l/\.../\v.

zk’il < e < g

k

Therefore Lemma [[LT0 tells us that {X;, _;, ® t},1=0,1,... is a basis of
W (wg)*. Tt is easy to see that the map {X;, _;, ®t'} — {mg)%} defines the

surjection of modules. Moreover the set {mg?)%} forms a basis of V(wg)*

@

and the dual Weyl module is cocyclic. Thus all the elements m;’ , are
linearly independent. O

= -X

Let Xiy . ipripsi,..in sy 1 yipseniife s

rule we define X7 for arbitrary k-tuple I.

X . = 0. Using this

17---7ip7ip7---i

Proposition 2.2. There exists the surjection of algebras M — W sending
m{ . to Xz(ll) and M(X) to W(A)*.

ilv-"vl
Z(-O) - satisfy usual Plicker relations (see, for
1yeeslke

Proof. Degree zero elements m

example [MS]). Therefore degree zero submodule M(X)(©) is isomorphic
to V(A)*. Consider a polynomial algebra generated by auxiliary variables

XE? .- We define the action of s, ® K[t] on (X(?

yeens? 11 ye-52k

) in such a way that the
map XE?% > mx)lk is an isomorphism of (XE?%> and EBrkliﬁ) M(wy).
We attach the homogeneous degree wjy and t-degree [ to any variable of
O]
derivations:

the form x . Then we have the following surjections of algebras with

6K ] M
(U K[XE? ] W

yeensl
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Let F) be the submodule of K[XE?%] of degree \. Take a homogeneous

polynomial P € K[Xx)lk] of degree X\. Assume that ¢(P) = 0. Then

U(sl, ® K[t]).P N FY does not contain an element of weight A\. Therefore
¥(P) = 0 because W(A)* is cocyclic with cogenerator of weight A in t-degree
0. O

@

Now we construct a family of (quadratic) relations for the elements m

(AT
We take two sets of numbers o = {iy,...,45,} and 7 = {j1,...,Jp}, 11 <
ig...,< g, j1 < J2--r < Jp, ¢ <p. For k € N we consider p+k =a+b
pairwise distinct numbers it ..., %7, g1, -, Jg,- Let

P = {ifl,...,ifa}U{jgl,...,jgb}.

Denote o\ P = {z'f{, . ’Z.f{;fa}’ T\P = {jgxl, . ’jg;—b}' For any a cardinality
a subset A C P,

A= {ylv"' 7ya}7 P\A = {ya+17"' 7ya+b}

with y; < - <y, and ya4+1 < -+ < Yqap We consider

T]l(O',T,P,A) = (if{,... =if;7a=yl=“' ,ya),

T]Q(O’,T,P, A) = (jgll, e ’jg,’;fb’yaﬂ" .. ,ya+b).

Denote by sign(o, 7, P, A) the sign of the permutation shuffling the tuple
Y1y YasYatis-- > Yatd) 0 {if o i, dgrs- gy )

Proposition 2.3. For any 0 < k' < k — 1 we have the following equality in
W([s]]:

sien(o.T 8k/m o,7,PA (8)
(22) Z (_1) gn(o,7,P,A) nlé;k; \A) mnz(mﬂRA)(s) =

ACP,|Al=a

Proof. For any minor m;, . ;. (s) we have the Leibniz rule:
(2.3)

Mai(s) Map(s) - Mo ()
8k288k1 (s) 8k288k1 (s) 8k288k1 (s)
k! ) 22,1 (8 22,i9 (8 . 22,iq S
0 Miy,...iq (3) _ Z det Dsk2 Dsk2 Dsk2
osk : : - :
k1+...+kq:k/ . . .
%244, (s)  0%2q,,(s) o kq 2q,iq(8)

dska dska dska
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Hence equation (2.2]) can be rewritten in the following way:

(2'4) Z Z (_1)sign(U,T,P,A)

ki+-+kq=k' ACP,|A|=a
k1 .
dsk1 ds™1
det : . My, (mT,PvA)(S) -

k .
O 02aig () ghazy (o)
6Skq 85kq

We consider a summand of the left hand side of equation (2.4)):

(2.5) S(k1,....kg) = Z (_1)sign(a,r7P,A)

ACP||Al=a
K1, .
Dok Osk1
det : . : Moy (0.7,P,4) (5)-
okazy;
88kq 88kq

We note that there is less than or equal to k —1 numbers j such that k; > 0.
For any 1 < i < n define the column

o121 4(s AERION
<Zl7i(3)7"'72p,i(3), 881];1( )7._., a;};q( )> 7

0% 2.4 (s)
where the element ok
S

is skipped if k; = 0. All these columns lie in free

K[zg)] [[s]]-module of rank less than or equal to p+k—1. It is easy to see that
S(k1,...,kq) is multilinear function in such columns and alternating with
respect to transposition of p + k columns numbered by y; € P. Therefore

S(ki,...,kq) =0. (]
Corollary 2.4. The following relation holds in W:

sien(o.T 8le o,7,P,A (S)
(26) Z (_1) gn(o,7,P,A) més’k’, A) XﬁQ(UﬂUPvA)(S) =0.

ACP,|Al=a

Now we have the set of relations on generators of W. We want to write
down a linearly independent set of these relations. We prepare the following
definitions.

Definition 2.5. For two strictly increasing columns of numbers
o= (01,...,00), T=(r1,...,7.)"

we write 0 < T if lo > Iy orly =1 and for some j for any j' > j o = 1)
and oj < 7j.
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Definition 2.6. Assume that for some o < T we have the following set of
inequalities:
ol § Tlrsee- ,O‘j1+1 S Tj1+1,
Oj1 > Tj,045,—1 > Tji—1y- 305541 > Tjo+1,
Ojy < Tjyy Oja—1 < Tjo—Tlsee--

We define strictly decreasing sequence of elements

P(o,7) = (01, ,00,—1s - Ol 41s -1 Oj1415 Ojirs Tjis Tjr—1s - - > Tjos Tjoy - - - )-
We set
k(o,7) = |P(o,7)| — l5.

Example 2.7. In the following examples the numbers k(o,T) are equal to
2, 1 and O respectively. The elements of the sets P(o,7) are highlighted
by the boldface font and are given by (7,6,5,4,3,1), (7,5,4,3,1), (7,5,3,2)
respectively.

1 < 2 2 > 1 2 < 2
3 < 4 4 > 3 3 < 4
6 > 5’ 5 < 67 5 < 57
7T < 8 7 7 <
The algebra W for sl, is generated by the elements Xg), where 7 =
(T1y...,7.), 1 <711 < -+ <7 < n. We define the following partial order

()

C . l . .
on monomials in X;”’. Let us consider two monomials

up = X(al) X(%)7 Uy = X(Iil) . X(bp)
w

a1 X X
where .1 > -+ > 10, lul > > 1w If p> o then ug > uy. Assume that
p=o. If (la,...,l») > (ln,...,luw) in lexicographic order then us > up.
Assume that [; = 1,5, 1 <4,5 <n. Let L =1 and write Tf =0,ifj > .
We consider two sequences:

p P p
s(uy) = <Z TE,ZTE_D...,ZT{> ;
=1 =1 i=1
A o
s(up) = <ZM’L,ZM’L_1=-~,ZM’1) :
=1 =1 i=1

Then if s(ug) > s(u1) in usual lexicographic order, then ug > wu;. Assume
that s(uz) = s(u1). We define the following sequence:

p P p
(2.7) sd(w) = <Z(T£ — i)Y (T = i) Y (T = )
i=1 i=1 i=1
P P
2(72—2 - 72—3)27 (T1-1— Ti—g)za - >
i=1 i=1
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and analogously define sd(ug). Then if sd(uz) > sd(up) in usual lexico-
graphic order then us > uq.

Remark 2.8. The order = is not sensitive to the upper indices of the vari-

ables Xg). Forgetting these upper indices, the order = 1is the total term
order.

Let o < 7 be two strictly increasing columns of numbers from 1 to n.

Proposition 2.9. a). For any k' < k(o,7)—1 we have the following equality

in W[[s]]:
(2.8)
. ' Xy (0m,P(0,r
Z (_1)Slgn(0',T,P(O',T)7A) 771( éispk(, ) )7A) (S) XT]2(0-77—’P(0-’7—)’A) (S)
ACP(o,7),|A|=|oNP)|
a b c d
b). We have X(g )Xﬁ ) - X7(71)(U,T,P(O',T),A)X7(72zO'J,P(U,T),A) for any a,b,c,d and

the strict inequality holds for all monomials except for the monomials of the
form XC(,C)ng).

Proof. To prove the first claim we note that equality (2.8) is a particular

case of equality (2.4]).
Now let us prove part b). Assume that n;(o, 7, P(o,7),A) # o. Since

P(o,7) is decreasing, we have

(a) 3 (b) (c) (d)
S(XU XT )2 S(an(U,T,P(U,T),A)an(U,T,P(U,T),A))

and equality holds if ny (o, 7, P(0,7),A); € {0j,7;}, m(o,7,P(o,7),A); €
{oj,7;}. Assume that for some j (0,7, P(0,7),A);y = oj for all j/ > j
and nz(o, 7, P(0,7),A); = 7j. Then 0, 7; € P(o, 7). Thus for some j; either

0 > Tjy0541 = Tj4ly---,05—1 = Tj;—-1,05; < Tj
or
0 <Tj,0j41 = Tj41l,---,05—1 = Tj;—1,045, > Tj;-
f il (a) x-(b) (c) (d)
This implies that sd(Xs ' X77) > sd(X771 (o,T,P(a,T),A)Xng(U,T,P(o,r),A))‘ O

Note that all relations (2.8) are homogenous with respect to the Cartan
weight, with respect to the t-degree (counting the sum of the upper indices
of the variables) and with respect to the homogenous degree. Consider
degenerations of these relations with respect to the partial order 7 > 7:

O X (s)
Osk’

for any k' < k(o,7) — 1. We denote this degenerate algebra by W.

(2.9) X,(s) = 0.

Proposition 2.10. chW > chW.
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Proof. We consider the auxiliary algebra W defined as the quotient of the

polynomial algebra in variables Xg) by the ideal generated by relations (2.8).
We know that W surjects onto W and hence chW > chW.
The term order > defines the filtration on the algebra W. The associated

graded algebra is the quotient of the polynomial algebra in variables Xg)v by
the ideal, which contains all the relations (2.9). We conclude that chW >
chW. (]

2.2. The character formula. We compute the character of the degener-
ated algebra W. Recall the notation (¢), = [[;_;(1 — ¢'). For a non-empty
subset 0 = (01,...,0%) C {1,...,n} we introduce a variable r.

Proposition 2.11.

(2.10) chW(mlwl + -t mp_wp—1) =

>

2o |=k To =Tk

ng<7- k(oﬂ—)ro"‘r Hn Zaai To

i=1%;

[1o(D)r,

Proof. We first note that the space W()\) has several gradings. First of all,

attaching degree [ to a variable X((Tl) one gets the standard degree grading. As
usual, the power of the variable ¢ takes care of this grading in the character
formula. Now, W(\) is additionally graded by the group Z2>n0_2 with the
coordinates labeled by the proper non-empty subsets o C {1,7. ..,n} (since
the relations (2.9]) are homogeneous). More concretely, the homogeneous

part of degree r = (r,), is spanned by the monomials in Xg) such that the
number of factors of the form Xc(y/l)v is exactly r,. So it suffices to find the
g-character of homogeneous part W(r) of W of degree r. We note that this
part sits in W(A) if and only if 37, ro = my, for all k = 1,~.. n—1

We consider a functional realization of the dual space of W(r). Namely,

given a linear function £ on the space W(r) we attach to it the polynomial
fe in variables Y, ;, 0 C {1,...,n}, 1 < j < r, defined as follows. Recall

Xo(8) =250 XWsl. Then
(2.11) fe=¢(I Xo (Vo) .. Xo(Yor,)).

g

We claim that formula (Z11]) defines an isomorphism between the space of

functionals on W(r) and the space Pol(r) of polynomials f in variables Yy ;
subject to the following conditions:

e f is symmetric in variables Y ; for each o,

e f is divisible by (Y, j, — Y;.5,)*@7) for all o, 7, j1, ja.
The first condition is obvious and the second one comes from the relations
[29). We note that the g-degree on W(r) attaching degree [ to a variable
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X(S—l) is now translated into the counting of the total degree in all variables
Y, j. Now the g-character of the space Pol(r) is given by

quf L k(o<T)rors Hn xZaai To
' =1

HU(Q)TJ Z

Indeed, (¢);! is the character of the space of symmetric polynomials in r

variables and the factor [, . (Yo, — sz)k(g’” produces the numerator of
the above formula. O

(2.12)

Corollary 2.12. The homogeneous component W(r) C W has the basis
consisting of monomials of the form

(2.13) [T x& x8 0<t,< - <lo
JC{1772n}

such that for any pair o < T one has ly , > k(o,7)r,.

Proof. We note that the character of the set of monomials ([2.I3]) is equal
to (2.12]). Hence it suffices to show that the elements ([2.I3]) span the space
W(r)

Assume that there exists an element & € (W(r))* vanishing on all the
monomials ([ZI3)). We want to show that in this case £ is zero; equiva-
lently, we need to prove that f¢ = 0. A non-zero polynomial divisible by
[T, <, (Yo — Yr;,)*@7 contains a monomial

(2.14) [T v v, 0<ho< <o
O'C{l,7277/}

such that l; , > k(o, 7)r; for any pair o < 7 (coming from the choice of the

term ch 5»‘17’7) in each bracket (Y, j, — Y5 ,)*(@7). However, the coefficient

in front of monomial (ZI4) is equal to & (X(gll"’) e X(E—l“’"’)). Therefore, if £
vanishes on all the elements (ZI3)), then f¢ is zero. O

Corollary 2.13. In Section [3 we show that the characters of the algebras
W and its degenerate version W coincide. This implies that the union of
monomials 2.13) over allr such that }_,; _yro = my forallk =1,... ,n—1
is a basis of W(A)*.

Remark 2.14. The t-degree zero part of the basis (2.13) is given by the
semi-standard tableauz. In fact, one needs the monomials [213]) with zero
loo for all a and o. This is possible if and only if for any two distinct o, T
such that ro >0 and rr > 0 one has k(o,7) = 0. In other words, the indices
o of a degree zero basis vector can be packed into the semi-standard tabelau.

Remark 2.15. In contrast to the degenerate algebra W, the algebra W does
not have that many gradings. Instead of the group 2220_2 the nondegenerate

algebra has only Cartan Z’;al grading.
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Let us introduce the notation for the ¢g-multinomial coefficient
mg\ (Q)Mk
([r]k>q a H\o\:k(Q)rU.
Recall (q)x = [T5Z1(¢)m,-
Corollary 2.16.

(2.15)
n n—1
(q);l Z qZU<T k(o,T)rors Hxizagﬁa H <mk> > chW()\).
2ol =k To =M =1 k=1 [r]k 1

Proof. This is a reformulation of inequality (ZI0) using the definition of
g-multinomial coefficient. O

Recall the relation between the characters of the local and global Weyl
modules:

(2.16) chW(\) = ()5 'chW ()).

Let W(\) = @50 WMWY be the g-degree decomposition of the local Weyl
module. In particular, the character of each W(\)® is a polynomial in
T1, ... Ty Let Y50 d'Ci(x, . .., x,) be the g-expansion of the left hand side
of (2.I8) multiplied by (¢)x. In particular, each Cj is a Laurent polynomial
in z;.

Lemma 2.17. Let j be the smallest number such that chW (\)U) # C;.
Then chW (M) < C; coefficient-wise.

Proof. Note that the claim is true for global Weyl modules instead of local.
Thus the proposition follows from relation (2.16]) between the characters. [

3. EVALUATION MODULES

In this section we consider representations of the Lie algebras g = sl,, and
g= slop.

3.1. Fusion construction. For any k =1,...,n — 1 let v,, € V(wg) be a
highest weight vector. Given ( € K and k = 1,...,n — 1 we consider the
evaluation g ® K[t]-module V(wy)¢, which is the cyclic module with cyclic
vector v, and the following action of current algebra:

(3.1) z @t =("v,x € g,v € V(wg).

Let A = Zz;% mywy and let (C;), 1 <k <n—1,1<1i<my bea tuple
of pairwise distinct elements. We consider the tensor product:

n—1 my

V()\)(Ck,i) = ® ® V(wk)Ck,i'

k=1 i=1
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Proposition 3.1. [CL, FL1, [FL2, N| The module V(X)) is cyclic with
cyclic vector v of weight . The t-degree grading on U(g ® K[t]) gives a
filtration on V(A) (¢, -

(3.2) {0}:F_1CU(g®1)v:F0CF1CFQC...
The corresponding graded module @32, F;/Fi—1 is isomorphic to W ().

Assume that we have a basis {f,, , ®t'* ... f, ®tleswv} of the space of
elements of weight 1 in V() (¢, .y, Yo,j € A—, o runs from 1 to the dimension
of this space. Its character is a polynomial

qo0 ) .
o >0
Let > ,~0buiq" be the character of the space of elements of weight u in
W(A).

Lemma 3.2. Let j be the smallest number such that a,; # by, ;. Then
a‘/J'vj < blufv.y

Proof. An element

(3.3) Fron @t @ tlesoy

belongs to quil 1,;- Then the t-degree of the image of this element in the

adjoint graded space (aka Weyl module) is less than or equal to Y 2 lo;.
If j is the smallest number such that a, ; # b, ;, then all the elements (3.3))
with 3% 1,;, = j do not belong to the filtration space Fjs for j/ < j. In
addition, there exists a basis element ([3.3) with Y%, l,; > j which belongs
to F;. Hence b, ; > a, ;. O

Corollary 3.3. If there exists a basis of the tensor product V()\)(Ck,i) such
that its character is equal to the left hand side of (ZI5) multiplied by (q)x,
then the inequality (2.13)) is in fact an equality.

Proof. The Corollary is implied by Proposition [[.4] Lemma[2.I7 and Lemma,
O

In the rest of the section we construct a basis with the desired property.
The construction uses an embedding of a Weyl module attached to sl,, into
a Weyl module attached to sly,.

3.2. Embedding of Weyl modules. Let g = sly, and let vy,...,ve, be
the standard basis of the vector representation of sly,. We denote the weight
of v; by €. For a cardinality k set J = (j1 < --- < jx) C {1,...,2n} we
denote by vy € V(wy) the wedge product vj, A --- Avj,. We also denote by
fpq € slan, p < ¢ the matrix unit sending v, to v,.

We consider the inclusion sl, C slp, via tautological map e;; + e;j,
1 <i,7 < n, where the first matrix unit is an element of sl,, and the second
one is an element of sly,. Let A = Zz;i mypwy be a dominant weight; in
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what follows we consider A\ as both sl,, and sly,, weight. To distinguish these
cases we write \ in the slo, case.

Let v be a cyclic vector of the sly, @K [t] Weyl module W (X). The following
proposition can be extracted from the results of [CL], but for the readers
convenience we give a short proof below.

Proposition 3.4. The sl, ® K[t]-module U(sl,)v C W () is isomorphic
to the Weyl module W (\). It is equal to the set of elements of W (X) with
weights in Z{e1, ..., €y).

Proof. Note that all relations of the Weyl module W () hold in U (sl,)v, so
we only need to compare the dimensions. The Weyl module W () is gener-
ated from v with the action of the operators f,; ® t'. We note that a vector

{TIL, firj, © t*1.0} with some j, > n never has a weight in Z{ey, ..., e,).
However the dimension of the space of elements of weight in Z({eq, ..., €,) is
exactly equal to dim W () because of Proposition B.11 O

3.3. Combinatorial construction. For an slg,-weight A = Zz;% MEWE
we consider a tuple of pairwise distinct elements ((;), k = 1,...,n — 1,
1 <i < my and the tensor product:

n—1 my

VN =QRQV (Wi,

k=1 i=1

We construct a basis of this module.

Let B be the set consisting of collections (By;) labeled by pairs k& =
1,...,n—1,1 <14 < my, where each By ; is the set consisting of elements
fpgs 1 < p < g < n satisfying two following conditions:

F1.1If fpq € By 4, then p < k < q.

F2. If f,4, € By and fp,q, € By, then either py < p2 and g2 < ¢1 or
p1>p2 and @2 > q1.

Example 3.5. For n =5 the set B contains the element B = (Ba1,B3,1)
defined by Ba1 = { f1,9, fo8}, B3 = {f1,10, f2,7, f3,6}-

Lemma 3.6. For any pair k,i the sets By ; satisfying F1. and F2. are in
natural bijection with certain basis of V(wy).

Proof. The basis of V(wy) we need consists of vectors

l
H fqujv = V{1, kN preop U {an @ b
j=1

where p; > pjr, q; < gq; for j < j' (see e.g. [FFLI]). O

For a pair (k, ) let vy ; be a highest weight vector of the module V' (wy)¢, ;-
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Corollary 3.7. We have a bijection P between the set B and the basis of
V()\)(Ck,i) defined by the formula

P((Bkﬂ)): H qu V1,1 ® H qu V12 ® ...

fp.a€B11 Ip.a€B1,2

® H foa | Vn—1mn_s-

fp,a€Bn—1,m,_4

Note that all f, , showing up in By ; commute because of condition F'1.
Therefore this basis is well defined. To a set Bj; we attach the set J; C
{1,...,2n} defined by

(3.4) H foqUur =00, = £ /\ Uj-

fra €8k J€Jki
Then
P(Bri) =% Q) .
1<k<n-1
I<i<my,
We consider the following order on the elements f,,, 1 <p < ¢ < 2n:
(3.5) fiz < fis< fas < fuu<fau<faa<fis<...

We fix an element B = (Bj;) € B. For any element f,, € By ; we attach a
degree in the following way.

First, we consider the restriction of B to elements less than f,q, i.e B’ =
(B/{C’i), where Bfﬂ’i = Br,i N { fab: fab < fpq}-

Second, we consider all pairs (k,7) such that B,’m U fpq satisfies conditions
F1 and F2. We call these pairs (p, ¢)-admissible.

Third, we define the following order on (p, ¢)-admissible pairs. Let (kq,i1)
and (ks,12) be two (p, q)-admissible pairs. Let

B;fl,il = {fp1,jQ1,j7 1 S] S ll}; B;@z,iz = {fPQ,jQQ,j’ 1 S j S 12}

If k’l — l1 < k’g — lg, then (k’l,’il) < (k‘Q,iQ). Assume that k‘l — ll = k‘Q — lg.
We COHSideT vectors

@1 = (q10y,--->q1,1) and @2 = (q2,05,- - -, 92,1)-

If ¢1 < @2 in lexicographic order (comparing from left to right, i.e. we first
compare ¢ ;, with g2 ,, then gy ;, 1 with g2 ,_1, etc.), then (k1,41) < (ka,i2).
Finally if k1 — 1 = ko — l2, §1 = G2 (therefore k1 = ko) and i1 < ig, then
(kl,il) < (k}g,ig).

Fourth, we consider all (p, ¢)-admissible pairs with the above order. For an
element f, , € By, we attach t-degree d(p, ¢, k, i) according to the following
definition.

Definition 3.8. d(p,q,k,i) is equal to the number of all (p,q)-admissible
pairs (k',1") such that (k',i") < (k,i) and fpq & B -
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Finally, we define the following element of the universal enveloping algebra
U (sla, @ K[t]):

(36) H(B) — H qu ® td(p,q,k,i)_

fpa€Bk,;i
The product in the formula above is taken in such a way that smaller f,,
are applied first (i.e. the smaller fp,, show up on the right).

Definition 3.9. We define F(B) € V(A)(¢, ) as II(B)v.

3.4. Basis. Let us write a weight over sly, as a linear combination of ¢;,
t=1,...,2n; aroot vector f,, has the weight €, — ¢, and the highest weight

of a fundamental representation V' (wy) is equal to Zle €;-
Let B, be the set of elements B € B such that the weight of F(B) is equal
to u (equivalently the weight of P(B) is equal to pu).

Remark 3.10. In what follows we only consider weights p € Z>o(€p+1, - - -, €2n)-
For such a weight let B be an element in B,. Then conditions F'1 and F2
imply that for each pair (k,i) the set By ; consists of elements f, , satisfying
the following conditions: 1 <p<n<qg<2nandp+q<2n+1.

Definition 3.11. A subset J C {1,...,2n} is called dense if JO{1,...,n} =
{1,...,a} for some a. An element B € B is called dense, if all entries By, ;
correspond to dense sets Jy; in the sense of ([8.4). A vector P(B) is called
dense if B is dense.

Remark 3.12. We note that B is not dense if and only if there exist a, b, k, 1,
a < k such that fu € By, and there is no element c such that fo41,c € By

Now let us take any fp, and put B;C’Z- = Bii N {fab, fab < fpq}, B' = (Bfm)
We call B’ a strict (p, ¢)-restriction of B. In the following lemma we fix p, ¢
with 1 <p<n<qg<2n.

Lemma 3.13. For a sly,-weight 1 € Z>o(€nt1,...,€m) and any B € B,
its strict (p, q)-restriction B’ is dense.

Proof. Follows from the explicit form of the order (8:5) and property F2. O

Recall that we consider irreducible highest weight representations V()
. n—1
of sly, with A =) /"] mywy.

Proposition 3.14. For an sly, weight p € Z>o{€n+1, - .., €m) the elements
{F(B)}, B € B, constitute a basis of the p-weight space of
n—1 my
V()‘)(Ck,z‘) = ® ® V(wk)Ck,i'
k=1 i=1

Proof. We divide the proof into four steps. In Step 1 we consider the de-
composition of an element F(B) in the basis P(B,). In Step 2 we restrict to
the "top” summands from the decomposition of Step 1. In Step 3 we further
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restrict to the dense summands of the "top” part from Step 2. In Step 4
we finalize the proof by proving the non-degeneracy of the transition matrix
from the set 7(B,) to the dense terms from Step 3.

Step 1. Recall that we have order ([B.5)) on elements fp,. We consider the
lexicographic order on sequences (fp.q;,7 = 1,...,a) with fp.o. > fp. 14,01
In other words, we first compare the largest elements of two sequences, then
the next to the largest elements, etc. This order gives an order on multisets
of elements fq.

Note that the weight of an element P ((Bj,;)) depends only on the multiset
M(B) = UgBy,; (i.e. each appearance of an fp,, in a By, increases the
multiplicity of f, 4 in M(B)). For B € B, with 1 € Z>o(€p+1,-- -, €2n), the
multiset M (B) consists of elements f,, with the property p < n < ¢ (recall
that A € Z>q(e1, ..., €,)). We denote the weight of P ((Bg,;)) by wt(M(B)).
Note that if wt(M(B)) € Zso(ént1,---, €2q) then |M(B)| = 2771 kmy,.

We first claim that F(B) € ®M(B)§M(B) KP(B). Indeed, take any sum-
mand of F(B) in the basis P(B). It is of the form

lik
® H fpj,i,k‘lj,i,kvwk = P(B)

1<k<n—1j=1
I<i<my

and the multiset {fp, .} 18 equal to M(B) Assume that

prjlkqjlk _j:pr]qujzkw

and the set {fp},i,kq},i,k .
easy to see that {fpjyi’kqjyi’k,j =1,....Lg} > {fp
Therefore M(B) < M(B).

Step 2. Let us fix a multiset M. We prove that the classes of elements
F(B), M(B) = M, form a basis of @<y KP(B)/ Dri(p)<rr KP(B).

We fix a pair (p,q) and consider the set By ; = Byi N {fap, fab < fpg}s

= (Bj,;)- Consider the decomposition of F(B’) in the basis P(B). Take
a non-dense summand of this decomposition of the form P(B), B = (g;“)
(see Definition B.I3] and Remark B.12]). Then we have:

J =1, Lk} satlsﬁes condition F2. Then it is

dd = Lk}

(3.7) [ freetieekd | PBYe P KPB).
fp/q/EBk,i M(B)<M
fp/q/prq BeBy

Indeed, any nonzero summand of the decomposition of the left hand side of
(B.7) in the basis P(B) has (k,4)-th tensor factor of the form fop fat1,60 [ L) fayVuy
b > b (since fot1p > fap). Therefore the set {fopfar10} U {fey} does not
satisfy condition F'2, which implies M(B) < M.
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Step 3. Recall that we have fixed a multiset M and a pair of indices p, q
with 1 <p <n <q<2n. Let Bim be the set of strict (p, q)-restrictions
of the elements B € B, with M(B) = M. We denote the elements of B;"
by Bi,..., By, so there exist elements By,..., By € B,, M(B;) = M such
that the strict (p,g)-restriction of B; is Bj. For an element B}, 1 < j <g
we consider the decomposition F(B}) = X + Y in the basis P(B), where
X is the linear combination of non-dense summands and Y is the linear

combination of dense summands. We claim that

(3.8) Y =) aiP(B)
=1

and the matrix (a;;) is non-degenerate. This claim would imply Proposition
[314] thanks to Step 2 above. We note that Proposition B.14] follows from
the non-degeneracy of the unrestricted matrix (aj). We introduce the pg-
restriction in order to be able to use the induction on f,,.

We first explain the existence of the decomposition [B.8)). Let (Bj)x; =
(B})MU(B]-);C,Z-, s0 (Bj)g; consists of f,p such that fo, > fp 4. Let P(B’) be
a dense summand of Y. It suffices to show that there exists a permutation o
of the set {(k,i) : 1 <k <n—1,1<1i < myg} such that for each pair k,i the
set Bl/w‘ U (Bj)o(k,) satisfies conditions F'1 and F'2. Such a o is constructed
as follows: let @ = 1,...,n —1 be the minimal number such that f, . € B,’“
We fix a pair k’,7 such that a is the minimal number with f,e € (Bj)g i
Then o(k,i) = (k’,i"). We note that such a pair (k¥’,i') may not be unique,
however, there is one for each (k,7) with a as above.

Step 4. In the rest of the proof we show by induction on (p,q) that the
matrix (aj;) is non-degenerate. The base of induction (p,q) = (1,7 + 1) is
trivial. Assume that (aj;) is non-degenerate for the strict (p, ¢)-restriction.

Several observations are in order. First, for a (dense) summand P(B),
By = ((B))},;) there are exactly

L= |{(k7i)7fp+1,q’ € Bk,hq/ < q}| - H(kvi)vfp,fi € Bk,iv(j < Q}|

pairs k, i such that (B))y; U {fpq} is still dense. It is important to note that
L does not change when we vary [, i.e. L is completely determined by M.

Second, the same number L is the cardinality of the set S; of pairs (k, 1)
such that one can add fp 4 to (B))x,; with (k,7) from S; in such a way that
the result is still a restriction of an element B € B, with M(B) = M.
Moreover, the set S; coincides with the set of pairs (k,i) from the first
observation above.

Third, we note that all pairs (k,i) € S; are (p, q)-admissible. We observe
that if (k,i) € S; and (K',4') ¢ S; are two (p, q)-admissible positions, then
(k,i) < (K',i") (since (K',i") ¢ S; means that the difference between k' and
the cardinality of (B])s i is greater than p, while the same difference for the
pair (k,7) is equal to p).
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Fourth, we fix [ = 1,..., ¢ and consider the tensor product of L copies of
evaluation fundamental sl; modules @), yeg() V (W), ,- The role of f € sl

is played by the element f,,. The set B in this case has 21 elements (recall
that L = |5j|) and the transition matrix ¢, /(1) from F(B) to P(B) is non-
degenerate. We conclude that the transition matrix from the F-basis to the
P-basis after f,, is added (i.e. for (p+1, ¢)-restriction if p < n—1 of for the
(n+1, g+1)-restriction, if p = n—1) is equal to aj;cy 4/ (1). The determinant
of this matrix is equal to det(a; ;)" [, det(cyw (1)). This completes the proof
of the Proposition. O

3.5. Generating function. Let wy be a permutation interchanging ¢ and
2n + 1 — i and let By, = U e yB,. We also fix the notation

wt(fa,c) = €c — €, and

wt(B) = Z Z wt fac

k=1 HN— 1 fa CEBk’L
z:l, LM

€n+1;--,€2n

In particular, wtB is always non positive (negative if B is nonempty). In
the rest of the section we prove the following equality:

(39) Z qzk’i Zfﬂcelgk,i d(a’c’k’i)xwo()\+wt(3))
B€B>n

n n—1
— > s k(om)rors Zo‘ iTo mg
Z qeo< sz > H <[r]k>q

> ok To =m0k i=1 k=1

(to be compared with (2.160])).

Recall that we are working with fundamental representations of the Lie
algebra sly,. More precisely, we are only interested in the weight spaces
corresponding to the weights being linear combinations of €,41,...,€,. In
a fundamental module V' (wy) such vectors are parametrized by

(3.10) f17l1 R kak’ka,’l’L F1< < -+ <lh <2n

(an important observation is that the number of factors is exactly k). In
order to prove (B.9) let us generalize the formula. Namely, we consider the
order on the elements f., 1 <a <n < ¢ < 2n induced by (3.5):

(3.11)

fionats fondts o5 famtnt s find2s fona2s oo famtng2s - 1200 oo 1,20

Remark 3.15. To be precise, we only need the elements fp, with p 4+ q <
2n+ 1 (see Remark[310).

Now for a pair a,c we denote by B<ac the set of all (a, c)-restrictions of
the elements from B.,,. In other words, BS% consists of all collections (By..:)
obtained from a collection (By;) € B, by forgetting all elements greater

than f, . (in the order (3.11])).
The generalization of the formula (3.9) is as follows.
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Let I be a subset of the set {1,...,2n}. We define wt(I) =) ,.;€¢. For
a pair (a,c) such that 1 < a <n < ¢ < 2n we say that I C {1,...,2n} is
(a, c)-completable if there exists a product fi, ... e, k=1, 11 > - >
such that its (a, c)-restriction (in order (3.I1])) being applied to the highest
weight vector v,, is equal (up to a sign) to vy.

We note that if I is (a, ¢)-completable, then I is dense, i.e. IN{1,...,n} =
{1,...,r} for some r. Two examples are in order:

eany I C {n+1,...,2n} is (n — 1,2n)-completable;
e if (a,c) = (1,n 4+ 1), then the completable I'’s are as follows: I =
{1,..,[I|I}if|I| >, I={1} or I ={n+ 1}, if |I| = 1.

Remark 3.16. A dense I = (1,...,70p41,..-,0k), 7 < N, 20 > dppq >
<o >0 > n is (a,c)-completable if and only if

o ZT‘—l—l SC,
e ifi,. 1 =c, thenr+1<a.

In order to state the generalization of formula (39) we need one more
piece of notation. Let

1= (1,...,7’1,ir1+1,...,il(1)), r<n< il(I) <0 < ir1+l < 2n,
J = (17 7T27jT2+17”’ 7jl(J))7 T <n < jl(J) <0< j?”z-i—l <2n

be two (a, ¢)-completable sets. We consider the following sequence P(I,J) =
(p1,--.,pu) (to be compared with P(o,7), see Definition 2.0)).

First, we replace the elements 1,...,7r; in [ and 1,...,79 in J with the
number 2n+1.

Second, if I(I) > I(J), then p1 = dy). If I(I) < I(J), then py = jys). If
I(I) = I(J), then p; = max(iy),ji.;y)). We put the set (I or J) containing
p1 to the left and the other set to the right. If I(1) = I(J) and i) = ji(s),
then we compare i;5y_; and j;(7)—1, etc. until we find i, # ji. Then we
put to the left the set containing max(iy,, jm,). We consider the sets I and
J as columns. We note that the numbers in both columns (non-strictly)
decrease from top to bottom.

Now we move upstairs in the left column writing the elements to P (I, .J)
provided the left element is no smaller than the right one. If at some point
the sign got changed, we change the column and write the corresponding
element to P(I,J). We then continue moving upstairs until the sign is
preserved adding the elements we pass to P(I,.J). If at some point the sign
got changed, we change the column, etc.

Definition 3.17. We define k%(I,J) as the number of times we change the
columns in P(I,J).

Example 3.18. Let I = {1,2,n+4,n+2,n+1} , J={1,n+5,n+4,n+3},
n large enough. Assume that both I and J are (a,c)-completable. Then we
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change 1 and 2 to 2n + 1 and we get the following columns
2n+1 > 2n+1

2n+1 > n+5
n+4 < n+4
n+2 < n+3
n+1

The set P(I,J) is equal to {n +1,n+2,n+3,n+4,n+52n+1,2n+ 1}
and k*°(1,J) = 2.

For a collection of numbers p = (pr)s labeled by the cardinality k subsets
of {1,...,2n} and summing up to my we use the notation

<mk> (@D,
[p]k q H[(Q)p[
We prove the following combinatorial identities parametrized by pairs (a, ¢):

Proposition 3.19.

(312) > ki St ALk n(B)
BeBLS,

n—1
= Z qZ{I,J}k“(I,J)pmJ H (m’f) pr prwt(l)
q

~= i \Plk
I:(a,c)—completable
2\ 1|=k PT="k

Proof. The sum in the quadratic form in the right hand side is taken over
all unordered pairs of I,.J, i.e. each pair appears only once (we note that
kee(I,J) = k%(J,I) and k%(I,I) = 0). We prove formula [B.I2) by in-
duction on a,c in the order (BII). We note that the (n — 1,2n)-formula
coincides with the desired identity (B.9]).

Let us start with the base of induction (a,c) = (1,n 4+ 1). We note that
IB%;ZH consists of collections (B ;) with the following entries: all entries
By ; with k > 1 are empty and the entries of the form B;; are either empty
or equal to fi,41. Indeed, a non empty entry By ; is equal to fi,41. If
k is greater than one, there is no way to extend it to an element of the
form BI0). Now let 1 < i; < -+ < iy < my be the numbers such that
Bii = {fin+1}. Then by Definition B for ¢ such that By ; = {fint+1} the
quantity d(1,n + 1,k,4) is equal to the number of ¢ < i such that By ; = 0.
Therefore,

Z qzk'i pjiey,; Wlki) Atwi(B)

1,n+1
BeBy,

= E < mi ) x)‘+p7l+1ll)t(f1,n+1)'
q

P1+Pn+1=m1 PLs Pt
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Here py+1 denotes the number of nonempty B ; (i.e. the number of ¢ such
that B1; = {fin+1}). We note that fi ,+1 maps vy to vp41, S0 pry1 is equal
to the number of times the basis vector v,+1 shows up.

Before going to the general induction step, let us write down explicitly the
formula for the case (a,c¢) = (n—1,n+1). In this case the (a, ¢)-completable
B are as follows: either By ; = 0 or By; = {fxn+1}- In other words, (a,c)-
completable sets I are either {1,...,k} or {1,...,k —1,n+ 1}. It is easy
to see that for all such I,.J we have k™~1+1(IJ) = 0. According to
Definition B.8 we obtain the following equality

Z qZk,z ijlesk,i d(jvlvkvi)x)\-i-wt(B)

n—1,n+1
BeB.,

P1s Pntl/ ¢ P1,2,...n—15 P1,....n—2,n+1 q

pP1tpn+1=m1
p12+P1,n4+1=mM2

P1,..., n—1+p1,..., n—2,n+1=Mn—-1

% :EM'ZZ;% P1,..k—1,nt1(€nt1—€x)

In fact, according to Definition 3.8 in order to compute the left hand side
of the above formula we count the number of pairs 41,42 such that i1 < i
and By, = 0, Bii, = {frnt+1}. Clearly, the generating function is equal
to the product of g-binomial coefficients given in the right hand side of the
formula.

We now proceed by induction. Assume that equality (B.12]) holds for a
pair (a,c). There are two separate cases: a+c<2n+1and a+c=2n+1.
We work out the first case, the second is very similar.

The element f, . is followed by the element f,4; . (in our case a+ 1+ ¢
is still no larger than 2n 4 1). We consider all admissible places By ;. The
corresponding vectors vy satisfy the following properties: I N {l,...,n} =
{1,...,a+1}and IN{n+1,...,2n} C {n+1,...,c—1}. Let us consider the
set of (a,c)-completable I and the corresponding variables p; showing up in
the formula (312]). We also consider all sets B = (B}, ;) showing up in the left
hand side of (BI12) (for the pair (a,c)) with fixed numbers p; (for all (a, ¢)-
completable I). In order to pass to the (a+ 1, c¢) case we apply the operator
fa+1,c to some of the By ;. As a result some of the (a,c)-completable and
(a+1, c)-admissible I got replaced with I’ = I'\ {a+1}U{c}. By induction
we know that the sum of the terms

qzk,i 2fi€B, d(j’l7kvi)$>\+wt(B)

for all B with the fixed numbers p; for all (a,c)-completable I satisfying
> 1=k PI = My is equal to

n—1
(3.13) e I | <mk> X1 prt(l)
P [Pl g
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(the sum in the quadratic form is taken over all unordered pairs of (a,c)-
completable I, J, i.e. each pair appears only once). We want to control what
is happening with the expression (BI3]) after we pass from the (a,c)-case
to the (a + 1,c)-case. For each (a,c)-completable and (a + 1, ¢)-admissible
I the p; positions of B with By ; producing vector vy are divided into two
parts: the first part consists of the positions where By ; does not change
(hence, I does not change); the second part consists of positions with B,;i =
Bi,i U fat1,c or, equivalently, I’ = I\ {a + 1} U {c}. We denote the number
of the positions from the second group by py/; thus, the number of positions
of the first group is p; — pp. The change from (a,c) to (a + 1,¢) amounts
in multiplication by the expression

(314) H <p1> qZJ<I P]/(PJ—PJ/),
q

T \PI

where the product is taken over all (a, ¢)-completable and (a+1, ¢)-admissible
I and the sum in the exponent of ¢ is taken over all pairs of (a, ¢)-completable
and (a + 1, c)-admissible I,.J with the condition J < I coming from the
rule formulated above Definition B.8 In fact, p;j — py is the number of
(a+1, c)-admissible places smaller than I, which are not occupied by fo11.c.
Multiplying the g-binomial part of (3.I4]) with the corresponding term of
the (a,c) formula (3I2]) we obtain

oo T T () ST

I:(a,c)—completable
I:(a+1,c)—admissible

where
e in the product [[{; (EZ’Z ) the component of the vector [p]; are
q

numbers p; parametrized by (a, c)-completable I;
e in the product HZ;% (E%’Z ) the component of the vector [p]; are
q

numbers p; parametrized by (a + 1, ¢)-completable 1.
We note that

(3.16) 5y = pr—pr, J %S (a+1,¢) admissible,. .
PJ; J is not (a + 1,¢) — admissible.

Therefore,

(317) qZJ<IpI’(PJ_PJ/) — qZJ<I PrPJ

Let us now write down the function k%*1:¢. First, if I and J are not
(a+ 1, c)-admissible, then k+1¢(1,.J) = k%¢(I, J). Second, if I is (a + 1, c)-
admissible, but J is not (a + 1, ¢)-admissible, then

KOEL(L, T) = KTV, ) = kSO, ).
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Third, if both I and J are (a + 1, ¢)-admissible, then
ka-l—l,c(l’ J) — k,mc(l’ J),
kLI, J') = k(1L ),
KL ) = {k‘w([, J), I<J
koo(I,J)+1, I>.J.
Using formula (B1I7]), we derive the (a + 1, ¢)-case of formula (B.12)). O
Corollary 3.20. Equality (39) holds true.

Proof. Formula (3.9) is obtained from formula [B.12)) for (a,c) = (n—1,2n)

via substitution pr = 7y, Where wy is the longest element in the symmetric
group Sy, (note that all (n—1.2n)-completable I satisfy I C {n+1,...,2n}).
O

Theorem 3.21. We have the following formula for the character of the
Weyl module W (X) over sl,:

n n—1
(318) ChW()\) = Z ng<.,. k(o,m)rors Hxlzaai To H <mk> .
=1 q

Yol o= et A

Proof. The character of F-basis is equal to the character of the left hand
side of (ZI8) multiplied by (¢). Therefore Lemma 217 and Lemma
imply our Theorem. U

Corollary 3.22. W ~ M and this algebra is generated by the dual funda-
mental Weyl modules with the set of quadratic relations (2.8]).

APPENDIX A. SYMPLECTIC RANK TWO CASE

The methods from the main body of this paper can be applied to Weyl
modules over Lie algebras of some other types. To illustrate this let us com-
pute the characters of Weyl modules in type C5. Both fundamental modules
satisfy conditions of Lemma[l.9l The fundamental module V' (wy)* has a ba-
sis { X e, Xie, }, the fundamental module V' (w2)* has a basis { X1¢, 4¢,, X0}

Hence the Weyl module W (w;)* has a basis {ngl , XﬂZQ}, the Weyl module
W (w2)* has a basis {Xﬁliez,XO(l)}, l e NU{0}. Let
X,(s) = ZX/(Psl.
1>0
The algebra V=D ,cp, V()" satisfies the following relations:

(Al) X€1+€2X—€1—€2 + X61—62X—61+62 + Xg =05

(A2) X Xoate + X Xejpey + X, Xo =0

and three relations obtained from (A.2]) by the Weyl group. Therefore we
have the following relations in algebra W:
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(A3) X61+62 (S)X—€1—62 (8) + X61—62 (S)X—el-l-ez (S) + X0(8)2 = 0;

(A4) X€1 (S)X—EH-EQ (8) + X—el (S)XEH-EQ (8) + XEQ (S)XO(S) =0

and three relations obtained from (A.4) by the Weyl group. Let R be the
set of nine-tuples of numbers (ric,, T4e,, Tde;tes, 70) Such that re, +7_¢ +
Tey +T—ey =M1, Y. Thete, + 70 = mo. For 7 € R define:

b(f) = Teg—e1T—ea+er + (T62+61 + T—62+61)T—61 + (T€2+61 + 7”62_61)7‘_62,
SUTF) = Tey =Ty T Teyten T Ter—ez = T—erter — T—er—ens
Q(F) =Tey =Ty T Teyter = Ter—ea T Toerter — T—e1—e

Therefore for A = mqiwy + maws we have the following inequality of char-
acters:

A5) @3 [[ ey D™

TER
ma meo
( > ( > > hW(N).
TersT—e13Teay T—eo q T+e1denr T0 q

For a tuple of pairwise distinct elements ((x;), 1 <@ < my, k= 1,2 we
consider the tensor product:

2 my

k=1 i=1
Let v be the highest weight vector of this tensor product.

The negative root vectors of sp, are of the form f_oc,, foco—e;s fo2e0s foente -
We consider the set B of collections B = (By;), k = 1,2, 1 <1i < my, where
By ,; is either empty or contains one of the following elements: f_c,—¢,, f—2¢,,
f—eaters Boi is equal to one of five following sets:

(2)7 {f—261}7 {f—62—51}7 {f—252}7 {f—2e17 f—252}‘

Define the following order on elements f,:

f—251 < f—52—51 < f—262 < f—eg—i—el'

For any B € B the strict a-restriction B’ of B is defined by B’ = (Bj ),
where B; ; = B N {fy, fy < fo}. We define a-admissible pairs in the
following way. A pair (k,7) is a-admissible if the a-restriction B,’m is empty
or @ = —2e, k=2 and B, = {f-2, }. We define an order on a-admissible
pairs in the following way: (k;,z) < (k,j)ifi < jand (2,i) < (1,7). Then for
fa € By define d(a, k, i) as the number of a-admissible pairs (k',4") < (k, 1)
such that fo ¢ By . Then:

FB)= [[ fa®t"@Fu.
faEBk,i
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Proposition A.1. The set {F(B)} is a basis of V(A)(¢, .-
Proof. The proof is analogous to the proof of Proposition [3.141 O

Moreover by direct computations we obtain that the character of the
set F(B) is equal to the left hand side of (A5) multiplied by (q),. Thus
we get the character formula for Weyl modules over Lie algebras of type
Cs. In order to generalize the combinatorial construction to the higher rank
symplectic algebras one will need the monomial bases constructed in [FFL2].
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