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WEAK APPROXIMATION FOR DEL PEZZO SURFACES OF
LOW DEGREE

JULIAN DEMEIO AND SAM STREETER

ABSTRACT. We prove, via an “arithmetic surjectivity” approach inspired by
work of Denef, that weak weak approximation holds for surfaces with two conic
fibrations satisfying a general assumption. In particular, weak weak approxima-
tion holds for general del Pezzo surfaces of degrees 1 or 2 with a conic fibration.
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1. INTRODUCTION

Questions regarding rational points on del Pezzo surfaces (smooth projective
surfaces X with ample anticanonical divisor —Ky) are of long-standing interest
in Diophantine geometry. Two guiding principles are that these surfaces should
have many rational points (if they have any) and that their complexity should
increase as the degree d := K% € {1,...,9} decreases. As such, the cases d = 1,2
are thought of as the most challenging, and they will be the focus of this paper.

One measure of the geometric abundance and distribution of rational points for
varieties over a number field is weak approzimation (Definition [2.1]). Kresch and
Tschinkel [I0] and Varilly-Alvarado [21] have provided counterexamples to weak
approximation for del Pezzo surfaces of degrees 2 and 1 respectively. However,
it is conjectured by Colliot-Thélene that any smooth unirational variety satisfies
weak weak approximation, or weak approximation away from finitely many places,
and all del Pezzo surfaces with a rational point are expected to be unirational.

We shall prove that del Pezzo surfaces with a rational point over a number field
satisfy weak weak approximation, provided we assume the additional structure
of two conic fibrations. While this requirement may seem demanding, any conic
fibration on a del Pezzo surface of degree 1,2 or 4 gives rise to another (Lemma
2.3). Further, Iskovskih [8] showed that any geometrically rational surface is
birational to either a del Pezzo surface or a conic bundle, so one may think of
these surfaces as a special “intersectional” case towards the proof of weak weak

approximation for all geometrically rational surfaces. Indeed, degree-d del Pezzo
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surfaces with a rational point are rational (and so satisfy the stronger property of
weak approximation) if d > 5, while weak weak approximation follows from work
of Salberger and Skorobogatov [14] and Swinnerton-Dyer [19] for the cases d = 4
and d = 3 respectively. For surfaces X with a conic fibration, the arithmetic
complexity is notionally controlled by the number of singular fibers. Indeed, if
m : X — P!is a conic fibration with r singular fibers, then one obtains (by
blowing down components of singular fibers over the algebraic closure) the formula
K% =8 —r, hence X is a del Pezzo surface of degree 8 — r when r < 7. Work of
Kollar and Mella [9] shows that, for < 7, the surface X is unirational as soon as
it possesses a rational point. The arithmetic of conic bundles (surfaces with conic
fibrations) is connected to Schinzel’s hypothesis, the verification of which is one of
the foremost open problems in number theory. In particular, assuming the truth
of Schinzel’s hypothesis implies that the Brauer—-Manin obstruction is the only one
to weak approximation for surfaces with a conic fibration, which in turn implies
weak weak approximation as soon as the surface possesses a rational point. For
details on the connection between Schinzel’s hypothesis and rational points, we
refer the reader to [2, §14.2], and in particular to [2, Thm. 14.2.5].

1.1. Results.

Theorem 1.1. Let X be a smooth projective surface over a number field K with
two conic fibrations m; : X — P i = 1,2. Suppose that X(K) # 0 and that the
following conditions hold.

(a) Fibers from distinct fibrations have non-zero intersection product.

(b) Singular fibers from distinct fibrations do not share a singular point.
Then X satisfies weak weak approrimation over K.

Note 1.2. Our result does not apply only to del Pezzo surfaces. However, when
X is minimal and satisfies the hypotheses of Theorem [LLT], it is necessarily a del
Pezzo surface. Indeed, any minimal rational surface with two conic fibrations
satisfies K% > 0 by [7, Thm. 1.6] and then it is del Pezzo by [8, Thm. 5] (the Nth
scroll Fly possesses, even geometrically, only one conic fibration for N > 2).

Remark 1.3. Since a conic fibration on a del Pezzo surface of degree d € {1,2,4}
induces another (Lemma [23)), we may think of Theorem [Tl as holding for general
del Pezzo surfaces of degrees 1 or 2 with a conic fibration (see Remark [5.§]).

Remark 1.4. By [6, Prop. V.1.4] and [6, Rem. I1.7.8.1], the first condition is
equivalent to the two conic fibrations not being equal up to an automorphism of
P!, hence one may think of it as ensuring that the two fibrations are truly distinct.

We deduce the following result for del Pezzo surfaces of degrees 1 or 2.

Corollary 1.5. Let X be a del Pezzo surface of degree 1 or 2 with a conic fibration

and a rational point. If there exists no 4-Eckardt point in X (K), then X satisfies
weak weak approximation.

For the definition of 4-Eckardt points, see Definition 2.5
By judiciously blowing up, our method gives a new proof of the following result.

Corollary 1.6. Let X be a del Pezzo surface of degree 4 containing a rational
point. Then X satisfies weak weak approximation.



WEAK APPROXIMATION FOR DEL PEZZO SURFACES OF LOW DEGREE 3

The proof of Theorem [[T] builds upon that of [I8, Thm. 1.2], which uses the
two conic fibrations m; and 7, to generate rational points. Starting with a point
P € X(K) on a smooth fiber of m; (the existence of which follows, possibly after
relabelling, from condition (b)), the curve 7, (7 (P)) is a smooth conic with a
rational point, hence it is isomorphic to P} and therefore has many rational points.
By repeating this process with the smooth fibers of w5 through the rational points
of this curve, we produce yet more rational points. The second author proves in
[18] that the K-points generated through this method are enough to prove the
Hilbert property on X, i.e. that X (K) is not thin. In this paper we prove (under
the hypotheses of Theorem [[T]) that by taking this iterative process to its fifth
step, we may verify weak weak approximation on X, which is stronger than the
Hilbert property [16, Thm. 3.5.7].

The proof goes by constructing, for each n > 1, auxiliary rational varieties C/,
over K endowed with morphisms f] : C!, — X, and such that the image of the K-
points of C, contain the K-points obtained through the iterative process described
above. Applying a result of Denef [4], we show that f! is arithmetically surjective
for all n > 5, meaning that for sufficiently large places v of K, f/(C!(K,)) =
X (K,). Using the fact that C! is a smooth proper rational variety, and so satisfies
weak approximation, we conclude that weak weak approximation holds on X.

To apply the aforementioned result of Denef, the main difficulty lies in proving
that every birational modification Cf — X of Cf — X has split fibers over the

codimension-one points of X, and the establishment of this fact (Proposition [(.6)
is the technical heart of our proof.

1.2. Conventions.

Definition 1.7. Let X be a smooth projective surface. A conic fibration of X is
a morphism 7 : X — P! such that all fibers of 7 are isomorphic to plane conics.

Note that all fibers of a conic fibration are automatically reduced: indeed, the
unique irreducible component of a non-reduced fiber would have, by the adjunction
formula, non-integral genus %

Definition 1.8. Let X be a smooth projective surface over a field k, and let

C C X3 be a geometrically rational curve. We say that C'is an exceptional curve
if C? = —1.
Note that, by the adjunction formula, a geometrically rational curve on a del

Pezzo surface is an exceptional curve if and only if it has self intersection —1.

1.3. Notation. Given a number field K, we denote by Val(K) the set of places of
K. Given a morphism of schemes f : X — Y and a morphism Z — Y, we denote
by fz : Xz — Z the base change X xy Z — Z.

2. BACKGROUND

2.1. Weak approximation.

Definition 2.1. Let X be a variety over a number field K. We say that X satisfies
weak weak approrimation if there exists a finite subset of places S C Val(K) such
that X (K) is dense in [],,q X (K,). We say that X satisfies weak approzimation
if we may take S = 0.



4 JULIAN DEMEIO AND SAM STREETER

Weak approximation can be thought of as both an indicator that rational points
are well-distributed (among the local points) and that they are numerous (there
are enough of them so as to be dense in the local points). Weak approximation is
satisfied by A% and is a birational invariant of smooth varieties, hence all smooth
rational varieties satisfy weak approximation. Further, it is connected to the
notion of thin sets.

Definition 2.2. Let X be a variety over a field k and let A C X (k). We say that A
is thin if there exists a finite collection of finite morphisms f; : Y; — X,i=1,...,r
from geometrically irreducible normal varieties Y; such that A\ Ul_, f;(Yi(k)) is
not Zariski-dense in X.

Work of Colliot-Thélene and Ekedahl [16], Thm. 3.5.7] shows that weak weak
approximation implies that the variety in question possesses the Hilbert property,
meaning that the set X (K) itself is not thin. The main result of [I8] is that the
varieties in Theorem [[.1] satisfy the Hilbert property not only over number fields,
but over any Hilbertian field (that is to say, any field over which there exists a
variety with the Hilbert property). It is not known whether every variety with
the Hilbert property satisfies weak weak approximation, although it is suggested
by Corvaja and Zannier [3, §1.5] that this may not be the case.

2.2. Geometrically rational surfaces. In [§], Iskovskih showed that, over an
arbitrary ground field k, any smooth geometrically rational surface is k-birational
to either a conic bundle (a surface with a conic fibration) or a del Pezzo surface.
Thus, when exploring properties such as weak weak approximation which are
invariant under birational transformations of smooth varieties, these surfaces are
of particular significance.

In this paper, we focus on surfaces lying within the intersection of these two
families, i.e. del Pezzo surfaces with a conic fibration. It follows from work of Kollar
and Mella [9, Cor. 8] that these surfaces are unirational as soon as they possess a
rational point. For our methods, we will require two conic bundle structures, but
the following result of Iskovskih shows that this is not too much to ask.

Lemma 2.3. [8, Proof of Thm. 5] Let X be a del Pezzo surface of degree d €
{1,2,4}, and let m : X — P! be a conic fibration. Let C' € Pic(X) be the linear
equivalence class of the fibers of w. Then the class C' = —%KX — C gives rise to

another conic fibration 7' : X — P!, and C - C' = %.

Remark 2.4. From the above, we see that any del Pezzo surface of degree d €
{1,2,4} containing a (possibly singular) curve C with C? = 0 and —Kx - C =
2 is endowed with two conic fibrations, and that fibers from the two fibrations
have non-zero intersection product (so condition (a) of Theorem [[T] is satisfied).
Further, on minimal del Pezzo surfaces, i.e. those containing no exceptional curves
over the ground field, it follows from [§, Thm. 1] that there exist at most two conic
fibrations. As such, while the hypotheses of Theorem [L.1] ostensibly offer greater
flexibility in the choice of the two conic bundles, the scenario in which the two
conic bundles are “dual” as in Lemma should be thought of as the main case.

It follows from the adjunction formula that the singular fibers of a conic fibration
of a del Pezzo surface consist of two exceptional curves meeting in a point, and so
condition (b) of Theorem [Tl concerns points which lie on four exceptional curves.
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Such points play an important role in the arithmetic of del Pezzo surfaces of low
degree, as seen in [15], hence we make the following definition.

Definition 2.5. Let X be a del Pezzo surface and let n be a positive integer. We

say that P € X (K) is an n-Eckardt point if it lies on at least n exceptional curves
of Xf

The above terminology arises from the study of cubic surfaces (del Pezzo surfaces
of degree 3), where points on three exceptional curves are known as Eckardt points.
In the degree-2 case, points on four exceptional curves are known as generalized
Eckardt points (see [15, §2.2]). In each case, such points are distinguished by
the fact that they lie on the maximum possible number of exceptional curves.
However, on a del Pezzo surface of degree 1 over a field of characteristic zero, the
maximum number of concurrent exceptional curves is ten (see [20, Thm. 1.2]).
While n-Eckardt points do not necessarily satisfy the “maximality” property of
their predecessors, they at least share with them the property of lying on many
exceptional curves.

3. AUXILIARY VARIETIES

Let X be a smooth projective surface over a field k. Let m,m : X — P! be
two conic fibrations such that 7, '(P) - 7, '(Q) > 0. Suppose that there exists
Py € X (k) such that the fiber ;' (7 (P,)) is smooth (as noted earlier, this holds,
possibly after relabelling, as soon as X (k) # () for X satisfying the hypotheses of
Theorem [LT]).

We begin by introducing fiber products used in [18] to propagate rational points
on X, which will be central to our proof.

Definition 3.1. Set Cy = {Fy}, and denote by fy : Cy — X the inclusion of Cy
in X. For n > 1, define C), to be the fiber product

CnL>X

la" lm (3.1)

Cn—l — Pl,

7'l'iofn—l
where ¢ = 1 if n is odd and ¢ = 2 if n is even.

From the rational point Cj, we produce the fiber O = 7, (7 (P)) with in-
finitely many rational points (since it is a conic with a smooth rational point),
and in the next iteration, we produce C5, whose rational points correspond to
pairs (P, P5) with P, € Cy(k), Py € 7y (m(P1))(k). In particular, for each of
the infinitely rational points P € C(k) such that 7, *(mo(P))) is smooth, we have
infinitely many rational points on X lying on this fiber (there are infinitely many
such fibers, since my|c, : C7 — P! is dominant). We may think of these fiber
products as giving rise to many rational points on X. Indeed, the rational points
coming from the second iteration are Zariski-dense in X. We will show that, upon
further iterating this process, the task of proving weak weak approximation on X
can be translated to C,,.
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Remark 3.2. The following explicit description of C,,n > 1 will be useful in
Section [0, in which we show that condition (b) of Theorem [[.T]is necessary for our
method:

n
A\

X Xy X Xggmo 0" Xgmg X Xy foom Co i mis odd
n

C, = (3.2)

A

X Xagma X Xy o Xagma X Xy foom Co if mis even .

Here, the two morphisms under each sign “x” indicate the two morphisms with
respect to which we take the fiber product over P'. Under the above identification,
the morphism f,, corresponds to the projection on the first factor.

Proposition 3.3. Let C,, and X be defined as above.

(i) Forn > 2, the morphism f, : C, — X 1is flat, projective and surjective.
(ii) Forn > 0, the scheme C,, is geometrically integral of dimension n.
(iii) Forn >0, C, is a rational projective variety.

Proof. (i) Since flatness, projectivity and surjectivity are preserved under base
change and composition, it suffices to verify that m o f; : C; — P! is
flat, projective and surjective. By miracle flatness [6l Exercise 111.10.9],
the morphism m, o f; is either flat or constant. In the latter case, we
would have that C is contained in a fiber of m, which would imply that
Cy -7y, (P) = 0 for every P € P'. By hypothesis (a) of Theorem [T}, this
cannot hold, hence we deduce flatness. As the composition of projective
morphisms, 7 o f is also projective, and as a non-constant morphism of
smooth projective curves, it is surjective.

(ii) Since the formation of the (), commutes with base change of the field, we
may assume that k is algebraically closed, hence we need only prove that
C,, is integral. We prove this by induction on n > 1 (the claim being trivial
for n = 0).

(n =1): Since C] is smooth and connected, it is integral.

(n —1 = n,n > 2): Assume that C,_; is integral. Note that each 7;
is flat with geometrically integral generic fiber. These two properties are
preserved under surjective base change, so a, : C, — C),_; satisfies them
as well. Applying [11, Prop. 4.3.8] to a,, we deduce that C,, is integral.

(iii) Projectivity follows from projectivity of f,, so it remains to prove ratio-
nality. Again, we induct on n. Note that the cases n = 0, 1 are trivial.

Assume that C),_; is rational. Note that the morphism m;of,, 1 : C,,_1 —
P! is surjective for every n > 2, hence it sends the generic point of C),_; to
the generic point of P!. It follows that the geometric generic fiber of C,, —
C,_1, being a base change of the geometric generic fiber of m; : X — P!,
is isomorphic to P!. Note, moreover, that the morphism C, — C,_; has
a natural section induced by ids,_, and f,—;. Therefore the generic fiber
of C,, — C,_; is a form of P! with a rational point, hence it is isomorphic
to P'. Since C,_, is rational and C,, is integral, this implies that C,, is
rational as well. O

Now let k = K, a number field.
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Let C] — C, be a desingularization of C,,, and f; be the composition C] —

Cy T X. Note that C! is smooth and rational, hence it satisfies weak approxi-
mation. Therefore, in order to verify that X satisfies weak weak approximation,
it suffices to show that for all but finitely many places v € Val(K), the map
fl:Cl(K,) = X(K,) is surjective.

Lemma 3.4. Forn > 3, the generic fiber of f, is geometrically integral, hence so
is that of the composition C], — C,, LNS'S

Proof. First, observe that f, is flat for all n > 2. Indeed, myo f; : C; — Pl is a
finite morphism of smooth curves, hence flat by miracle flatness. Since flatness is
preserved under base change, flatness of f; follows from that of m o f;. Moreover,
flatness of f,11,n > 2 follows from flatness of f,, since flatness is preserved under
base change and composition. For flat proper morphisms, having geometrically
integral fibers is an open condition [5, Thm. 12.2.4(viii)], hence it suffices to show
that, for n > 3, there exists P € X such that f,'(P) is geometrically integral.

Let us first consider the case n = 3. Given P € X, one may identify f;'(P)
with the fiber of 7, o fy : Cy — P! over 71(P), and in turn with the fiber product
of m{*(m1(P)) and 7, (71 (P,)) mapping to P! under 7. A sufficient condition
for (geometric) integrality of this fiber product is that (7, (P)) is geometrically
irreducible (which is true for P not lying on any of the singular fibers of 1) and
the two morphisms to P! have disjoint branch loci (see [18, Lem. 2.8]). On the
other hand, ) € P! is a common branch point if and only if 7, * (@) intersects both
7 (7 (P)) and 77 (71 (Py)) non-transversally. Let  be the intersection product
of fibers from distinct fibrations. Since all fibers of the m; are reduced, it follows
from the Riemann—Hurwitz formula [6, Cor. IV.2.4] that each fiber of 7, intersects
at most 2r — 2 fibers of m; non-transversally. Then, for P chosen outside some
finite union of fibers of 7y, this fiber product is integral. We deduce the result for
n=.3Ja.

Now we establish the induction step. Let F,, be the generic fiber of f,, and
assume that it is geometrically integral. Let FE, be the generic fiber of m; o f, :
C, — P'. By combining Cartesian squares, we see that Fj,11 = E,, Xyp1) k(X),
hence it suffices to verify that E, is geometrically integral. In turn, letting D; be
the generic fiber of 7;, a smooth conic over k(P!), we have E,, = C,, X x D;, and the
generic fiber of F,, — D; is isomorphic to F,,. Since F,, and D; are geometrically
integral and the morphism F,, — D; is flat as the base change of the flat morphism
fn: Cp — X, it follows from [11, Prop. 4.3.8] that E,, is geometrically integral,
hence F), i is also geometrically integral. U

4. SPLITNESS

In this section we give a notion of “split reduction” for surjective proper mor-
phisms between k-varieties f : Y — X, stemming from the following definition
which first appeared in [17, Def. 0.1].

Definition 4.1. We say that a scheme X of finite type over a perfect field F is
split if there exists a geometrically integral open subscheme U C X.
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4.1. Split schemes over DVRs. For a field K and a subfield £ C K, we define
the following set of discrete valuation rings (DVRs):

DVR(K, k) := {DVRs R | k C R C K, Frac(R) = K}.

If K is a finitely generated field over k, we say that R € DVR(K, k) is divisorial
if there exists a normal k-variety X such that its fraction field k(X)) is isomorphic
to K, and a codimension-1 point 7 € X such that R is the image of the DVR
Ox,, € k(X) under the isomorphism k(X) = K. We denote the set of divisorial
DVRs R € DVR(K, k) by DVR/(K, k). Finally, for a k-variety X, we use the
following notation:

There exists a commutative diagram

DVR(X) := { R € DVR'(k(X), k) . Spec R\
Speck(X) — X
Note that, when X is proper, we have DVR(X) = DVR/(k(X), k).
The following definition seems to have never appeared explicitly in the literature,
although it is implicit in several works (see e.g. [17], [1, §3], [4] or [2, Ch. 9]).

Definition 4.2. Let K be a finitely generated field over a field k of characteristic
zero. Let Y be a K-variety, and let R € DVR(K, k). We say that Y has split
reduction at R if for some regular integral proper R-scheme ) with generic fiber
smooth and birational to Y, the special fiber of ) is split.

We say that a proper surjective morphism f : Y — X between K-varieties has
split reduction at R € DVR(k(X), k) if its generic fiber does.

Note 4.3. By standard desingularization results, an R-scheme ) as in Definition
exists for R divisorial. Further, for X and Y smooth, f : Y — X has split
reduction at R = Ox, € DVR(X) (where n is a codimension-1 point of X) if
and only if the fiber of f over n is split. By [I7, Lem. 1.1], the special fiber
of ) is split if and only if there exists a residually closed local flat extension of
DVRs i: R — R’ of ramification index one such that the generic fiber of ) has a
Frac(R')-point. By Nishimura’s lemma [13, Thm. 3.6.11], we see that the above
definition is independent of the choice of R-model ).

4.2. Split fibers.

Proposition 4.4. Let k be a field with chark = 0, and f :' Y — X be a proper
morphism of k-varieties. Assume that there exists an open subscheme U C 'Y
such that fly : U — X is smooth and has split fibers. Then, for every R €
DVR(f(U)) € DVR(X), f has split reduction at R.

Proof. Since f|y is smooth, it is flat, hence f(U) is open. In particular, after
restricting X to f(U), we may assume that f is surjective. Let R € DVR(X) and
¢ € Spec R be the special point. We recall that R € DVR(X) means that R is
a divisorial DVR containing k, whose fraction field is k(X) and such that there
exists a (necessarily unique) morphism ¢ : Spec R — X whose restriction to the
generic point of Spec R is the natural morphism Spec k(X) — X.

We have an open embedding U X x Spec R C Y Xx Spec R. Note that U X x
Spec R, being smooth over the regular ring R, is regular, hence there exists a
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desingularization Y’ — Y X x Spec R that is an isomorphism over U X x Spec R.
In particular, the special fiber Y’ x z £ contains the open subscheme U’ := U x x &,
which is non-empty since ¢(§) € f(U). Moreover, since U' = U x x§ = Up(e) X p(¢)€
and the property of being a split F-scheme is invariant by extension of the base
field F', U’ is a split scheme over k(&). Therefore Y’ x x £ is split, i.e. f has split
reduction at R. O

5. PROOF OF MAIN THEOREM

In order to employ Denef’s result on arithmetic surjectivity, it suffices to show
that some f/ has geometrically integral generic fiber (Lemma [B4]) and has split
reduction at every R € DVR(X). Indeed, in the language of [4], the fiber of a
modification of f/ over a codimension-1 point is split if and only if f! has split
reduction at its local ring. Establishing this split reduction will be our main focus
in this section.

We denote by Bad(m;) C X, 7 = 1,2 the set of points x € X where the morphism
7 : X — P! is not smooth. This coincides with the set of singular points on the
singular fibers of 7;, a finite set of closed points. We endow Bad(7;) C X with the
natural reduced scheme structure.

Lemma 5.1. Let U, U, W, W' be k-varieties and let

W — W

l ) lf (5.1)

U5,
be a Cartesian diagram, where ¢ : U — U’ is smooth. Let S be a subset of U' and,
for each u € S, L, be a finite field extension of k(u), such that:
(i) the fibers of ¢ at points u ¢ S are split;
(ii) for each u € S, the base-changed fiber ¢~ (u)y, is a split L,-scheme;
(iii) for every w € W' such that f(w) € S, there exists an embedding of
k(f(w))-field extensions Ly, — K(w).

Then W — W' is smooth with split fibers.
Proof. This is immediate. O

Lemma 5.2. Let k be a field, X be a split finite type k-scheme and f :Y — X
be a flat morphism with split generic fibers. Then'Y is a split k-scheme.

Proof. Let U C X be a geometrically integral open subscheme, and let n € U
be the generic point. Let Vj be a geometrically integral open x(n)-subscheme of
f~Y(n), and let V C Y be an open subscheme such that V' N f~!(n) = V4. Note
that f|y : V — U is a flat morphism with geometrically integral generic fiber over
a geometrically integral base. Hence the base change V x; k — U X k satisfies
the same properties. Applying [I1, Prop. 4.3.8] to this last morphism, we deduce
that V' is geometrically integral. Since V C Y is open, Y is split. O

Proposition 5.3. Let n > 4. Assume that there exists a non-empty open sub-
scheme U C C,_y such that f, 1|y : U — X is smooth with split fibers. Then,
letting V' := f,_1(U), there exists an open subscheme W C C,, such that f,|w :
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W — X has image 7; '(7;(V)) \ Bad(m;) (where i = 1 if n is odd and i = 2 if n
is even) and is smooth with split fibers.

Proof. After restricting V (resp. U) to V'\Bad(m;) (resp. f,',(V\Bad(m;))NU) and
noting that 7r; *(m;(V)) = 7; }(m;(V\Bad(7;))), we may assume that Bad(m;)NV =
(. Therefore, letting U’ := m;(V) C P! (which is open as m; is flat [6, Exercise
I11.9.1]), we have that V' — U’ is smooth.

Let W' := 7;}(U’) \ Bad(m;). Note that the composition U — V — U’ is
smooth as it is a composition of smooth morphisms. Let W := U xy W', Since
U — U’ is surjective, so is W — W'. Note that we have a natural open embedding
W =U Xy w’ - Cn,1 Xpt X = Cn

In order to illustrate the relationship between the various morphisms introduced
thus far, we include the following diagram.

(5.2)

milv
- > U,

All of the depth-oriented morphisms are open embeddings and the front and back
squares are Cartesian by definition.

We claim that f,|w : W — W’ C X has split fibers. To show this, we use
Lemma [51] on the front square of Diagram (5.2). We must define S and the
extensions L,, and verify that the assumptions of the lemma hold.

Let S C PL be the (finite) subset over which ; has a singular fiber. For each
u € S, let ;7 H(u)" be the regular locus of 7; '(u) and 7; '(u)™9 — Spec L/, —
Spec k(u) be the Stein decomposition of 7; *(u)"® — Spec k(u). Since all fibers
of m; are conics, L! is a quadratic extension of k(u), possibly split. We define
L, := L!, when L! is a field, and L, := k(u) when L! = k(u)®?. Note that all
irreducible components of 7; *(u)"9 (i.e. two affine lines if L, = k(u) and all of
7 (u)" if L, is a field) are geometrically integral L,-schemes, and that ; *(u)
is a geometrically integral (hence split) k(u)-scheme for u ¢ S.

For each w € U’, let W), (resp. V,, U,) be the fiber of W/ — U’ (resp. V — U’,
U — U') at u. Note that, for each uw € S, W/ and V,, are open subschemes of

—1

7, (u)™9. In particular:

(1) W! — Speck(u) factors as W/ — Spec L,, — Spec k(u) (hence assumption
(iii) holds);

(2) Vi Xk Ly is a split Ly-scheme (if L, = k(u)®? this is clear, otherwise
note that m; '(u)" is irreducible, hence V,, is dense in it, and V, Xk(u) L
is dense in the split L,-scheme 7; " (1) X () L)
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Note that, for each u € U’ (resp. u € S), the morphism U,, — V,, (resp. Uy Xj(w)
Ly, — VX Ly) is surjective, smooth and has split fibers, as all of these properties
are invariant under base change and they are satisfied by the morphism U — V.

Applying, for each u ¢ S (resp. u € S), Lemma to the morphism U, — V,,
(resp. Uy Xp(u) Lu = Vi Xi(wy Lu), we deduce that U, (resp. Uy, Xp() L) is a split
k(u) (resp. L,)-scheme, i.e. assumptions (i) and (ii) hold.

We deduce from Lemma [5.1] that the morphism W — W' is smooth with split
fibers, hence we have proved our claim.

Remembering that W’ = m; *(m;(V)) \ Bad(m;) and noting that W is an open
subscheme of C,, this proves the proposition. O

Proposition 5.4. Let n > 4. Let R € DVR(X) be such that f!_, : C/,_|, — X
has split reduction at R. Then f! : C!, — X has split reduction at R.

Proof. Recall that Diagram (3.1) implies the existence of a section o, : C,,_1 — C,,
(commuting with projection to X) to the morphism a, : C,, — C,_;. Being the
dominant base change of a generically smooth morphism, a,, is generically smooth,
i.e. there exists an open subscheme U C C,_; such that a '(U) is a smooth
open subscheme of C,,. In particular, the image 0,,(n(C,-1)) of the generic point
n(Cpn_1) of C,,_1 is a smooth point of the K-variety C,,. Therefore, if C;,_; — C,,_4
is a desingularization of C,,_; and C!, — C,, is a desingularization of C,,, then
there exists a rational map o/, : C/_, --» C/, commuting with projection to X.
Denoting by (C),_;)k(x) and (C})kx) the generic fibers of f,_, and f}, we have
that o], induces a rational map (C,,_;)k(x) --* (C),) k(x) of K(X)-varieties. Since
(Cr_1) k(x) has split reduction at R (see Definition [£.2)), by [I7, Lem. 1.1(a)] there
exists a residually closed local flat extension of DVRs ¢ : R — R’ such that,
denoting by K(R') the fraction field of R', (C)_,)k(x) has a K(R')-point. By
Nishimura’s lemma and the existence of a rational map (C;,_,)kx) --* (C},) k(x),
we deduce that (C})k(x) has a K(R')-point. This last condition implies, by [17,
Lem. 1.1(b)], that (C,) k(x) has split reduction at R, thus concluding the proof of
the proposition. O

Corollary 5.5. If Bad(m) N Bad(mp) = 0, then, for every R € DVR(X), the
morphism fi : CL — X has split reduction at R.

Proof. By Lemma [3.4] the generic fiber of m o f5 : Cy — P! is geometrically
integral. Hence, for a sufficiently small neighbourhood V' of the generic point of
Cy, we may assume that 7 o fo|yy : V' — P! is smooth with geometrically integral
fibers. We let U := m(f2(V)).

For n = 3,4,5, we define U,, by Us = m; *(U) and U,, = m; *(m;(U,_1)) \ Bad(m;)
(where i = 1 if n is odd and i = 2 if n is even) for n =4, 5.

Note that 7, *(U) contains the generic fiber 7, (n(P!)), where n(P') € P! de-
notes the generic point. In particular, m(Us) = mo(m; ' (n(P'))) = P!, hence
Uy = X \ Bad(m). Analogously, Us = X \ Bad(m).

We claim that, for n = 3,4,5, there exists an open subscheme V,, C C,, such
that f,(V,) = U, and f,|v, : Vi, = U, is smooth with split fibers. Indeed, for
n = 3, remembering that the properties of being smooth and having split fibers
are invariant under base change, this holds with V3 := V xp1 o, X C Cs; while for
n = 4,5 this follows (by induction) applying Proposition (.3l with U = V,,_; and
letting V,, .= W.
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Let, for i = 1,2, X; := X \ Bad(m;). We deduce from Proposition .4 applied
to f = fa, (resp. f = f5) and U = Vj (resp. U = Vi), that f; (resp. fi) has split
reduction for all R € DVR(X7) (resp. for all R € DVR(X5)). Since f; has split
reduction for all R € DVR(X}), it follows by Proposition [5.4] that the same holds
for fi.

The assumption that Bad(m;)NBad(m2) = () implies that DVR(X;)UDVR(X>) =
DVR(X). Therefore, we deduce that fi : C; — X, which has split reduction for all
R € DVR/(X;)UDVR/(X3), has split reduction for all R € DVR(X), as wished. [

We now prove the following proposition, the heart of the proof of Theorem [L.1]

Proposition 5.6. If Bad(m) N Bad(ms) = 0, then fi : Ct — X is arithmetically
surjective. That is, fi(CL(K,)) = X(K,) for all but finitely many places v € M.

Proof. The proposition is an application of [4, Thm. 1.2] to the morphism ff :
CL — X. We need only verify that fi has geometrically integral generic fiber
(Lemma [ﬂ]) and that, using the terminology of [4], for every birational modiﬁca—

tion f5 C’ — X of fl : €, — X and every divisor D € X(1 , the fiber f5 (D)

is split. With our definitions, this last condition (that f5 (D) is split) means
precisely that f; : C5 — X has split reduction at the DVR Og ), C DVR(X),
which follows from Corollary [5.5l O

Proof of Theorem[L 1. Let My be the set of places of K and let S C Mg be a
finite subset such that ff(CL(K,)) — X(K,) is surjective for all v ¢ S. We will
show that X satisfies weak approximation off S. Let (P,).¢s € vasX(Kv) be a

collection of lgcal points. By Proposition 5.6, there exists (P, )ugs € [[,¢5 C5(Ku)
such that fi(P,) = P, for allv ¢ S.

As noted in Section Bl C! satisfies weak approximation for every n > 0. In
particular, there exists P € CL(K) that is arbitrarily close (in [Lgs C5(Ky)) to
(Py)vgs, hence fi(P) € X(K) is arbitrarily close to (P,)¢s. O

Remark 5.7. A natural question arising from Proposition is whether 5 is
the minimum value of n for which ¢! — X arithmetically surjective. We shall
therefore give some indication of the picture for n < 4.

n < 1: The morphism C!, — X is not surjective, so it is certainly not arithmeti-
cally surjective.

n = 2: The morphism C] — X is not arithmetically surjective except in the triv-
ial case where the morphism (7;,m) : X — P! x P! is birational. The
morphism C} — X is generically finite of degree m;'(t;) - m, ! (t2) (which
is also the degree of (m,m2)), and so cannot be arithmetically surjective
when this intersection number is greater than 1 (see [16, Prop. 3.5.2]).

n = 3: The morphism C!/, — X is not arithmetically surjective in the following sce-
nario: m; has a non-split singular fiber with singular point P, and the finite
K-scheme 7, ' (m2(P))NC} contains no points defined over the residue field
k(P) (this condition is satisfied if the K-point 71 (F) lies outside the thin
subset 7T1(7T2_1(7T2(P)))( (P)) C P'(k(P))). Indeed, let X be the blowup of

X at P and let E C X be the exceptional divisor. Let R C K(X) = K(X)
be the DVR associated to the generic point of the irreducible divisor E.
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Then one can show that C'; — X does not have split reduction at R. We
omit the proof of this fact, which is obtained through a calculation similar
to the one given in Section [6] of this paper (mimicking, in particular, the
decomposition [6.2)).

: The morphism C! — X is in some sense “quite often” arithmetically sur-

jective. One can prove, using essentially the same proof as that of Corollary
B0 that C) — X is arithmetically surjective if P lies on a smooth fiber
of my and is such that, for every P € Bad(my):

o if ;! (my(P)) is k(P)-split, then so is 77 (71 (P)) Xyt r, C1;

o if 1, '(7 (P)) splits after a quadratic extension L(P)/k(P), then the

fiber product m; (71 (P)) Xy pt x, C1 splits over L(P).

Using the “disjoint branch loci lemma” [I8, Lem. 2.8] and the fact that the
branch locus of the morphism 7|¢, : C; = 7y (71 (FPy)) — P! contains no
fixed points as Py varies (see the proof of Lemma [3.4]) one may show that
the last two conditions are satisfied if P, is Zariski-generic enough (same
for the first, but this holds trivially).

Again, we omit the proof that the conditions above are enough to deduce
that '} — X is arithmetically surjective.

The question of whether there exists an example where Cj — X is not
arithmetically surjective for any choice of Py remains open.

Remark 5.8. The assumption Bad(m;)NBad(ms) = () is not satisfied by all double
conic bundles on del Pezzo surfaces of degrees 1 or 2. For example, consider the
del Pezzo surface X of degree 2 given by

X cw? =2t 4427y + 2 C P(1,1,1,2).

Note that, after rearranging the equation, we may factorise both sides to obtain

where

X : g192 = hiha,

g1z, y, z,w) = w — (:c2 + 2y2),
g2(x,y, 2z, w) = w + (:102 + 2y2),
hi(z,y,z,w) = 22 — 2y,
ho(x,y, z,w) = 22 + 2y°.

From this factorisation we obtain the (dual) conic bundles

m: X =P [xiy:iziw] e gk (or [he: go]),
To: X =P [r:y:z:iw = [—ga:hi] (or [~hy:aqi]).

It is easily seen that the points [1,0,0, 1] belong to Bad(m) N Bad(my). Further,
none of the exceptional meeting at these points is rational, so one cannot simply
blow one of them down to obtain a cubic surface.

On the other hand, a general del Pezzo surface of degree 2 possesses no point
at which four exceptional curves meet. Indeed, such a point exists if and only if
the plane quartic over which the anticanonical model ramifies has an involution,
and the generic plane quartic has trivial automorphism group. Consequently, one
may think of examples with Bad(m;) N Bad(ms) # ) as rare.
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Proof of Corollary[1.0. Since X contains a rational point, it is unirational, hence
X(K) is dense. Blowing up any two points P, P, € X(K) not on exceptional
curves and not both on a curve of self-intersection zero, we obtain a del Pezzo
surface Z of degree 2. Note that, blowing up first at P;, we obtain a del Pezzo
surface Y] of degree 3 with a K-rational exceptional curve E;. The class — Ky, — F
gives rise to a conic fibration on Y7, and the pullback of this class gives rise to a
conic fibration with class C; on Z. Similarly, we may first blow up at P, to produce
a surface Y, with exceptional divisor Fy and pull back the class — Ky, — Es to a
class Cy on Z giving a conic fibration. It follows from [0, Prop. V.3.2] that

Ci=—-Kz—Li+ Ly, Cy=—-Kz+ L — Lo,

where L, and L, are the pullbacks of F; and Fs respectively.

In order to apply Theorem [L.1] it remains to show that we can choose P; and P
so that the singular fibers of these conic fibrations on Z share no singular point.

Suppose that there exists a bad point  on Z (i.e. a shared singular point of
fibers from the two conic fibrations), and let M, ;, i,j € {1,2} be the exceptional
curves meeting at () so that C; = M, ; + M, . It follows from elementary inter-
section multiplicity calculations and the adjunction formula that the projection of
each M;; onto X gives a class D;; whose smooth members are conics on X. It
is well-known that there are ten one-dimensional families of conics on X (defined
over K), and that these split into pairs whose sum (as classes) gives —Kx. It
follows that D, ; + D; o = —Kx. Since M; ;- L; = 2 and M, ; - L3_; = 0, it follows
that D;; and D, are two conics on X meeting precisely at P, and Q). So, it
suffices to show that we can choose P, and P, so that, picking any of the five dual
pairs of conics through P; and any of the four remaining four dual pairs of conics
through P, these four conics do not all meet in one point.

Choose P; € X(K) to be any rational point not on an exceptional curve of X.
Denote by (F;, —Kx — F;), i = 1,...,5 the five pairs of dual conic classes on X.
For each pair, consider the unique pair of representative curves through P;. Note
that F; - (—Kx — F;) = 2, hence these representative curves intersect in at most
one other point );. Now consider the unique pair of dual conics from the four
remaining pairs through each @Q);. Again, each such pair intersects in at most one
other point R; ;. There are at most twenty points of the form R; ;. Choosing P,
outside of this finite set and not on any exceptional curve of X or the ten conics
containing P;, we deduce that the surface Zp, p, obtained by blowing up X at P,
and P, is a del Pezzo surface of degree 2 satisfying the hypotheses of Theorem [L.1]
hence it satisfies weak weak approximation, and therefore X also satisfies weak
weak approximation. O

6. INTERSECTING BAD LOCI

In this section, we explain why our method fails when condition (b) in Theorem
[LI does not hold. This is encapsulated in the following result.

Proposition 6.1. Let X be a smooth projective surface over a number field K
endowed with two conic fibrations 7; : X — P, i = 1,2, satisfying condition (a)
of Theorem [I1. Suppose that there exists Py € X(K) lying on a smooth fiber of
71, and for each n > 0, let f) : C! — X be the morphism defined in Section [3.
Assume that there exists a point P € X (K) such that:



WEAK APPROXIMATION FOR DEL PEZZO SURFACES OF LOW DEGREE 15

(1) P lies in the intersection Bad(m ) N Bad(m), and
(2) 77 (w1 (P)) and 7, ' (72 (P)) are not split.

Then, for every n > 3, f! is not arithmetically surjective.

Note that the assumptions of Proposition are satisfied by the example given
in Remark 5.8

Remark 6.2. The proof may be generalized to the case where P is not defined
over K, assuming that m; *(7,(P)) and m, *(m(P)) are non-split over the field of
definition of P. However, since our primary purpose is to show that our method
fails to produce arithmetically surjective covers in certain scenarios, we assume
that P is K-rational for the sake of simplicity.

Remark 6.3. Proposition holds for n = 0,1, 2 as well, but it is not interest-
ing. Indeed, for n = 0,1, the morphism f/ is not dominant, hence it cannot be
arithmetically surjective. For n = 2, the morphism f} is finite of degree greater
than 1. In fact, f} has degree (7} '(A).7y '(B)), which is greater than or equal to
the local intersection multiplicity (7, *(m (P)).7; (m2(P)))p, which is at least 4.

To prove Proposition we will use [I2] Thm. 1.4], which provides a converse
to Denef’s result via the introduction of pseudo-split schemes, the definition of
which we give below.

Definition 6.4. Let k be a perfect field with algebraic closure k. A k-scheme X
is pseudo-split if for every element v of the absolute Galois group I'y, = Gal(k/k),

there exists a multiplicity-1 irreducible component of X x;, k fixed by 7.

Note that every split scheme is pseudo-split. Indeed, a scheme X as in the above
definition is split if and only if there exists a geometrically integral multiplicity-1
irreducible component, which is then necessarily fixed by every v € I'y.

Denef proves in [4] that a dominant morphism f : Y — X of smooth projective
geometrically integral K-varieties with geometrically integral fiber is arithmeti-
cally surjective 4f, for every birational modification f : ¥ — X of f, the morphism
f has split fibers over all codimension-1 points of X. Loughran, Skorobogatov
and Smeets later proved in [12] that the if of Denef’s result may be replaced by
if and only if upon replacing “split” by “pseudo-split”. So, to prove that (for
every n > 3) f! is not arlthmetlcally surjective, it suffices to prov1de a birational
modification f’ C’ — X of f} and an irreducible divisor D C X such that f’
does not have a pseudo split fiber above the generic point of D.

In particular, using [12, Thm. 1.4], Proposition follows immediately from
the following lemma.

Lemma 6.5. Let X and P be as in Proposition[6.1. Let v : X - X be the blowup
of X at P, and let E C X be the exceptional divisor v—1(P). If ] f’ C’ — X s
any birational modification of f] whose codomain is the blowup X then the fiber
of]?;g above the generic point of E is not pseudo-split.

Remark 6.6. As with Proposition [6.1, Lemma[6.5 may be generalized to the case
P ¢ X(K). In this case, one should instead take the simultaneous blowup of all
conjugates of P, i.e. the blowup at the closed K-point associated to P.
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6.1. Proof of Lemma [6.5. Note that, by [12, Prop. 2.12], it suffices to prove
the claim for one modification. We start by constructing a modification which is
particularly easy to describe.

We denote by 7; : X — P! the composition m; o v for i = 1,2. We warn
the reader that these morphisms are no longer conic fibrations, as the fiber of 7;
at m;(P) has three geometrically connected components (two coming as proper
transforms from the ones on X plus the exceptional divisor).

Note that, in Definition B.1], we never used the hypothesis m; and 7 are conic
fibrations. Since this is the only hypothesis from that setting that does not hold
for the m;, we may define varieties C,, as in Definition Bl but with 7; and X
replacing m; and X respectively. Moreover, note that Proposition B.3] made use
only of the fact that the geometric generic fiber of each m; is rational, which also
holds for 7;. We deduce that, for each n > 1, C), is a geometrically integral variety
of dimension n. Finally, note that we may inductively define natural morphisms
C — Ch, and that these morphisms are birational. In analogy with the notation
of Section [3, we define C’ to be a desingularization of C As a visual aid for the
reader (and the authors), let us draw the following commutative diagram (n > 0):

desing\

f\} ) ~/ ~ fn . ~
fi: (04 » C, > X
I
| bir lbir lblowup at p
\V
desin, f
! . / g\ no
fi: c) » C, > X

where “bir” stands for birational and “desing” for desingularization, and jA’ZL is
defined as the composition on the first row. As is clear from the diagram, the
morphism 6’,’1 —» X is a birational modification of C!' — X. In particular, by
[12, Prop. 2.12], to prove the lemma it suffices to show that the fiber (ﬁb)*l(n) is
not pseudo-split, where n denotes the generic point of the exceptional divisor E
of X = X. _

To prove that (f/)~1(n) is not pseudo-split, we are actually going to prove that
it does not contain any pseudo-split k(n)-subscheme. Although this looks more
difficult, we have the following lemma.

Lemma 6.7. Let f: X — Y be a morphism of k-schemes. Assume that X has a
pseudo-split k-subscheme, then so does 'Y .

Proof. We may assume, without loss of generality, that X is pseudo-split and f is
dominant. Since X is pseudo-split, so is X*™, by definition, so we may also assume
without loss of generality that X is smooth. Moreover, noticing that X — Y
factors through Y,.; (since X is smooth), after substituting ¥ with its reduced
subscheme Y,..4, we may assume that it is reduced. Finally, substituting ¥ with an
open subscheme, we may assume that it is smooth as well (recall that char k = 0).
Hence, the morphism X — Y induces now a morphism Spec Ax — Spec Ay (for
the definition of the k-finite étale algebras Ay and Ay, see [12], §2.2]). According to
[12, Defs. 2.2, 2.10], that X is pseudo-split means that each element of T’y fixes at
least one point of Spec Ax (k). The existence of a k-morphism Spec Ax — Spec Ay
then immediately implies that the same holds for Spec Ay, i.e., Y is pseudo-
split. O
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Remark 6.8. Note that Lemma[6.7]is false if one replaces the property of “having
a pseudo-split k-subscheme” with the property of “being pseudo-split”, as the
following example shows: take f to be the embedding of the unique k-point P of
a non-split reduced singular conic C' (or, in other words, two geometric lines in
the plane switched by Galois action), e.g. P = [0,0,1], C : 2% — 2y*> = 0 C P? over
k= Q.

Note that there is an obvious k(n)-morphism (ﬂ)_l(n) — f;l(n). Hence, by

Lemma [67] we see that to prove that (f/)~!(n) is not k(n)-pseudo-split, it is
enough to prove the following lemma, which concludes the proof of Lemma [6.5

Lemma 6.9. The k(n)-scheme f(n) does not contain any k(n)-pseudo-split sub-
scheme.

The advantage afforded to us by the preceding lemma is that we may hope to
describe the fiber f1(n) explicitly. In fact, this is essentially what shall be done
in the proof of Lemma (we actually give an explicit description of f, }(F)).

Proof of Lemmal6. 9. Recall from Remark B.2] that we have:

— X Xz 2 X Xz = oo X2 X Xz o= Py if n is odd ;
C, = 1,71 2,2 2,72 1,fo0om1 (61)

X Xayms X X5, 7 0 Xagia X X7, foor Fo i nis even,

and that, under this identification, fn O — X corresponds to the projection
on the first factor.

From now on let us assume that n is odd so that we fix the formula to use (the
proof for even n is identical), and let us fix such an n.

Let us write:

alz)?xlpl)?xlpl ~-~><p15(:><p1 P(),
leaving it implicit that the morphisms that define the fibered products are those
of ([6.1]), and that the number of copies of X is n.

For i € {1,2}, define D; to be the strict transform of 7; !(m;(P)). Note that
7 m(P))yea = D; U E. [1

Since we only need to work with reduced schemes (indeed, any pseudo-split
subscheme of f, (1) would necessarily be contained in f,'(7)req), we make the
following:

(Unusual) Choice of notation. From now on in this proof, we will only work
with reduced schemes. So, to simplify certain technical matters, all schemes will
be identified with their associated reduced scheme. In particular, for a morphism
f: X — Y and a subscheme Z C Y, f~}(Z) will actually denote the scheme
f7YZ)ea- Analogously, for morphisms X — Z,Y — Z, the notation X x 7Y will
actually denote the scheme (X Xz Y);eq.

LAlthough this is irrelevant for our proof, as divisors, we have that 7, !(m;(P)) = D; + 2F.
This is why we are about to choose to work with reduced schemes everywhere, so that we can
get rid of the nilpotents at E, which we do not need to keep track of.
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As mentioned above, we will give an explicit expression for the fiber J?;L_l(n). We
claim that there is a “decomposition”:

FUE) =E x;, Dy xp1 X xp1 -+ X xp1 Py U
E x4, E x4, Dy XPI...)Z xp1 Py U
- U (6.2)
E xy B Xy, B Xy, -+ Dy Xp1 Py
Q)? X p1 )? Xp1 -« Xpt )} xp1 Py,

where t; := 7, (P), ty := mo(P) € PYK).
To prove the claim, note that, by definition:

fil(E) =F Xp1 )’Z Xpt « -+ Xp1 )’2 Xp1 PO

n

g)}:Xpl)}:Xpl"'Xpl)}:XPIP@,

However, the image of E in P! under 7|z (the first implied morphism on the left)
is just the point ¢; = Speck, i.e., we have the following factorization:

TilE

TN

E >ty > Pt .

Hence, we have that E Xp: X =E Xy, (t1 Xpr )?) = FE x4, 7i; '(t1). Moreover,

remembering the fact that 7, '(t;) = D; U E, we deduce that F xp X = E x,
T t) = E Xy, 71 (t) = (B x4, D)) U(E x4, E).
Therefore we obtain:
fn_l(E) =F Xp1 )} Xpt - Xp1 X Xp1 PO
=F X1 D; Xpl)’ZXPl j(‘i Xpt PO U
EXtIEXPl)?Xpl )’2 Xpt PO
g)}:Xpl)}:Xpl"' X]pl)?)(]pl P(),

We may apply the same argument as before to deduce that (£ Xz = X) = (E Xy,
D) U (E x4, E), and then, with an easy induction, deduce that:
‘]?7:1<E) =F Xt D1 Xp1 )’Z Xpt - )’2 Xpt PO U
E x4, B X4y Dy Xp1 X xp1 Py U
- U
E xy B Xy E Xy, -+ Dy Xp1 Py U
E xy B Xy E Xy, - EXp1 By

QXXPIXXPI"'XPIXXPIPO.

To prove the claim it suffices to prove now that F x;, E Xy, E Xy, -+ E Xp1 By =
(. However, this is immediate, because the image of E in P! under 7| (the
penultimate implied morphism from the right) is ¢;, while the image of P, under
m|p, (the last implied morphism on the right) is m(F) which is different from
t1, because Py € X(K) is different from P, and it cannot be a smooth point of
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71 (t) = 7 (w1 (P)), because otherwise this fiber would be split over K, which
it is not by hypothesis. This proves the claim.

Remark 6.10. The fact that Fj is different from P is not an arbitrary choice.
Note that, if it were chosen to be P, then for each n > 1, the k-scheme C), formed as
in Definition B.I, would be an integral, but not geometrically irreducible Varietyg.
Also, if one follows the intuition that C), should parametrize K-points obtained
following the procedure of “taking a K-point, then taking another K-point on its
fiber, then switching fibrations”, we see how, starting from P, which is the only
K-point on both 7 (7, (P)) and 7, '(m(P)), we are immediately stuck.

Let us prove now that the k-scheme ﬁ;l(E) does not contain any k-pseudo split
subschemes. We will use the (converse of the) following:

Lemma 6.11. Let X be a k-scheme. If X contains a pseudo-split k-subscheme,
then, for each~y € Ty, there exists an extension of fields F'/k such that the algebraic

closure of k in F is (isomorphic, as a k-extension, to) E<7>, and X (F) # 0.

Proof. Suppose that Y C X is a pseudo-split k-subscheme. The proof follows
immediately upon taking F' to be the function field of a multiplicity-one irreducible
component of Y fixed by ~. O

We are going to give an explicit v € I'y, which makes the condition of the lemma
above fail. _

The k-scheme f,!(E) is a union of subvarieties each of which possess a morphism
to either Dy or D,. Let now Ly and L, be the splitting fields of D; and D, and
let v € T'x be an element such that it projects to the non-trivial element of both
Gal(L1/K) and Gal(Ls/K) (recall that L; and Ly are quadratic extensions of K,
so there is a unique non-trivial element in both those groups). Note that such
an element always exists: it suffices to take any lift of the non-trivial element of
Gal(L,/K) if L1 = Lo, or to take any lift of the element (1,1) of Z/27Z x Z/27 =
Gal(Ll/K) X Gal(Lg/K) = Gal(Lng/K) if L1 7& LQ.

We have now that, for any extension F' of k such that the algebraic closure
of k in F is (isomorphic to) k7 Di(F) = Dy(F) = . In fact, since we have
morphisms Dy — Spec L; and Dy — Spec Lo, we have that, for each k-extension
F’ such that Di(F") # 0 (vesp. Dy(F’) # 0), L1 C F' (resp. Ly C F'). However,
F g L; and F g Lo, because otherwise we would have that one among L, or
Ly would be contained in E<W/>, which is impossible by our choice of 7, which
restricts to a non-trivial involution of both L; and L». It follows that B)r any such
F, f7Y(E)(F) = 0. In particular, by Lemma [B.IT], this proves that f,'(F) does
not contain any pseudo-split k-subschemes, as wished (with the condition of the
lemma failing for the specific v we constructed).

Finally, let us prove that f,!(n) does not contain any k(n)-pseudo-split sub-
schemes.

Recall that 7 is the generic point of E, which is isomorphic to P!. In particular,
we have that k(n) = k(t), where t is a transcendental parameter. We have the

2The integrality follows from the fact that C; = 71 ! (1 (P)) is integral, and then an induction
argument, similar to the one of Lemma [3.4] can be used to show that C,, is integral for all n.
On the other hand, it cannot be geometrically irreducible as there is a dominant morphism
C,, — C1, and the image of a geomtrically irreducible variety is geometrically irreducible.
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following short exact sequence (which arises from the identification of the Galois
group of the extension k(t)/k(t) with that of k/k):

1— Gal(k(t)/E(t)) — Pk(t) = Fk(n) —I'y — 1
Let now 7' € I'y(; be any lift of v € I'y. We claim that, for any k(n)-extension F

/

such that the algebraic closure of k(n) in F' is (isomorphic to) k(n)q >, we have

that (f.1(n))(F) = 0. Note that, by Lemma B.IT, this would conclude the proof
of the fact that f,!(n) does not contain any k(n)-pseudo-split subschemes, and,
hence, the proof of Lemma 6.5l

To prove the claim, assume that there is such an F with (f,(n))(F) # 0. Note
that there is a natural morphism of k-schemes ﬁ;l(n) — ﬁ;l(E), so we deduce

that there exist an F-point in fn_l(E ). Noting that the algebraic closure of k in F’

is isomorphic to the algebraic closure of k in k(n)q >, which is equal to FI =k,

we reach our contradiction, since we already proved that, for such an F, ]?;jl(E)
has no F-points. O
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