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Abstract

It is well-known that the deformation problem of a compact coisotropic submanifold
C in a symplectic manifold is obstructed in general. We show that it becomes unob-
structed if one only allows coisotropic deformations whose characteristic foliation is
diffeomorphic to that of C. This extends an unobstructedness result in the setting of
integral coisotropic submanifolds due to Ruan.
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Introduction

Lagrangian submanifolds are fundamental objects in symplectic geometry with a sim-
ple deformation theory. Given a Lagrangian submanifold L C (M, ), Weinstein’s
Lagrangian neighborhood theorem [26] states that one can identify (M, w) with the
cotangent bundle (T*L, w¢a,) around L. This implies that deformations of L corre-
spond with small closed one-forms on L. Hence, the Lagrangian deformation problem
is linear and unobstructed.

Coisotropic submanifolds encompass the Lagrangian ones, and these submanifolds
show up naturally in various contexts (e.g., zero level sets of moment maps, first
class constraints in mechanics). A coisotropic submanifold C C (M, w) carries a
characteristic foliation F, which plays a key role in the deformation problem of C.
Gotay’s theorem [13] provides an extension of Weinstein’s Lagrangian neighborhood
theorem, showing that one can identify (M, w) with (U, Q) around C. Here, U is a
neighborhood of the zero section of T*F, and Q¢ is a symplectic form constructed
out of a complement G to TF. In contrast to the Lagrangian case, the coisotropic
sections of (U, Q¢ ) are cut out by a highly nonlinear equation, which is actually the
Maurer—Cartan equation of a suitable Ly,-algebra [18, 21]. Moreover, the coisotropic
deformation problem is obstructed in general, meaning that there may exist first-order
deformations which are not tangent to any path of deformations [27].

In this note, we revisit the obstructedness problem for compact coisotropic sub-
manifolds. It appears that obstructedness of the coisotropic deformation problem of
C is intimately related with instability of its characteristic foliation. This is suggested
by the following two results, going in opposite directions:

e Zambon constructed an obstructed example in [27], featuring a compact coisotropic
submanifold C with arbitrarily C!-small deformations whose characteristic folia-
tion is not diffeomorphic to that of C.

e A compact coisotropic submanifold is called integral if its characteristic foliation
F is given by the fibers of a fiber bundle C — C/F. Ruan showed that the
deformation problem of an integral coisotropic submanifold—within the class of
such submanifolds—is unobstructed [20].

These results are our motivation to look at a restricted version of the coisotropic defor-
mation problem of C, which only allows deformations whose characteristic foliation
is diffeomorphic to that of C. In other words, we deform C within the class

Def£(C)
:= {C’ C (M, w) coisotropic : 3 foliated diffeomorphism (C, F) S, FH}.
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Our main result states that this deformation problem is unobstructed (see Theorem 3.5).

Main Theorem. Let C C (M, w) be a compact coisotropic submanifold with char-
acteristic foliation F . The deformation problem of C within Def £(C) is unobstructed.

We would like to interpret this unobstructedness result as follows. Zambon’s exam-
ple [27] shows that the space of compact coisotropic submanifolds of a symplectic
manifold (M, w) is not smooth in general. More precisely, it may fail to be a Fréchet
submanifold of the Fréchet manifold consisting of all compact submanifolds of M.
However, if we define an equivalence relation on the space of compact coisotropic
submanifolds of (M, w), declaring (C, F) and (C’, F’) to be equivalent if there exists
afoliated diffeomorphism between them, then our Main Theorem states that the result-
ing equivalence classes are smooth, in a loose way. It would be interesting to know if
this can be made sense of in a more precise way.

Overview of the paper.

Section 1 collects some background information about coisotropic submanifolds
and the Gotay normal form. We recall that as a consequence of this normal form, first-
order deformations of a coisotropic submanifold C are leafwise closed one-forms on
its characteristic foliation F. With the aim of this note in mind, we also review the
well-known fact that first-order deformations of the foliation F, modulo those induced
by isotopies, are given by the first foliated cohomology group with values in the normal
bundle H'(F; NF).

In Sect. 2, we argue what are the appropriate first-order deformations when deform-
ing a coisotropic submanifold C inside Defr(C). By the above, these are closed
foliated one-forms which in a way should give rise to a trivial class in H'!(F; NF).
This assignment is achieved by a tool which is central in this paper, namely a canonical
transverse differentiation map

dy : H'(F) - H'(F; N*F).

We should note here that since F is transversely symplectic, there is a canonical
isomorphism H'! (F; NF) = H'(F; N*F).Hence, the map d, does indeed give a way
to relate first-order deformations of C—as a coisotropic submanifold—with first-order
deformations of its foliation . We obtain the following description for the first-order
deformations of C within the class Def £(C) (see Lemma 2.6 and Proposition 2.10).

Proposition Let C C (M, w) be a compact coisotropic submanifold. When deforming
C inside Def £(C), a first-order deformation is a closed foliated one-form 8 € QlF)
whose cohomology class lies in the kernel of d,, © H'(F) — H'(F; N*F).

First-order deformations have the following geometric interpretation (see
Lemma 2.12): they are exactly the foliated one-forms g € Q! (F) admitting an exten-
sion E € QY(C) that satisfies d ,5 € Qias(C). Here Q545 (C) are the differential forms
on C that are basic with respect to JF; morally, they are the differential forms on the
leaf space C/F.

In case the coisotropic submanifold C is integral, then our notion of first-order
deformation reduces to closed foliated one-forms g € Q' (F) defining flat sections
of the vector bundle (', V) made up by the first cohomology groups of the fibers
of C — C/F (see Example 2.13). These are exactly the first-order deformations
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considered by Ruan in the deformation problem of integral coisotropic submanifolds
[20].

Section 3 is the core of this note, as it contains the proof of the Main Theorem. We
show that every first-order deformation 8 € Q' (F) of C—as defined in the above
Proposition—is tangent to a path of coisotropic sections «; of the Gotay local model
(U, R2¢), whose characteristic foliation is diffeomorphic to F. The proof is purely
geometric, its main ingredient being a Moser argument (see Lemma 3.4). In case
the coisotropic submanifold (C, F) is integral, our notion of first-order deformation
recovers that of Ruan (see above), and the path ¢; obtained via the Main Theorem
again consists of integral coisotropic submanifolds. So our Main Theorem extends
Ruan’s result [20] stating that the deformation problem of an integral coisotropic
submanifold—within the class of such submanifolds—is unobstructed.

Atlast, Sect. 4 discusses two implications that our Main Theorem has for the classi-
cal coisotropic deformation problem, which allows all coisotropic deformations of C.

First, the Main Theorem yields a partial unobstructedness result in this context. It
shows that first-order deformations of C—i.e., closed foliated one-forms on F—are
unobstructed, if their cohomology class lies in ker(d,). We like to interpret this result
in the following way.

It is clear geometrically that first-order deformations 8 € Q' (F) admitting a closed
extension are unobstructed, since the latter yields a symplectic vector field on (U, Q2¢)
whose flow generates a path of coisotropic sections prolonging 8. In practice, however,
this procedure does not yield many unobstructed first-order deformations: it only
concerns those closed B € Q' (F) whose cohomology class lies in the image of the
restriction map H'(C) — H'(F), which is a finite dimensional subspace. Since the
existence of a closed extension implies that [8] lies in the kernel of d,, the partial
unobstructedness statement resulting from our Main Theorem extends the geometric
fact just mentioned. By contrast, the kernel of d,, is infinite dimensional in general (see
Example 4.4), hence our partial unobstructedness result has the potential to generate
much more unobstructed first-order deformations.

Second, we already remarked that there is an L.-algebra [16] governing the
coisotropic deformation problem of C [18, 21]. Itis given by (F(/\ T*F), {kk}), and it
has the property that its Maurer—Cartan elements correspond with coisotropic sections
of the Gotay local model (U, Q2g). The multibrackets A are constructed out of g,
in particular they depend on the choice of complement G to TF. The L;-algebra
gives a way to detect obstructed first-order deformations of C. Namely, for a first-
order deformation to be unobstructed, it needs to define a class in the kernel of the
Kuranishi map

Kr:HY(F) = H*F) : [B] —~ [Ma(B. B)].

The partial unobstructedness result following from the Main Theorem implies that
ker(d,) is contained in ker(Kr). We double-check that this is indeed the case (see
Corollary 4.15). Actually, we prove a more interesting result. We show that although
the multibrackets A; depend on the choice of complement G, the Kuranishi map has
a canonical description in terms of the map d, and the induced presymplectic form
on C. This highlights once more the role played by the transverse differentiation map
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d, in the coisotropic deformation problem, and it implies in particular that ker(d,) is
contained in ker(Kr).

1 Background and setup

In this section, we first collect some background material about coisotropic submani-
folds in symplectic geometry. We then introduce in detail the deformation problem that
we will consider in this note. Namely, we want to study small deformations of a given
coisotropic submanifold C C (M, w), whose characteristic foliation is diffeomor-
phic with that of C. At last, we recall the necessary preliminaries about infinitesimal
deformations of coisotropic submanifolds and foliations.

1.1 Coisotropic submanifolds and the Gotay normal form

We recall what it means for a submanifold C of a symplectic manifold (M, w) to be
coisotropic. The definition involves the symplectic orthogonal 7'C*, which is defined
by

TCY ={veTM|c:wW,w)=0 Ywe TC}.

We also recall Gotay’s theorem [13], which provides a normal form for (M, w) around
a coisotropic submanifold C. Such a normal form is useful to study small deformations
of C.

Definition 1.1 A submanifold C of (M, w) is called coisotropic if TC® C TC.

We list some alternative characterisations of coisotropic submanifolds C C (M, w).
They involve the pullback wc € Q%(C) of w to C and are proved by straightforward
linear algebra.

Lemma 1.2 For any submanifold C* c (M?", w), the following are equivalent:

(i) Ck c (M?", w) is coisotropic.
(i) wc has constant rank equal to 2(k — n).
(iii) "t =0.

The pullback w¢ is a closed two-form of constant rank, so it defines a presymplectic
structure on C. Consequently, a coisotropic submanifold C has an induced foliation
F, defined by TF = ker(wc). We refer to F as the characteristic foliation of
CCcM,w).

Gotay’s theorem [13] provides a normal form for a symplectic manifold (M, w)
around a coisotropic submanifold C. The local model lives on a neighborhood of the
zero section of the vector bundle p : T*F — C, and it is defined as follows. Choose a
complement G to T F inside TC, and let j : T*F < T*C be the induced inclusion.
Denoting by w4, the canonical symplectic form on 7*C, the closed two-form

Qg = P*a)C + j*wcan
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is non-degenerate along C, hence it is a symplectic form on a neighborhood U of
CCT*F.

Theorem 1.3 (Gotay [13]) If C C (M, w) is a coisotropic submanifold, then a
neighborhood of C in M is symplectomorphic with the local model (U, Q). This
symplectomorphism can be chosen such that it restricts to the identity map on C.

The notation just introduced will be used throughout the paper:

e G is a complement to the characteristic distribution TF of C C (M, w).
e j: T*F — T*C extends an element of T*F by zero on G. We also

denote the induced map on differential forms by j : Q*(F) — Q*(C).
e (U, Q) is the Gotay local model for the choice of complement G.

By Gotay’s theorem, studying C!-small deformations of C C (M, @) amounts to
studying small sections of the local model (U, ©2g) whose graph is coisotropic. The
following result gives a convenient description for the coisotropic sections of (U, Q¢ ).
The statement and its proof use the following pieces of notation. A sectiona € I'(U)
defines a diffeomorphism onto its image, which we denote by 7, : C — Graph(x).
We set iy : Graph(«) < U to be the inclusion map, so we have o = i, o 7, as maps
Cc—-U.

Proposition 1.4 Let Ck c (M*, w) be coisotropic with Gotay local model (U, Q2¢).
For any section o € I'(U), we have

a*Qs = wc —d(j(a)). e

Consequently, the following are equivalent:
(1) Graph(a) C (U, Qg) is coisotropic.
Gi) (a*Qe) "' =0,
(i) wc —d(j(a)) € Q2(C) has constant rank, equal to the rank of wc.

Proof We first check that the equality (1) holds. Denoting by 6.4, the tautological
one-form on T*C, we have

a*QG = Ot*(p*a)c - j*dgcan) =wc —d(jo a)*ecan =wc —d(j(@)).

Here, the second equality uses that p o @« = Id¢, and the third equality holds by the
defining property of the tautological one-form (see [5, Prop. 3.4]), which states that
the section j o € I'(T*C) pulls back the tautological one-form 6.4, € Q' (T*C) to
j(@) € Q).

We now show that (i), (i7) and (iii) are equivalent. By Lemma 1.2, Graph(«) C
(U, Q) is coisotropic exactly when the pullback i Q¢ € Q? (Graph(«)) has constant
rank equal to 2(k — n), or equivalently, when (i;["QG)k_”+l = 0. Since the map
7y : C — Graph(w) is a diffeomorphism, the former statement is equivalent with
T3 (i3Q6) = a*Q¢ having constant rank 2(k —n), and the latter with (*Qe)kt! =
r;((izfz(;)k’”*l) = 0. Along with the equality (1), this proves that (i), (ii) and (iii)
are indeed equivalent. O
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Proposition 1.4 shows that a coisotropic deformation of C defines an exact defor-
mation of the presymplectic structure wc, i.e., we have an assignment

Defy (C) — Def(wc) : o — wc — d(j(®)). 2)

Instead of working with coisotropic sections of (U, €2 ), it is more convenient to work
with the associated presymplectic forms, because these are all defined on the same
manifold C.

1.2 Deformations with fixed characteristic foliation

Given a coisotropic submanifold C C (M, w) with characteristic foliation F, our aim
is to study deformations of C whose characteristic foliation is diffeomorphic to 7. We
will now introduce this deformation space, and a local model for it which conveniently
describes small deformations.

Definition 1.5 We define Def £(C) to be the space of coisotropic submanifolds C” of
(M, w) for which there exists a foliated diffeomorphism (C’, F') — (C, F).

We are interested in elements of Def #(C) C'-close to C. That is, passing to the
Gotay local model (U, Q2¢) of C, we look at coisotropic sections « € I'(U) for which
(Graph(a), ker(i52)) and (C, ker wc) are diffeomorphic as foliated manifolds. In
this respect, note the following.

Lemma 1.6 For any coisotropic section o of (U, Q¢), the following are equivalent:

(i) There exists afoliated diffeomorphism : (C, ker wc) — (Graph(a), ker(i}Q2¢)).

(i1) There exists a foliated diffeomorphism ¢ : (C,kerwc) — (C ,ker(we —
d(j(@)))).

Proof Recall from Proposition 1.4 that the section « defines a diffeomorphism t,, :
C — Graph(a) with inverse p|Graph(w) : Graph(a) — C, satisfying 7} (i3Qg) =
wc — d(j(a)). Consequently, given v, we define ¢ := p|Graph) © ¥. Conversely,
given ¢, we set ¥ := 14 0 ¢. O

The lemma above motivates the following definition, which introduces the local
model Def%(C ) for the space Def =(C). This is the key object of study in this note.

Definition 1.7 Let C C (M, w) be a coisotropic submanifold with characteristic folia-
tion F and Gotay local model (U, Q2g). We set Defg_-(C) to be the space of « € I'(U)
such that

Graph(a) is coisotropic in (U, Q2¢)
There is a foliated diffeomorphism (C, ker wc) = (C ,ker(wec — d(j (oc))))

Remark 1.8 The existence of a foliated diffeomorphism (C, ker w¢) > (C , ker(wc —
a(j (a)))) actually implies that Graph(«) is coisotropic in (U, 2 ), because of Propo-
sition 1.4. Nevertheless, we prefer to include the first requirement in Definition 1.7
for the sake of clarity.

@ Springer



5 Page80f48 S. Geudens

In conclusion, the map (2), combined with the map which takes a constant rank
two-form to its kernel, yields a two-step process

Defy (C) — Def(wc) ket Def(F) : o +— ker(wec — d(j())),

which assigns to a coisotropic deformation « € I'(U) of C a deformation of its
characteristic foliation F. We restrict attention to those elements o € Defy (C) for
which the image under this map is equivalent with F by means of a diffeomorphism.

Example 1.9 We present a class of coisotropic submanifolds that have an abundance
of deformations with diffeomorphic characteristic foliation. If C C (M?*, w) is
coisotropic of codimension ¢, then C is called of q-contact type [3] if there exist
ap, ..., 0 € Q' (C) such that:

(1) doj =wcfori=1,...,q.
Q) arn... ANy /\a)'é_q is nowhere zero on C.

We give some concrete examples. First, a Lagrangian torus C C (M?", w) is of n-
contact type with o; = d6;, where (01, ..., 6,) are the angular coordinates on the
torus C. Second, the unit sphere $3 C (R*, wc4,) is of 1-contact type with & equal to
the usual connection one-form on S3 for the Hopf fibration, i.e.,

2

a=i* ijdyj — yjdx;
j=1

There is a normal form around coisotropic submanifolds of g-contact type [3, Lemma
1] which refines Gotay’s theorem, stating that a neighborhood of C in (M, w) is
symplectomorphic with the model

q
(C x B2, p*oc + Zdleft(ym*oz,-right)) . 3)

i=1

Here, 33 is the e-ball in R? centered at the origin, (y1, ..., y,) are the coordinates
on B and p : C x B! — C is the projection. As a consequence of this normal
form, all slices C x {h} for small enough & € B{ are coisotropic deformations of C
whose characteristic foliation is diffeomorphic with that of C. Indeed, pulling back
the symplectic form (3) to C x {h}, we obtain

q q

iy (P*wc + Zd (yip*ai)) = (1 + th) Pltxm@c-
i=1 i=1

This shows that as long as ||/] is small enough so that 1 + Z?:] h; is nonzero, then

C x {h} is coisotropic, and the projection p|cxn} : C x {h} — C is a diffeomorphism
which matches the characteristic foliations of C x {h} and C.
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1.3 First-order deformations of coisotropic submanifolds and foliations

There are two classes of geometric objects whose deformation theory is important in
this note, namely coisotropic submanifolds and foliations. At the infinitesimal level,
the deformations of these objects are governed by certain cochain complexes and their
associated cohomology groups, which we now recall.

1.3.1 Coisotropic submanifolds

Let C C (M, w) be a coisotropic submanifold with characteristic foliation F. It is
well-known that the complex governing infinitesimal deformations of C is the leafwise
de Rham complex (Q*(F), dr), see [18, 22]. Here Q¥(F) := T'(AFT*F), and the
differential d r is defined by the usual Koszul formula

k
dra(Vo, ..., Vi) = Y _(=D'Vi(@(Vo, ... Vi1, Vi, Vigr, ... Vo))
i=0

+ Y DV Vil Voo Vi Vi V).

i<j

We spell this out in the following lemma, which was already obtained in [22, Cor. 2.5]
using Poisson geometry. We give a simple alternative argument, which only relies on
Proposition 1.4.

Lemma 1.10 Let C¥ ¢ (M?", w) be coisotropic with Gotay local model (U, Q¢). If
o; is a smooth one-parameter family of coisotropic sections of U starting at the zero
section oy = 0, then &y is closed with respect to dr.

Proof By Proposition 1.4, we have

(a;kQG)k—rH-l
t=0

d

anG) A (@G Qe)"
t=0

d
:(k—n—i—l)(a

@c—ﬂﬂ%W)Aw?”

t=0
= —(k —n + 1)d(j(60) A", )
also using that the pullback of Q¢ to the zero section is w¢. Since C is coisotropic,
we know that k > n, hence (4) implies that d(j(dg)) A a)lé_" =0.Soforall V,W e
I'(TF), we have
0 = twev (d(j (G0) A ™) = (dréo)(V, Wwg ™.

By Lemma 1.2 (i7), the rank of w¢ is 2(k — n), so that a)]g” is nowhere zero. So we
necessarily have that (dzd&o)(V, W) vanishes, which shows that d &g = 0. O

@ Springer



5 Page100f48 S. Geudens

This result motivates the following definition.

Definition 1.11 Assume that C C (M, w) is a coisotropic submanifold with charac-
teristic foliation F and Gotay local model (U, Q25).

(i) A first-order deformation of C is a foliated one-form B € Q'(F) which is
dr-closed.

(i) A first-order deformation S is said to be unobstructed if there exists a smooth
path o, of coisotropic sections of U starting at the zero section ag = 0, satisfying
&g = B. Otherwise, we say that 8 is obstructed.

It is well-known that a coisotropic submanifold C has obstructed first-order defor-
mations in general, reflecting the fact that the space of coisotropic submanifolds may
fail to be smooth around C. See [27] for an example where this occurs.

1.3.2 Foliations

Let F be a foliation on a manifold C. The normal bundle NF := TC/T F carries a
flat T F-connection, called the Bott connection, which is defined by

VxY =[X,7], X e(TF),Y e (NF).

We obtain a complex (Q’(]-"; NF), dv), where Q¥(F: NF) := T(AKT*F @ NF)
are foliated forms with values in NF, and the differential dv is defined by

k
dyn(Vo, ..., Vi) = > _(=1'Vy,(0(Vo, ..., Vi1, Vi, Vigt, .., Vo)

=0
+ DD (Vi VA Voo Vi Vi V).

i<j

The work [14] of Heitsch shows that infinitesimal deformations of the foliation F
are one-cocycles in (Q‘(]—' i NF), dv). Moreover, if a smooth deformation of F is
obtained applying an isotopy to F, then the corresponding infinitesimal deformation
is a one-coboundary in (Q'(f s NF), dv). We now spell this out in a bit more detail.

Assume we are given a smooth path of foliations F; with 7y = F. We fix a
complement G to TF and identify G = NF. The induced Bott connection on G is
given by

VxY =prglX, Y1, Xel(TF),Y el'(G),

where pr; : TC — G is the projection. Say that C is compact, then there exists € > 0
such that 7' F; is still transverse to G for 0 < ¢t < €. We can therefore assume that

TF; = Graph(n) = {X +n(X) : X e T(TF)}

for some 1, € I'(T*F ® G). The next result is essentially [14, Cor. 2.11] and [14,
Prop. 2.12].
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Lemma 1.12 In the setup described above, we have:

(1) The infinitesimal deformation 1 is closed with respect to dy.
(2) If the path F; is generated by an isotopy (¢,), i.e., TF; = (¢;)«TF, then the
corresponding infinitesimal deformation is exact. Indeed,

1o = dv (prgVo),

where (V;) is the time-dependent vector field corresponding with the isotopy (¢;).

Remark 1.13 Actually, [14, Prop. 2.12] only concerns infinitesimal deformations aris-
ing from a path of foliations generated by the flow of a (time-independent) vector field.
However, it is clear that the proof still works when the vector field is time-dependent,
and the resulting statement is part (2) of Lemma 1.12.

Lemma 1.12 justifies the following definition.

Definition 1.14 Let F be a foliation on a manifold C.

(i) A first-order deformation of  is an element n € Q!(F; NF) which is dy-
closed.
(ii) We call F infinitesimally rigid if the cohomology group H'(F; N F) vanishes.

Let us also mention here that the Bott connection V on N.F induces a flat T F-
connection V* on N*F = TF. The two are related by the Leibniz rule

X{Y,B) = (VxY,B)+(Y,ViB), XeT(TF),Y e(NF),B e (N*F).
©)

Of particular interest to us is the case in which the foliation F is transversely symplec-
tic, i.e., TF = ker wc for a closed two-form wc € Q2(C). Then, we have a vector
bundle isomorphism wbc : NF — N*F, and it was noticed in [23, Lemma 5.2] that
this isomorphism is compatible with the flat connections V and V*, i.e.,

Vi(0p (V) = wp(VxY), X e T(TF),Y € T(NF).
It follows that wbc induces an isomorphism of complexes

1d® wp : (((AT*F @ NF), dy) — (T(AT*F @ N*F), dy),

hence also an isomorphism in cohomology H*(F; NF) S H*(F; N*F).

2 First-order deformations and the transverse differentiation map

In this section, we investigate what happens at the infinitesimal level when deform-
ing a coisotropic submanifold C inside the class Def#(C). We argue that first-order
deformations of C are leafwise closed one-forms a € Q'(F) whose cohomology
class [o] lies in the kernel of a certain transverse differentiation map d, : H'(F) —
H'(F; N*F).
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2.1 Smooth pathsin Defg_-(C)

In order to linearize the conditions in Definition 1.7, we first need to specify what
are smooth paths in the local deformation space Defg(C). We will start by defining a
notion of smooth path in Def #(C), which we use to induce a notion of smooth path
in Def%.(C).

Definition 2.1 A path C; in Def£(C) is smooth if there is a smooth path of embeddings
®; : C — M such that C; = ®;(C) and ®; : (C, F) — (C;, F;) is a foliated
diffeomorphism.

In what follows, it is crucial that a smooth path in Def ~(C) comes with a smooth
family of foliated diffeomorphisms. We comment some more on Definition 2.1 in the
following remark.

Remark 2.2 Note that there is a 1 : 1 correspondence between the spaces

®(C) is coisotropi
Embz(C) := {Embeddings ®:C—> M: (C) is coisotropic }

Lw®P*0o=0VYveTF
and
Pairs £(C) := {(C’, ¢) € Def£(C) x Diff(C, C")| ¢ : (C, F) S, f/)} .

There is an obvious notion of smooth path in Emb£(C), while Pairs #(C) clearly
surjects onto Def ~(C). We obtain our notion of smooth path in Def #(C), by declaring
a path (C;) in Defr(C) to be smooth if it lifts to a smooth path in Pairs.r(C) =
Emb £ (C).

We now make a choice of tubular neighborhood of C via Gotay’s theorem, and we
restrict to C!-small deformations of C that stay inside this neighborhood (U, Q¢).

Definition 2.3 A path o, in Def%(C) is smooth if there is a smooth path of embeddings
®, : C — U suchthat Graph(a;) = ®,(C) and po®, : (C, kerwc) — (C, ker(wc—
d(j(e)))) is a foliated diffeomorphism.

Remark 2.4 Asin Rem. 2.2, there is a 1 : 1 correspondence between the spaces

®(C) = Graph(«) for some « € T'(U)
Embg_- := { Embeddings ® : C < U : { Graph(«) is coisotropic
WP *Qe =0 Yve TF

and

Pairsg_- )

= {(a, ¢) € Def(C) x Diff(C)| ¢ : (C, kerwc) — (C, ker(wc — d(j(a))))} .
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Explicitly, the correspondence is given by
Emb% — Pairs(C) : @ — (P o(pod®)™!, pod),
with inverse
Pairs-(C) — Emb¥%: (o, ¢) > a0 .

Again, there is an obvious notion of smooth path in Emb"., while Pairsy_-(C ) clearly
surjects onto Defg_-(C ). We then obtain our notion of smooth path in Def%-(C ), by
declaring a path (o) in Defy_-(C ) to be smooth if it lifts to a smooth path in Pairsg_- o)==
Emb%.(C).

2.2 First-order deformations

Given a smooth path ¢; in Defﬁ,i_(C) deforming C, we will now figure out what prop-
erties are satisfied by the corresponding infinitesimal deformation &y. We first give
a non-canonical description of infinitesimal deformations in terms of a certain chain
map. We then rephrase this description in a canonical way by passing to cohomology.

2.2.1 A provisional definition
One would expect that in some way, the infinitesimal deformation ¢ gives rise to a
trivial infinitesimal deformation of the foliation ', namely a 1-coboundary in the Bott

complex (SZ' (F; G), dv). We claim that this happens by means of the following map,
which we denote provisionally by .

Definition 2.5 Let @ : [(AKT*F) — I'(AKT*F ® G) denote the map defined by

(@@)(Vi. ..., Vi), B) = d (@) (V1. ... Vie. (@) (B))

fora € T(AKT*F), B € T(G*) and V1, ..., Vi € T(TF).
In other words, the map P is defined as follows. For o € I‘(/\k T*F), we have that
d(j(@) €e TIANTIT* P @ TN T*F @ G*) & T(ANTIT* F @ A2G™).
The map ® picks the componentin I'(A¥T* F®G*), and then applies the isomorphism
—d® (0p) AT F @ G - AN T*F R G.
Lemma 2.6 Let C C (M, w) be a compact coisotropic submanifold with local model

(U, Q). Assume that a; is a smooth curve in Def{]{-(C) passing through C at time
t = 0. Then, the infinitesimal deformation & satisfies the following:

(1) driag =0,
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(2) D (&o) is exact in (Q’(]—'; G), dv).

Proof We already know that item (i) holds by Lemma 1.10, so we only have to prove
(ii). Compactness of C implies that there exists € > 0 such that ker (wc —d(j (a,))) C
TF & G is still transverse to G for all 0 < tr < €. This means that there exist
n; € D(T*F ® G) such that ker (a)c — d(j(a,))) = Graph(n,) for all ¢ € [0, €]. So
for all v € T F, we have that v + n; (v) € ker (a)c —d(j (a[))), it follows that

(e = d(j @) (m ) = d(j(@)’ ).

Differentiating at t = 0, we get

wp-(1o(v)) = d(j (@0))° (v).

Consequently, for any 8 € G*, we have

(@ (&0) (v), B) = d(j (@) (v, (@)~ (B))
= (wp- (o)), (0p) ' (B))
= (= 1io(v), B),

showing that ®(&9) = —1jp. It remains to argue that 7y is a coboundary in
(Q'(]-'; G), dv). Since «; is a smooth path in Defl]J_-(C), Definition 2.3 guarantees
that there exists a smooth family (¢;) € Diff(C) such that

¢ : (C, TF) = (C, Graph(n,)).

Precomposing ¢; with ¢y ! we can assume that ¢9 = Idc, so that the family of
foliations Graph(n;) for ¢ € [0, €] is generated by applying an isotopy to 7 F. Part (2)
of Lemma 1.12 now implies that 1o is indeed exact in (Q*(F; G), dv). This finishes
the proof. O

The above lemma motivates the following provisional definition.

Definition 2.7 (Provisional) When deforming C inside Def £ (C), a first-order defor-
mation is a foliated one-form g € Q' (F) such that dzf = 0 and ®(B) is exact in
(Q*(F; G), dv).

2.2.2 A canonical definition

Definition 2.7 is not entirely satisfactory, since it makes reference to the chosen com-
plement G. In what follows, we derive an equivalent definition which is completely
canonical. This is done by showing that ® is a chain map (up to sign), and that the
induced map in cohomology is canonical (i.e., independent of the complement G). The
proofs of these statements use ingredients from the spectral sequence of the foliation
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F. We defer the proofs to Sect.5.1 in Appendix, to avoid disrupting the flow of the
paper.

The description of the map in cohomology induced by @ involves the following
well-known operation in foliation theory. Recall that any foliation F comes with a
transverse differentiation map, denoted by

dy: H*(F) - H*(F; N*F). 6)

This map is constructed as follows [19]. If r : Q°*(C) — Q°(F) denotes the restriction
to the leaves of F, then there is a short exact sequence of complexes

0 — (Q%(C), d) = (Q°(C), d) 5 (Q*(F),dF) — 0.
It induces a long exact sequence in cohomology
coo = HE(C) > HYC) — HNP) S HE(C) > HMY(C) > BN (F) > -
The connecting homomorphism 0 is defined as
v: HYF) —» HE(O) : [a] = [dd], (7)

where @ € QF(C) is any extension of o € QF(F). Next, let p : Q’;FI(C) —
QK(F, N*F) denote the map characterized by

(PBV1, ..., Vi), N)= B(V1,..., Vi, N)

for Vi,...,Vy € T(TF) and N € T'(NF). This map is well-defined because forms
in Q;L-(C ) vanish when evaluated on elements of I' (7' F). Since p commutes with the
differentials d and dvy+, there is an induced map in cohomology

[p]: HE'(C) - HN(F; N*F). 8)

The transverse differentiation map (6) is obtained by composing the maps (7) and (8).

Definition 2.8 The transverse differentiation map d, is defined by
dy : HY(F) - HYF; N*F) : [a] — [pda)],

where @ € QF(C) is any extension of @ € Q¥(F).

Remark 2.9 The map d, appears for instance in the study of symplectic foliations
(F, w). There d,[w] € H%(F; N*F) measures the transverse variation of the leafwise
symplectic form w € Q*(F), which plays a role in the integrability problem for the
associated regular Poisson structure [8, §5].

The following result allows us to describe first-order deformations of C inside
Def £(C) in a canonical way. For the proof, we refer to Sect.5.1 in Appendix.
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Proposition 2.10 (i) The map
P (QUF). dr) > ((F; G),dvy)

is a chain map, up to sign. That is, ® odr = —dy o .
(ii) The map [®] induced in cohomology is canonical, since it agrees with

[—1d® ()] od, : H'(F) - H*(F; NF).

Because the map [ — Id ® (w"c)’l] : H*(F; N*F) — H°*(F; NF) appearing in
Proposition 2.10 is an isomorphism, we can now rephrase Definition 2.7 as follows.

Definition 2.11 When deforming C inside Def =(C), a first-order deformation is a foli-
ated one-form 8 € Q! (F) such that dzB = 0 and the cohomology class [8] € H!(F)
lies in the kernel of the transverse differentiation map d, : H'(F) — H'(F; N*F).

We finish this section by giving a geometric description of first-order deformations.
For the proof, see again Sect.5.1 in Appendix.

Lemma 2.12 Let C be a manifold with a foliation F. Forany B € Q' (F), the following
are equivalent:

(1) drp =0and dy[B] =0, 5
(2) There exists an extension 3 € QL) of B suchthat tydB = OforallV e T'(TF).

Recall that a differential form n on a foliated manifold (C, F) is called basic
if tyn = 0 and £yn = 0 for all V e I'(TF). If the foliation F is simple, this
means that n descends to the leaf space C/F. The basic differential forms constitute
a subcomplex (27 (C), d) of the de Rham complex. Statement (2) in Lemma 2.12

bas

says that dﬁ e Q2 (O).

bas

Example 2.13 (The integral case) Let C be a compact coisotropic submanifold whose
characteristic foliation F is given by the fibers of a smooth fiber bundle pr : C —
C/F. Such coisotropic submanifolds are called integral, and they are studied in [20].
To facilitate the computation of first-order deformations of such C, it is useful to note
that the cohomology groups H'(F) and H' (F; N*F) have the following convenient
descriptions [15, Thm. [.5.2].

e The first cohomology groups of the fibers of pr constitute a vector bundle ' over
C/F,ie.,

Hy=H'(pr (@) VqeC/F, ©)

and H'!(F) canbe identified canonically with the space of sections I" (HYH. Namely,
the class [B] € H L corresponds with the section 74 € r(HY given by

%4 [Blyrig]-
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Moreover, the vector bundle 7! carries a natural flat connection V, called the
Gauss—Manin connection, which is defined as follows. Denoting by X(C)” the
Lie subalgebra of (X(C), [, -]) consisting of projectable vector fields,

2O ={Y e X(C): [Y,T(TF)] C T (TF)},
we have a short exact sequence
0— I'(TF) — X(C)" - x(C/F) — 0. (10)
The Gauss—Manin connection is then defined as follows, for V € X(C/F):
Vytg = Te5p,

where V € X (©)F is any lift of V in (10). The connection is well-defined because
of Cartan’s magic formula, and itis flatbecause [V, W]isaliftof [V, W] whenever
V, W e X(C)7 are lifts of V, W € X(C/F).

e The cohomology group H' (F, N*F) can be identified with the space of one-forms
on C/F with values in the vector bundle '

HY(F; N*F) ZT(T*(C/F) @ H). (11)

We now compute the kernel of d, : HY(F) — H(F, N*F). Fix a class [B] €
H'(F),and let B € Q!(C) be any extension of 8. Denoting by r : Q' (C) — Q' (F)
the restriction map and using the isomorphism (11), we have

[B] € ker(d,) & r(tyd,g) is foliated exact for all Y € X(C)]:,
& £y B is foliated exact forall Y € I(C)}—,
& 18 € F(Hl) is flat w.r.t. V.

Hence, according to Definition 2.11, first-order deformations of an integral coisotropic
submanifold are closed foliated one-forms that define flat sections of the vector bundle
(H', V).

In [20], Ruan studies the deformation problem of an integral coisotropic submani-
fold C, within the class of integral coisotropic submanifolds. He shows that first-order
deformations in this case are indeed closed foliated one-forms on C which define flat
sections of (Hl, V), see [20, Lemma 2]. Hence, our Definition 2.11 is consistent with
Ruan’s work.

3 Unobstructedness of first-order deformations
LetC C (M, w) be acompact coisotropic submanifold. It is known that the coisotropic

deformation problem of C is obstructed in general, i.e., there may exist first-order
deformations of C that are not tangent to any path of deformations [27]. However,
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Ruan proved that the deformation problem becomes unobstructed when restricting to
integral coisotropic submanifolds [20], i.e., those for which the characteristic foliation
is given by a fibration.

This section contains our main result, which states that the deformation problem of
a compact coisotropic submanifold C inside the class Def £(C) (see Definition 1.5) is
unobstructed. This is an extension of Ruan’s unobstructedness result, since the first-
order deformations from Definition 2.11 reduce to those considered by Ruan in case
(C, F) is integral (see Example 2.13).

Definition 3.1 Given a compact coisotropic submanifold C C (M, w), a first-order
deformation B of C (see Definition 2.11) is unobstructed if there exists a smooth
path o; in Defg_-(C ) (see Definition 2.3) such that ¢y = 0 and &g = B. The deforma-
tion problem of C inside Def£(C) is unobstructed if all first-order deformations are
unobstructed.

As a first step, we consider the distinguished class of first-order deformations con-
sisting of foliated one-forms 8 € QL (F) that admit a closed extension E e QL.
Such B indeed satisfy the requirements of Definition 2.11. These first-order deforma-
tions are easily proved to be unobstructed. The following lemma is just an enhancement
of [22, Rem. 4.6].

Lemma3.2 Let C C (M, w) be compact coisotropic submanifold with characteristic
foliation F. If B € QU(F) admits a closed extension B € Q'(C), then B is an
unobstructed first-order deformation of C.

Proof Let (U, Q¢) be the Gotay local model for some choice of splitting TC =
TF & G, and denote by p : U — C the projection. By assumption, we have a closed
one-form p*B on U, which gives rise to a symplectic vector field

X = ()" (=p*B).

Let (¢;) denote the flow of X, and note that compactness of C implies that there exists
€ > 0 such that flow lines of X starting at points of C exist up to time €. Shrinking €
if necessary, we can assume that the submanifolds ¢, (C) for 0 < ¢ < € are graphs of
sections «; € I'(U). We now check that ¢; is a smooth path in Defg_-(C ), as defined
in Definition 2.3.

It is clear that Graph(«;) is coisotropic, since C is coisotropic and the ¢, are sym-
plectomorphisms. It remains to check that

Yy =pogroag: (C,kerwc) — (C, ker(wc — d(j(oz,)))) (12)
is a foliated diffeomorphism. To do so, note that
a =¢oapoy, 1 C - U.
Since ¢} Qs = Q¢g, we have

wc = 36 = o (@ Q26) = (¢ 0 20)*Qg,
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and therefore
V(a0 Q) = (2 o Y1) " Qg = (¢ 0 20)* Qs = wc.

Also invoking Proposition 1.4, this confirms that (12) is a foliated diffeomorphism.

Finally, we check that $ is tangent to the path «;. By [22, Lemma 3.13], we have
that &g is the section of T*F defined by the vertical fiberwise constant vector field
P(X)onU.Here, P denotes the restriction to C composed with the vertical projection
in the splitting TU|¢c = TC @& T*F. Using Lemma 5.6 in Appendix, we conclude
that

do = —r ("GP = = ("QG0) = r@* B =4 (13)
Here, the second equality uses the fact that Qg (T C, TF) = 0. This finishes the

proof. O

One can use Lemma 3.2 to show that the deformation problem of C inside Def r(C)
is unobstructed whenever C — C/F is a fiber bundle admitting a global section. That
is to say, a special case of Ruan’s unobstructedness result for integral coisotropic sub-
manifolds follows from Lemma 3.2. We provide the details in the following example.

Example 3.3 Let C C (M, w) be a compact coisotropic submanifold for which pr :
C — C/F is a fiber bundle admitting a global section o. If 8 € Q! (F) is a first-order
deformation of C inside Def £ (C), then according to Lemma 2.12, 8 has an extension
E € Q!(C) satisfying

dp = pr'y
for some y € Q%(C/F). Moreover, since pr o o = Id, we have
y =" (pr'y) = 0*(dp) = d(o*B).
This implies that ,E — pr*(a*,3~) is a closed extension of 8. By Lemma 3.2, 8 is
unobstructed.
A concrete example of this type is the coisotropic submanifold considered in [27].

There C is the torus T* with presymplectic form wc = d6; A d65. The characteristic
foliation  is given by the fibers of the trivial T2-bundle

T* — T2 : (81, 62, 63, 64) > (61, 62).

Choosing G := Span{dy,, dg,} as a complement, C is coisotropic in the Gotay local
model

(T* x R, d6) A dOy + d63 A d&1 + dby A d&r),

where (€1, &) are the fiber coordinates corresponding with the frame {d63, d64} of
T*F. It was shown in [27] that the deformation problem of C—as a coisotropic
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submanifold—is obstructed. That is, there exist closed foliated one-forms 8 € Q' (F)
that are not tangent to a path of coisotropic deformations. By contrast, the restricted
deformation problem of C inside Def = (C) is unobstructed. That is, any closed foliated
one-form B € QY (F) that gives rise to a class in the kernel of d, : H Lr -
H'(F; N*F) is tangent to a path of coisotropic deformations, whose characteristic
foliation is moreover diffeomorphic with F.

We now proceed to the proof of our main theorem. The argument relies on the
following lemma, which is based on a result in the forthcoming work [24].

Lemma3.4 Let C C (M, w) be a compact coisotropic submanifold with Gotay local
model (U, Q). Assume that {n; o</ <e is a smooth family of presymplectic structures
on C with

no = wc
rk(n;) is constant and ker n; = ker wc
[n:]1 € H*(C) is constant

Shrinking € if necessary, there exist a smooth path {o;}o<t<e C Defg-(C) withog = 0,
and a smooth family of diffeomorphisms {Y:}o<i<e C Diffy(C) such that Yo = Id
and

o/ Qe =¥ ' forall 0 <t <e. (14)

The lemma gives sufficient conditions for presymplectic structures close to wc to
be obtained from coisotropic sections of the local model (U, Q2¢), up to isotopy. In
other words, it gives presymplectic structures that lie in the image of the map (2),
when we quotient the codomain by the equivalence relation given by isotopies.

Proof of Lemma 3.4 For each value of r € [0, €], we can use G as a complement to
ker n;. Constructing the associated Gotay local models, we get a family of symplectic
structures

wy = p*nt + j*a)cam

defined on a neighborhood U; of C C T*F. The tube lemma implies that the inter-
section M;¢o,¢]U; is an open neighborhood of C; hence shrinking U if necessary, we
can assume that all @, are symplectic on U for ¢ € [0, €].

Since the inclusion i : C < U induces an isomorphism in cohomology and the
class [n;] € H?2(C) is constant, the same holds for the class [w;] € H(U):

—E[ﬁz]—a[l w ] =[i"] sz = Ewt =0.
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Choosing primitives 57")! = df;, we now apply Moser’s argument. We make the
ansatz

d d
0= Eqﬁ,*w, =¢; (£x,w; + Ea)z) = ¢/ (dix, 00 +dBy) 15)

where (¢;) is an isotopy with corresponding time-dependent vector field (X;). We can
solve the equation tx,w; = —p; for X; € X(U). Since C is compact, we can shrink
€ > 0 such that ¢t_1 (C) is the graph of a section o; € I'(U) for each 0 < ¢ < €. For
such ¢, the map

f,:po¢t_loao:C—>C
is a diffeomorphism and we have
_ a1 -1
ot =¢, oopo f .

We claim that the pair (o7, ¥; := ff]) meets the requirements of the lemma. To
show that o; is a smooth path in Def%(C ) (see Definition 2.3), we first check that
Graph(o;) C (U, Q) is coisotropic. By the first equality in (15), we have

¢ o = wo = Qg,
and this implies that
0/ Qc = (f7 ) o5 (¢ ) Q) = (f;7 D ogw) = () m. (16)
This shows that the rank of o,°Q¢ is equal to the rank of #,, which by assumption
equals the rank of wc. Hence, Graph(o;) C (U, Q¢) is coisotropic, by Proposition 1.4.

We also showed at the same time that the equality (14) is satisfied. It only remains to
check that the map

fi=p o¢>t_1 oop: (C,keroc) — (C,ker(wc —d(j(at))))

is a foliated diffeomorphism. With Proposition 1.4 in mind, the equality (16) shows
that

[ (wc —d(j(01)) =i,
hence f; takes the foliation ker 1; = ker w¢ to the foliation ker(wc — d(j(oy))). O
At last, we can prove our main result.

Theorem 3.5 IfC C (M, w) is a compact coisotropic submanifold, then the deforma-
tion problem of C inside Defr(C) is unobstructed.
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Proof Let B8 be a first-order deformation of C, as defined in Definition 2.11. We will
construct a smooth path ¢; in Defg_-(C) such that g = 0 and &p = B.

By Lemma 2.12, 8 has an extension 8 € Q!(C) satisfying tydB = 0 for all
V € I'(T F). Consider the family of two-forms {w¢ — tdB},zo on C. By compactness,
there exists € > 0 such that rk(wc — td,B)p >rk(wc)p forall0 <t <eand p € C.
But we also know that ker wc C ker(wc — tdB), so rk(wc — tdB)p < rk(wc)p for
all p € C and ¢t > 0. In conclusion, for all 0 < ¢ < ¢, the two-form wc — td,é is
presymplectic with the same kernel as wc.

We now apply Lemma 3.4. Shrinking € if necessary, there exist a smooth path
{o1}o<t<e 1In Def%(C) with 09 = 0 and a smooth family of diffeomorphisms
{r}o<r<e C Diffp(C) such that yo = Id and

v; (0c —1dB) = wc — d(j @), an

Let (X;) be the time-dependent vector field of (v,). Differentiating the equality (17)
gives

Vi (Ex, (e —1dB) —dB) = —d (j @)
Evaluating at t = 0, we get
£x,0c —df = —d (j (60))

and therefore
d (xyoc = B+ J (60)) = 0.

Let us denote the closed one-form between brackets by 6 € Q'(C). It gives rise to
a symplectic vector field Z := (QbG)_l(p*O) on (U, Q¢), with flow (¢,). Shrinking
€ if necessary, we can make sure that the submanifolds ¢, (Graph(o;)) are graphs of
sections a; € I'(U).

We claim that «; is a smooth path in Defg_-(C ). Itis clear that Graph(a;) C (U, Q)
is coisotropic, since Graph(oy) is coisotropic and ¢, is a symplectomorphism. Because
o isasmooth pathin Defg-(C ), there exists a smooth path of embeddings ®; : C — U
such that Graph(o;) = ®,(C) and

pod : (C.kerwc) — (C,ker(we —d(j(07)))) (18)

is a foliated diffeomorphism. To conclude that ¢; is a smooth path in Defg_-(C ), it
suffices to check that the embeddings ¢; o ®; : C < U are such that

pogiod, : (C kerac) — (C,ker(we —d(j(ar))) (19)
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is a foliated diffeomorphism. To do so, we argue as in the proof of Lemma 3.2. Let us
first define diffeomorphisms

Jri=pog¢iooa, (20)
so that
a =@ o000 fL. (21)
Because ¢ Q¢ = ¢, we have
0, Q6 =0/ (¢ Q) = (1 001)" QG = (o 0 )" = f;7 () Q26).
hence by Proposition 1.4 this shows that
i+ (C ker(wc = d(j(a1)))) = (C, ker(we — d(j())))

is a foliated diffeomorphism. Composing with (18), we get a foliated diffeomorphism

fiopo® :(C,kerwc) — (C,ker(we —d(j(ar)))).
Since by (20), we have
ftopo®,=(pogroo)opod, =po¢;od,,
this confirms that (19) is a foliated diffeomorphism. Hence, «; is a smooth path in
Def’(C).
At last, we check that 8 is tangent to the path «;. We denote by P the vertical

projection induced by the splitting 7 (T*F)|c = TC & T*F. Using the expression
(21) and the chain rule, we get for ¢ € C that

ao(q) = P (do(q))

=P (i ( “1( ))

=Pl droaro f g

_p( 4 4a 4a -1

=P (dt t=0¢t(9)+ T t=0‘7t(‘])+ T ,=oft (q))

= P (Z(q)) + J0(q). (22)

Here, we used that the last summand in the third line above is tangent to C. By Lemma
5.6 in the Appendix, we have that P(Z) € I'(T*F) is the restriction to T F of the
one-form —@ € Q'(C), see the computation (13). That is,

P(Z) = B — 00,

@ Springer



5 Page240f48 S. Geudens

and inserting this equality into (22), we obtain that &o(g) = B(g), as desired. O

Remark 3.6 The coisotropic sections o; obtained in Lemma 3.4 are not uniquely deter-
mined since they depend on a choice of primitive, as the proof of Lemma 3.4 shows.
Nevertheless, the proof of Theorem 3.5 shows that any path o; thus obtained can be
used to prolong a first-order deformation §, up to modifying the o; suitably by a
symplectic isotopy.

Alternatively, instead of using the conclusion of Lemma 3.4, one can prove Theo-
rem 3.5 by running the proof of Lemma 3.4 explicitly using a well-chosen primitive.
Then, the coisotropic sections o; obtained this way do not need to be corrected any-
more by a symplectic isotopy. This approach yields a simple algorithm which produces
out of a first-order deformation 8 a path {o;} in Defg_-(C ) withog = 0and oy = B. It
consists of the following steps:

(1) Fix an extension E € Q'(C) of B as in Lemma 2.12.
(2) For small enough 7, the two-forms

Wy 1= p*(wC - tdB) + j*wcan = Q¢ — tp*dlé
are symplectic on a neighborhood of C C T*F. There, one can solve the equation
tx, 0 = p*B. (23)

(3) Let (¢;) be the flow of X;. For small enough ¢, we have ¢, ! (C) = Graph(oy) for
a smooth path o; in Defg_-(C). Now B = dj.

We have to justify that 8 = . Since the time-dependent vector field of the isotopy
(671 is Z; == —(¢; 1)« X,, it follows from [22, Lemma 3.13] that d is the foliated
one-form defined by P(Zy) = —P(Xo), where P is the vertical projection along the
zero section C C T*F. By Lemma 5.6, the latter is given by
F(i* QG (P(X0))) = r(i* Q4 (Xo)). (24)
The equality (23) says that
b - ~
Qs(Xy) = tx,p*dB + p*B,

hence QZ(XO) = p*B. Inserting this in the expression (24), we obtain

oo = r(i*p*B) = r(B) = B.

4 Implications for the coisotropic deformation problem
We discuss what Theorem 3.5 tells us about the classical coisotropic deformation

problem, which allows all coisotropic deformations of C instead of just those whose
characteristic foliation is diffeomorphic with F. First, Theorem 3.5 gives a partial
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unobstructedness result in this context, for which we provide some examples. Second,
Theorem 3.5 implies that the Kuranishi map of the L,-algebra governing coisotropic
deformations of C should vanish on elements of ker(d,). We confirm that this is the
case, by establishing a canonical description for the Kuranishi map in terms of the
transverse differentiation map d,.

4.1 A partial unobstructedness result

Let C C (M, ) be a compact coisotropic submanifold with characteristic folia-
tion F. As recalled in Sect.1.3.1, first-order deformations of C—as a coisotropic
submanifold—are closed foliated one-forms on F, and these are generally obstructed.
It is however clear geometrically that a first-order deformation is unobstructed if it
admits a closed extension, see [22, Rem. 4.6] or the proof of Lemma 3.2. Let us state
this result for future reference.

Lemma 4.1 Let C C (M, w) be a compact coisotropic submanifold. Any first-order
deformation B € Q' (F) of C admitting a closed extension B € Q' (C) is unobstructed.

By Theorem 3.5 and Definition 2.11, we obtain the following partial unobstructed-
ness result, which extends Lemma 4.1.

Corollary 4.2 Let C C (M, w) be a compact coisotropic submanifold. Any first-order
deformation 8 € QLF) of C whose cohomology class [B] € H L(F) lies in the kernel
of the transverse differentiation map d, : H' (F) — H'(F: N*F) is unobstructed.

The following example illustrates how we can use Corollary 4.2 to find unobstructed
first-order deformations which cannot be detected with Lemma 4.1.

Example 4.3 Let C**~9 C (M*', w) be a compact coisotropic submanifold of ¢-
contact type, as introduced in Example 1.9. So there exist a1, ..., a; € Q(C) such
that:

(1) daj =wc fori =1,...,q.
(2) ai A... ANog Awg T is nowhere zero on C.

Assume moreover that ¢ < n, to exclude the possibility that C is Lagrangian. As
before, we denote r : Q'(C) — Q! (F) the restriction map. We claim that the foliated
one-forms r(ey), . .., r(ay) are unobstructed first-order deformations of C by virtue
of Corollary 4.2. We also claim that none of them admits a closed extension, showing
that this unobstructedness result cannot be obtained via Lemma 4.1.

First note that item (1) implies that 7 («;) is leafwise closed, so it indeed defines a
first-order deformation of C. Moreover, the extension o; € Q!(C) of r(«;) € Q' (F)
is such that do; = wc € Qias (C). Hence, it follows from Lemma 2.12 that [r(«;)] €
H'(F) lies in the kernel of d, . By Corollary 4.2, the first-order deformations r (c; ) of
C are unobstructed.

We now argue that the 7 (¢; ) do not admit closed extensions. The crucial observation
is that the characteristic foliation F of C is taut, i.e., there exists a Riemannian metric
on C such that all the leaves of F become minimal submanifolds.
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Claim: The characteristic foliation JF is taut.

To prove the claim, recall that by Rummler’s criterion [4, Thm. 10.5.9], a ¢-
dimensional foliation F on C is taut exactly when there exists y € Q7(C) such
that:

(i) y restricts to a volume form on each leaf of F,
(ii) y is F-closed,i.e.,dy (V1, ..., V441) = 0 whenever at least g of the arguments
V1, ..., V441 are tangent to F.

In the g-contact case, we can take y = a1 A ... Aa, € Q4(C). Requirement (2)
states that o A ... Aoy is nowhere zero when restricted to ker w¢c = T F. This means
that oy A ... Aoy restricts to a volume form on each leaf of F. Moreover, evaluating

q
d(ozl/\.../\aq):Z(—l)’“ozl A i AQIZIADC AT A ... Ay
iz

on vector fields V1, ..., V441, atleast g of which are tangent to F, gives zero. Indeed,
the factor wc gets paired with two vector fields, at least one of which belongs to
TF =kerwc.

The above claim ensures that the class [w¢c] € HbzaS(C ) is non-trivial. Indeed,
if F is a taut codimension 2m foliation on a compact oriented manifold C, such
that F is defined by a closed two-form wc € Q2(C), then the cohomology classes
[a)’é] € H,f[fY(C) for k = 1, ..., m are non-trivial [25, Thm. 4.33]. In the g-contact
setting, the manifold C is indeed oriented because a1 A ... Aag A a)'é_q is a volume
form on C.

We can now show that r(«;) does not admit a closed extension. Assume by contra-
diction that §; is a closed extension of r(¢;). Then, a; — f; € Q2 }m (C), because for
V € I'(TF) we have ty (o; — B;) = 0 and

Ly (i — Bi) = wyd(a; — Bi) = tyda; = tyawc = 0.

It follows that the basic form d(«; — B;) = wc has a basic primitive o; — i, i.e.,
the class [wc] € Hl?as (C) is trivial. This is a contradiction, so r(«;) has no closed
extension.

Clearly, Lemma 4.1 does not yield many unobstructed first-order deformations in
practice. It only concerns closed 8 € €' (F) whose cohomology class lies in the image
of the restriction map [r] : H'(C) — H'(F), and the latter is a finite dimensional
subspace of H!(F).

By contrast, the kernel of d, : H Y(F) - H'(F; N*F) is infinite dimensional
in general.! Hence, Corollary 4.2 has the potential to generate considerably more
unobstructed first-order deformations. The following is an example in which ker(d,)
is infinite dimensional.

! Note however that in the integral coisotropic setting considered by Ruan [20], this space is always finite
dimensional. Indeed, if (C, F) is integral then ker(d),) reduces to the space of flat sections of (7—{1 , V), see
Example 2.13. The latter is a finite dimensional vector space.
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Example 4.4 Consider T3 endowed with the presymplectic form d6; A (d63 —
cos(02)d6r). The associated foliation is given by

T F := Span{dy, + cos(62)dg,}.

Hence, for every fixed value of 9>, we get either an § !_fibration or a Kronecker foliation
on (T2, 6;, 63), depending on whether cos(6,) is rational or irrational. The conormal
bundle is N*F = Span{df, d63 — cos(62)d6;}, so we can use {d6} as a frame for
T*F = T*T3/N*F.Embedding this presymplectic manifold in its Gotay local model,
it becomes a coisotropic submanifold. We claim that ker(d,) is infinite dimensional
in this example.

The map d, : H'(F) — H'(F; N*F) is given by

. de 9g —
dy[gdfy] = [_a_ide‘ ® dby — a—idel ® (dbs — cos(@z)del)] .5

To see which elements are trivial in H(F; N*F), note that for k, I € C®(T3) we
have

<dv* (kd6s + 1(d63 — cos(82)d0n)) (g, + cos(62)ds,), 392>

ok + cos(62) % (62)1 (26)
= — COS — — SIn
001 2 003 2

and

al al
(dv* (kd6> + 1(dB3 — cos(62)d6))) (s, + cos(62)dp, ). 393> =9 T Cos(@z)ﬁ.
27

We will now focus on foliated one-forms of the type g(6)d6.
If such a class [g(62)d6;] lies in the kernel of d,, : H'(F) — H'(F; N*F), then
(25), (26) and (27) give
% + cos(éz)% —sin(6)l = —g'(62) , 08)
30, + COS(92)3_(93 =0

for some k,I € C*(T?). For a fixed value 6, = 98, the second equation in (28)
says that [(61, 93, 63) is a basic function for the foliated manifold (11’2, Span{dy, +
cos(@é’)a%}). This implies that [(6, 98 ,83) is constant when cos(@?) is irrational.
Since the set of 93 e S! for which cos(Gg) is irrational is dense in S, it follows that
the system of equalities

21(01,62,63) =0

{%l(el,ez,e)s) =0
963
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holds on a dense subset of T2, hence on all of T3. It follows that [ = 1(6>). The first
equation in (28) then implies that

ok
%, + 008(92)— = sin(62){(62) — g'(62),

so integrating around tori S! x {#>} x S! we see that both sides must be zero. In
conclusion,

[g(Oz)E] e ker(d,) & g'(0) =1(62)sin(@,) forsomel € COO(SI).
Let us now consider the subspace
Span{[cos” (02)d6;] : n > 0} C ker(d,). (29)
We claim that it is infinite dimensional. If not, then there would exist m € N such that
[d61], [cos(62)db1], . .., [cos™ (62)db) ]

are linearly dependent. So there exist ¢y, .. ., ¢, € R, not all zero, such that
oh
Zc, cos (92) — ~|— cos(@z)—
for some h € C(T?). Integrating over the tori S' x {6} x S!, this implies that

m .
Z ¢; cos (62) = 0.

i=0

But the polynomial y /-, c;x' has at most m roots, whereas cos(6,) takes on infinitely
many values as 6, ranges over S I Hence, we reach a contradiction, and therefore the
subspace (29) is infinite dimensional. The same then holds for ker(d,).

We finish this subsection by highlighting a particular case of Corollary 4.2, which
is important in the spirit of this note. Given a compact coisotropic submanifold
C C (M, w), we noted in Sect. 1.3.2 that the presymplectic form w¢ induces an
isomorphism H!(F; N*F) = H'(F; NF). Therefore, Corollary 4.2 implies that the
coisotropic deformation problem of C is unobstructed when H'(F; NF) vanishes.
The latter condition is the infinitesimal requirement for rigidity of the foliation F, see
Definition 1.14.

Corollary4.5 Let C C (M, w) be a compact coisotropic submanifold with charac-
teristic foliation F. If H'(F; NF) vanishes, then the deformation problem of C is
unobstructed.

We now display a non-trivial example of this type.
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Example 4.6 We revisit certain suspension foliations on mapping tori which were
shown to be rigid in [11]. We find conditions under which such a foliation F is
given by the kernel of a presymplectic form. Gotay’s theorem then guarantees that
the mapping torus in question arises as a coisotropic submanifold with characteristic
foliation F.

Pick a matrix A € SL(n, Z), where n > 2, which is diagonalizable over R with
positive eigenvalues. Denote the eigenvalues by

l‘l’li""/\'l‘pv)"lv"'v)"q’

where p + g = n. We view A as a diffeomorphism of the torus T". Pick independent
linear vector fields X1, ..., Xp, Y1,...,Y; € X(T") such that?

AxXj =X,
ALYy = A Yy
The foliation Span{Xy, ..., X} on T" is invariant under A, hence the product foliation
Span{X1, ..., X, 3;} on T" x R descends to a foliation F on the mapping torus
™ x R
Ty = . (30)
0,1) ~ (A@O), 1+ 1)

Assume moreover that the matrix A satisfies the following two conditions:

(1) The eigenvalues Ay and the quotients A/ ; are different from 1.

(2) There is a basis of R" given by eigenvectors vy, ..., vp, wi, ..., wy of A (cor-
responding respectively to the eigenvalues 1, ..., tp, A1,..., Ay) with the
property that for any i = 1, ..., p, the coordinates vl.l, ..., v} of v; are linearly
independent over Q.

Under these assumptions, also the eigenvalues ji1, ..., i, are different from 1, and

therefore A is an Anosov diffeomorphism of T”. If the eigenvalues of A are all different,
then condition (2) is satisfied exactly when the characteristic polynomial of A is
irreducible over Q.

The main result of [11] is that, under conditions (1) and (2), the foliation F is
rigid. The proof proceeds by showing that the Bott complex (Q’ (F; NF), dv) admits
“tame” homotopy operators; this implies in particular that H'(F; NF) vanishes. To
realize (T 4, F) as an instance of Corollary 4.5, we have to find out when F is defined
by a presymplectic form.

Claim: The foliation F is defined by a presymplectic form on T4 exactly when the
multiset {A1, ..., A4} has the following property: if § occurs with multiplicity m, then
also 1/& occurs with multiplicity m.

Recall that all eigenvalues are assumed to be positive and different from 1. Hence, the
property mentioned in the claim implies in particular that ¢ is even, as it should be.

2 Put differently, X ; (resp. Yj) is a vector field whose coefficients are constant, given by the components
of an eigenvector of A for the eigenvalue 1 ; (resp. Ag).
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To prove the claim, we denote by {a1, ..., ap, B1, ..., By} the frame of T*T" dual to
the frame {Xy, ..., X,, Y1, ..., Y,} of TT". This way, we obtain a frame
{de, M an, oo, ap, AT By hg By ) 3D

for T*T 4. These are indeed 1-forms on T” x R invariant under the identification in
(30).

(i) For the forward implication, assume that w is a presymplectic form on T 4 with
kernel T F. Expressing w in the frame (31) gives an equation of the form

w=Y_ fij0,007"27 B A B,

i<j
where f;; satisfies
fii(A@©), 1 +1) = f;;(0,1). (32)

We now assert that, if f;; is not identically zero, then A;A; = 1. To prove this,
note that since £5,  vanishes, we have

[i(A©), 02725 = fij(A@), 1 + 1)a7" 712771 = fij0, 0277127

where we also used (32). This implies that

Xikj fij(A@©), 1) = £i;(0,1). (33)
Now take a rational point (01, ..., 6,) € Q"/Z". Such a point is periodic for
A. Indeed, it can be written as (p1/q, ..., pp/q) for some 0 < p; < g, and

applying iterates of A to it yields values in the finite set

{@i/q,- - an/@): 0 <q; <q}

Hence, the equality (33) implies that for any point (01, ..., 6,,1) € Q"/Z" xR,
there exists an integer k > 1 such that

Oir R0, 1) = £, 1). (34)

If f;; is notidentically zero, then there exists apoint (01, ..., 6,, t) € Q"/Z" xR
where f;; does not vanish. Hence, the equality (34), along with the fact that the
eigenvalues are positive, yields that A;A; = 1. The assertion is proved.

This shows that, if & occurs in the list {A1, ..., A4}, then also 1/& occurs in
that list. For otherwise, there would exist j € {1, ..., g} so that the vector field
£'Y; € X(Ty) lies in the kernel of w, while also being transverse to F. To show
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that the multiplicities of £ and 1/£ agree, we can assume that they are given by
k and [ respectively, and that

AM=-=k=§ and A1 =+ = M1 = 1/6.
We know that the presymplectic form w defines an isomorphism

o : Span{Ai Yy, ..., A Y.} AN Span{kf’ﬂl,...,k;lﬂq},

q
and that at every point, it takes the subspace spanned by £'Y7, ..., €'Y} into the
subspace spanned by (1/&)~Bry1, ..., (1/€)7"Bry. Hence, I > k. Because

the argument is symmetric in £ and 1/, it follows that [ = k. This proves the
forward implication.

(ii) For the backward implication, we have by assumption that g = 2k. Moreover,
after renumbering the elements of the list A1, ..., A4, we can assume that it is
given by

My Mo Ml = A7 e hg = A

We can then write down a well-defined two-form @ € Q%(T ), given by

k
w= Z,Bi A Bryi-

i=1

Note that the g; € Q!(T") are closed, since they are part of the frame dual to
the commuting frame {X1, ..., X, Y1, ..., Yy} of TT". This implies that w is
also closed. Clearly, the kernel of w is given by T F. This proves the backward
implication.

Let us now give a concrete example of the type we just described. To find a matrix
A € SL(n,Z) which satisfies the property mentioned in the claim above, it is use-
ful to consider symplectic matrices. These always have determinant equal to 1 [17,
Lemma 1.1.15], and their characteristic polynomial has the property that, if £ is a root
of multiplicity m, then also 1/£ is a root of the same multiplicity [17, Lemma 2.2.2].
Take for instance.’

3 A useful way to construct symplectic matrices is the following [9, Example 17] Let X and Y be two
symmetric n X n matrices, with X invertible. Then,

S X+rvx~ly yx-!
—\ o xly x!

is a symplectic matrix. The matrix A above is obtained by taking
10 11
X=<01>’ Y=<1 o)‘
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€ SL4,7Z).

—_— == W
S ==
O = = =
—_ 0 O ~

The eigenvalues are
w439, 0 A 1.84, 071

in particular they are all distinct. The characteristic polynomial is
Xt —7X3 +13X2 - 7X + 1.

Its image in (Z/27)[X] is the irreducible polynomial X* 4+ X 4+ X2 4+ X + 1, hence
the characteristic polynomial is irreducible over Z and therefore over Q. It follows
that the assumptions (1) and (2) from [11] are satisfied. Hence, taking for instance
linear vector fields X, X» on T* satisfying

Ay Xy = puXy
AXo=p1X

the associated suspension foliation F on the mapping torus T 4 is rigid. Now pick
a presymplectic form w on T4 with kernel 7F and embed (T 4, ) coisotropically
into its Gotay local model. The result is a coisotropic submanifold whose deformation
problem is unobstructed.

Remark 4.7 The fact that the deformation problem of the coisotropic submanifolds
from Example 4.6 is unobstructed also follows from Lemma 4.1, because the restric-
tion

H'(Ty) — H'(F) (35)
is surjective. To see why, we recall that leafwise cohomology of suspension foliations
can be computed explicitly using a Mayer—Vietoris argument, see [2, §1.3.3]. Denoting
by Fo the foliation on T" given by

TFo = Span{X1y, ..., X},
one gets
H'(F) = ker (14— [A"] : H'(Fo) > H'(Fo))

HO(Fo)
im(Id — [A*] : HO(]-"o) — HO(]'—O)).

® (36)
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The assumptions (1) and (2) from [11] (recalled in Example 4.6) ensure that Fg
is a so-called Diophantine linear foliation on T”, and leafwise cohomology of such
foliations was computed in [1] (see also [2, Thm. 1.3.7]). Continuing in the notation
of Example 4.6, one has

HY(Fo) =Rlr (@] @ - - - ® RIr ()],

where r : QN (T") — Q!(Fp) is the restriction map. Because A*o; = pjo; and
W1, ..., 4gq aredifferent from 1, it follows that the map Id—[A*] : HY(Fo) > H (Fy)
is injective, hence the first summand in (36) vanishes. Because the leaves of F are
dense, H 0(.7-'0) consists of just the constant functions on T”. Hence, the expression
(36) shows that H!(F) = R.

A representative is given by the restriction of d¢ to the leaves of F. To see that
this is a non-exact foliated one-form, let L be the leaf of F through a rational point
0,1) € Tya,ie., 0 € Q"/Z". The flow line of 9; through (0, t) stays inside L and is
closed, because 6 is a periodic point for A (see Example 4.6(i)). By Stokes’ theorem,
the restriction of d to the leaf L cannot be exact. Since H ' (F) is spanned by the class
of dt, it is now clear that the restriction map (35) is indeed surjective.

4.2 The Kuranishi criterion

In this subsection, we recall that the deformation problem of a coisotropic submanifold
C C (M, w) is governed by a suitable L, [1]-algebra. The latter comes with a tool that
allows one to detect obstructed first-order deformations, called the Kuranishi criterion.
We check that the partial unobstructedness result from Corollary 4.2 is consistent with
this criterion.

Definition4.8 (i) An L[1]-algebra is a Z-graded vector space W, equipped with
a collection of graded symmetric multibrackets (A : W . W) k>1 of degree
1 which satisfy a collection of relations [16] called higher Jacobi identities.
(i) The Maurer—Cartan series of an element w € W of degree O is the infinite
sum

e¢]

1
MC(w) =) Exk(w@‘).
k=1 """

A Maurer-Cartan element is a degree zero element w € W for which the
Maurer—Cartan series converges to zero.

(iii) We say that an L[1]-algebra (W, {Ak}) governs a certain deformation problem
if small deformations correspond with Maurer—Cartan elements of (W, {kk}).

Remark 4.9 The higher Jacobi identities mentioned above imply in particular that A;
is a differential, which gives rise to cohomology groups H (W). Moreover, the binary
bracket A descends to the cohomology H (W), and this fact which will be essential
in the sequel.
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Oh and Park showed in [18] that every coisotropic submanifold C C (M, w) has
an attached L[1]-algebra structure. We recall an elegant description of it in terms
of derived brackets, which is due to Cattaneo and Felder [7]. The Lo[1]-algebra
associated with C C (M, w) is obtained using the Gotay local model (U, Q25), for
a choice of complement G to the characteristic foliation 7F on C. Its multibrackets
{Ak}x>1 are defined on the graded vector space I'(AT*F)[1], by the formula®

A, &) =P ([[-- Mg, &1, -+, &—1], &) - 37

Here g := —le denotes the Poisson structure corresponding with Q¢, and we
consider the sections & € I'(AT*F) as vertical fiberwise constant multivector fields
on T*F via the correspondence in Rem. 5.7. The bracket [—, —] appearing in (37)
is the Schouten-Nijenhuis bracket of multivector fields, and the map P acts on mul-
tivector fields by first restricting them to C and then taking the vertical projection
C(A*T(T*F)|c) = T'(A*T*F) coming from the splitting T(T*F)|c = TCHT*F.
While the work of Oh-Park addresses formal deformations of C, it was shown by
Schitz-Zambon in [21] that the Lso[1]-algebra (F(/\T*f)[l], {Ak}) actually governs
the smooth coisotropic deformation problem of C.

Proposition 4.10 ([21]) Let C C (M, w) be a coisotropic submanifold with Gotay
local model (U, QQg). For any a € T'(T*F) whose graph is contained in U, the
Maurer—Cartan series MC(—a) is pointwise convergent. For such o, the following
are equivalent:

(1) Graph(a) is coisotropic in (U, Q¢),
(1) The Maurer—Cartan series M C(—a) converges to zero.

The differential A; is just the leafwise de Rham differential d up to sign, see [21,
Proof of Prop. 3.5]. Hence, the linearization of the Maurer—Cartan equation is just the
closedness condition with respect to d . This is another way to see that first-order
deformations of C are closed foliated one-forms B € 2! (F), aresult which we already
proved in Lemma 1.10.

If B € Q(F) is an unobstructed first-order deformation of C, then there exists
a smooth path «; of coisotropic sections of (U, Q) starting at «g = 0, satisfying
&o = B.By Proposition4.10, —«; is a Maurer—Cartan element of (F (AT*F)[1], {rx })
for all ¢. Differentiating twice the equality

MC(—ay) =0

and evaluating at time ¢ = 0, it follows that 1, (8, B) is exactin (Q (F), d]—‘). This is the
Kuranishi criterion for unobstructedness of a first-order deformation [18, Thm. 11.4].

Proposition 4.11 The Kuranishi map of the Loo[1]-algebra (I'(AT*F)[1], {Ak}) is

Kr:HY(F) = H*F) : [B] — [Ma(B. B)].

4 The graded vector space ['(AT*F)[1] is just [ (AT*F) up to degree shift. Namely, a degree k element
of T(AT*F)[1] lives in T(AFH T* F).
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If B € QY (F) is an unobstructed first-order deformation of C, then K r([B]) vanishes.

We know from Corollary 4.2 that first-order deformations 8 whose cohomology
class lies in the kernel of d, : H'(F) — H(F; N*F) are unobstructed. Hence,
we should have that ker(d,) C ker(Kr). In the following, we double-check that this
inclusion holds.

We will actually prove a more interesting result. It is clear from the expression (37)
that the multibrackets Ay of the Lyo[1]-algebra (F (AT*F)[1], {Ak}) depend on the
choice of complement G to T F. By contrast, we will show that the Kuranishi map
admits a canonical description in terms of the presymplectic form wc and the map
d,. This result highlights once more the role played by the transverse differentiation
map d, in the coisotropic deformation problem, and it will imply in particular that
ker(d,) C ker(Kr).

Proposition4.12 Let C C (M, w) be a coisotropic submanifold. Choose a comple-
ment G to the characteristic distribution TF, and let (I'(AT*F)[1], {M}) denote
the Loo[1]-algebra associated with the corresponding Gotay local model. Its binary
bracket satisfies

Ja(e, B) = —{(ld @ (0p) )@ (d100), T(d10B), @ B e (F). (38)

In the statement of the proposition, we denoted by ((e, e)) the duality pairing
QF G x Q(F;GY) - QTF) (@Y, E®@y) = (1, Y)InAE. (39)
By writing T od] o, we used the bi-degree language introduced in Sect. 5.1 of Appendix.

Remark 4.13 The original paper [18] by Oh-Park contains a formula for A, which
looks somewhat similar to (38). However, the Oh-Park formula depends not only on
the choice of complement G, but also on a choice of coordinates, since it involves a
non-canonical connection defined in a suitable chart. By contrast, the expression (38)
is global, due to the fact that it uses the operator dj  instead of the aforementioned local
connection. It is easy to check that, when expressed in coordinates, our equation (38)
reduces to the formula given by Oh-Park, hence it provides an invariant description
for the latter.

Proof of Proposition 4.12 Using the definition (37) of A, and the identification in
Lemma 5.6 between sections of T*F and vertical fiberwise constant vector fields
on U, we have

haa. ) = P[[Me. MG (p" (@) TGP GBI |,
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By Rem. 5.7, the associated foliated two-form is

r(i* (A2 (P[[ Mo, MG ("G @ ] MG Ge)])))
=r (i* (A5 ([[Me. MGG G@p] M@ Gem))))
= —r (i* (R2Qg| A MG @G @), MEE*GED])) . @0

In the first equality, we used that QG (T C, T F) = 0, and the second equality uses that
/\HE; intertwines [I1g, o] and —d (see [10, Lemma 2.1.3]). To simplify the expression
(40), note that for y1, 12, y3 € Q! (U), we have

[ A2 TG00 A ), TG ()] = AT [ Ay, ], s (41)

where [e, o]r7; denotes the Koszul bracket associated with I (see [23, §4.1]). The
identity (41) is proved using the derivation rules for the Schouten bracket and the
Koszul bracket, along with the fact that l'[nG intertwines these brackets when applied to
vector fields and one-forms, respectively. Consequently, the expression (40) becomes

—r (" [P @G@). PGB, -

To simplify this further, we will first study the Poisson structure I1; along the zero
section.

Claim 1: The bivector field Z := AZp,(Ilglc) € T(A2TC) actually lies in
['(A2G). It is characterized by the requirement that Z* : G* — G equals —(a)bc)’l.
We prove the claim, starting from the decomposition T*F|¢c = TCHT*F = (TF @
G) & T*F. As shown in the proof of [12, Prop. 2.14], the symplectic form Qg
decomposes as follows at points x € C:

X
T.F 0 0 A

&6) = G, (0 B o>,
0 0

T*F \—A

for invertible matrices A, B. Note that B” represents the isomorphism a)bc :G —> G*.
Consequently, the Poisson structure Il decomposes as follows at points x € C:

T*F G T.F

. LIF 0 0o Al
Moy == Q6); = G* ( 0 -B7' 0 ) (42)
T.F \-A~! 0 0
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Since the bivector Z, is represented by the (2 x 2) top-left block matrix in (42), this
shows that Z € T'(A2G) and Z? = (—B~H)T = —(wbc)_l as maps G* — G. The
proves the claim.

Claim 2: For any y;, y» € Q!(C), we have

i*[p*y1, P v2lng = n, v2lz.
To prove Claim 2, we compute using Claim 1:
*[p*y1, P v2lng
=i* (tHuG(p*mP*(d)/z) - tnuG(p*yz)P*(dyl) +d(Mg(p*yi. P*J/z))>

= t7:1)dV2 — Lz2(pydV1 +d(Z (1, 12))
= [y1, »2lz.

We now finish the proof of the proposition, by showing that

r ([P @G @D, PG BN]g,) = (14 ® @)@ d,00), 7(d1.0B)). (43)

Note that both sides are linear in d(j(«)). This is clear for the left hand side, and
for the right hand side this follows from the fact that d; oo is just the component of
d(j(@)) lying in I'(G* ® T*F). Hence, to prove the equality (43), we may assume
that

d(j@) =& A& +EAN+m A e TN T*F) @ T(T*F @ G*) @ T'(A*GY).
(44)

Using Claim 1 and Claim 2, the left-hand side in (43) is given by

r (i*[P*él A P&+ p E AP+ pIm A PN, p*(j(ﬁ))]nc)
=r (" (P& A [P78 P Gt [P781 PG BN P78
+p° A [P0, "G B)]p, )

=& Ar(l&., j(Bz) +r(l&. j(B)lz) A&+ EAr (. j(B)z)
=& AT (122 d((B))) -

On the other hand, from (44) it immediately follows that

(4 ® (0p) ™) (x(d0) = —(1d® (0p) ™) E A
=60 ) ) =£® Z° ().
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hence the right-hand side in (43) is given by

(14 ® ()" (2 (dr.00)), T(d10B)) = & AZF (), T(dr,0B))
=& A1 (1z:0pd (i (B))).

This shows that the equality (43) holds, and this in turn proves the proposition. O

Remark 4.14 If the complement G is involutive, then the proof of Proposition 4.12
becomes more geometric. In that case, we have a symplectic foliation (G, wc) defining
a Poisson structure I1p45, on C, and the projection p : (U, I1g) — (C, [pgs.) is a
Poisson map. This immediately implies Claim 1 in the proof above. It also implies
Claim 2, because of the following. Recall that the since p is a Poisson map, the pullback
bundle p*T*C carries a natural Lie algebroid structure (p, [e, o] ,+) determined by

(P*vi, P2l = PP vty v2lipee,  P(PTY) = Hﬁc(p*y)-

When p*T*C is endowed with this Lie algebroid structure and 7*U carries its usual
cotangent Lie algebroid structure (1'[12;, [, o], ), the natural map p*T*C — T*U
is a Lie algebroid morphism [6, Prop. 1.10]. But since p : U — C is a submersion,
the map p*T*C — T*U is injective, hence (p*T*C, p, [e, o],+) becomes a Lie
subalgebroid of (T*U, H%, [e, ]r1,;). Compatibility of their Lie brackets implies
Claim 2 in the proof above.

At last, we pass to cohomology. The pairing (39) descends to
(o, o) : HY(F; NF) x H'(F; N*F) — H*(F),
the map (—1)®(r odj o) descends to d, by Corollary 5.4, and we have an isomorphism
[1d ® (wp)~'1: H*(F; N*F) — H*(F; NF),
see Sect. 1.3.2. Hence, Proposition 4.12 immediately implies the following.

Corollary 4.15 The Kuranishi map of (F(AT*]—')[I], {kk}) is given canonically by

Kr: H'F) — HF): 18- -( (1@ @p) o d,) 181 11,

In particular, ker(d,) is contained in ker(Kr).
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5 Appendix
5.1 Proofs for results in Sect. 2.2.2

This subsection is devoted to the proofs of Proposition 2.10 and Lemma 2.12. Both
proofs will use some ingredients of the spectral sequence of the foliation F, which we
introduce now.
Recall that we fixed a complement G to the characteristic distribution 7 on C.
The decomposition TC = TF & G induces a bi-grading on €2 (C), namely

Q)= P “'©),

u+v=k

where
QUY(C) :=T(A"G* @ A’T*F).

With respect to this bi-grading, the de Rham differential splits into a sum of bihomo-
geneous components

d=do1+dio+dr-1, (45)

where the subscript (i, j) indicates the bi-degree of the componentd; ;. Note thatd, 1
vanishes exactly when the complement G is involutive. We will use the following
explicit formulae for dy 1 and dj o, which can be found in [25, Chapter 4]. If v €
Q*V(C), then

(dO,]w)(Y], RN Yu; Vla RN VU+1)
v+1

=Y (=) TV Y Vi Vi Vo))
i=1
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+ Y DT L Y VA VLV Vi Vi Vi)
l<i<j<v+l

u v+l

+ YD (=D o(prglYa, Vi1, Y1,

a=1 j=1
Y Y ViV Vi)

and

droo)(Y1, ..., Yugr; Vi, oo, Vy)
u+1
= Z(_l)aJrlY(x(w(Yls ey Y()t’ ey Yu+]; V]» ey Vv))
a=1

+ Y D Po(prolYa. Yol Yie o Ve Vg Yy Vin o V)
1<a<pf<u+l

u+1l v
Y Y D (Y Ve Y prpplYe, ViL VI VL),
a=1 j=1
5.1.1 The proof of Proposition 2.10
To prove Proposition 2.10, we rewrite the map & from Definition 2.5 in terms of the

bihomogeneous component dy o : DT(A*T*F) — I'(G* ® A*T*F). More precisely, we
have that

(@@ V1, ..., Vi), B) = (=D (d1,00) ((0p) " (B), Vi, ..., Vi)

fora € T(AKT*F), B e T(G*) and Vi, ..., Vi € T(TF). If we use the obvious identifi-
cation

1 :T(G* @ A T*F) > TN T*F @ G*)
determined by
TV, ., Vi) Yy = X)), ViA--- A V),

then we obtain the following description of the map &.

Lemma 5.1 The map ® : T(AKT*F) — T(AYT*F ® G) is given by

o@ =D (ld® @)
(t(d100)), o € T(AFT*F). (46)

It follows that in order to study @, one only has to understand the map

todio: T(AT*F) - T (A T*F @ G*).
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We now show that this map intertwines the differentials dr and dv=.

Lemma 5.2 We have a chain map
todio: (Q°F),dr) — (Q°(F; G*), dy+).

Proof We start by expressing the complexes (Q*(F), d) and (Q°(F; G*), dy+) in the
bi-degree language introduced above. We claim that the following hold.

Claim: (i) (Q*(F), dr) = (2**(C), do.1),
(i) t: (Q]"(C), do,l) S (Q'(]—'; G*), dv*) intertwines differentials, up to sign.

Since (i) is clear, we only justify (ii). Pick 8 € QUK(C), and let Vi, ..., Vi, € T(TF)
and Y € I'(G). On one hand, we have

(t(do1BY (V1. Vir). Y) = doa B . Vi, ..., Vig1)
k+1

=Y DVi(BY Vi Vi Vi)
i=1

+ ) DBV VAL VL Vi Vs Vi)
1<i<j<k+1
k+1

+ Z(—l)]ﬂ(Prc[Y, Vil Vieoo o, Vis oo, Vi),
j=1

On the other hand,

(do(xBY(Vi, ..., Vi), )

k+1 ) .
= DTV TB (Vi Vi Vi), Y)
i=l1
+ Y DBV Vi Vi Vi Vi Vi), ).
I<i<j<k+1

Here,

(V3TBVi. . Vie o Vi), Y) =Vilt (B, Vi), Y)
— (B V1, .. - Vi), prglVi, Y1)
=Vi(BY, Vi...., Vi,..., Vir))
= BlorGlVi, YL Vio o Vis oo, Vi)

~
Vi
~
Vi
~

and

(B Vi, Vil Vi, oy Vis o s Vi o, Vi), Y)
=B(Y, Vi, Vil Vis ooy Viy oo Vi, Vig).
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Upon comparison, we see that t(dp,1 8) = —dv+(7(8)), hence the claim is proved.

Next, we relate the bihomogeneous components of the de Rham differential d with each

other. By the decomposition (45), we have that d 2 maps Q2*7(C) into

Qu,v+2(c) @ QM+1,U+1(C) @ QM+2,U(C) @ Qu+3,v71(c) @ QM+4,U72(C).

Because each component of d> must be zero, we obtain

dp,1dp,1 =0

dp,1dy1,0 +d1,0do,1 =0

do,1da,—1 + dy0d1,0 +dz,—1do,1 =0
dioda,—1+dr—1d1o=0
dy—1dr—1 =0

(47)

At last, we prove the statement of the lemma. Using the second relation in (47) and (ii)

of the claim above, we have for @ € T'(A®*T*F) that

(t od1,0)(do, 1) = —(t 0 dp,1)(d1,00) = dv=((t o dy,0)()).

Since by (i) of the claim above, the restriction of dp ; to I'(A*T*F) coincides with the

foliated de Rham differential d 7, this finishes the proof.

Item (i) of Proposition 2.10 is now immediate.
Corollary 5.3 The map
D (Q(F). dF) > (Q(F; G).dv)

is a chain map, up to sign.

Proof From the expression (46), we get that for « € Qk (P,

P(dre) = (~1* (1@ (o)) (v(dh 0(dre))
= (=D (14® (@¢) ") (dv-(x(di,0)

= (~1fdy (14 @ @) ™") (x(d1.00)))
= —dy(®(@).

Here, we also used that Id ® (c()?;)‘1 intertwines dy+ and dv, see Sect. 1.3.2.

Also item (i) of Proposition 2.10 is a consequence of Lemma 5.2.

Corollary 5.4 (1) The following is a chain map, up to sign:

(=D*(r odip) : (Q°F).dF) > (Q(F; G¥), dv+).
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(2) The map induced by (—1)*(t o d1,0) in cohomology is canonical, since it coincides
with the transverse differentiation map d,, : H®*(F) — H®*(F; N*F).
(3) The map ® induces a canonical map in cohomology, namely

[-1d® ()] od, : H*(F) — H*(F; NF).
Proof For o € Q¥ (F), we have
(DM (T 0 di0)dre) = —dv- (~DH (T 0 di0@)).

which proves (1). To prove item (2), we will identify N*F = G*. For a closed foliated
form a € F(/\" T*F), note that one can compute d, [«] as follows. First extend « by zero
on the complement G, so that we can view « as an element of Qk(C). Then, pick the
component of

do € T(NFIT*F) @ TN T*F @ G*) @ T(AFIT* F @ A2G*)

lying in ' (AKT* F®G*). This immediately implies item (2). Item (3) is now a consequence
of item (2) and the expression (46). m]

We now showed that the canonical map d, in cohomology is induced by a cochain map,
which can be defined at the expense of choosing a complement G to 7" F. The cochain map
in question is essentially the component d; o. This implies that the space ker(d,) is a term
on the page E; of the spectral sequence of the foliation . This gives more insight into the
space of first-order deformations, see Definition 2.11. We give the details in the following
remark.

Remark 5.5 Given an arbitrary foliation F, recall that its spectral sequence { Ey, di} arises
from a descending filtration of the de Rham complex, given by the spaces

i ={0e QO ix pnx, o @=0, VX1,..., X, 41 € (T FH}.

Picking acomplement G to T F, we see that €2} is the ideal in " (C) generated by I'( AkG™).
The page Ey has terms given by

EgY = Qut/ QU = T(A"G* @ AVT*F),

and it is equipped with the differential dy,; defined in (45). More concisely, Ey =
(Q (C), do, 1). The page E is the cohomology of E(, endowed with the differential induced
by dj 0, i.e.,

(H(R(C), do,1), [d1,0])-
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Using implicitly the identifications from the claim in Lemma 5.2, we see that the first two
columns of the page E; look as follows:

d d
H2(F) [d1,0] H2(F: G*) o]

HY(F) 1 g 6n) 9L
HOF) 0 go(r; gy 9L
The page E» consists of the cohomology groups of the complex Ey, i.e.,
H (H(Q(C), do,1), [d1,0]) -
Also using Corollary 5.4, we see in particular that
EY! =ker (d, : H'(F) — H'(F; N*F)). (48)

This point of view explains in a more conceptual way why the first-order deformations
in Definition 2.11 reduce in the integral case to those considered by Ruan [20]. We checked
this fact by direct computation in Example 2.13. A simpler way is remarking that in case
F is given by the fibers of a fiber bundle, then the spectral sequence of F reduces to the
Leray spectral sequence of C — C/F. Indeed, if C is compact and F is given by a fiber
bundle, then the Leray—Serre theorem [15, Cor. 1.5.3] states that

EY' = HO(C/Fi "),

where H! is the flat vector bundle defined in (9). Therefore, E g ! can be identified with the
space of flat sections of (H], V), showing that Definition 2.11 is consistent with Ruan’s
work.

5.1.2 The proof of Lemma 2.12

At last, we give the proof of Lemma 2.12. It relies on the results proved in Sect.5.1.1,
namely on the proof of Lemma 5.2 and on Corollary 5.4.

Proof of Lemma 2.12 Fix a complement G to 7 F. By the claim in the proof of Lemma 5.2
and Corollary 5.4 (2), we have to show that the following two statements are equivalent:
(1) do,1p = 0and d; op is exact in (QL'(C), do,l)-

(2) There exists an extension E € Q1(C) of B such that Lvd,g =O0forall V e I'(TF).

For one implication, assume that do,1 8 = 0 and that dj o8 = dp,1y for some y € I'(G™).
Then B := B — y € I'(T*F & G*) is an extension of B satisfying

dB =do 1B +dioB +dr—1B—dor1y —dioy
=dy 1B —dioy.
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The latter belongs to ['(A2G*), and therefore tvdg =0 Eor allV e I'(TF).
For the converse, we can write the given extension as 8 = 8 + y for some y € I'(G*).
Decomposing d g in the direct sum

QX(C) =T(A’T*F) @ T(G* ® T*F) @ T'(A*G*),
we have
dB =do 1B+ (dioB +do,1y) + (do.—1 B+ di1,0¥).
Since by assumption, the components in ['(A2T*F) and I'(G* ® T*F) vanish, we get

do, 1B =0 and dy 0B = —dp,1y.

5.2 A computation in the Gotay local model

Given a coisotropic submanifold C C (M, w) with characteristic foliation F, consider
the Gotay local model (U, Q) associated with a choice of splitting 7C = TF & G.
Throughout this paper, we frequently identified vertical fiberwise constant vector fields
on U with sections of 7*F. In Lemma 5.6, we give the explicit formulae underlying this
correspondence. This result is essentially [22, Lemma 4.4], up to an additional minus sign.
To justify this difference, we include a detailed proof in coordinates.

As before, p : U — C denotes the projection and j : T*F < T*C the inclusion
induced by G. Also, [1g = —Qal is the Poisson structure corresponding with Qg, i :
C < U is the inclusion map and r : T*C — T*F is the restriction to the leaves of F.

Lemma 5.6 There is a natural correspondence

D(T*F) = Zuert.const.(U) 1 B = TG (p* (i ()
with inverse
Xvert.const.(U) = T(T*F) : V > —r (i*QbG(V)) .
Proof Choose coordinates (q1, ..., gk, Qk+1,---,4qn) on C such that T/ = Span

{0g5 ..., 0g}. Let (y1, ..., yn) denote the conjugate coordinates on 7*C. We have to
show that the correspondence described above reads as follows in these coordinates:

k k
> gil@)dai < Y gilq)dy,. (49)
i=1 i=1

We start by expressing the symplectic form Q¢ in coordinates. Since G is transverse to
the first summand in the decomposition

TC = Span{dy,, ..., 04} ® Span{dy,_ . ..., dg,},
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there exists a fiberwise linear map W such that

G = Graph (W : Span{dg,.,, ..., 9g,} — Span{dg, . ..., 34 })
= Span {84k+1 + W (0gs1)s - - -5 0, + \Il(3qn)} :

Letus write forl =k +1,...,n:

k
W (@) = D i @)y

i=1

We then obtain fori =1, ..., k that

(idan. S @2y = (das S @i - Y hi(@)¥@,)

=1 =1 I=k+1
k n k
= (dai. Y @i, = 33 @@y, )
=1 I=k+1 a=1

=hi(@)— Y f(@h(q).

I=k+1
This shows that
n .
jda) =dgi— Y fi(@daq.
I=k+1
and therefore
k k n k '
J (Z yid%) =Y vidgi— ) (Z viff (q)) dg;.
i=1 i=1 I=k+1 \i=1

Hence, expressing the map j : T*F < T*C in coordinates gives

j(q17~-~7qn5y17"'7yk)

k k
= (41,...,qn,yl,...,yk,—Zyifk’H(q),...,—Zyif,i(q)>-
i=1

i=1

It follows that

k n k
Jocan =) dgi ndyi— Y dgAd (Z yif} (q)>
i=1 I=k+1 i=1
k n k ) n k ]
=Y dgindyi— Y > fi@da ndyi— Y Y vidg Adfi (@),
i=1 I=k+1 i=1 I=k+1 i=1
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hence the symplectic form Q¢ looks like

k
Q= Y. ijlgdgrdgi+ ) dg Ady;
k+1<i<j<n i=1
n k ) n k )
=YY fl@da ndyi— Y Y yida Adf (q).
I=k+1i=1 I=k+1 i=1

It is now clear that the correspondence described in the statement of the lemma acts as
required in (49), since we have

k k n k
Q| Y si@dy, ) =Y si@dai— Y (D si@)fi @ )da
i=1 i=1 I=k+1 \i=1

k
=p* || D &i@da )

i=1

[m}

Remark 5.7 The correspondence from Lemma 5.6 extends to foliated differential forms
and vertical fiberwise constant multivector fields. Explicitly, it is given by

PATAF) = 2y cone (U) 2 B> (A TIE) (P ()

with inverse

Xk (U) = TAKT*F) Vs (= 1Fr (i*(/\kaG)(V)> .

References
1. Arraut, J.L., dos Santos, N.M.: Linear foliations of T". Bol. Soc. Bras. Mat. 21(2), 189-204 (1991)
2. Asaoka, M., El Kacimi-Alaoui, A., Hurder, S., Richardson, K.: Foliations: Dynamics, Geometry and

10.

Topology. Advanced Courses in Mathematics CRM Barcelona, Birkhéuser, Basel (2014)

Bolle, P.: A contact condition for p-codimensional submanifolds of a symplectic manifold (2 < p < n).
Math. Z. 227(2), 211-230 (1998)

Candel, A., Conlon, L.: Foliations I, Graduate Studies in Mathematics, vol. 23. American Mathematical
Society, Providence (2000)

Cannas da Silva, A.: Lectures on Symplectic Geometry. Lecture Notes in Mathematics, vol. 1764.
Springer, Berlin (2001)

Caseiro, R., Fernandes, R.L.: The modular class of a Poisson map. Ann. Inst. Fourier 63(4), 1285-1329
(2013)

Cattaneo, A., Felder, G.: Relative formality theorem and quantisation of coisotropic submanifolds.
Adv. Math. 208(2), 521-548 (2007)

Crainic, M., Fernandes, R.L.: Integrability of Poisson brackets. J. Differ. Geom. 66(1), 71-137 (2004)
de Grosson, M.: Introduction to Symplectic Mechanics: Lectures I-II-IIT (2006). https://www.ime.usp.
br/~piccione/Downloads/LecturesIME.pdf

Dufour, J.P., Zung, N.T.: Poisson Structures and Their Normal Forms. Progress in Mathematics, vol.
242. Birkhéuser Verlag, Basel (2005)

@ Springer


https://www.ime.usp.br/~piccione/Downloads/LecturesIME.pdf
https://www.ime.usp.br/~piccione/Downloads/LecturesIME.pdf

5

Page 48 of 48 S. Geudens

18.

19.

20.

21.

22.

23.

24.

25.
26.

217.

. El Kacimi-Alaoui, A., Nicolau, M.: A class of C*°-stable foliations. Ergod. Theory Dyn. Syst. 13(4),

697-704 (2008)
Geudens, S., Zambon, M.: Coisotropic submanifolds in b-symplectic geometry. Can. J. Math. 73(3),
737-768 (2021)

. Gotay, M.J.: On coisotropic imbeddings of presymplectic manifolds. Proc. Am. Math. Soc. 84(1),

111-114 (1982)
Heitsch, J.L.: A cohomology for foliated manifolds. Comment. Math. Helv. 50(1), 197-218 (1975)

. Hoster, M.: Derived Secondary Classes for Flags of Foliations. Ph.D. thesis, Ludwig-Maximilians-

Universitdt Miinchen (2001)

Lada, T., Stasheff, J.: Introduction to SH Lie algebras for physicists. Int. J. Theor. Phys. 32(7), 1087-
1103 (1993)

McDuff, D., Salamon, D.: Introduction to Symplectic Topology. Oxford Graduate Texts in Mathematics,
vol. 27. Oxford University Press, Oxford (2017)

Oh, Y.-G., Park, Y.-S.: Deformations of coisotropic submanifolds and strong homotopy Lie algebroids.
Invent. Math. 161(2), 287-360 (2005)

Osorno-Torres, B.: Codimension-one Symplectic Foliations: Constructions and Examples. Ph.D. thesis,
Utrecht University (2015)

Ruan, W.-D.: Deformation of integral coisotropic submanifolds in symplectic manifolds. J. Symplectic
Geom. 3(2), 161-169 (2005)

Schitz, F., Zambon, M.: Deformations of coisotropic submanifolds for fibrewise entire Poisson struc-
tures. Lett. Math. Phys. 103(7), 777-791 (2013)

Schitz, F., Zambon, M.: Equivalences of coisotropic submanifolds. J. Symplectic Geom. 15(1), 107—
149 (2017)

Schitz, F., Zambon, M.: Deformations of pre-symplectic structures and the Koszul Lso-algebra. Int.
Math. Res. Not. 2020(14), 4191-4237 (2020)

Schitz, F., Zambon, M.: From coisotropic to presymplectic structures: relating the deformation theories
(preparation)

Tondeur, P.: Geometry of Foliations. Monographs in Mathematics, vol. 90. Springer, Basel (1997)
Weinstein, A.: Symplectic manifolds and their Lagrangian submanifolds. Adv. Math. 6(3), 329-346
(1971)

Zambon, M.: An example of coisotropic submanifolds Clclose to a given coisotropic submanifold.
Differ. Geom. Appl. 26(6), 635-637 (2008)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	On deformations of coisotropic submanifolds with fixed characteristic foliation
	Abstract
	Introduction
	1 Background and setup
	1.1 Coisotropic submanifolds and the Gotay normal form
	1.2 Deformations with fixed characteristic foliation
	1.3 First-order deformations of coisotropic submanifolds and foliations
	1.3.1 Coisotropic submanifolds
	1.3.2 Foliations


	2 First-order deformations and the transverse differentiation map
	2.1 Smooth paths in DefUmathcalF(C)
	2.2 First-order deformations
	2.2.1 A provisional definition
	2.2.2 A canonical definition


	3 Unobstructedness of first-order deformations
	4 Implications for the coisotropic deformation problem
	4.1 A partial unobstructedness result
	4.2 The Kuranishi criterion

	Acknowledgements
	5 Appendix
	5.1 Proofs for results in Sect. 2.2.2
	5.1.1 The proof of Proposition 2.10
	5.1.2 The proof of Lemma 2.12

	5.2 A computation in the Gotay local model

	References


